The Haskell Road to Logic, Math and Programming

Kees Doets and Jan van Eijck

March 8, 2004

Contents

Preface v

1 Getting Started 1 1.1 Starting up the Haskell Interpreter . . . . . . . . . . . . . . . . . 2 1.2 Implementing a Prime Number Test . . . . . . . . . . . . . . . . 3 1.3 Haskell Type Declarations . . . . . . . . . . . . . . . . . . . . . 8 1.4 Identifiers in Haskell . . . . . . . . . . . . . . . . . . . . . . . . 11 1.5 Playing the Haskell Game . . . . . . . . . . . . . . . . . . . . . 12 1.6 Haskell Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 1.7 The Prime Factorization Algorithm . . . . . . . . . . . . . . . . . 19 1.8 The map and filter Functions . . . . . . . . . . . . . . . . . . . 20 1.9 Haskell Equations and Equational Reasoning . . . . . . . . . . . 24 1.10 Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2 Talking about Mathematical Objects 27 2.1 Logical Connectives and their Meanings . . . . . . . . . . . . . . 28 2.2 Logical Validity and Related Notions . . . . . . . . . . . . . . . . 38 2.3 Making Symbolic Form Explicit . . . . . . . . . . . . . . . . . . 49 2.4 Lambda Abstraction . . . . . . . . . . . . . . . . . . . . . . . . . 57 2.5 Definitions and Implementations . . . . . . . . . . . . . . . . . . 59 2.6 Abstract Formulas and Concrete Structures . . . . . . . . . . . . 60 2.7 Logical Handling of the Quantifiers . . . . . . . . . . . . . . . . 63 2.8 Quantifiers as Procedures . . . . . . . . . . . . . . . . . . . . . . 67 2.9 Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3 The Use of Logic: Proof 71 3.1 Proof Style . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 3.2 Proof Recipes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 3.3 Rules for the Connectives . . . . . . . . . . . . . . . . . . . . . . 78 3.4 Rules for the Quantifiers . . . . . . . . . . . . . . . . . . . . . . 90

3.5 Summary of the Proof Recipes . . . . . . . . . . . . . . . . . . . 96 3.6 Some Strategic Guidelines . . . . . . . . . . . . . . . . . . . . . 99 3.7 Reasoning and Computation with Primes . . . . . . . . . . . . . . 103 3.8 Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4 Sets, Types and Lists 113 4.1 Let’s Talk About Sets . . . . . . . . . . . . . . . . . . . . . . . . 114 4.2 Paradoxes, Types and Type Classes . . . . . . . . . . . . . . . . . 121 4.3 Special Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125 4.4 Algebra of Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 4.5 Pairs and Products . . . . . . . . . . . . . . . . . . . . . . . . . . 136 4.6 Lists and List Operations . . . . . . . . . . . . . . . . . . . . . . 139 4.7 List Comprehension and Database Query . . . . . . . . . . . . . 145 4.8 Using Lists to Represent Sets . . . . . . . . . . . . . . . . . . . . 149 4.9 A Data Type for Sets . . . . . . . . . . . . . . . . . . . . . . . . 153 4.10 Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

5 Relations 161 5.1 The Notion of a Relation . . . . . . . . . . . . . . . . . . . . . . 162 5.2 Properties of Relations . . . . . . . . . . . . . . . . . . . . . . . 166 5.3 Implementing Relations as Sets of Pairs . . . . . . . . . . . . . . 175 5.4 Implementing Relations as Characteristic Functions . . . . . . . . 183 5.5 Equivalence Relations . . . . . . . . . . . . . . . . . . . . . . . . 189 5.6 Equivalence Classes and Partitions . . . . . . . . . . . . . . . . . 193 5.7 Integer Partitions . . . . . . . . . . . . . . . . . . . . . . . . . . 203 5.8 Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . 205

6 Functions 207 6.1 Basic Notions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208 6.2 Surjections, Injections, Bijections . . . . . . . . . . . . . . . . . 220 6.3 Function Composition . . . . . . . . . . . . . . . . . . . . . . . 224 6.4 Inverse Function . . . . . . . . . . . . . . . . . . . . . . . . . . . 228 6.5 Partial Functions . . . . . . . . . . . . . . . . . . . . . . . . . . 231 6.6 Functions as Partitions . . . . . . . . . . . . . . . . . . . . . . . 234 6.7 Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236 6.8 Congruences . . . . . . . . . . . . . . . . . . . . . . . . . . . . 238 6.9 Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . 240

7 Induction and Recursion 241 7.1 Mathematical Induction . . . . . . . . . . . . . . . . . . . . . . . 241 7.2 Recursion over the Natural Numbers . . . . . . . . . . . . . . . . 248 7.3 The Nature of Recursive Definitions . . . . . . . . . . . . . . . . 253

7.4 Induction and Recursion over Trees . . . . . . . . . . . . . . . . 257 7.5 Induction and Recursion over Lists . . . . . . . . . . . . . . . . . 267 7.6 Some Variations on the Tower of Hanoi . . . . . . . . . . . . . . 275 7.7 Induction and Recursion over Other Data Structures . . . . . . . . 283 7.8 Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . 286

8 Working with Numbers 287 8.1 Natural Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . 288 8.2 GCD and the Fundamental Theorem of Arithmetic . . . . . . . . 291 8.3 Integers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 295 8.4 Implementing Integer Arithmetic . . . . . . . . . . . . . . . . . . 299 8.5 Rational Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . 301 8.6 Implementing Rational Arithmetic . . . . . . . . . . . . . . . . . 307 8.7 Irrational Numbers . . . . . . . . . . . . . . . . . . . . . . . . . 311 8.8 The Mechanic’s Rule . . . . . . . . . . . . . . . . . . . . . . . . 315 8.9 Reasoning about Reals . . . . . . . . . . . . . . . . . . . . . . . 317 8.10 Complex Numbers . . . . . . . . . . . . . . . . . . . . . . . . . 321 8.11 Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . 331

9 Polynomials 333 9.1 Difference Analysis of Polynomial Sequences . . . . . . . . . . . 334 9.2 Gaussian Elimination . . . . . . . . . . . . . . . . . . . . . . . . 339 9.3 Polynomials and the Binomial Theorem . . . . . . . . . . . . . . 346 9.4 Polynomials for Combinatorial Reasoning . . . . . . . . . . . . . 354 9.5 Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . 361

