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Abstract

In the numerical technique considered in this paper, time-stepping is performed on a set of semi-coarsened
space grids. At given time levels the solutions on the different space grids are combined to obtain the asymptotic
convergence of a single, fine uniform grid. We present error estimates for the two-dimensional, spatially constant-
coefficient model problem and discuss numerical examples. A spatially variable-coefficient problem (Molenkamp—
Crowley test) is used to assess the practical merits of the technique. The combination technique is shown to be more
efficient than the single-grid approach, yet for the Molenkamp—Crowley test, standard Richardson extrapolation is
still more efficient than the combination technique. However, parallelization is expected to significantly improve
the combination technique’s performance2001 IMACS. Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

The long-term aim of the present work is to make significant progress in the numerical solution
of large-scale transport problems: systems of partial differential equations of the advection—diffusion-
reaction type, used in the modeling of pollution of the atmosphere, surface water and ground water. The
three-dimensional nature of these models and the necessity of modeling transport and chemical exchang
between different components over long time spans, requires very efficient algorithms. For advanced
three-dimensional modeling, computer capacity (computing time and memory) still is a severe limiting
factor (e.g., see [8]). This limitation is felt in particular in the area of global air pollution modeling where
the three-dimensional nature leads to huge numbers of grid points in each of which many calculations
must be carried out. The application of sparse-grid techniques might offer a promising way out.
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Sparse-grid techniques were introduced by Zenger [10] in 1990 to reduce the number of degrees of
freedom in finite-element calculations. The combination technique, as introduced in 1992 by Griebel
et al. [4], can be seen as a practical implementation of the sparse-grid technique. In the combination
technique, the final solution is a linear combination of solutions on semi-coarsened grids, where the
coefficients of the combination are chosen such that there is a canceling in leading-order error terms.
As shown by Ride in 1993 [7], the combination technique can be placed in a broader framework of
multivariate extrapolation techniques.

We show that for our two-dimensional hyperbolic problems the combination technique requires
~ h~2 cell updates to reach an accuracy ofh®logh ') while the single grid requires- 72 cell
updates to solve up to an accuracy af.®). Thus the combination technique is, asymptotically, more
efficient than a single-grid solver. Another appealing property of the combination technique is that it
is inherently parallel, i.e., it constructs the final solution frem(logs—1)?! independent solutions
(d is the dimension of the problem) which can be computed in parallel. Parallel implementations of
the combination technique were shown to be effective in [2,3].

Although we are ultimately interested in advection—diffusion-reaction equations, in the current
work we restrict the attention to pure advection and leave the diffusion and reaction processes to
future research. In a number of articles the combination technique has already been analyzed bott
analytically and numerically, see for instance [1,3,4,7]. However, in these references elliptic differential
equations are considered, not hyperbolic equations like the time-dependent advection equation we are
considering. In [5] the combination technique is shown to be promising for a constant coefficient
advection equation. The current paper differs from [5] in that it focuses on error analysis while [5]
focuses on numerical results. Furthermore, in [5] only constant coefficients are considered. Although
we do not present error analysis for spatially variable coefficients, we do analyze this case numerically
with the Molenkamp—Crowley test. The time-dependent coefficient case we analyze both numerically
and analytically. When the combination technique is used to solve a differential equation, then a
representation error and a combined discretization error are introduced. In [6] a detailed analysis
is given of the representation error. In the current paper we focus on the combined discretization
error.

The organization of the current paper is as follows. In Sections 2—4 we derive leading order error
expressions for the error that is introduced when we solve an advection equation with spatially
independent coefficients, with the combination technique. In the derivations we account for time-
dependent coefficients and for intermediate combinations. In Section 5 we give some estimates for the
asymptotic efficiency of the combination technique relative to the single-grid approach. In Section 6
four numerical test cases are analyzed, one of these is the Molenkamp—Crowley problem. The error
estimates made in the earlier sections are verified and the combination technique is compared with
the single-grid technique in terms of efficiency. The conclusions are summarized in Section 7. The
main conclusion is that without parallelization—although marginally—the combination technique
is already more efficient than the single-grid approach for a generic advection problem, such as
the Molenkamp—Crowley test. Without parallelization, the combination technique still falls behind
standard Richardson extrapolation, something which has also been concluded by Riide [7] for elliptic
problems.
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2. Discretization error

In order to understand the combined discretization error we must first have a clear understanding of
the discretization error itself. This section is devoted to the analysis of the error in the numerical solution
that is due to spatial discretization. The temporal discretization errors are neglected. In the notation
of functions only the relevant variables are printed, e.g., the funcfion y, r) can be referred to as
fx,y,0), f@®), f(x,y) or simply asf, depending on context. The focus lies on the pure initial value
problem for the spatially-constant coefficient, 2D advection equation

¢, +adyc+bdyc=0. ()

Eq. (1) is considered far= 0 up tor = 1 and spatially discretized with finite differences on the domain
[—1,1] x [—1, 1]. We denote the discretization of the advection operaior- bd, by aD, + bD,. The
corresponding spatially discretized equation reads

w; +aDyw+bDyw=0. (2)

