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Objectivesl

Introduce incomplete constraint solvers, for

e cquality and disequality constraints,
e Boolean constraints,

e linear constraints over integer intervals and
over finite integer domains, and

e the arithmetic constraints over integer in-
tervals,

e the arithmetic constraints over reals.



Equality Rulesl

Consider equality and disequality constraints
over arbitrary domains.

EQUALITY 1

(x=x; x € D)
(; z€D)

EQUALITY 2

(r=y; x € Dy, y € Dy)




Disequality Rules

{

DISEQUALITY 1

(x £x; x € D)
(; z€0)

DISEQUALITY 2

(x#vy; x € Dg,y € Dy)
(; o € Dyg,y € Dy)
where Dy N Dy = 0,

DISEQUALITY 8

(r#y:z€D,y=a)

(i ve D—{a}y—a
where @ € D, and similarly with x # y re-
placed by y # x.




Characterization Resultl

Theorem A CSP with only equality and dise-
quality constraints is hyper-arc consistent iff it
is closed under the applications of the EQUA L-
ITY 1-2 and DISEQUALITY 1-8 rules.



Boolean Constraintsl

Boolean variables: range over {0, 1}.

Boolean domain expression: r € D with
D C{0,1}.

Boolean expression: built out of Boolean
variables using — (megation), A (conjunc-
tion) and V (disjunction).

Boolean constraint:
s=1

where s, t are Boolean expressions.



Simple Boolean constraintsl

*T =Y,
* L =Y,
or NYy=2=2,

oxr \Vy=2=2.



Rulesl

Transformation Rules

Reduce Boolean constraints to simple constraints

Example

r/N\NSs==2

TNANY=2,8=1Yy
where s is not a variable or is = to x or z.

Rules for Simple Constraints

Example
(xNy==z2; x€Dg,y€ Dy, ze{l})
(: € Dy {l},y € Dyn{l}, z € {1})

Write as
rNy=z,z2=1—-x=1y=1.



Domain Reduction Rules: BOOLI

EQU 1 x=yz=1—-y=1

FQU 2 x=y,y=1—xz=1

EQU Srz=yx2=0—-y=0

FQU 4 x=y,y=0—2=0

NOT 1 ~x=y,z=1—y=0

NOT 2 ~x=yz=0—y=1

NOT 8 z=y,y=1—2=0

NOT J ~x=y,y=0—ax=1

AND 1xNy=z,x=1y=1—2=1
AND 2x Ny=z,x=1,2=0—-y=0
AND Sz ANy=zy=1,2=0—-2=0
AND JxANy=z,x=0—2=0
AND SxNy=z,y=0—2=0
AND 6xNy=z,z=1—-2z=1y=1

OR 1 xVy=zzrx=1—2=1
OR 2 zVy=z,xz=0y=0—2=0
OR 8 zVy=zxr=0z2=1—-y=1
OR 4 xVy=zy=0z=1—-2x=1
OR 6 xVy=zy=1—2=1
OR 6 zVy=z2,2=0—2=0,y=0
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Characterization Resultl

Theorem A non-failed Boolean CSP is hyper-
arc consistent iff it is closed under the appli-

cations of the rules of BOOL.



Constraint Propagation using BOOL:
Example

e F'ull Adder Circuit

and
A\

e

It computes the binary sum 21 + 29 + 23 in
the binary word 0907.

e Example: 1+ 1+ 0 yields 10.

e Problem: Deduce that
11=1,79=1and oy =0
follows from
13 = 0 and 09 = 1.

e T'wo proof rules for XOR

XOR 1 xdy=z,x=1y=1—2=0
XOR2xy=2,x=0,y=0—2=0
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Constraint Propagation in
Full Adder Circuit

yl
i =) ED S oy S DSl

D Y1
and
A
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Linear Constraints on Integer Intervalsl

Consider the language with

e two constants 0 and 1,

44 7

e the unary minus function “—

)

e two binary functions “+7 and “—".