10 Corecursion 363 10.1 Corecursive Definitions . . . . . . . . . . . . . . . . . . . . . . . 364 10.2 Processes and Labeled Transition Systems . . . . . . . . . . . . . 367 10.3 Proof by Approximation . . . . . . . . . . . . . . . . . . . . . . 373 10.4 Proof by Coinduction . . . . . . . . . . . . . . . . . . . . . . . . 380 10.5 Power Series and Generating Functions . . . . . . . . . . . . . . 385 10.6 Exponential Generating Functions . . . . . . . . . . . . . . . . . 397 10.7 Further Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . 399

11 Finite and Infinite Sets 401 11.1 More on Mathematical Induction . . . . . . . . . . . . . . . . . . 401 11.2 Equipollence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 408 11.3 Infinite Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 412 11.4 Cantor’s World Implemented . . . . . . . . . . . . . . . . . . . . 420 11.5 Cardinal Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . 422

The Greek Alphabet 425 References 426 Index 430

Preface

Purpose

Long ago, when Alexander the Great asked the mathematician Menaechmus for a crash course in geometry, he got the famous reply “There is no royal road to mathematics.” Where there was no shortcut for Alexander, there is no shortcut for us. Still, the fact that we have access to computers and mature programming languages means that there are avenues for us that were denied to the kings and emperors of yore.

The purpose of this book is to teach logic and mathematical reasoning in practice, and to connect logical reasoning with computer programming. The programming language that will be our tool for this is Haskell, a member of the Lisp family. Haskell emerged in the last decade as a standard for lazy functional programming, a programming style where arguments are evaluated only when the value is actually needed. Functional programming is a form of descriptive programming, very different from the style of programming that you find in prescriptive languages like C or Java. Haskell is based on a logical theory of computable functions called the lambda calculus.

Lambda calculus is a formal language capable of expressing arbitrary computable functions. In combination with types it forms a compact way to denote on the one hand functional programs and on the other hand mathematical proofs. [Bar84]

Haskell can be viewed as a particularly elegant implementation of the lambda calculus. It is a marvelous demonstration tool for logic and math because its functional character allows implementations to remain very close to the concepts that get implemented, while the laziness permits smooth handling of infinite data structures.

Haskell syntax is easy to learn, and Haskell programs are constructed and tested in a modular fashion. This makes the language well suited for fast prototyping. Programmers find to their surprise that implementation of a well-understood algorithm in Haskell usually takes far less time than implementation of the same algorithm in other programming languages. Getting familiar with new algorithms through Haskell is also quite easy. Learning to program in Haskell is learning an extremely useful skill.

Throughout the text, abstract concepts are linked to concrete representations in Haskell. Haskell comes with an easy to use interpreter, Hugs. Haskell compilers, interpreters and documentation are freely available from the Internet [HT]. Everything one has to know about programming in Haskell to understand the programs in the book is explained as we go along, but we do not cover every aspect of the language. For a further introduction to Haskell we refer the reader to [HFP96].

Logic in Practice

The subject of this book is the use of logic in practice, more in particular the use of logic in reasoning about programming tasks. Logic is not taught here as a mathematical discipline per se, but as an aid in the understanding and construction of proofs, and as a tool for reasoning about formal objects like numbers, lists, trees, formulas, and so on. As we go along, we will introduce the concepts and tools that form the set-theoretic basis of mathematics, and demonstrate the role of these concepts and tools in implementations. These implementations can be thought of as representations of the mathematical concepts.

Although it may be argued that the logic that is needed for a proper understanding of reasoning in reasoned programming will get acquired more or less automatically in the process of learning (applied) mathematics and/or programming, students nowadays enter university without any experience whatsoever with mathematical proof, the central notion of mathematics.

The rules of Chapter 3 represent a detailed account of the structure of a proof. The purpose of this account is to get the student acquainted with proofs by putting emphasis on logical structure. The student is encouraged to write “detailed” proofs, with every logical move spelled out in full. The next goal is to move on to writing “concise” proofs, in the customary mathematical style, while keeping the logical structure in mind. Once the student has arrived at this stage, most of the logic that is explained in Chapter 3 can safely be forgotten, or better, can safely fade into the subconsciousness of the matured mathematical mind.

Pre- and Postconditions of Use

We do not assume that our readers have previous experience with either programming or construction of formal proofs. We do assume previous acquaintance with mathematical notation, at the level of secondary school mathematics. Wherever necessary, we will recall relevant facts. Everything one needs to know about mathematical reasoning or programming is explained as we go along. We do assume that our readers are able to retrieve software from the Internet and install it, and that they know how to use an editor for constructing program texts.

After having worked through the material in the book, i.e., after having digested the text and having carried out a substantial number of the exercises, the reader will be able to write interesting programs, reason about their correctness, and document them in a clear fashion. The reader will also have learned how to set up mathematical proofs in a structured way, and how to read and digest mathematical proofs written by others.

How to Use the Book

Chapters 1–7 of the book are devoted to a gradual introduction of the concepts, tools and methods of mathematical reasoning and reasoned programming.

Chapter 8 tells the story of how the various number systems (natural numbers, integers, rationals, reals, complex numbers) can be thought of as constructed in stages from the natural numbers. Everything gets linked to the implementations of the various Haskell types for numerical computation.

Chapter 9 starts with the question of how to automate the task of finding closed forms for polynomial sequences. It is demonstrated how this task can be automated with difference analysis plus Gaussian elimination. Next, polynomials are implemented as lists of their coefficients, with the appropriate numerical operations, and it is shown how this representation can be used for solving combinatorial problems.

Chapter 10 provides the first general textbook treatment (as far as we know) of the important topic of corecursion. The chapter presents the proof methods suitable for reasoning about corecursive data types like streams and processes, and then goes on to introduce power series as infinite lists of coefficients, and to demonstrate the uses of this representation for handling combinatorial problems. This generalizes the use of polynomials for combinatorics.

Chapter 11 offers a guided tour through Cantor’s paradise of the infinite, while providing extra challenges in the form of a wide range of additional exercises.

The book can be used as a course textbook, but since it comes with solutions to all exercises (electronically available from the authors upon request) it is also well suited for private study. Courses based on the book could start with Chapters 1–7, and then make a choice from the remaining Chapters. Here are some examples:

Road to Numerical Computation Chapters 1–7, followed by 8 and 9.

Road to Streams and Corecursion Chapters 1–7, followed by 9 and 10.

Road to Cantor’s Paradise Chapters 1–7, followed by 11.