Herew = w(¢) still denotes a continuous function in time and space. The operAtoasd D, are defined
in terms of shift operators (see Section 2.2). We define the (global) discretizatiod @yraccording to

dit) =w(t) —c(1). 3)
We introduce the truncation error operafaccording to

E=aD,+bD, —ad, — bo,. 4
The discretization erraf can be seen to satisfy

d,+ Ec,+aD,d+bD,d =0,

with general solution

d(t) = & o@D o) 4 (& Jo FOY _ (), (5)
Whena andb are independent of time then (5) reduces to
d(t) = e '@PHDIG) + (7' = T)c(t),

which we expand as

o]

d(t) — Z (_Z#e—t(aax-i-bay)d(o) + Z (_IVE‘)I c(t)‘ (6)
: i=1

i=0 L

2.1. Structure of the discretization error

In general, when the initial profile is error free it can be seen that a dimensionally split discretization
of order p gives rise to a discretization error given by

dity=>" t—: <Z(ajah){a){+l + ﬂjbhfa}/&l)) c(t), (7)

i=1"" \j=p



380 B. Lastdrager et al. / Applied Numerical Mathematics 38 (2001) 377—401

where the constantg; and8; are the error constants in the truncation error. Eq. (7) can be rewritten in
the generic form

d(t) = (K A () +h Bi() +> > hihSy; (@), (8)
i=p Jj=pk=p

showing that the discretization error consists of terms proportioﬂa{l,tbg“, e andhg, hf“, ...and
hPRD, hEYIRD, hPRDHE, RP IR0t

2.2. Third-order upwind discretization

To introduce spatial discretizations we make use of the shift operators

. (hydy)!
S fo) = fla iy =3 L)
i=0
o~ (hy0))’
S f.y)=flx.y+h)=) — e,
i=0 :
where we have supposefito be aC* function. We focus on the third-order upwind biased scheme
which is given by

fx,y),

il

1 1,1 1 _ 1,1
6S72hx =S+ 3+ §th . a0, 6S*2h>' S*hy 3t SSh,v . b>0,
hx hy
D, = lg S 1, 1g D, = lg S 1 1g
_5 2hs — hx+§+§_hx’ a<ol _ 6 2hy — hy+§+§ _h,\” b < 0.
hy hy
This yields the discretization error
 4i (O (—2) —3(—1) —1 /@it pitl i
dit) =Y — P —.hf_af+1) 1), 9
o 2“<,Z=;, 3(j + D! (|a|f AT e ©

providedd (0) = 0. Neglecting @k?) and Q'z}) but including Qk2h3) for later reference, Eq. (9) leads
to the following leading order expression:

t? 3
—— |ab|h h
142111
This leading-order result makes sense only wheain b and the derivatives oé(r) are moderate.
The Qx2h3) term will turn out to be important since it gets amplified by the combination tech-
nique.

t
d(t) = —1—2(|a|h§’;a;‘ + [bIR30]) () + S070%c(t) + O(hy) + O(h?). (10)

y-x-y

2.3. Time-dependent coefficients

To handle time-dependent coefficients we expand (5) as

) = Z Meﬁ f;(u(l/)8x+b(l’)8y)dz’d(o) n Z Mq;)_

i=0 ’ i=1
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Ford(0) = 0, the time-dependent equivalent to (10) then reads

d(z)_——</\a \dth3a4+/\b )| de'n% )c(t)

144</\a \dz) (/yb )| dr’ )hf’;hiaja;‘c(t) +O(h}) + O(hy). (11)

3. Combination technique

The two-dimensional combination technique is based on a grid of grids as shown in Fig. 1. Grids
within the grid of grids are denoted k@’ where upper indices label the level of refinement relative
to theroot grid £2°°. The mesh widths int- and y-direction of 2" areh, =27'H andh, = 2" H,
where H is the mesh width of the uniform root gri@%°. We denote the mesh width of the finest grid
2V by h. Note thath, andi, are dependent on the positighm) in the grid of grids whilex is not.

In the time-dependent combination technique a given initial prefi¥ey, 0) is restricted, by injection,
onto the grids2¥-%, V-1 Q0N and onto2V—10 @N-21  Q0N-1 gee Fig. 1. The resulting
coarse representations are then all evolved in time (exact time integration is assumed in the current paper)
Then, at a chosen point in time, the coarse approximations are prolongategithvitder interpolation
onto the finest grid2™:", where they are combined according to (13) to obtain a more accurate solution.
The notation is summarized in Fig. 1.

We use the symbol to denote the grid functions that are constructed with the combination technique.
Considering the exact solutiony the combination technique, as introduced in [4], constructs a grid

level = 0 1 2 N=3 Notation Description
Ve

QO’O_ MMMMMMMMMM / ____ / / QO,N

; BEEE. 4 QMM finest grid of mesh width & =2
/ """"" ; Ql’ m semi-coarsened grid, of mesh widths

s h=2"H and hy=2"" H

___________ c continuous, exact solution
/ =6 .l -

IN=6 gH™  festriction operator that maps onto Q5

/ pN. N prolongation operator that maps onto QM- N

o . . 1A
o ™ semi-discrete approximate solution on  Q

w

Fig. 1. Grid of grids.
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functionc™V on the finest grid2™" in the following manner,
’\N N Z PN NRI m Z PN,NRl,mC'
l+m=N I+m=N-1
The corresponding so-calledpresentation errorV-" is
NN _ GN.N _ pN.N . (12)

Likewise, considering the semi-discrete solutiom§™, the combination technique constructs an
approximate solutio@™" on the finest grid2"-" from the coarse-grid approximate solutions according
to

VN =" pYNgtm— N PN (13)
I[+m=N I+m=N-1
Letd"™ denote the discretization error on g2l i.e.,
Jlm = gbm _ Rlmg (14)
The total errore™ N =NV — RN-N¢ present ir™-V is written as

€N’N :},,N,N +dN’N,

where thecombined discretizatioprrord™-N = -V — ¢VV is given by
dN N Z PN Ndl m __ Z PN,Ndl,m. (15)
l+m=N l+m=N-1

In [6] a detailed analysis is given of the representation erfol . In the current paper we focus on the
combined discretization erref"-". In Section 6 on numerical results it will become apparent that the
representation error-" is negligible compared to the combined discretization effof' .

