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Abstract

We give a method for finding symbolic dynamics for a planar diffeomorphism

with a homoclinic tangle. The method only requires a finite piece of tangle, which

can be computed with available numerical techniques. The symbol space is naturally

given by components of the complement of the stable and unstable manifolds. The

shift map defining the dynamics is a factor of a subshift of finite type, and is obtained

from a graph related to the tangle. The entropy of this shift map is a lower bound

for the topological entropy of the planar diffeomorphism. We give examples arising

from the Hénon family.

Keywords: Homoclinic tangle, symbolic dynamics, topological entropy, Hénon map.

1 Introduction

Chaotic behaviour in deterministic systems was first highlighted in Poincaré’s treatise
New Methods of Celestial Mechanics. In this work, he discovered that the stable and
unstable sets of a fixed point of a dynamical system could form an extremely complicated
pattern, now known as a homoclinic tangle, with infinitely many intersections of the two
sets. The existence of a homoclinic tangle in the three-body problem proved the non-
integrability of this system. Since then, there has been a great deal of interest in the
properties of homoclinic tangles and their effects on the dynamics of a system. The
most important result is that a system with a homoclinic tangle must be chaotic and
have positive topological entropy. Most existing theory deals with local behaviour near
the tangle, though many other types of behaviour have been conjectured from numerical
evidence. A good exposition of many of the most important results is given by Palis and
Takens [1993].

The purpose of this paper is to show how to obtain global information about the
dynamics of a planar diffeomorphism with a homoclinic tangle. The methods given here
are directly applicable to forced oscillators and other three-dimensional flows with well-
defined Poincaré return maps. We present an algorithm for computing symbolic dynamics
and a lower estimate for the topological entropy of the diffeomorphism The concepts and
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procedures used are illustrated in detail with examples from the Hénon family, which is
likely to be familiar to readers. Results have also been obtained for the Duffing equation
[Collins, 1999b].

There are a number of features of this method which make it particularly suitable for
use in applications:

• We need only consider finite pieces of stable and unstable manifold. We call the
resulting subset of the homoclinic tangle a trellis. Trellises can be computed using
existing algorithms, and since they only have finitely many intersections, the topol-
ogy of the trellis can be found using basic techniques of computational geometry.

• The algorithms used are all highly amenable to automation, and the author is cur-
rently working on a computer implementation.

• The regions of phase space determined by the trellis give a natural way of describing
orbits symbolically.

• The symbolic dynamics typically gives information about the transients of the system
which are often hard to study.

• We obtain a lower bound for the topological entropy of the system, which measures
the degree of chaos. This entropy bound can be shown to be optimal in an appropri-
ate sense, and in some cases can be realized by a structurally stable diffeomorphism.

• Unless the trellis has tangential intersections of stable and unstable curves, the sym-
bolic dynamics is robust under perturbations.

• No assumptions on the form of the equations governing the system (such as being
area-preserving) are needed.

• Aside from the numerical computation of stable and unstable manifolds, all results
are mathematically rigorous.

The methods developed here are an addition to the growing range of algebraic topo-
logical techniques for the study of the global dynamics of low-dimensional systems. The
typical use of these techniques is to show that a certain feature of a system (such as a peri-
odic or homoclinic orbit) forces the existence of other orbits. One of the most powerful and
useful topological tools is the Conley index [Conley, 1978; Mischaikow, 1997], which has
been used to compute symbolic dynamics in the Lorentz system [Mischaikow & Mrozek,
1995] and from an experimental time series [Mischaikow et. al., 1999]. Another important
area is the study of the dynamics forced by periodic orbits of surface diffeomorphisms,
based on Nielsen-Thurston theory [Thurston, 1988]. A practical algorithm for computing
the dynamics was found by Bestvina and Handel [1995] and independently by Franks and
Misiurewicz [1993], and allowed the theory to be applied to a number of physical problems
[Boyland et. al., 2000]. Our methods are based on topological fixed-point theory [Collins,
2001; Jiang, 1983], and use a modification of the Bestvina-Handel algorithm.