Study of the remaining parts of the book can then be set as individual tasks for students ready for an extra challenge. The guidelines for setting up formal proofs in Chapter 3 should be recalled from time to time while studying the book, for proper digestion.

Exercises

Parts of the text and exercises marked by a * are somewhat harder than the rest of the book.

All exercises are solved in the electronically avaible solutions volume. Before turning to these solutions, one should read the Important Advice to the Reader that this volume starts with.

Book Website and Contact

The programs in this book have all been tested with Hugs98, the version of Hugs that implements the Haskell 98 standard. The full source code of all programs is integrated in the book; in fact, each chapter can be viewed as a literate program [Knu92] in Haskell. The source code of all programs discussed in the text can be found on the website devoted to this book, at address http://www.cwi.nl/ ~jve/HR. Here you can also find a list of errata, and further relevant material.

Readers who want to share their comments with the authors are encouraged to get in touch with us at email address jve@cwi.nl.

Acknowledgments

Remarks from the people listed below have sparked off numerous improvements. Thanks to Johan van Benthem, Jan Bergstra, Jacob Brunekreef, Thierry Coquand (who found the lecture notes on the internet and sent us his comments), Tim van Erven, Wan Fokkink, Evan Goris, Robbert de Haan, Sandor Heman, Eva Hoogland, Rosalie Iemhoff, Dick de Jongh, Anne Kaldewaij, Breanndán Ó Nualláin, Alban Ponse, Vincent van Oostrom, Piet Rodenburg, Jan Rutten, Marco Swaen, Jan Terlouw, John Tromp, Yde Venema, Albert Visser and Stephanie Wehner for suggestions and criticisms. The beautiful implementation of the sieve of Eratosthenes in Section 3.7 was suggested to us by Fer-Jan de Vries.

The course on which this book is based was developed at ILLC (the Institute of Logic, Language and Computation of the University of Amsterdam) with financial support from the Spinoza Logic in Action initiative of Johan van Benthem, which is herewith gratefully acknowledged. We also wish to thank ILLC and CWI (Centrum voor Wiskunde en Informatica, or Centre for Mathematics and Computer Science, also in Amsterdam), the home institute of the second author, for providing us with a supportive working environment. CWI has kindly granted permission to reuse material from [Doe96].

It was Krzysztof Apt who, perceiving the need of a deadline, spurred us on to get in touch with a publisher and put ourselves under contract.

x

Chapter 1

Getting Started

Preview

Our purpose is to teach logic and mathematical reasoning in practice, and to connect formal reasoning to computer programming. It is convenient to choose a programming language for this that permits implementations to remain as close as possible to the formal definitions. Such a language is the functional programming language Haskell [HT]. Haskell was named after the logician Haskell B. Curry. Curry, together with Alonzo Church, laid the foundations of functional computation in the era Before the Computer, around 1940. As a functional programming language, Haskell is a member of the Lisp family. Others family members are Scheme, ML, Occam, Clean. Haskell98 is intended as a standard for lazy functional programming. Lazy functional programming is a programming style where arguments are evaluated only when the value is actually needed.

With Haskell, the step from formal definition to program is particularly easy. This presupposes, of course, that you are at ease with formal definitions. Our reason for combining training in reasoning with an introduction to functional programming is that your programming needs will provide motivation for improving your reasoning skills. Haskell programs will be used as illustrations for the theory throughout the book. We will always put computer programs and pseudo-code of algorithms in frames (rectangular boxes).

The chapters of this book are written in so-called ‘literate programming’ style [Knu92]. Literate programming is a programming style where the program and its documentation are generated from the same source. The text of every chapter in this book can be viewed as the documentation of the program code in that chapter. Literate programming makes it impossible for program and documentation to get out of sync. Program documentation is an integrated part of literate programming, in fact the bulk of a literate program is the program documentation. When writing programs in literate style there is less temptation to write program code first while leaving the documentation for later. Programming in literate style proceeds from the assumption that the main challenge when programming is to make your program digestible for humans. For a program to be useful, it should be easy for others to understand the code. It should also be easy for you to understand your own code when you reread your stuff the next day or the next week or the next month and try to figure out what you were up to when you wrote your program.

To save you the trouble of retyping, the code discussed in this book can be retrieved from the book website. The program code is the text in typewriter font that you find in rectangular boxes throughout the chapters. Boxes may also contain code that is not included in the chapter modules, usually because it defines functions that are already predefined by the Haskell system, or because it redefines a function that is already defined elsewhere in the chapter.

Typewriter font is also used for pieces of interaction with the Haskell interpreter, but these illustrations of how the interpreter behaves when particular files are loaded and commands are given are not boxed.

Every chapter of this book is a so-called Haskell module. The following two lines declare the Haskell module for the Haskell code of the present chapter. This module is called GS.

module GS

where

1.1 Starting up the Haskell Interpreter

We assume that you succeeded in retrieving the Haskell interpreter hugs from the Haskell homepage www.haskell.org and that you managed to install it on your computer. You can start the interpreter by typing hugs at the system prompt. When you start hugs you should see something like Figure (1.1). The string Prelude> on the last line is the Haskell prompt when no user-defined files are loaded.

You can use hugs as a calculator as follows:

__ __ __ __ ____ ___ _________________________________________
|| || || || || || ||__ Hugs 98: Based on the Haskell 98 standard
||___|| ||__|| ||__|| __|| Copyright (c) 1994-2003
||---|| ___|| World Wide Web: http://haskell.org/hugs
|| || Report bugs to: hugs-bugs@haskell.org
|| || Version: November 2003 _________________________________________

Haskell 98 mode: Restart with command line option -98 to enable extensions

Type :? for help
Prelude>

Figure 1.1: Starting up the Haskell interpreter.

Prelude> 2^16
65536
Prelude>

The string Prelude> is the system prompt. 2^16 is what you type. After you hit the return key (the key that is often labeled with Enter or ←), the system answers 65536 and the prompt Prelude> reappears.

Exercise 1.1 Try out a few calculations using * for multiplication, + for addition, - for subtraction, ^ for exponentiation, / for division. By playing with the system, find out what the precedence order is among these operators.

Parentheses can be used to override the built-in operator precedences:

Prelude> (2 + 3)^4
625

To quit the Hugs interpreter, type :quit or :q at the system prompt.

1.2 Implementing a Prime Number Test

Suppose we want to implement a definition of prime number in a procedure that recognizes prime numbers. A prime number is a natural number greater than 1 that has no proper divisors other than 1 and itself. The natural numbers are 0, 1, 2, 3, 4, . . . The list of prime numbers starts with 2, 3, 5, 7, 11, 13, . . . Except for 2, all of these are odd, of course.