4. Combined discretization error
4.1. Effect of the combination technique on a single error term

Inspection of (7) shows that the discretization eefof can be expanded as

d"" (1) =" hLhIRY"G; j(e(x, y. 1), (16)

i=0 j=0

where the powers of and the spatial differential operators are hidde®;if(z). Eq. (16) allows us to
concentrate on powers éf andh,. Sinceh, =27'H andh, = 27" H we can rewrite (16) as

dl’m(t) ZZ Hz+]81 m (17)
i=0 j=0

where

el (1) =27 REM G (D e(x, ., 1), (18)
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Insertion of (17) into the expression for the combined discretization error (15) yields
C/Z\N,N — ZHH_/AN N

L]
ij

where
~N,N __ N,N _l,m NNlm
eiﬁj:ZP ,,—ZP €ij-
l+m=N I+m=N-1
We now focus on the contribution that a single error teﬁﬁ makes to the combined discretization error,
i.e., we analyze?N ¥ The error term$ are prolongated onto the finest gu2t¥-"V with interpolation

of orderg, yielding interpolation errorsN NLm and grid functlon$N NLm that are free of interpolation
errors, i.e.,

NNlm_ N,N.,l,m NNlm
P z/_sij +§l/

The latter two superscripts ;""" andg,";¥"" denote from which grid these grid functions originate.
g+ this leads to the splitting

Fore;’
AN,N “N,N “N,N
ei,j zé U4 gi,j

4.1.1. Error without interpolation effects
According to (18) we have
sNNlmZZ_ll /mRNNG,C
i,] 1 ’
hence

:( Z _ Z )2—il—ijN,N9i’jc’

[+m=N l4+m=N-1
which is equivalent to

N N-1
S;\;N _ <Zzilj(Nl) . Z 2ilj(N11)> RN,NGI_’]C

1=0 1=0
. N 1 . .
= <2’N +27 N [1- 2] ZZ"J’)> RN, jc. (29)
1=0
Fori = j this yields
Sll\;N (2 iN 42 iN [1 21} )RN’NHI'J'C, (20)
while fori # j
~ 1 Nt e N et
sﬁNz(Z_zpfwzﬂ—zmﬂ Wz—zﬂﬂywﬂaﬂ. (21)
Egs. (20) and (21) lead to the following order estimates:
O(Z*JN) if i=0,j#0,

O(2™"™) if j=0,i#0,
O(N27'N) if i=j%#0,
O(2-MinGANY if £ j,i#0,j#0.

NN _
&, =

(22)
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4.1.2. Additional error due to interpolation
In leading order the interpolation error is given by

N,N,l,m N,N,l,m
gi’j = ()\lhzag +)‘mhza)q)éz,] ,

or equivalently,
gi{Yj’N”’”‘ = HIRNN (27rDi=imy 54 4 2“q+/)’""")nmaf,)0,~“,c,

where thei, and 4,, are coefficients dependent dnand m, respectively, and on the choice of
interpolation. For the combined interpolation er;é?’v we have

~

N,N N,N — i)l—jm
;Y = HIR ( Y- > )2 (@ ti=imy,396; ;c

I+m=N  I+m=N-1
+HCIRN’N< Z —_ Z >2‘(q+~’)m_il)»m83«95,jc.
l+m=N I+m=N-1
For the first term,
< Z — Z )2(q+i)ljm)\‘laq0ijc
X 3 9
I+m=N  [+m=N-1

we obtain

N-1
<2<‘1+Z>NAN +Y (2 2<q+z>zj<N11>)M> 996, ¢,
=0

which, in absolute value, is bounded from above by

| A max

N-1
<2<q+i>1v +Y (2 i 2<q+z'>1j<N11>)) 996, ;¢
=0

Likewise, the second term,

< Z — Z )2(‘4”)”‘”)»,”839[,]-0,

I[+m=N  [+m=N-1

is in absolute value bounded from above by

| A max

N-1
<2—(q+./‘)N + 3 (2t pmitvm 2—(q+./‘)m—i(N—1—m))> 816, ;¢

m=0

Together these bounds lead to the following order estimates, in the same way as the estimates in the
previous section were obtained:

O(H4271V) if i=0o0rj=0,

NN O(Hquij) if g+i=j,

é‘i,j — O(Hquf-iN) if C]+j:i, (23)
O(H42~mMn@IN) if 0+ j#q+iand O#i#q+ j.
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4.2. Leading-order results

By combining the order estimates (22) for a single error term and Egs. (20) and (21) with the structure
of a dimensionally split discretization error (8), we see that in the discretization error the following terms
are of particular interest:

d =t(ap,ah? 3™ + B,bh?0r ™) e + %0, B,abh?h? 9P 00 e + O (R + O(R2TH), (24)

x Py Px

where we have omitted the upper indidésN. To obtain the corresponding expression for the combined
discretization error we use (20) and (21). The effect of the first and second terms in (24) is given by (21)
withi = p, j=0andi =0, j = p, respectively. The effect of the third term in (24) is given by (20)
with i = j = p. Working this out leads to the following leading-order expression for the combined
discretization error

- H
d = t(a,ah”d?*™ + B,bh? 3" ) c + 1P, BrabHP h? (1 + (1—27)log, 7) orttortic

1
+ o(w“ log, E)‘ (25)
More specifically, for the third-order upwind scheme,
F= T 1?4 1b108)e + o tab 331 - TIog, I ) 023% + O H*log, = 26
——E(|a|x+| Iy)C‘f‘mla I — ngz o yC+ ngz . ( )

4.3. Mapping of error terms

We illustrate the effect of a single term of the discretization error on the error that is observed on the
finest grid after applying the combination technique. We view the combination technique as a mapping
that maps terms from the discretization error onto a leading-order error term on the finest grid. We
assume that the order of the prolongatipiis greater than the order of the discretizatjpnThe order
estimate (22) shows that, for#£ j, i # 0, j # 0, we have a mapping according to Table 1. While the
discretization error's leading-order terms, proportiondl t@andh? yield error terms of @:”), the cross-
derivative term proportional th?h/ surpasses these and yields the new formal leading-order error term
proportional tok?” logh .