The symbolic dynamics forced by tangles arising from a system describing escape from
a potential well was previously studied in a number of papers by McRobie and Thompson
[1993, 1994]. Assumptions on the existence of orbits were used in these papers, and
these assumptions can be verified by the methods given here. The area-preserving case
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can be studied using the topological approximation method of Rom-Kedar [1994], who
obtained symbolic dynamics, entropy bounds and escape time estimates for some families
of simple trellises. The methods given here extend those of Rom-Kedar by dropping the
area-preserving hypothesis and the assumptions on the geometry of the trellis, yielding a
natural and unified approach to the subject.

While in this paper, we only consider planar diffeomorphisms with homoclinic tangles,
all techniques given here also to planar diffeomorphisms with heteroclinic tangles, and
can be generalised to diffeomorphisms on other surfaces. Similar methods can be used
to study dynamics on attractors. Extensions to flows in three dimensions without well-
defined Poincaré return maps or to two-degree of freedom Hamiltonian systems may also
be possible using the Conley index. Diffeomorphisms of higher-dimensional spaces cannot
be studied with the techniques used here. Proofs of the main results of this paper, and
details of their generalisations can be found in [Collins, 1999a, 1999b].

There are a number of algorithms for computing stable and unstable manifolds, includ-
ing [Hobson, 1993; Homburg et. al., 1995; Parker & Chua, 1989; Simo, 1989; You et. al.,
1991]. In this paper, all trellises were computed using an implementation in DsTool [Back
et. al., 1992] by Osinga of the algorithm of Krauskopf and Osinga [1998], which has the
advantage of allowing the arc-length of stable and unstable manifolds to be specified. Due
to numerical errors, the topology of the computed trellis may differ from that of the actual
trellis for the system. However, the computations tend to have much smaller errors than
the numerical analysis would predict, and can be relied upon to give the correct topology
unless the stable and unstable curves are extremely close to being tangent. In theory, it
is possible to verify that the numerically computed trellis is the same as the actual trellis.

An alternative, but equivalent viewpoint to ours is to consider not homoclinic tangles
but homoclinic orbits. These can be computed by an algorithm of Beyn and Kleinkauf
[1997], which also allows these orbits to be continued as a parameter is varied. Recent
work of Handel [1999] and Hulme [2000] allows symbolic dynamics to be computed from
homoclinic orbits using one-dimensional techniques similar to ours, though integrating
these algorithms with numerical computations may be harder.

The symbolic description we find gives a first approximation of the orbits, and a sub-
sequent problem is to to compute these orbits exactly. High period orbits are extremely
difficult to find using traditional methods such as Newton’s method, but recently new
algorithms for this task have been developed [Davidchack & Lai, 1999], [Schmelcher &
Diakonos, 1998]. An algorithm for the Hénon family using a symbolic description of orbits
[Hansen, 1995] may be particularly effective if extended to general diffeomorphisms.

When using our method to find symbolic dynamics, the orbits found are typically
transients, and so do not describe the limiting dynamics. We can use the same techniques
to the restriction of a system to an attractor, but even then cannot be sure that the
dynamics found do not merely describe transients in this attractor. Recent work has proved
the existence of strange attractors in certain special cases; the current state of knowledge
can be found in [Wang & Young, 1999]. However, it remains an open problem as to
whether attractors such as the Hénon attractor actually are strange attractors, or whether
the observed behaviour, which is apparently chaotic, is due to transients or periodic orbits
of high period. A particularly interesting case is that of an interior crisis [Robert et. al.],
1998RobertAlligoodOttYorke98 in which there is a large change (explosion) in the size of
an attractor at certain kinds of homoclinic tangency.
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The paper is organised as follows: Most of the notation, concepts and definitions used
are introduced in Sec. 2. In Sec. 2.1 we describe homoclinic tangles and trellises, in Sec. 2.2
we recall some of the theory of topological graphs, and in Sec. 2.3 we discuss symbolic
dynamics. The relation between dynamics of surface diffeomorphisms and graph maps
is described in Sec. 3, and illustrated by Ex. 3.3. In Sec. 4 we give details of a general
algorithm for computing efficient graph maps. The use of the algorithm is shown in Ex. 4.2.
In Sec. 5 we give a detailed study of the area-preserving Hénon map.