Let n > 1 be a natural number. Then we use LD(n) for the least natural number greater than 1 that divides n. A number d divides n if there is a natural number a with a · d = n. In other words, d divides n if there is a natural number a with n d = a, i.e., division of n by d leaves no remainder. Note that LD(n) exists for every natural number n > 1, for the natural number d = n is greater than 1 and divides n. Therefore, the set of divisors of n that are greater than 1 is non-empty. Thus, the set will have a least element.

The following proposition gives us all we need for implementing our prime number test:

Proposition 1.2

1. If n > 1 then LD(n) is a prime number.

2. If n > 1 and n is not a prime number, then (LD(n))^2 ⩽ n.

In the course of this book you will learn how to prove propositions like this.

Here is the proof of the first item. This is a proof by contradiction (see Chapter 3). Suppose, for a contradiction that c = LD(n) is not a prime. Then there are natural numbers a and b with c = a · b, and also 1 < a and a < c. But then a divides n, and contradiction with the fact that c is the smallest natural number greater than 1 that divides n. Thus, LD(n) must be a prime number.

For a proof of the second item, suppose that n > 1, n is not a prime and that p = LD(n). Then there is a natural number a > 1 with n = p · a. Thus, a divides n. Since p is the smallest divisor of n with p > 1, we have that p ⩽ a, and therefore p^2 ⩽ p · a = n, i.e., (LD(n))^2 ⩽ n.

The operator · in a · b is a so-called infix operator. The operator is written between its arguments. If an operator is written before its arguments we call this prefix notation. The product of a and b in prefix notation would look like this: · a b.

In writing functional programs, the standard is prefix notation. In an expression op a b, op is the function, and a and b are the arguments. The convention is that function application associates to the left, so the expression op a b is interpreted as (op a) b.

Using prefix notation, we define the operation divides that takes two integer expressions and produces a truth value. The truth values true and false are rendered in Haskell as True and False, respectively.

The integer expressions that the procedure needs to work with are called the arguments of the procedure. The truth value that it produces is called the value of the procedure.

Obviously, m divides n if and only if the remainder of the process of dividing n by m equals 0. The definition of divides can therefore be phrased in terms of a predefined procedure rem for finding the remainder of a division process:

divides d n = rem n d == 0

The definition illustrates that Haskell uses = for ‘is defined as’ and == for identity. (The Haskell symbol for non-identity is /=.)

A line of Haskell code of the form foo t = ... (or foo t1 t2 = ..., or foo t1 t2 t3 = ..., and so on) is called a Haskell equation. In such an equation, foo is called the function, and t its argument.

Thus, in the Haskell equation divides d n = rem n d == 0, divides is the function, d is the first argument, and n is the second argument.

Exercise 1.3 Put the definition of divides in a file prime.hs. Start the Haskell interpreter hugs (Section 1.1). Now give the command :load prime or :l prime, followed by pressing Enter. Note that l is the letter l, not the digit 1. (Next to :l, a very useful command after you have edited a file of Haskell code is :reload or

:r, for reloading the file.)

Prelude> :l prime
Main>

The string Main> is the Haskell prompt indicating that user-defined files are loaded. This is a sign that the definition was added to the system. The newly defined operation can now be executed, as follows:

Main> divides 5 7
False
Main>

The string Main> is the Haskell prompt, the rest of the first line is what you type. When you press Enter the system answers with the second line, followed by the Haskell prompt. You can then continue with:

Main> divides 5 30
True

It is clear from the proposition above that all we have to do to implement a primality test is to give an implementation of the function LD. It is convenient to define LD in terms of a second function LDF, for the least divisor starting from a given threshold k, with k ⩽ n. Thus, LDF(k)(n) is the least divisor of n that is ⩾ k. Clearly, LD(n) = LDF(2)(n). Now we can implement LD as follows:

ld n = ldf 2 n

This leaves the implementation ldf of LDF (details of the coding will be explained below):

ldf k n | divides k n = k
        | k^2 > n = n
        | otherwise = ldf (k+1) n

The definition employs the Haskell operation ^ for exponentiation, > for ‘greater than’, and + for addition.

The definition of ldf makes use of equation guarding. The first line of the ldf definition handles the case where the first argument divides the second argument. Every next line assumes that the previous lines do not apply. The second line handles the case where the first argument does not divide the second argument, and the square of the first argument is greater than the second argument. The third line assumes that the first and second cases do not apply and handles all other cases, i.e., the cases where k does not divide n and k^2 < n.

The definition employs the Haskell condition operator | . A Haskell equation of the form

foo t | condition = ...

is called a guarded equation. We might have written the definition of ldf as a list of guarded equations, as follows:

ldf k n | divides k n = k
ldf k n | k^2 > n = n
ldf k n = ldf (k+1) n

The expression condition, of type Bool (i.e., Boolean or truth value), is called the guard of the equation.

A list of guarded equations such as

foo t | condition_1 = body_1
foo t | condition_2 = body_2
foo t | condition_3 = body_3
foo t = body_4

can be abbreviated as

foo t | condition_1 = body_1
      | condition_2 = body_2
      | condition_3 = body_3
      | otherwise = body_4

Such a Haskell definition is read as follows:

• in case condition_1 holds, foo t is by definition equal to body_1,

• in case condition_1 does not hold but condition_2 holds, foo t is by definition equal to body_2,

• in case condition_1 and condition_2 do not hold but condition_3 holds, foo t is by definition equal to body_3,

• and in case none of condition_1, condition_2 and condition_3 hold, foo t is by definition equal to body_4.

When we are at the end of the list we know that none of the cases above in the list apply. This is indicated by means of the Haskell reserved keyword otherwise.

Note that the procedure ldf is called again from the body of its own definition. We will encounter such recursive procedure definitions again and again in the course of this book (see in particular Chapter 7).

Exercise 1.4 Suppose in the definition of ldf we replace the condition k^2 > n by k^2 >= n, where >= expresses ‘greater than or equal’. Would that make any difference to the meaning of the program? Why (not)?

Now we are ready for a definition of prime0, our first implementation of the test for being a prime number.

prime0 n | n < 1 = error "not a positive integer"
         | n == 1 = False
         | otherwise = ld n == n

Haskell allows a call to the error operation in any definition. This is used to break off operation and issue an appropriate message when the primality test is used for numbers below 1. Note that error has a parameter of type String (indicated by the double quotes).