Table 1
Mapping of error terms from the semi-coarsened grids to the finest
grid
Error term on{$2"™} Effect on2V-N
h' or ', O(h!)
h;h§ O(hmin(i,j))

hihl O(h' logh™1)
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4.4. Additional error due to interpolation

From the order estimates (23) we find that:
e if g # p then the contribution of the interpolation error is

O(H"h), (27)
e if ¢ = p then the contribution of the interpolation error is

O<H1’h1’ Iog%). (28)

According to (27) the interpolation leaves the leading-order result (25) unaffected, provided the order of
interpolationg is greater than the order of discretizatipn Wheng = p, according to (28), the effect

of the interpolation is of the same order as the second term in the leading-order result (2p) fpor

the interpolation error is in fact larger than the leading-order result (25) itself. Thus chaepsingis

not sensible since it leads to an order reduction in the error. Chogsiag is acceptable when the
parameters of the combination technique are such that the second term in (25) is dominated by the firs
term. When this is not the casgmust be chosen larger than

4.5, Intermediate combinations

When the combination technique is used in conjunction with a time-stepping technique, as we do, then
we can choose to make intermediate combinations. With intermediate combinations the algorithm is as
follows:

The initial solution is restricted to the semi-coarsened grids.

A number of time integration steps is performed on the semi-coarsened solutions.

The semi-coarsened solutions are prolongated onto and combined on the fingsY-¢rid

The combined solution is projected back onto the semi-coarsened grids.

Steps 2—4 are repeated until the time integration is completed (in the last loop, step 4 is then
omitted).

We will now analyze the influence of intermediate combinations on the error, specifically we consider
M — 1 intermediate combinations made at timed4, 2t/M, ..., (M — D)t/M. For a single semi-
coarsened grid2’” onto which an intermediate solution was restricted /a/, we have, according

to (6),

(2 E(—(/MEY 4 iatrassns,) oim N, (t/M)E)’ e
g <M>:Z o (/M) @i tbi) pl dNN( )"‘Z CU/ME) o, (M)

=

arwdE

(29)
Due to the leading order result (25) we have

e—(t/M)(a8x+b8y)Rl,m6’l\N,N<L>
M

! 1 1 ptm [
= M(a,,ahpaf+ + Bpbh? I R C<M)
2

t H 2t 1
+ % BpabHI R (1 + (1—27)log, 7) orttortiRhme (M> + o<hﬂ+l log, )
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Here we have used &/M@+bd) et /M) = ¢(2t/M). In the first summation in (29), terms with> 0
will only contribute in higher order becauge is a power expansion in mesh widths and,. Hence
we can neglect thg > 0 terms in (29) for a leading-order result, yielding

m (2t t m (2
d" <M> = M(apahp8p+l+,3 bh? 3! R" (M>
2

t H m [ 2t
+ 3% BrabH ! (1+ (1-27)log, —) orttortiR: C<M)
M)E) 2
+O(h‘"+1|0g ) Z( (t/ ) ) mC(Mt>

+ O((hfj + Y +hYh?) (hP +h? Iogzﬁ>>. (30)

The above expression immediately leads to the leading-order result for the combined discretization
errord™-N (2t /M) taking into account an intermediate combination/at’. The first two terms and the
O(h?*1log,(1/ h)) term carry over inta/™-V (21 / M) without alterations since we neglect representation
errors. The summation yields the two terms in (25) as was argued in Sections 4.1 and 4.2. The last O-ternr
translates according to the rules stated in Section 4.1. Thus, (30) yields the following for the combined
discretization erroﬁNvN(Zt/M) taking into account an intermediate combinatiom/a:

2t t 2t
dNN<M> = 2{ (apah?d?** + B,bh? 9P RN N ¢ (M>
2

t H 2t
+ e BpabHO R <1 + (1—27) log, 7) ortior RNV e <Mﬂ

1 1 1
+ o(h!’+1 log, E) + o<<hl’ + h” 4+ h”log, E) (hp + h”log, E) ) (31)

By induction this leads to the following result for the combined discretization erroy t@king into
account intermediate combinationsaM, 2t /M, ..., (M — D)t/M,

d"N (1) = t(apah? 0 + B,bh? 9P RN N e(t)
1 H
+ Mtzapﬁpaprhp (1 + (1—27)log, ﬁ) ArTar RN Ne(r)

1
+ o(hf’+1 log, E)’ (32)

e., the term proportional té”logh—! is attenuated by a factor/M. For the third-order upwind
discretization equation (32) yields

. th3
d:—— 3%+ |b|d
(lalds + |b] )c+144M

1
|ab|H3h3<1 7log, — ) 48;‘c+0<h4logzz). (33)
4.6. Qualitative behavior of the error

Provided the effects of interpolation can be neglected the error in the combined solution is given
by (32). The competition between the two terms in (32) is determined by the time up to which we
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integrate, the number of combinatioms the coefficienta andb, the root mesh widttH , the number of

grids (through log(H / h)), the order of discretizatiop (througha,, 8, and 2) and by the derivatives

of the exact solution. Given this multitude of dependencies it seems likely that in general both terms can
be important in describing the error.