Linear expression:a term in this language.
Linear constraint: a formula

sopt,
where s and ¢ are linear expressions and op €
{<7 S? :7 #7 27 >}

Abbreviations:
Terms of the form

1+...+1
n times
to n, terms of the form

rT+...+X
n times
to na and analogously for —1 and —z.
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Simple Disequality RuleSI

SIMPLE DISEQUALITY 1

(x £y ; x €la.b],y € |c.d])
(; x €la..b],y € lc.d])

where b < cord < a
SIMPLE DISEQUALITY 2

(x £y ; x € la.bl,y=a)
(; x €la+1.0],y =a)

SIMPLE DISEQUALITY 3

(x#y; x €la.bl,y=0>)
(; x€la.b—1],y =)
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Domain Reduction
for Inequality Constraints

Intuitive example

Consider
dx+ 4y — 52 <7

with © € [lz..he|,y € [ly..hy], 2 € [I5..h2].

Rewrite as
(—4y + 5z
x
- 3
Any value of x that satisfies it also satisfies
( — 4ly + dh,
v 3

We seek integer solutions, so
v < L7_4Z%+5hz

So we can reduce |lz..hy] to

Lo min(| =2 )

J
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Domain Reduction
for LINEFAR EQUALITY rule
(Z,c POSGiTi — =, NEG @it = b x1 € [l ], ... 2 € [ hy))
(Zc POS T — S NEG@iTi = b5 2y € [I1..1], .., x, € [I!..h"])

where for 5 € POS

lj == max(ly, [v;]), B} = min(hj, [a;]),
for y € NEG

I = max(ly, [8;1), I :=min(hy, |5;]),

and
. _b=riepos gy aili + e NBG At
J .
J
5 — —b+ 2 pOSsaili — e NEG—{;} @i
J a;
V= b= >iePOS—{;} 4ili T >ie NEG %ili
J 0
J
s _ bt posali — e NEG- {5y il
J

A
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Example: SEND + MORE = MONEY'

SEND
+ MORE

Originally:
S,E,N.D.M,O.R,Y| € |0..9]

After constraint propagation:

S=9 Eec[4.7, Nel[5.8,Del2.7§],
M=10=0,Re|2.8],Y € [2.8]

1. Use the transtormation rules to transform
“SEND + MORE = MONEY” constraint to

9000 - M +900 - O +90 - N + Y -
(91 -E + D + 1000 - S + 10 - R) = 0.

2. Apply LINEAR EQUALITY reduction
rule.

S=9 Ee€0.9,Nel0.9],Del0.9],
M=1,0€0.1,Re€[0.9],Y €0..9].
Repeated use yields no new outcome.
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3. Apply SIMPLE DISEQUALITY rule to
M # O to conclude O = 0.

4. Repeatedly use M = 1,0 = 0,5 = 9
and SIMPLE DISEQUALITY rules. This
eventually yields

S=9 Ee2.8,Ne[2.8],D e |2.5],
M=10=0Re2.8],Y € |2.8]

5. biterations of LINEFAR EQUALITY rule

yield

E e 2.7, N € [3.8],
Ee[3.7, N e [3.8],
Ee[3.7,Ne 4.5,
Ee 4.7, N e [4.8]
Ee 4.7, N e[5.8]

The other ranges remain unchanged.

The stabilising derivation after step 1. consists
of 24 steps.
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Arithmetic Constraints
on Integer Intervals

Consider the language with

e two constants 0 and 1,

44 7

e the unary minus function “—",

7

e three binary functions “+”, “—”, and
“7 (new).
Arithmetic constraint: a formula
sopt,
where s and t are terms and op € {<, <, =,#,>,>}.

Example

x5-y2-z4+3x-y3-z5§

1O+4x4-y6-22—y2-:€5-z4

1s an arithmetic constraint.
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Approach Based on
Atomic Arithmetic Constraints

Atomic Arithmetic Constraint:

e a linear constraint,

oY =2

Note Every arithmetic constraint can be re-
duced to a sequence of atomic constraints.

Example transformation rule

>t ymy; op b

X qv;op by, my=wv1,..., mp =y

where v1, ..., v, are auxiliary variables.
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Interval Multiplicationl

X, Y sets of integers.

e multiplication:

X Y={xylze X yeY}

Note X, Y integer intervals.
X - Y does not have to be an interval.