The definition employs the Haskell operation < for ‘less than’.

Intuitively, what the definition prime0 says is this:

1. the primality test should not be applied to numbers below 1,

2. if the test is applied to the number 1 it yields ‘false’,

3. if it is applied to an integer n greater than 1 it boils down to checking that LD(n) = n. In view of the proposition we proved above, this is indeed a correct primality test.

Exercise 1.5 Add these definitions to the file prime.hs and try them out.

Remark. The use of variables in functional programming has much in common with the use of variables in logic. The definition divides d n = rem n d == 0 is equivalent to divides x y = rem y x == 0. This is because the variables denote arbitrary elements of the type over which they range. They behave like universally quantified variables, and just as in logic the definition does not depend on the variable names.

1.3 Haskell Type Declarations

Haskell has a concise way to indicate that divides consumes an integer, then another integer, and produces a truth value (called Bool in Haskell). Integers and

1.3. HASKELL TYPE DECLARATIONS 9

truth values are examples of types. See Section 2.1 for more on the type Bool. Section 1.6 gives more information about types in general. Arbitrary precision integers in Haskell have type Integer. The following line gives a so-called type declaration for the divides function.

   divides :: Integer -> Integer -> Bool

Integer -> Integer -> Bool is short for Integer -> (Integer -> Bool).

A type of the form a -> b classifies a procedure that takes an argument of type a to produce a result of type b. Thus, divides takes an argument of type Integer and produces a result of type Integer -> Bool, i.e., a procedure that takes an argument of type Integer, and produces a result of type Bool.

The full code for divides, including the type declaration, looks like this:

divides :: Integer -> Integer -> Bool
divides d n = rem n d == 0

If d is an expression of type Integer, then divides d is an expression of type

Integer -> Bool. The shorthand that we will use for

     d is an expression of type Integer

is: d :: Integer.

Exercise 1.6 Can you gather from the definition of divides what the type declaration for rem would look like?

Exercise 1.7 The hugs system has a command for checking the types of expressions. Can you explain the following (please try it out; make sure that the file with the definition of divides is loaded, together with the type declaration for

divides):

Main> :t divides 5
divides 5 :: Integer -> Bool
Main> :t divides 5 7
divides 5 7 :: Bool
Main>

The expression divides 5 :: Integer -> Bool is called a type judgment. Type judgments in Haskell have the form expression :: type.

In Haskell it is not strictly necessary to give explicit type declarations. For instance, the definition of divides works quite well without the type declaration, since the system can infer the type from the definition. However, it is good programming practice to give explicit type declarations even when this is not strictly necessary. These type declarations are an aid to understanding, and they greatly improve the digestibility of functional programs for human readers. A further advantage of the explicit type declarations is that they facilitate detection of programming mistakes on the basis of type errors generated by the interpreter. You will find that many programming errors already come to light when your program gets loaded. The fact that your program is well typed does not entail that it is correct, of course, but many incorrect programs do have typing mistakes.

The full code for ld, including the type declaration, looks like this:

ld :: Integer -> Integer
ld n = ldf 2 n

The full code for ldf, including the type declaration, looks like this:

ldf :: Integer -> Integer -> Integer
ldf k n | divides k n = k
        | k^2 > n = n
        | otherwise = ldf (k+1) n

The first line of the code states that the operation ldf takes two integers and produces an integer.

The full code for prime0, including the type declaration, runs like this:

1.4. IDENTIFIERS IN HASKELL 11

prime0 :: Integer -> Bool
prime0 n | n < 1 = error "not a positive integer"
         | n == 1 = False
         | otherwise = ld n == n

The first line of the code declares that the operation prime0 takes an integer and produces (or returns, as programmers like to say) a Boolean (truth value).

In programming generally, it is useful to keep close track of the nature of the objects that are being represented. This is because representations have to be stored in computer memory, and one has to know how much space to allocate for this storage. Still, there is no need to always specify the nature of each data-type explicitly. It turns out that much information about the nature of an object can be inferred from how the object is handled in a particular program, or in other words, from the operations that are performed on that object.

Take again the definition of divides. It is clear from the definition that an operation is defined with two arguments, both of which are of a type for which rem is defined, and with a result of type Bool (for rem n d == 0 is a statement that can turn out true or false). If we check the type of the built-in procedure rem we get:

Prelude> :t rem
rem :: Integral a => a -> a -> a

In this particular case, the type judgment gives a type scheme rather than a type. It means: if a is a type of class Integral, then rem is of type a -> a -> a. Here a is used as a variable ranging over types.

In Haskell, Integral is the class (see Section 4.2) consisting of the two types for integer numbers, Int and Integer. The difference between Int and Integer is that objects of type Int have fixed precision, objects of type Integer have arbitrary precision.

The type of divides can now be inferred from the definition. This is what we get when we load the definition of divides without the type declaration:

Main> :t divides
divides :: Integral a => a -> a -> Bool

1.4 Identifiers in Haskell

In Haskell, there are two kinds of identifiers:

• Variable identifiers are used to name functions. They have to start with a lower-case letter. E.g., map, max, fct2list, fctToList, fct_to_list.

• Constructor identifiers are used to name types. They have to start with an upper-case letter. Examples are True, False.

Functions are operations on data-structures, constructors are the building blocks of the data structures themselves (trees, lists, Booleans, and so on).

Names of functions always start with lower-case letters, and may contain both upper- and lower-case letters, but also digits, underscores and the prime symbol ’. The following reserved keywords have special meanings and cannot be used to name functions.

case class data default deriving do else if import in infix infixl infixr instance let module newtype of then type where

The use of these keywords will be explained as we encounter them. at the beginning of a word is treated as a lower-case character. The underscore character all by itself is a reserved word for the wildcard pattern that matches anything (page 141).

There is one more reserved keyword that is particular to Hugs: forall, for the definition of functions that take polymorphic arguments. See the Hugs documentation for further particulars.

1.5 Playing the Haskell Game

This section consists of a number of further examples and exercises to get you acquainted with the programming language of this book. To save you the trouble of keying in the programs below, you should retrieve the module GS.hs for the present chapter from the book website and load it in hugs. This will give you a system prompt GS>, indicating that all the programs from this chapter are loaded.

In the next example, we use Int for the type of fixed precision integers, and [Int] for lists of fixed precision integers.