Whena ~ b (i.e., advection diagonal to the grid) or when the exact solution has a large cross derivative
9r*+19r+c compared to the derivativedg*'c andd?*'c, then the second term in (32) gains importance.
Slnce this term represents the additional error due to using the combination technique, rather than a single
grid, we see that the combination technique is less well suited to problems withor with large cross
derivatives. Both are features of a problem that is not grid-aligned, i.e., the combination technique works
better for grid-aligned problems.

We mention two mechanisms that will attenuate the second term in (32). First, the semi-coarsened
grids used in the combination technique need to be sufficiently fine to describe the solution. This requires
H to be small and thus attenuates the second term in (32), whick/hass a prefactor . Second, it is
a practical observation that a number of intermediate combinatiths- 1) is needed to successfully
apply the combination technique, causing a further reduction of the second term by a fadd¢tor 1

4.7. Time-dependent coefficients

Up to now the results in the current section are valid for coefficients that are independent of time. We
now state the leading-order results for time-dependent coefficients. The statements about the interpolatior
error still hold. The leading-order expression for the combined discretization error becomes

t

d = (/ap( Na(t )dt)hpap“ch </ﬁp )dt)h!’agﬂc

0

+ < / ap (1 ) < / Bp(t )thp <1+ (1—27)log, ) ortiortic

0
+ O(h"’+1 log, E) . (34)

For third-order upwind discretization this yields

3:——</|a |dt84+/|b |dt8>
+fﬁ’j(1+(1 27} log, — ></|a |dt)</|b |dt) 484c+0<h4I092 ) (35)

WhenM — 1 intermediate combinations are made, the combined discretization error is given by

t

d = (/ap( Nal(t )dt)hf’8”+1c+ </ﬁp )dt)h!’a;?“c

0
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M1, (+Di/M (n+Dyt/M
+> < / a, (t’)a(t’)dt’) ( / B, (t’)b(t’)dt’)

n=0 nt/M nt/M
x HPh? (1 + (1—27)log, %) arttartie + o(hp+1 log, %) . (36)

For third-order upwind discretization this yields

R h3 t t
d = —1—2</|a(z’)|dt/af+/|b(t/)|dt’8;‘>c
0 0

HPhP B\ M-1 Dt/ M (n+Dt/M
T az <1+ (1-27)log, ﬁ) < / |a(t’)|dt’) < / |b(t/)|dt’) NS
n=0\ m nt M
p+1 1
+ 0Ol h Iogzﬁ . 37)

5. Asymptotic efficiency

When making efficiency comparisons the number of cell updatesused as a measure of required
computational work. On a single grid this is simply defined as the product of the number of cells and the
number of time steps required. Within the combination technique it is the sum of products of numbers of
cells and time steps required on all grids within the grid of grids.

Due to the CFL restriction the time stefy must satisfy

. (hx hy>
At <amin| —, —
lal ]

for some constant value af. The cost estimates presented in this section are basedros
0.1 min(h,, h,), as are the numerical results in Section 6. Note that the time steps on the different grids
within the combination technique are not equal, larger steps are taken on coarser grids. In other words,
within the combination technique the average CFL number (averaged over the semi-coarsened grids) is
larger than the CFL number on the single grid. We identify a combination technique with a root mesh
width H = 2. 27LR whereLg is theroot level,and a finest mesh width= 2 - 2RV 'whereN is the
sparseness levelhe number of grids within a combination technique is given by

H
2N+l:2|ogz<;) +1

5.1. Computational work

Assuming the time interval0, 1] and the spatial domaif+1, 1] x [—1, 1] for a single grid with
h =2-27% the number of cell updates required is given by

C,=5-2°L.
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For the combination technique the number of cell updates is given by

Z 21+m
Cer = —
[+m=N-1,N At
21+m
_LWEQLNQLmeQ42”°
5.23LR(5.22N _ 4. 23N/2) for N even,
= 5. 2%R(5. 22V — 1. 28V D/2)  for N odd. (38)
For fixed Lr the combination technique has asymptotic complexity
CCT ~ 22N ~ h*2 (39)
while the single grid has asymptotic complexity
C1~ 2~ 3, (40)

5.2. Efficiency comparison

For fixed Lg the combination technique has, according to (25), the following asymptotic error:
d~hPlogy(h™Y) ~27PNN
while a single grid of mesh width = 2. 2-% has the following asymptotic error:
d~h?~2Pk,
If we require a single grid to yield the same error as the combination technique for argiven, we put
N2~ PN ~ 7Pk

then we obtain

log, N
L=N— 2%
P

According to (40) this yields, for the complexity of the single grid,

3/p
Cl ~ 23N i ~ h—S(IOg (h—l))*S/P
N CT 2\"*CT ’

while according to (39), the complexity of the combination technique is given by
Cer~ 22N ~ hE—%—

showing that, asymptotically, the combination technique reduces the three-dimensional single-grid
complexity to a two-dimensional complexity, while obtaining the same level of accuracy.

6. Numerical results
6.1. Numerical setup

All the numerical results presented in this paper were obtained with the classical fourth-order explicit
Runge—Kutta method usings = 0.1 min(h,, h,) which satisfies the CFL condition for all considered
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test cases. We have verified that the time-discretization error is always negligible compared to the spatial
discretization error. For spatial discretization we have used third-order upwind discretization as described
in Section 2.2, the prolongations are done with fourth-order interpolation. All analytical error predictions
for the combination technique refer solely to the combined discretization error. The interpolation and
representation errors due to the combination technique are neglected. Boundaries are handled as i
chapter 5 of [9], i.e., the exact solution is prescribed on the inlet boundaries and first order upwind
discretization is used on the outflow boundaries. As a result boundary errors are introduced. These error:
are not included in our analysis and were found to be insignificant for most of our numerical tests. See
Section 6.4.1 for a further discussion of boundary errors.