Example: [0..2] - [1..2] = {0,1,2,4}.

A: a set of integers

smallest int. interval O A if it exists
Z otherwise.

int(A)
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Multiplication Rule 1 I

MULTIPLICATION 1

(x-y=z;x€eD,,ye D, z€D,)

<x.y:z; :L'EDx,yEDy,ZEDzmmt<Daz‘Dy)>

Example Consider
(x-y=2z2; x€l0.2,y€[l.2],z €[4.6]).

int(]0..2] - [1..2]) = [0..4]
and [4..6] N [0..4] = [4..4], so we get

(x-y=2z; xe€l0.2,y€l[l.2,z¢e4.4]).
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Multiplication Rules 2,3'

e Interval division:
Z]Y ={zeZ|yeYIzelx -y=-=z}.

Note Z,Y integer intervals.
Z /'Y does not have to be an interval.

Example:

3.5]/[—1..2] = {—5, —4,—3,2,3,4,5}.

MULTIPLICATION 2

(x-y=z2;x€eD,,ye D, z€D,)
(x-y=2z;xeD,Nint(D,/D,),y € D,z € D.,)

MULTIPLICATION 3

(x-y=z;x€D,,ye Dy z€D,)
(x-y=z;x€D,,ye D,Nint(D,/D,),z € D,)
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Example I

Consider
(x-y=2z; x€ll.20],y €9.11], 2 € [155..161)).

Applying MULTIPLICATION 2 rule
yields

(x-y=2; x€|l6..16],y € [9..11], z € [155..161])

since [155..161]/[9..11]) = [16..16]
and [1..20] N int([16..16]) = [16..16].

Applying MULTIPLICATION 3 rule
yields

(x-y=2z: xel[l6.16],y € [10..10], z € [155..161))

since [155..161]/[16..16] = [10..10]
and [0..11] M int([10..10]) = [10..10].

Applying MULTIPLICATION 1 rule
yields

(x-y=z; xe[16.16],y € [10..10], z € [160..160])

since [16..16] - [10..10] = [160..160]
and [155..161] N int([160..160]) = [160..160).
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Arithmetic Constraints
on Reals

Consider the language with

e cach real number as a constant, (new)

e the unary minus function “—",

e three binary functions “47, “=", and “.”.

Arithmetic constraint: a formula
sopt,

where s and ¢ are terms and op € {<, <, =, #,>,>}.

Example
2.4-x5-y2-z4+3.6-x-y3-z5
< 10.1+4.2-:€4-y6-22

1s an arithmetic constraint.
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Domains: Extended Intervalsl

RT =R U{—00,00}.
Extend < from R to R as expected.

Extended interval: expression
(a, D)
where a,b € RT.
Meaning;:
(a,b) ={r e R|a<r <b}.

Note For a,b € R
(a,a) ={a},
(a,by ={r e R|a<r <b}
(—00,b) ={r e R |r <b},
(a,00) ={reR |a<r},
(—00,00) = R.
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Interval Arithmeticl

X, Y sets of reals.
e addition:
X+Y ={z+y|lrveX,yeY},
e subtraction:
X-Y={z—ylreXyeY},
e multiplication:
X Y ={z-ylxeX yeY},
e division:
XY ={ueR|JreXyecYu -y=uz}.
For real r and op € {+, —,-, /}
ropX ={r}opX
Xopr:=Xop{r}.
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Interval Arithmetics, ctdI

Note X, Y extended intervals, r a real.
e XNY. X+4Y X—Y and X Y are extended

intervals.
e X/{r} is an extended interval.

e X /Y does not have to be an extended in-
terval.

Example:
(2,16) /(—o0, =2) ={re R | =8 <r < 0}.