2 Tangles and Symbolic Dynamics

In this section, we first introduce some notation and recall basic facts from the theory of
homoclinic tangles, graph maps and symbolic dynamics. Refer to Wiggins [1991]or more
details on the notation concerning tangles in two dimensions, and Lind & Marcus [1995]
for more information on symbolic dynamics.

2.1 Tangles and trellises

If f is a diffeomorphism with a saddle fixed point p, then the stable and unstable sets of p

are smooth curves which we denote W S and WU respectively. The pair W = (W U ,W S)
is a homoclinic tangle for f . If W U and W S intersect at a point other than p, they must
intersect infinitely often and have infinite length, hence are impossible to draw, compute
or describe combinatorially. Therefore, instead of considering the entirety of the stable
and unstable curves, we only consider finite sub-intervals T U and T S of WU and W S. If
TU and T S both contain p, we call the pair T = (T U , T S) a trellis for f . A diagram of a
simple trellis is shown in Fig. 1, with T U drawn in red and T S in blue.

∞

TU

TS

R0

R1

q1

q2

q3

q0

r0

r1

r2

t

p

R

Figure 1: A simple trellis

An intersection point is a point in T U ∩ T S. In Fig. 1, the points p, q0, q1, q2, q3,
r0, r1, r2 and t are all intersection points. A trellis is transverse if all intersection points
are (topologically) transverse crossings of T U and T S. The trellis shown is not transverse,
since t is a tangential intersection.

The (closed) interval in T U with endpoints a and b is denoted T U [a, b], with similar
notation for open intervals, and for intervals in T S. A segment is an interval in T U or
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T S bounded by two intersection points with no other intersection points in its interior. In
Fig. 1, TU [p, q0] and T S[t, q3] are segments, but not T S[p, q0]. The ends of a trellis are the
subintervals of T U and T S which do not lie in any segment. The ends give no information
about the dynamics, and are ignored.

A primary intersection point (pip) is an intersection point q such that T U [p, q]∪T S[p, q]
is a simple closed curve. The points q0, q1, q2, q3 and r0, r1, r2 are all pips, but t is not,
since TU [p, t] and T S[p, t] intersect at q1, q2, r0, r1 and r2. We say T is in the nth Birkhoff
signature class if there is a pip q such that T U = TU [p, fn(q)] and T S = T S[p, q]. The
Birkhoff signature class depends on the diffeomorphism as well as the trellis. If, for the
trellis in Fig. 1, we have a diffeomorphism f mapping q0 to q1, we then must have f 3(q0) =
q3, so TU = TU [p, f 3(q0)] and T S = T S[p, q0], and hence the trellis is in the 3rd Birkhoff
signature class.

An (open) region of T is a component of R
2 \ (TU ∪ T S). A closed region is the

closure of an open region, and hence includes the stable and unstable boundary segments.
Each region (except for the unbounded region) is a topological disk bounded by (typically
alternating) stable and unstable segments. We will denote regions by Ri. The trellis in
Fig. 1 has 9 regions, including the unbounded region R∞. Region R0 is bounded by two
unstable segments, T U [p, q0] and TU [t, q3], and two stable segments, T S[p, q3] and T S[t, q0].
Region R1 is bounded be three unstable segments and three stable segments. All unlabelled
regions are bounded by one stable segment and one unstable segment, and are called lobes.

2.2 Compatible graphs and graph maps

The topology of a trellis T can be encoded combinatorially by means of a graph. There are
many different graphs which represent the same trellis T ; we call all such graphs compatible
with T . To be compatible with a (planar) trellis T , a graph G must satisfy the following
properties:

1. G has two types of edges, control edges and expanding edges.

2. There is one control edge for each stable segment. This control edge crosses that
segment once transversely, but otherwise does not intersect T U or T S.