6.2. Test cases

We consider the following four test cases:
(1) Horizontal advection, characterized dby= % b=0.

(2) Diagonal advection with =b = 3.

(3) Time-dependent advection with

0, 2), 0<t< %,

(2,0, 3<t<3,

(07 _2)7 %<t<‘§1’

(-2,0, 3<r<1.

(4) The Molenkamp—Crowley test case with= 27y, b = —27 x.

Test cases (1)—(3) have as initial profile

(a,b) =

c(x, y,0) = 0014 +029%+(+025% (41)
which is depicted in Fig. 2(a), while test case (4) has as initial profile
c(x,y,0) = 0.014+05* %) (42)

which is depicted in Fig. 2(d). All test cases are integrated up=tdl and have-1 < x,y < 1. In [9]
solutions for the Molenkamp—Crowley test case obtained with various numerical methods are presented,
given the initial condition (42). Our single grid solver is an implementation of the solver outlined in
chapter 5 of [9]. Compared to the other solvers in [9] this solver is not the fastest but proved to be highly
robust.

Besides initial profiles, Fig. 2 displays a number of typical error profiles observed in the numerical
solutions of the test cases. The single-grid technique (SG) results in Fig. 2 were obtained onsi1313
grid corresponding td. = 9 and the combination technique (CT) used a grid of 9 grids given by
L, =5andN =4, i.e., the combination technique also produced its solutions on & %13 grid. The
results for the combination technique with intermediate combinations (ICT) were obtained by making
8 combinations.

Fig. 3 illustrates the performance of the single-grid and the combination technique on the test cases.
The number of cell updates is plotted along the horizontal axis, which is a direct measure of the required
CPU time, see Section 5.1. Any additional CPU time required to make the 7 intermediate combinations
to obtain the ICT results was neglected, which is fully justified for the limited number of combinations
considered here. The error is shown in thg norm, the results for thé,; norm are similar. In obtaining
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-1 -1 -1 -1 -1 1

(a) Initial profile (b) diagonal, CT (c) diagonal, SG
1

-1 -1 1

(d) initial profile 4 (e) time-dependent, (f) time-dependent,
CT ICT

-1 - -1 -1 -1 -

(g) Molenkamp, SG (h) Molenkamp, CT (1) Molenkamp,
ICT

Fig. 2. Initial profiles and numerically observed errors for the single-grid technique (SG), the combination
technique (CT) and the combination technique with intermediate combinations (ICT), applied to the diagonal,
time-dependent and Molenkamp—Crowley test cases.
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Fig. 3. Numerically observed (obs) and analytically predicted (pred) performance of the single-grid technique
(SG), combination technique (CT), combination technique with intermediate combinations (ICT) and Richardson

extrapolation (RE) applied to the test cases.

Fig. 3 the combination technique hdd =5 fixed andN = 2, 3,4,5. The single-grid results were
obtained using. =7, 8, 9.

In Fig. 4 the effect of the number of combinations is shown onZihgerror due to a combination
technique characterized dy, =5 andN = 4. In Fig. 4 only test cases (2)—(4) are considered because
for test case (1) the error is independent of the number of combinations.

Except for numerically observed results, Figs. 3 and 4 also contain analytical predictions. For test cases
(1) and (2) these were obtained from (10) for the single grid, from (26) for the combination technique
and from (33) for the combination technigue with intermediate combinations. For test case (3) the error
predictions were obtained from (11) for the single grid, from (35) for the combination technique and from
(37) for the combination technique with intermediate combinations. Note that test case (4) is not time-
dependent but spatially dependent. The error predictions that we have derived are not valid for spatially
dependent coefficients.
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Fig. 4. L, error versus number of combinations for three test cases.

6.3. Results

6.3.1. Horizontal test case

We do not show any error profiles for the horizontal test case. For this test case the single-grid error
and the errors due to the combination technique with and without intermediate combinations are all
practically equal and are almost perfectly described by the analytical prediction (10). The combination
technique does not introduce any additional error relative to the single grid because the second term in
(26) vanishes due tb = 0. The combination technique works very well for this fully grid-aligned test
case, as can be seen in Fig. 3(a). Fig. 3(a) also shows that intermediate combinations do not improve the
efficiency for the horizontal test case. In fact, the ICT results coincide with the CT results.

6.3.2. Diagonal test case

For the diagonal test case, error profiles are shown for the combination technique and the single
grid in Figs. 2(b) and (c), respectively. We see that for this test case the error due to the combination
technique is somewhat larger than the single grid error and has a different shape. Fig. 3(b) shows thal
the combination technique is more efficient than the single grid approach. This figure also shows that
the combination technique can be made more efficient by applying 8 combinations. Fig. 4(a) shows how
the error due to the combination technique decreases as the number of combinations is increased. Th
ICT error converges to the single-grid error as the number of combinations is increased. The first couple
of combinations strongly decrease the error, a further increase in the number of combinations does nof
decrease the error much further.

6.3.3. Time-dependent test case

For the time-dependent test case the error profiles for the CT and the ICT are plotted in Figs. 2(e)
and (f), respectively. We see that making intermediate combinations influences both the shape and size o
the error. Note that Figs. 3(b) and (c) are similar, i.e., just like the diagonal test case the time-dependent
test case is solved more efficiently with intermediate combinations (ICT) than without (CT). However,
the reason for the efficiency of the ICT is somewhat more complex for the time-dependent test case than
for the diagonal test case. As we can see from Fig. 4(b) the ICT error does not decrease monotonically
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with the number of combinations and this is correctly predicted by our theory. We can see that when a
multiple of four combinations is made the ICT error becomes equal to the single grid error. This follows
from (37) due to the fact that the product of integrals in the summation in the second term is always
zero when a multiple of four combinations is made. When a multiple of four combinations is made the
time-dependent test case is effectively split into two horizontal and two vertical advection problems and
these are solved very well by the combination technique, as we know from the first test case.