A: a set of reals.

int(A) := smallest extended interval containing A.
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Atomic Arithmetic Constraintsl

n
> a;x;=b,
1=1

—n > 0,
—aiy, ..., an non-zero reals,
—x1, ..., oy different variables,

—b is a real,

oL F#Y,
oL Y =2

Note Every arithmetic constraint can be re-
duced to a sequence of atomic constraints.
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Domain Reduction Rulesl

Intuition

n
Y a;x; =0
1=1

implies that for j € [1..n)]

b= i n] - {5} W%
lej = .

aj

R-LINEAR EQUALITY

<Z?:1 ar;=0; v1 € Dy,...,x, € Dn>
Chya;=b; .. x;€ Dl L)

where 7 € |1..n| and

b—rx, a1 a; - D;
/ cll.n|— 1 1
D} = Djn ——Sr=l)
J
DISEQUALITY 2

(x #vy; x € Dg,y € Dy)
(; * € Dg,y € Dy)
where Dy N Dy, = 0.
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Multiplication Rulesl

R-MULTIPLICATION 1

(x-y=z;xeD,,ye D, z€D,)
(x-y=z;2x€Dy,yeDy,z€ D,ND,-D,)

R-MULTIPLICATION 2

(x-y=z2z;x€eD,,ye D, z€D.,)

(x-y=2z; xe€D,Nint(D,/D,),y € D,,z € D,)

R-MULTIPLICATION 3

(x-y=z;x€D,,ye Dy, z€D,)

(x-y=z;x€D,,yec D,Nint(D,/D,),z € D,)
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Example I

Consider
<ZC Y=z, xcC <—OO, _1>7y S <_007 _2>7Z < <_007 161>>

By R-MULTIPLICATION 1 rule
(x-y=2z; x € (—00,—1),y € (—o0,—2),2z € (2,161))
since

(—00, —1) - (—00, —2) = (2, 00)
and hence

(—00,161) N (2, 00) = (2,161).
By R-MULTIPLICATION 38 rule
(x-y=2; x€(—o00,—1),y € (—161,—2), z € (2,161))
since

(2,161) /(—o0,—1) ={re R | —161 <r < 0}
and hence

int((2,161) /{(—o0, —1)) = (=161, 0)
and

(—o00, —2) N (—161,0) = (=161, —2).

31



Example, ctdI

(x-y=2; x € (—o00,—1),y € (=161, —-2), 2z € (2,161)).

By R-MULTIPLICATION 2 rule
(x-y=2z; ve€(—805, —1),y € (—161,—2),z € (2,161))

since
(2,161) /(—161, —2) = (—80.5, —2/161)
and hence

(—o0, —1)Nint((—80.5, —2/161)) = (—80.5, —1).

Last CSP is closed under the applications of
the MULTIPLICATION rules.
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Step 1: Extend arithmetic operations from

R to RT.

1: undefined operation,
PR: a positive real,
NR a negative real.

R: outcome can be an arbitrary real.

X

r+y || —oo | NR 0 PR | o0
—00 || —00 | —00 | —00 | —o0 | L
NR NR | NR| R |
y 0 0 PR | ©
PR PR |
00 00
X
r-y| —o0o | NR| O] PR |
—oo || oo | o0 | L | —00 | —00
NR PR |0 | NR | —
y 0 0] O il
PR PR | o©
00 00
Examples
0+ (—o0) = L,
o0/ PR = o0,

PR—NR=TR.

33

X

Arithmetic Constraints on Reals:
Implementation Issues

r—y | —oo | NR 0 PR | ©
—00 1 00 00 oo | oo
NR ||| R | PR | PR | ©
0 —oco | NR 0 PR | o©
PR ||—c0c| NR | NR | R | >
00 —00 | —00 | —00 | —oo | L
X
z/y | —oo | NR| 0 | PR | o0
—00 1 0O 0] O L
NR o |PR|O|NR| -
0 1 L |L| L L
PR | —c0o | NR | 0 | PR |
00 1 0O 0] O 1L




Implementation Issues, CtdI

Step 2: Implement intersection, addition and
subtraction of extended intervals.

Note (a,b) and (c,d): non-empty extended
intervals. Then

e (a,b) N (c,d) = (mazx(a,c),min(b,d)).
e (a,b)+ {(c,d) = {a+c,b+d).
e (a,b) — (c,d) = {(a—d,b—¢).
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Classification of
Non-Empty Extended Intervals
Depends on the position of 0 w.r.t. such an

interval.

class | at least one | at least one signs of
of {a,b) | negative positive endpoints
M yes yes a<<0Ab>0
Z no no a=0ANb=0
P no yes a>0AD>0
Py no yes a=0AD>0
P no yes a>0Ab>0
N yes no a<0OANb<O
Ny yes no a<0ANb=0
N, yes no a<0AD<O
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Implementation of Multiplicationl

Step 3: Implement multiplication of extended
intervals.