3. Expanding edges do not intersect T U or T S.

4. G is connected with no loops. (i.e. G is a tree.)

As described above, a compatible graph is a subset of the plane, and so has a topological
structure. The regions of G are the components of G \ T S, or equivalently, the restriction
of the regions of T to G. Expanding edges lie entirely in one region and control edges
straddle two regions.

In this paper, the control edge of a compatible graph intersecting segment Si will always
be denoted zi. We will always orient the control edge zi so that if Si is oriented in the
direction of the fixed point p, the pair (Si, zi) defines a positive orientation. We denote
the expanding edges in a region Ri by ai, bi etc. The reverse of an edge e will be denoted
ē, so ¯̄e = e. The valence of a vertex v is n if v has n incident edges. A list e1 . . . en of
edges is an edge-path if the initial vertex of ei+1 is the same as the final vertex of ei for
1 ≤ i < n. An edge-path e1 . . . en back-tracks if ei+1 = ēi for some i.
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We can describe the graph combinatorially by specifying the cyclic ordering of edges
incident at each vertex, and remembering which control edge crosses which stable seg-
ment. The combinatorics of a compatible graph can be computed using basic techniques
of computational geometry. The main reason for representing a trellis combinatorially by
a graph is that the corresponding diffeomorphism can be represented by certain maps of
the graph which can also be described combinatorially.

If G is a graph, a graph map g of G takes a vertex to a vertex, and an edge e from v1 to
v2 to an edge-path from g(v1) to g(v2). Thus graph maps are represented combinatorially,
but can be interpreted topologically as mapping e in a piecewise-linear way across its
image path.

If f is a diffeomorphism with trellis T , and G is a graph compatible with T , then a
graph map g of G is compatible with f if the control edge crossing segment S maps to
the control edge crossing the segment containing f(S), with orientation the same as f . In
other words, if f(Si ⊂ Sj), then g(zi) = zj if f is orientation-preserving and g(zi) = z̄j if
f is orientation-reversing. Note that we do not need further conditions on the images of
expanding edges. (In the non-planar case there are restrictions on the images of expanding
edges.)

In some cases we are not interested in the dynamics on the whole space. If this is the
case we can simplify the analysis by only considering an appropriate subgraph G̃ of G.
G̃ must be invariant under g (that is, g(G̃) ⊂ G̃) and is called an incomplete compatible
graph.

2.3 Symbolic dynamics

Symbolic dynamics gives us a way of describing the dynamics of a system combinatorially.
Given a dynamical system f on a phase space X, we let P be any finite collection of
closed subsets of X. A sequence . . . Pi

−2
Pi

−1
Pi0Pi1Pi2 . . . is an itinerary of an orbit (xk) if

xk ∈ Pik . If f is invertible, we say that . . . Pi
−2

Pi
−1
·Pi0Pi1Pi2 . . . is an itinerary of the point

x if fk(x) ∈ Pik (and hence is an itinerary of the orbit through x). If f is not invertible,
we can still define a forward itinerary of a point x, which is a sequence Pi0Pi1Pi2 . . . with
fk(x) ∈ Pik . Note that if sets of P intersect, a point may have more than one itinerary,
and if the sets of P do not cover X, not all points have an itinerary at all. Typically,
sets of P are chosen to have disjoint interiors, so almost every point of X has a unique
(forward) itinerary.

The set of all itineraries of f is the shift space of f on P. P is the symbol space of
the shift space. Clearly, if I is an itinerary of a point x, then f(x) has an itinerary σ(I),
where σ is the shift map

σ(. . . Pi
−2

Pi
−1

· Pi0Pi1Pi2 . . .) = . . . Pi
−1

Pi0 · Pi1Pi2Pi3 . . . (1)

The shift space of f is invariant under σ.
The fundamental problem of symbolic dynamics is to compute the shift space of a map

on some given symbol space. Unfortunately, this is often too difficult, so instead, we look
for subshifts of the shift space of the map. A subshift is a closed subset of the shift space
which is invariant under the shift map. We call both the shift space of a map with symbol
space P, and its subshifts, shifts on P.
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If f is a diffeomorphism with trellis T , then we take P to be the set of regions of T .
An itinerary of a point x is therefore a sequence (Rik) with fk(x) ∈ Rik . A point x has a
unique itinerary except for the special case that x is in W U or W S.