Example 1.8 Here is a function that gives the minimum of a list of integers:

mnmInt :: [Int] -> Int
mnmInt [] = error "empty list"
mnmInt [x] = x
mnmInt (x:xs) = min x (mnmInt xs)

This uses the predefined function min for the minimum of two integers. It also uses pattern matching for lists . The list pattern [] matches only the empty list, the list pattern [x] matches any singleton list, the list pattern (x:xs) matches any non-empty list. A further subtlety is that pattern matching in Haskell is sensitive to order. If the pattern [x] is found before (x:xs) then (x:xs) matches any non-empty list that is not a unit list. See Section 4.6 for more information on list pattern matching.

It is common Haskell practice to refer to non-empty lists as x:xs, y:ys, and so on, as a useful reminder of the facts that x is an element of a list of x’s and that xs is a list.

Here is a home-made version of min:

min’ :: Int -> Int -> Int
min’ x y | x <= y = x
         | otherwise = y

You will have guessed that <= is Haskell code for ⩽.

Objects of type Int are fixed precision integers. Their range can be found with:

Prelude> primMinInt
-2147483648
Prelude> primMaxInt
2147483647

Since 2147483647 = 2^{31} − 1, we can conclude that the hugs implementation uses four bytes (32 bits) to represent objects of this type. Integer is for arbitrary precision integers: the storage space that gets allocated for Integer objects depends on the size of the object.

Exercise 1.9 Define a function that gives the maximum of a list of integers. Use the predefined function max.

Conversion from Prefix to Infix in Haskell A function can be converted to an infix operator by putting its name in back quotes, like this:

Prelude> max 4 5
5
Prelude> 4 ‘max‘ 5
5

Conversely, an infix operator is converted to prefix by putting the operator in round brackets (p. 21).

Exercise 1.10 Define a function removeFst that removes the first occurrence of an integer m from a list of integers. If m does not occur in the list, the list remains unchanged.

Example 1.11 We define a function that sorts a list of integers in order of increasing size, by means of the following algorithm:

• an empty list is already sorted.

• if a list is non-empty, we put its minimum in front of the result of sorting the list that results from removing its minimum.

This is implemented as follows:

srtInts :: [Int] -> [Int]
srtInts [] = []
srtInts xs = m : (srtInts (removeFst m xs)) where m = mnmInt xs

Here removeFst is the function you defined in Exercise 1.10. Note that the second clause is invoked when the first one does not apply, i.e., when the argument of srtInts is not empty. This ensures that mnmInt xs never gives rise to an error.

Note the use of a where construction for the local definition of an auxiliary function.

Remark. Haskell has two ways to locally define auxiliary functions, where and let constructions. The where construction is illustrated in Example 1.11. This can also expressed with let, as follows:

srtInts’ :: [Int] -> [Int]
srtInts’ [] = []
srtInts’ xs = let
                m = mnmInt xs
              in m : (srtInts’ (removeFst m xs))

The let construction uses the reserved keywords let and in.

Example 1.12 Here is a function that calculates the average of a list of integers. The average of m and n is given by^{m+n}_2 , the average of a list of k integers n_1, . . . , n_k is given by^{n1+···+nk}_k . In general, averages are fractions, so the result type of average should not be Int but the Haskell data-type for floating point numbers, which is Float. There are predefined functions sum for the sum of a list of integers, and length for the length of a list. The Haskell operation for division

/ expects arguments of type Float (or more precisely, of Fractional type, and
Float is such a type), so we need a conversion function for converting Ints into
Floats. This is done by fromInt. The function average can now be written as:

   average :: [Int] -> Float
   average [] = error "empty list"
   average xs = fromInt (sum xs) / fromInt (length xs)

Again, it is instructive to write our own homemade versions of sum and length. Here they are:

sum’ :: [Int] -> Int
sum’ [] = 0
sum’ (x:xs) = x + sum’ xs
length’ :: [a] -> Int
length’ [] = 0
length’ (x:xs) = 1 + length’ xs

Note that the type declaration for length’ contains a variable a. This variable ranges over all types, so [a] is the type of a list of objects of an arbitrary type a. We say that [a] is a type scheme rather than a type. This way, we can use the same function length’ for computing the length of a list of integers, the length of a list of characters, the length of a list of strings (lists of characters), and so on.

The type [Char] is abbreviated as String. Examples of characters are ’a’, ’b’ (note the single quotes) examples of strings are "Russell" and "Cantor" (note the double quotes). In fact, "Russell" can be seen as an abbreviation of the list

[’R’,’u’,’s’,’s’,’e’,’l’,’l’].

Exercise 1.13 Write a function count for counting the number of occurrences of a character in a string. In Haskell, a character is an object of type Char, and a string an object of type String, so the type declaration should run: count :: Char ->

String -> Int.

Exercise 1.14 A function for transforming strings into strings is of type String -> String. Write a function blowup that converts a string

a_1a_2a_3 · · · to a_1a_2a_2a_3a_3a_3 · · · .

blowup "bang!" should yield "baannngggg!!!!!". (Hint: use ++ for string

concatenation.)

Exercise 1.15 Write a function srtString :: [String] -> [String] that sorts a list of strings in alphabetical order.

Example 1.16 Suppose we want to check whether a string str1 is a prefix of a string str2. Then the answer to the question prefix str1 str2 should be either yes (true) or no (false), i.e., the type declaration for prefix should run:

prefix :: String -> String -> Bool.

Prefixes of a string ys are defined as follows:

1.6. HASKELL TYPES 17

1. [] is a prefix of ys, 2. if xs is a prefix of ys, then x:xs is a prefix of x:ys, 3. nothing else is a prefix of ys.

Here is the code for prefix that implements this definition:

prefix :: String -> String -> Bool
prefix [] ys = True
prefix (x:xs) [] = False
prefix (x:xs) (y:ys) = (x==y) && prefix xs ys

The definition of prefix uses the Haskell operator && for conjunction. Exercise 1.17 Write a function substring :: String -> String -> Bool that checks whether str1 is a substring of str2. The substrings of an arbitrary string ys are given by:

1. if xs is a prefix of ys, xs is a substring of ys, 2. if ys equals y:ys’ and xs is a substring of ys’, xs is a substring of ys, 3. nothing else is a substring of ys.

1.6 Haskell Types

The basic Haskell types are:

• Int and Integer, to represent integers. Elements of Integer are unbounded. That’s why we used this type in the implementation of the prime number test.

• Float and Double represent floating point numbers. The elements of Double have higher precision.

• Bool is the type of Booleans.

• Char is the type of characters.

Note that the name of a type always starts with a capital letter.