For the time-dependent test case the agreement between predicted and observed error is very goo
for the single grid and the ICT. For the combination technique without intermediate combinations the
agreement is a little weaker. This can be understood as follows. The combination technique tends to
amplify cross-derivative terms in the single-grid error and of these amplified terms only one is included
in our analytical predictions, viz. the second term in (26). The discrepancy between the predicted and
observed CT errors is to be ascribed to the amplified cross-derivative terms that are not included in our
analytical predictions. These terms are proportional to a second or higher powanafare therefore,
according to Section 4.5, inversely proportional to a first or higher powaf @ M combinations are
made. Hence, the terms that cause the discrepancy are significantly smaller for the ICT than for the CT,
especially for higher numbers of combinations.

6.3.4. Molenkamp—Crowley test case

Error profiles the Molenkamp—Crowley test case are shown in Figs. 2(g), (h) and (i) for the SG, CT
and ICT, respectively. We see that the CT error is larger than the SG error, but intermediate combinations
help considerably, i.e., the ICT error lies much closer to the SG error than to the CT error. Fig. 3(d)
shows that the Molenkamp—Crowley test case is a tough case to solve efficiently with the combination
technique. Fig. 3(d) shows that CT is less efficient than the single-grid technique, whereas ICT is more
efficient in solving the Molenkamp—Crowley test case. For completeness, Fig. 4(c) shows how the ICT
error decreases with increasing number of combinations. It is interesting to note that the ICT performs so
much better than the CT for the Molenkamp—Crowley test case. This is not really surprising since this test
case is clearly not well suited to any semi-coarsened grid because it models advection in all directions.
Therefore the CT solution, which is constructed from solutions on semi-coarsened grids, is not very
accurate either. By allowing sufficient intermediate combinations the test case is split into problems that
do have a dominant direction of advection and therefore are more suited to some semi-coarsened grid
The corresponding ICT solution is also more accurate.

6.4. Implementational issues

6.4.1. Boundary complications

The L., errors for the Molenkamp—Crowley test case were determined after the solutions were
restricted to the 3% 33 root grid. We were forced to do this because at high accuracies the fourth-
order interpolation produced wiggles near the boundaries that dominate the combined discretization error.
These wiggles do not appear in the nodes of the root grid, because for those nodes no interpolation is
necessary. However, at very high resolution wiggles near the boundaries appear in the nodes of the roo
grid as well. In particular, foiLgr > 6 the wiggles are of equal or greater magnitude than the combined
discretization error itself. The cause for these wiggles lies in the fact that the discretization near the
boundaries is of lower order which obstructs the cancellation of errors required by the combination
technique to function properly. An illustration of wiggles near the boundary is shown in Fig. 5(b). The
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Fig. 5. Implementational issues; Molenkamp—Crowley test case. (a) Performance of the combination technique
with 8 combinations (ICT) for root levels 4—7. (b) Error profile due to a combination technique with root level 5,
sparseness level 6 and 8 combinations.

above difficulties were not observed for the other test cases because there the solutions are almost zel
near the boundaries. We also ran the Molenkamp—Crowley test case for the initial profile (41) shown
in Fig. 2(a) which stays away from the boundaries. This removed the problems near the boundaries but
introduced a similar wiggle in the origin. We believe that this wiggle is also due to an order reduction
caused by the switching of the upwind discretization stencil in horizontal and vertical directions due to
the sign change of the coefficients in the origin.

6.4.2. Choosing an optimal root mesh-width

All numerical results for the combination technique were obtained with a root mesh Mcl:t:hll6
corresponding to a root levalg = 5. This choice was made to optimize the performance of the
combination technique when applied to the Molenkamp—Crowley test case. This is illustrated in Fig. 5(a).
In this figure the performance of the combination technique with 8 combinations whidigkhia®’ = 10
fixed (ICT) is compared with the single-grid performance (SG). We see thatfer 5 the performance
of the ICT is optimal, although performance fbg = 6 is comparable. The optimal choice b is only
weakly dependent on the sparseness I8ygherefore we could safely ugg; = 5 throughout for optimal
performance. To see that the optima} varies slowly withN consider the following argument. We
found that, to solve the Molenkamp—Crowley test efficiently, the additional error due to the combination
technique had to be of comparable magnitude as the single-grid error. According to our error analysis for
constant coefficients (26) this implies

H
h® ~ H3h®log, W

which leads to

1\ /3
i~ (x) -
N
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Fig. 6. Error profile present in aW = 9 Richardson extrapolant.

showing thatH needs to decrease only slightly when the sparseness level, and thus the number of grids
in the combination technique, increases.

6.5. Richardson extrapolation

In [7] Rude points out that simple Richardson extrapolation is in fact more efficient than the
combination technique for the solution of a smooth Poisson problem. To see how Richardson
extrapolation would perform for the Molenkamp—Crowley test case, we considered the following
Richardson extrapolant

N.N _ 8 N,N 1pNN, N-1N-1
WR = 76() — 7P w 5

which cancels the leading third-order term in the error expansion (10). The new leading-order terms
are proportional td:*3>c and 2*a>c and are thus of a dispersive nature which is shown inNhe 9

error profile for Richardson extrapolation in Fig. 6. The Richardson extrapolant has an asymptotic
error

dre ~ hie
while it has the same asymptotic complexity as a single grid,
CRE ~ hﬁg

If we consider a combination technique and a Richardson extrapolation of equal complexity, i.e., we
put

Cre~ Cct

then we obtain

dre ~ h?:/T?’ (43)
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According to (26) the combination technique has
d~ h¥;loghgt. (44)

Comparison of (43) with (44) shows that in the limit— O the combination technique shall be more
efficient than Richardson extrapolation.