(a,b) and (c,d): non-empty extended
intervals.

class class (a,b) - (c,d)

of (a,b) | of (c,d)

P P {(a-c,b-d)

P M (b-c,b-d)

P N (b-c,a-d)

M P (a-d,b-d)

M M (min(a-d,b-c),max(a-c,b-d))

M N (b-c,a-c)

N P (a-d,b-c)

N M (a-d,a-c)

N N (b-d,a-c)

Z  |P,M,N,Z | {0,0)
P.M.N (0, 0)
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Consider

Example I

(—3,2) - (—4,5).

Both intervals are of class M, so the entry

class

of {a, b) |of (c,d)

class

<CL, b> | <C7 d>

M

M

(min(a-d,b-c),max(a-c,b-d))

applies. Thus
<_372> ) <_47 5> —

(min((=3) - 5,2 - (=4)), maz((=3) - (—4),2-9)) =
(min(—15, —=8), max(12,10)) =
<

~15,12).
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Implementation of Divisionl

Step 4: Implement division of extended in-
tervals.

(a,b) and (c, d): non-empty extended
intervals.
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class class (a,b)/{c,d)
of {a,b) of (¢, d)
Py Py (a/d,b/c) \ {0}
Py By (a/d, o0) \ {0}
P() P1 <O b/C>
M P (a/c,b/c)
N() P1 <CL/C O>
Ny Py (a/c,b/d) \ {0}
Ny X (—00,b/d) \ {0}
Py M ({(=00,a/c) U (a/d, 00)) \ {0}
MZ,P(),NO MZ,P(),NO < OO+OO>
Ny M ({(=00,b/d) U {b/c, 00)) \ {0}
Py Ny (b/d,a/c)\ {0}
Py No (—00,a/c) \ {0}
Py N (b/d,0)
M N (b/d,a/d)
N() N1 <O CL/d>
N Ny (b/c,a/d) \ {0}
Ny Ny (b/c,00) \ {0}
A P, Ny < 0)
P N 7
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Example I

Consider

(2,16) /(—00, —2).

The intervals are of class P; and Ny, so the
entry

class | class (a,b)/{c,d)
of {a,b) |of {c,d)
Py Ny [ (b/d,a/c) \ {0}

applies. Thus
<27 16>/<—OO, _2> —

(16/(=2),2/(=00) \ {0} =
{reR|-8<r<0}
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Using Floating-point Numbersl

Step 5: Introduce Floating-Point Numbers

Motivation We want to represent solutions
t0 922 =1 over (—1,1) as

r € (—0.33334, —0.33333)
and

r € (0.33333,0.33334).

Assume finite subset F of R™ containing —oo
and 0o.

Elements of F: floating-point numbers.

Floating-point interval:

<a7 b>?

a, b floating-point numbers.
['(A):

the least floating-point interval containing A.

['(A) always exists.
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Amended Multiplication Rulesl

F-MULTIPLICATION 1

(x-y=z;x€eD,,ye D, z€D,)
(x-y=z;2x€D,,ye D, ze€ D,NT(D,-D,))

F-MULTIPLICATION 2

(x-y=z;xeD,,ye D, z€D,)
(x-y=z;2e€D,NI(D,/D,),y € Dy, z€D.,)

F-MULTIPLICATION 3
(x-y=z;x€D,,ye Dy, z€D,)
(x-y=z;2x€D,,yec D,NI(D,/D,),z € D.)
e Combined with the implementation I'(X -

Y) and ['(X/Y") for floating-point intervals
X)Y.

e Similar modification of other domain reduc-
tion rules.
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Objectivesl

Introduce incomplete constraint solvers, for

e cquality and disequality constraints,
e Boolean constraints,

e linear constraints over integer intervals and
over finite integer domains, and

e the arithmetic constraints over integer in-
tervals,

e the arithmetic constraints over reals.
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