To denote arbitrary types, Haskell allows the use of type variables. For these, a, b, . . . , are used.

New types can be formed in several ways:

• By list-formation: if a is a type, [a] is the type of lists over a. Examples:

[Int] is the type of lists of integers; [Char] is the type of lists of characters, or strings.

• By pair- or tuple-formation: if a and b are types, then (a,b) is the type of pairs with an object of type a as their first component, and an object of type b as their second component. Similarly, triples, quadruples, . . . , can be formed. If a, b and c are types, then (a,b,c) is the type of triples with an object of type a as their first component, an object of type b as their second component, and an object of type c as their third component. And so on (p. 139).

• By function definition: a -> b is the type of a function that takes arguments of type a and returns values of type b.

• By defining your own data-type from scratch, with a data type declaration.

More about this in due course.

Pairs will be further discussed in Section 4.5, lists and list operations in Section 4.6.

Operations are procedures for constructing objects of a certain types b from ingredients of a type a. Now such a procedure can itself be given a type: the type of a transformer from a type objects to b type objects. The type of such a procedure can be declared in Haskell as a -> b.

If a function takes two string arguments and returns a string then this can be viewed as a two-stage process: the function takes a first string and returns a transformer from strings to strings. It then follows that the type is String ->

(String -> String), which can be written as String -> String -> String,

because of the Haskell convention that -> associates to the right.

Exercise 1.18 Find expressions with the following types:

1. [String]

1.7. THE PRIME FACTORIZATION ALGORITHM 19

2. (Bool,String)
3. [(Bool,String)]
4. ([Bool],String)
5. Bool -> Bool

Test your answers by means of the Hugs command :t.

Exercise 1.19 Use the Hugs command :t to find the types of the following predefined functions:

1. head
2. last
3. init
4. fst
5. (++)
6. flip
7. flip (++)

Next, supply these functions with arguments of the expected types, and try to guess what these functions do.

1.7 The Prime Factorization Algorithm

Let n be an arbitrary natural number > 1. A prime factorization of n is a list of prime numbers p_1, . . . , p_j with the property that p_1 · · · · · p_j = n. We will show that a prime factorization of every natural number n > 1 exists by producing one by means of the following method of splitting off prime factors:

WHILE n ≠ 1 DO BEGIN p := LD(n); n := n p END Here := denotes assignment or the act of giving a variable a new value. As we have seen, LD(n) exists for every n with n > 1. Moreover, we have seen that LD(n) is always prime. Finally, it is clear that the procedure terminates, for every round through the loop will decrease the size of n.

So the algorithm consists of splitting off primes until we have written n as n = p_1 · · · p_j , with all factors prime. To get some intuition about how the procedure works, let us see what it does for an example case, say n = 84. The original assignment to n is called n_0; successive assignments to n and p are called n_1, n_2, . . . and p_1, p_2, . . .. n_0 = 84 n_0 ≠ 1 p_1 = 2 n_1 = 84/2 = 42 n_1 ≠ 1 p_2 = 2 n_2 = 42/2 = 21 n_2 ≠ 1 p_3 = 3 n_3 = 21/3 = 7 n_3 ≠ 1 p_4 = 7 n_4 = 7/7 = 1 n_4 = 1

This gives 84 = 2^2 · 3 · 7, which is indeed a prime factorization of 84.

The following code gives an implementation in Haskell, collecting the prime factors that we find in a list. The code uses the predefined Haskell function div for integer division.

factors :: Integer -> [Integer]
factors n | n < 1 = error "argument not positive"
          | n == 1 = []
          | otherwise = p : factors (div n p) where p = ld n

If you load the code for this chapter, you can try this out as follows:

GS> factors 84
[2,2,3,7]
GS> factors 557940830126698960967415390
[2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53,59,61,67,71]

1.8 The map and filter Functions

Haskell allows some convenient abbreviations for lists: [4..20] denotes the list of integers from 4 through 20, [’a’..’z’] the list of all lower case letters,

"abcdefghijklmnopqrstuvwxyz". The call [5..] generates an infinite list of

integers starting from 5. And so on.

If you use the Hugs command :t to find the type of the function map, you get the following:

Prelude> :t map
map :: (a -> b) -> [a] -> [b]

The function map takes a function and a list and returns a list containing the results of applying the function to the individual list members.

If f is a function of type a -> b and xs is a list of type [a], then map f xs will return a list of type [b]. E.g., map (^2) [1..9] will produce the list of squares

[1, 4, 9, 16, 25, 36, 49, 64, 81]

You should verify this by trying it out in Hugs. The use of (^2) for the operation of squaring demonstrates a new feature of Haskell, the construction of sections.

Conversion from Infix to Prefix, Construction of Sections If op is an infix operator, (op) is the prefix version of the operator. Thus, 2^10 can also be written as (^) 2 10. This is a special case of the use of sections in Haskell.

In general, if op is an infix operator, (op x) is the operation resulting from applying op to its right hand side argument, (x op) is the operation resulting from applying op to its left hand side argument, and (op) is the prefix version of the operator (this is like the abstraction of the operator from both arguments).

Thus (^2) is the squaring operation, (2^) is the operation that computes powers of 2, and (^) is exponentiation. Similarly, (>3) denotes the property of being greater than 3, (3>) the property of being smaller than 3, and (>) is the prefix version of the ‘greater than’ relation.

The call map (2^) [1..10] will yield

[2, 4, 8, 16, 32, 64, 128, 256, 512, 1024]

If p is a property (an operation of type a -> Bool) and xs is a list of type [a], then map p xs will produce a list of type Bool (a list of truth values), like this:

Prelude> map (>3) [1..9]
[False, False, False, True, True, True, True, True, True]
Prelude>

The function map is predefined in Haskell, but it is instructive to give our own version:

map :: (a -> b) -> [a] -> [b]
map f [] = []
map f (x:xs) = (f x) : (map f xs)

Note that if you try to load this code, you will get an error message:

Definition of variable "map" clashes with import.

The error message indicates that the function name map is already part of the name space for functions, and is not available anymore for naming a function of your own making.

Exercise 1.20 Use map to write a function lengths that takes a list of lists and returns a list of the corresponding list lengths.

Exercise 1.21 Use map to write a function sumLengths that takes a list of lists and returns the sum of their lengths.