If g is a controlled graph map compatible with f , we can find the shift space of g on
the regions of G. We can also look at the shift space on the expanding edges of g. One
particularly nice way of representing this shift is by constructing a directed graph with
nodes corresponding to the edges of G, and a directed edge from ei to ej for each time g

maps ei across ej . (In other words, there is one directed edge from ei to ej for each time
either ej or ēj appears in the edge-path g(ei).) The itineraries of g correspond to bi-infinite
paths in the directed graph. To find the corresponding shift on regions, we simply relabel
the node corresponding to the edge e of G by the region R with e ⊂ R. (See Fig. 3 for an
example.) Since each expanding edge is contained in a single region of T , we can compute
the set of itineraries of g by replacing each edge by the region it lies in. The resulting shift
is a factor of the shift on expanding edges of G. A shift which is a factor of a finite-type
shift is called a sofic shift.

We can also represent the dynamics of a graph map g by a transition matrix A = (aij)
where aij is the number of times g maps edge ei across ej. If A is the transition matrix for
g, then An is the transition matrix for gn. There must be one periodic point of g of period
n in ei for each time gn maps ei across ei, so there are (An)ii (the i, ith element of An)
period n points of g in ei. The topological entropy of g is given by the growth rate of the
number of periodic points of g, which is equal to the logarithm of the largest eigenvalue
λmax of A. In other words,

htop(g) = lim sup
n→∞

1

n
log Tr(An) = log λmax(A) (2)

3 Efficient Graph Maps

Let g be a graph map compatible with f . We have seen that we can find the dynamics of
g in terms of a shift on regions of the graph. To find the dynamics of f , we need to relate
the dynamics of g to that of f . For most graph maps g compatible with f , there may be
itineraries of g which are not itineraries of f , so we need conditions on g under which this
cannot occur.

A graph map g of a graph G is efficient if

1. The only vertices of G with valence 1 or 2 are the endpoints of a control edge.

2. Any invariant set of edges of G contains a control edge.

3. G is locally one-to-one on the expanding edge set.

Conditions (1) and (2) ensure that the graph G does not have any unnecessary edges.
Condition (3) is the crucial condition. It means that each expanding edge maps to an
edge-path with no backtracks, and that the images of expanding edges from the same
vertex have different initial edges. We write Gf for an efficient graph map compatible
with f .

Using a form of relative Nielsen theory [Collins, 2001], a topological fixed-point theory,
to relate the dynamics of f and g, we can prove the following:

Theorem 3.1 Let f be a diffeomorphism of R
2 with connected trellis T , and g be a effi-

cient graph map compatible with f . Then
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1. The shift space of Gf on regions is a subshift of the shift space of f on regions.

2. If I is a periodic itinerary of least period n, then f has a point with itinerary I and
least period n.

3. The topological entropy of f is at least that of g

In some special cases, the shift spaces of f and Gf coincide, but in general the shift
space of f will be larger than that of Gf . This raises the question of whether we could
use the information provided by the trellis to find more itineraries. It turns out that we
cannot; given any itinerary I not in the shift space of Gf , there is a diffeomorphism with
trellis T for which I is not an itinerary, and there are diffeomorphisms with trellis T and
entropy arbitrarily close to that of Gf . We say that the shift space of Gf is the shift forced
by the trellis T , since it contains all orbits whose existence can be deduced from the trellis.

In many applications, we are interested in how the dynamics of a parameterized family
of maps (fλ)λ∈Λ varies as the parameter is changed. Since stable and unstable manifolds
vary smoothly with parameter, the family (fλ) gives rise to a smoothly varying family
of trellises (Tλ). The topological structure of the Tλ changes only when a trellis has a
tangency. Since the shift forced by a trellis depends only on its topology and not its
geometry, it too remains unchanged except at tangencies. Of course, the geometry of
the regions varies, but does so in a smooth way, giving a natural correspondence between
regions of different trellises.