In Fig. 3(d) the numerically observed performance of Richardson extrapolation (RE) is compared with
that of the single grid (SG) and the combination technique with intermediate combinations (ICT) when
applied to the Molenkamp—Crowley test case. Fig. 3(d) clearly shows that Richardson extrapolation is
very efficient for the Molenkamp—Crowley test case, much more so than the combination technique, even
though we expect the combination technique to be superior to Richardson extrapolation in the asymptotic
limit ~ — 0. For the Molenkamp—Crowley test case, without parallelization and on grids of practically
relevant mesh width, the combination technique can not compete with Richardson extrapolation. Note
that Richardson extrapolation and the combination technique strive for higher efficiency in different ways.
Richardson extrapolation generates a higher-order solution for a marginally larger complexity, while the
combination technique requires lower complexity for a marginally larger error.

7. Conclusions

We have derived leading-order expressions for the error that is introduced when a spatially constant
coefficient advection equation is solved with the combination technique. In our derivations we
have accounted for time-dependent coefficients and for intermediate combinations. When a constant
coefficient advection equation

¢ +acy +bcy =0 (45)

is solved on a grid of mesh width this will introduce an errod into the numerical solution which is in
leading order given by

d = 1¢h? (|a|d?** + |87 1) c + O(hP*?), (46)

wherec is the exact solutionp is the order of discretization anglis an error constant. We have shown
that when we solve (45) with the combination technique, we obtain an&sdnich is in leading order
given by

R 1 H
d = t¢ph?(jalo? ™ + |b]o? ) c + Mt2¢2|ab|H”h” (1 + (1—27)log, 7) grttortt

+ o(w“ log, %) , (47)

where H is the mesh width of the coarsest grid in the combination techniqueMansl the number

of combinations. We see that the leading-order term from the single grid error (46) reappears in
the combination technique error (47) and is accompanied by a new term which is formally of order
h?logh~1. Focusing only on the order in terms bf this new term has to be identified as the leading-
order term in (47). The numerical experiments suggest, however, that the term proporti@fainto

(47), which is also present in the single-grid error, is of equal importance as the new term proportional
to 47 logh~. The additional error due to the combination technique, corresponding to the second term
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in (47), is proportional to AM. This suggests that the error due to the combination technique can be
strongly reduced by making several of intermediate combinations. The numerical results confirm this.
For our test case that has time-dependent coefficients it turns out that the number of combinations ha:s
to be chosen such that the problem is split up in problems which have a constant direction of advection.
This agrees with our error analysis. Finally, the combination technique proved more efficient for grid-
aligned problems than for non-grid-aligned problems, which follows from numerical observations and
from analysis.

For the Molenkamp—Crowley test simple Richardson extrapolation proved more efficient than the
combination technique, even though the combination technique is expected to be more efficient in the
asymptotic limitz — 0. Ride made the same observation for a smooth Poisson problem in [7].

When going to three spatial dimensions (or even higher dimensional problems), the combination
technique will perform significantly better. Furthermore, very significant gains in performance can be
obtained when the combination technique is parallelized.

Appendix. Notation

QNN finest grid of mesh width =2V H.

Qlm semi-coarsened grid of mesh widths=2"H, h, =2""H.
000 root grid of mesh widtth = H.

c continuous, exact solution.

RL™ restriction operator that maps on@-"".

PN-N prolongation operator that maps ongd"-V.

b semi-discrete approximate solution &4,

h mesh width of grid2™-V.

H mesh width of root grid2°°,

d discretization errord = w — c.

E truncation error operato =aD, +bD, 4 d/dr.
D,, D, finite difference approximations of, d,.

a,b advection speeds inandy direction.

X,y spatial coordinates.

t time coordinate.

Sh, x shift operatorsS,, f(x,y) = f(x + hy, y).

y shift operators;,, f(x, y) = f(x,y + hy).
I,m grid indices: 0< I, m < N.
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VN sparse grid approximation of exact solution:
aNN — Z Rlme _ Z Rl™e.
I+m=N I+m=N-1

oV sparse grid combination of numerical solutions:

CBN’NE 2 : wl,m_ 2 : wl,m.

[+m=N [+m=N-1
rVN representation errorM:N =¢VN — RN.Ne,
eNN total error:e™¥ =@V — RNV,
0;j expansion coefficients of the discretization error:
[o.olNe ]
Im __ ipjplmy. .
d"" =" "hlhI R, jc.
i=0 j=0
el error termze}” = 2-11=im Rlmg, c.
gV:Nhm - error without interpolation effectg;; """ = 2-i=im RN-Ng, ;¢
N,N.,lI, s R H N,N,l,m __ N,N.,l,
g/ " additional error due to interpolatio; ;""" = (x,h%07 4 A, h00)E ",

Ay A constants dependent on the choice of interpolation.

a,, B, constants dependent on the choice of interpolation.

p order of spatial discretization.

q order of interpolation used in prolongation.

N sparseness level of combination technique.

M total number of combinations.

Cy number of cell updates on a single grid.

Cer number of cell updates within the combination technique.
wg™  Richardson extrapolaniy " = 8wV — 1pN-1N-1,

dre error in Richardson extrapolantze = wp ¥ — RV-Ve.

Cre number of cell updates required for Richardson extrapolation.
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