Another useful function is filter, for filtering out the elements from a list that satisfy a given property. This is predefined, but here is a home-made version:

filter :: (a -> Bool) -> [a] -> [a]
filter p [] = []
filter p (x:xs) | p x = x : filter p xs
                | otherwise = filter p xs

Here is an example of its use:

GS> filter (>3) [1..10]
[4,5,6,7,8,9,10]

Example 1.22 Here is a program primes0 that filters the prime numbers from the infinite list [2..] of natural numbers:

primes0 :: [Integer]
primes0 = filter prime0 [2..]

This produces an infinite list of primes. (Why infinite? See Theorem 3.33.) The list can be interrupted with ‘Control-C’.

Example 1.23 Given that we can produce a list of primes, it should be possible now to improve our implementation of the function LD. The function ldf used in the definition of ld looks for a prime divisor of n by checking k|n for all k with 2 ⩽ k ⩽ √ n. In fact, it is enough to check p|n for the primes p with 2 ⩽ p ⩽ √ n. Here are functions ldp and ldpf that perform this more efficient check:

   ldp :: Integer -> Integer
   ldp n = ldpf primes1 n

   ldpf :: [Integer] -> Integer -> Integer
   ldpf (p:ps) n | rem n p == 0 = p
                 | p^2 > n = n
                 | otherwise = ldpf ps n

ldp makes a call to primes1, the list of prime numbers. This is a first illustration

of a ‘lazy list’. The list is called ‘lazy’ because we compute only the part of the list that we need for further processing. To define primes1 we need a test for primality, but that test is itself defined in terms of the function LD, which in turn refers to primes1. We seem to be running around in a circle. This circle can be made non-vicious by avoiding the primality test for 2. If it is given that 2 is prime, then we can use the primality of 2 in the LD check that 3 is prime, and so on, and we are up and running.

primes1 :: [Integer]
primes1 = 2 : filter prime [3..]

prime :: Integer -> Bool
prime n | n < 1 = error "not a positive integer"
        | n == 1 = False
        | otherwise = ldp n == n

Replacing the definition of primes1 by filter prime [2..] creates vicious circularity, with stack overflow as a result (try it out). By running the program primes1 against primes0 it is easy to check that primes1 is much faster.

Exercise 1.24 What happens when you modify the defining equation of ldp as follows:

ldp :: Integer -> Integer
ldp = ldpf primes1

Can you explain?

1.9 Haskell Equations and Equational Reasoning

The Haskell equations f x y = ... used in the definition of a function f are genuine mathematical equations. They state that the left hand side and the right hand side of the equation have the same value. This is very different from the use of = in imperative languages like C or Java. In a C or Java program, the statement x = x*y does not mean that x and x ∗ y have the same value, but rather it is a command to throw away the old value of x and put the value of x ∗ y in its place. It is a so-called destructive assignment statement: the old value of a variable is destroyed and replaced by a new one.

Reasoning about Haskell definitions is a lot easier than reasoning about programs that use destructive assignment. In Haskell, standard reasoning about mathematical equations applies. E.g., after the Haskell declarations x = 1 and y = 2, the Haskell declaration x = x + y will raise an error "x" multiply defined. Because = in Haskell has the meaning “is by definition equal to”, while redefinition

1.9. HASKELL EQUATIONS AND EQUATIONAL REASONING 25

is forbidden, reasoning about Haskell functions is standard equational reasoning. Let’s try this out on a simple example.

a = 3
b = 4
f :: Integer -> Integer -> Integer
f x y = x^2 + y^2

To evaluate f a (f a b) by equational reasoning, we can proceed as follows:

f a (f a b) = f a (a^2 + b^2) = f 3 (3^2 + 4^2) = f 3 (9 + 16) = f 3 25 = 3^2 + 25^2 = 9 + 625 = 634

The rewriting steps use standard mathematical laws and the Haskell definitions of a, b, f. And, in fact, when running the program we get the same outcome:

GS> f a (f a b)
634
GS>

Remark. We already encountered definitions where the function that is being defined occurs on the right hand side of an equation in the definition. Here is another example:

g :: Integer -> Integer
g 0 = 0
g (x+1) = 2 * (g x)

Not everything that is allowed by the Haskell syntax makes semantic sense, however. The following definitions, although syntactically correct, do not properly define functions:

h1 :: Integer -> Integer
h1 0 = 0
h1 x = 2 * (h1 x)

h2 :: Integer -> Integer
h2 0 = 0
h2 x = h2 (x+1)

The problem is that for values other than 0 the definitions do not give recipes for computing a value. This matter will be taken up in Chapter 7.

1.10 Further Reading

The standard Haskell operations are defined in the file Prelude.hs, which you should be able to locate somewhere on any system that runs hugs. Typically, the file resides in /usr/lib/hugs/libraries/Hugs/.

In case Exercise 1.19 has made you curious, the definitions of these example functions can all be found in Prelude.hs. If you want to quickly learn a lot about how to program in Haskell, you should get into the habit of consulting this file regularly. The definitions of all the standard operations are open source code, and are there for you to learn from. The Haskell Prelude may be a bit difficult to read at first, but you will soon get used to the syntax and acquire a taste for the style.

Various tutorials on Haskell and Hugs can be found on the Internet: see e.g. [HFP96] and [JR^+]. The definitive reference for the language is [Jon03]. A textbook on Haskell focusing on multimedia applications is [Hud00]. Other excellent textbooks on functional programming with Haskell are [Tho99] and, at a more advanced level, [Bir98]. A book on discrete mathematics that also uses Haskell as a tool, and with a nice treatment of automated proof checking, is [HO00].

Chapter 2

Talking about Mathematical Objects

Preview

To talk about mathematical objects with ease it is useful to introduce some symbolic abbreviations. These symbolic conventions are meant to better reveal the structure of our mathematical statements. This chapter concentrates on a few (in fact: seven), simple words or phrases that are essential to the mathematical vocabulary: not, if, and, or, if and only if, for all and for some. We will introduce symbolic shorthands for these words, and we look in detail at how these building blocks are used to construct the logical patterns of sentences. After having isolated the logical key ingredients of the mathematical vernacular, we can systematically relate definitions in terms of these logical ingredients to implementations, thus building a bridge between logic and computer science.

The use of symbolic abbreviations in specifying algorithms makes it easier to take the step from definitions to the procedures that implement those definitions. In a similar way, the use of symbolic abbreviations in making mathematical statements makes it easier to construct proofs of those statements. Chances are that you are more at ease with programming than with proving things. However that may be, in the chapters to follow you will get the opportunity to improve your skills in both of these activities and to find out more about the way in which they are related.