If f is a diffeomorphism with a transverse trellis T , then any sufficiently close dif-
feomorphism has a trellis with the same topological structure as T . By the preceding
paragraph, we deduce:

Theorem 3.2 If f has a transverse trellis T , then the dynamics of f forced by T are
present for all sufficiently small perturbations of f .

This is a very important result, since it implies that the results obtained are meaningful
even though the system may not be known exactly, or be subject to numerical errors.

A tangency of stable and unstable curves generically occurs when two homoclinic or-
bits meet and annihilate each other. This gives a codimension-one bifurcation known as
a homoclinic bifurcation. While the unfolding of a homoclinic bifurcation is extremely
complicated with orbits being both created and annihilated (see, for example, [Gucken-
heimer & Holmes, 1983]), the entropy bound computed from a trellis must decrease as
intersection points are removed. The shift forced by the trellis after the bifurcation is,
in fact, a subshift of a factor of the shift before the bifurcation. The entropy need not
strictly decrease; in many cases there are four homoclinic orbits with the same topological
type which are removed in pairs, and typically the entropy only decreases strictly when
the second pair is removed.

Example 3.3

The Hénon map
(x, y) 7→ (a − x2 − by, x) (3)

with parameter values a = 3

2
and b = 4

5
has a trellis T3 shown in Fig. 2 together with a

compatible graph g. The hyperbolic saddle fixed point is marked with a dot, and four pips
on the same orbit are marked with crosses (+). Control edges of g are thick green lines
with solid arrows; expanding edges are thin black lines. Note that this graph is incomplete,
since not all stable segments are crossed by control edges.
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R0
R1

z0

z2

z21

z211
z213a0

a1

b1

c1

Figure 2: Trellis with compatible graph

In a compatible graph map, the control edges z0, z2, z21, z211 and z213 map

z213, z211 7→ z21 7→ z2 7→ z0 7→ z0 (4)

(Note that the control edges are labelled so the image of a control edge can be found be
removing the last digit of the label.) Further, if the expanding edges map

a0 7→ a0z̄213z211a1b̄1, a1 7→ b1, b1 7→ c1, c1 7→ a0z̄213z211a1 (5)

then the resulting map is efficient, since none of the edge images back-track, and the map
is also injective near the valence-3 vertex.

The transition matrix is

A =




a0 a1 b1 c1

a0 1 1 1 0
a1 0 0 1 0
b1 0 0 0 1
c1 1 1 0 0




(6)

which has characteristic polynomial λ(λ3−λ2−2), so the topological entropy of the graph
map is log λmax, where λmax is the largest root of the equation λ3−λ2−2 = 0. Numerically,
λmax ≈ 1.70, so htop(f) ≥ 0.527.

The shift map for g is given by the directed graph shown in Fig. 3(a). Replacing edge
a0 with its region R0, and edges a1, b1 and c1 with R1 we obtain the shift for f , which is
shown in Fig. 3(b).

a0 a1

b1c1

R0

R1

R1

R1

Figure 3: (a) Shift on edges for g. (b) Shift on regions for f .
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We can now read off the itineraries forced by T . The only itineraries which need
not be present in f are those which contain sub-words of the form R0R

3n−2
1 R0 for n ∈ N.

Thus, for example, periodic orbits with itineraries (R0R1R1)
∞ = . . . R0R1R1R0R1R1R0 . . .

and (R0R1R1R1)
∞ must be present in f , but periodic orbits with itineraries (R0R1)

∞

or (R0R1R1R1R1)
∞ need not be, since these contain the words R0R

1
1R0 and R0R

4
1R0

respectively. Likewise, there must be a homoclinic orbit with itinerary R∞

0 R1R1R
∞

0 =
. . . R0R0R1R1R0R0 . . . but not necessarily R∞

0 R1R0R1R
∞

0 .

4 Computing an Efficient Compatible Graph Map

In many cases, an efficient graph map compatible with a diffeomorphism f with trellis T

can be found be inspection. To be able to deal with more complicated cases, we present
the following algorithm.

Algorithm 4.1 A efficient compatible graph map can be obtained as follows: First con-
struct a compatible map.

1. Draw one control edge for each stable segment. Each region with n stable segments
on its boundary now contains n vertices, each at the end of a control edge.

2. For each region with n stable segments on its boundary, join the n vertices with n−1
expanding edges.

3. The image of each control edge is determined by the image of the stable segment
it crosses. Since all vertices are endpoints of control edges, their images are then
known. If e is an expanding edge from v1 to v2, we take g(e) to be the unique
edge-path from g(v1) to g(v2) which does not backtrack.

Now perform the following moves until the graph is efficient.

4. If there is an invariant set of edges of G which does not contain a control edge,
collapse each of these edges to points.

5. If the image of an edge back-tracks, homotope to remove this. In other words, if
g(e) = ε0e1ē1ε2, then g′(e) = ε0ε2, where g′ is the new graph map.

6. If there is a valence-3 vertex v with incident edges e1, e2 and e3, each of which is
expanding, such that g(e1) and g(e2) have the same initial edge-path ε0 homotope so
that g′(v) moves to the other end of ε0. In other words, if g(e1) = ε0ε1, g(e2) = ε0ε2

and g(e3) = ε3, then g′(e1) = ε1, g′(e2) = ε2 and g′(e3) = ε̄0ε3, where g′ is the new
graph map.

7. If there is a vertex v with expanding edges e1 and e2 such that g(e1) and g(e2) have
the same initial edge-path, fold the initial pieces of e1 and e2 together to obtain new
edges e′0, e′1 and e′2 with e1 = e′0e

′

1, e2 = e′0e
′

2 and g(e′0) = ·. Now remove back-tracks,
if possible, as in (5), homotope as in (6) and collapse invariant edges if necessary as
in (4).

This algorithm is a modification of the Bestvina-Handel algorithm for periodic orbits
[Bestvina & Handel, 1995]. It is guaranteed to terminate.
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Example 4.2

We now show how the efficient graph map compatible with the trellis T3 of Ex. 3.3 could
have been computed using the above algorithm. The trellis and an initial compatible
graph (constructed using steps (1) and (2) of the algorithm) are shown in Fig. 4.

R0

R1

S0

S1

S2

S11

S21

S111

S211

S212

S213 z0

z1

z2

z11

z21z111

z211

z212

z213

a0 a1

c1

d

u

v

w

x

Figure 4: Trellis T3 and initial compatible graph

The control edges map under g as follows:

z0, z1, z2 7→ z0, z11 7→ z1, z21 7→ z2, z111 7→ z11, z211, z212, z213 7→ z21 (7)

Using step (3) we can compute g on the expanding edges, which map:

a0, d 7→ a0z̄213uz211b1, a1 7→ c̄1, c1 7→ a0z̄213uz211a1c̄1 (8)

u 7→ ·, v 7→ ·, w 7→ v, x 7→ vw

The edges u, v, w and x form an invariant subset which does not contain any control
edges. By step (4) of the algorithm, each of these edges can be collapsed to a point to give
the graph in Fig. 5.

R0 R1

z0

z1

z2

z11

z21z111

z211

z212

z213

a0 a1

c1

d

Figure 5: Graph obtained by collapsing invariant set

The expanding edges a0, a1, c1 and d map:

a0, d 7→ a0z̄213z211b1, a1 7→ c̄1, c1 7→ a0z̄213z211a1c̄1 (9)

The edges a1 and c1 map to a edge-paths with the same final edge c̄1 so we fold them
together as in step (7) to form edges a′

1, b′1 and c′1 where a1 = a′

1b̄
′

1 and c1 = c′1b̄
′

1, as shown
in Fig. 6.

The new graph map g′ is

a0, d 7→ a0z̄213z211a
′

1b̄
′

1, a′

1 7→ b′1c̄
′

1, b′1 7→ ·, c1 7→ a0z̄213z211a
′

1b̄
′

1b
′

1c̄
′

1 (10)
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R0 R1

z0

z1

z2

z11

z21

z111

z211

z212

z213

a0 a1’

1b’

c1’
d

Figure 6: Graph after folding

We see that the image of c′1 back-tracks, which we remove by a homotopy as in step (5) so
that c′1 7→ a0z̄213z211a

′

1c̄
′

1. Since now each of a′

1, b′1 and c′1 are expanding, we can homotope
as by step (6) so that

a′

1 7→ b′1, b′1 7→ c′1, c′1 7→ a0z̄213z211a
′

1 (11)

R0 R1

z0

z1

z2

z11

z21

z111

z211

z212

z213

a0 a1

c1

1b

d

Figure 7: Final graph

Dropping the primes, we obtain the graph in Fig. 7 and an efficient graph map

a0, d 7→ a0z̄213z211a1b̄1, a1 7→ b1, b1 7→ c1, c1 7→ a0z̄213z211a1 (12)

which is the same as originally given in Ex. 3.3.

5 Trellises and Bifurcations in the Hénon Family

As an illustration of our methods, we have computed trellises, compatible tight graph
maps and entropy bounds for the area-preserving Hénon map

(x, y) 7→ (a − x2 − y, x) (13)

as the parameter a decreases from 5.65 to 2.20. All trellises have been computed to the
5th Birkhoff signature class. The graphs given are incomplete, but contain all the chaotic
dynamics. The reader is encouraged to reproduce the calculation of the graph maps and
entropy bounds from the trellis.

Most control edges have been labelled in pairs. Following our standard notation, the
edges of the graphs have been labelled so that expanding edges with the same subscript
lie in the same region. Expanding edges with the same letter lie on the same edge-path,
and the image of this path is given in terms of other edge-paths. For simplicity, we drop
the control edges in these edge-paths. For example, in Example (b), b denotes the edge-
path b4b3, e = e5 and f = f8f7f6 (where we ignore control edges). Since b3 7→ f6ē5 and
b4 7→ f8f7, we find b = b4b3 7→ f8f7f6ē5 = fē
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In the parameter range under consideration, there are nine topologically inequivalent
transverse trellises. Trellis H0 is topologically equivalent to a trellis for the Smale horseshoe
map [Guckenheimer & Holmes, 1983]. The other trellises occur in pairs with the same
entropy. Of these pairs we have only given graphs maps for the trellis with the fewest
intersection points. Notice how no new intersection points are created as a is decreased,
and each time intersection points are removed the entropy does not increase.

For the relatively simple trellises considered here, it is practical to compute the dy-
namics by hand. In more complicated cases, hand computations are long, tedious and
error-prone, and a computer implementation is required.
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Trellis H0 at a = 6.0 Trellis H1a at a = 5.65 Trellis H1b at a = 5.4

Trellis H2a at a = 5.1 Trellis H2b at a = 4.8 Trellis H3a at a = 4.4

Trellis H3b at a = 4.4 Trellis H4a at a = 3.7 Trellis H4b at a = 2.0

Figure 8: Trellises in the area-preserving Hénon map.
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(a) Trellis H0, htop ≥ 0.693 a 7→ aā
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(b) Trellis H1b, htop ≥ 0.677 a 7→ ab̄cd̄, b 7→ fē, c 7→ g, d 7→ h, e 7→ i,

f 7→ f̄ gḡh, g 7→ e, h 7→ d̄cc̄b, i 7→ a
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(c) Trellis H2b, htop ≥ 0.637 a 7→ ab̄bc̄, b 7→ ē, c 7→ c̄dd̄, d 7→ b̄, e 7→ ā

Figure 9: Trellises and graphs for the area-preserving Hénon map. (a) — (c)
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(d) Trellis H3b, htop ≥ 0.590 a 7→ ab̄bc̄c, b 7→ e, c 7→ d, d 7→ b, e 7→ a
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(e) Trellis H4b, htop ≥ 0.528 a 7→ ab̄b, b 7→ c, c 7→ a

Figure 9: Trellises and graphs for the area-preserving Hénon map. (d) — (e)
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