An Application of Stream Calculus to
Signal Flow Graphs

J.J.M.M. Rutten

CWI and VUA, P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

1 Summary

The present paper can be seen as an exercise in the author’s stream calculus
[Rut01] and gives a new proof for an existing result about stream circuits. Such
circuits are also known under the name of signal flow graphs, and are built from
(scalar) multipliers, copiers (fan-out), adders (element-wise sum), and registers
(here: one-element memory cells, aka delays). Because of the presence of mem-
ory, the input-output behaviour of these circuits is best described in terms of
functions from streams to streams (of real numbers). The main statement of
this paper (Theorem [), gives a characterization of the input-output behaviour
of finite stream circuits in terms of so-called rational streams. It is well-known
in the world of signal processing, where it is formulated and proved in terms
of the Z-transform (a discrete version of the Laplace transform) and transfer
functions (see for instance [Lah98| p.694]). These transforms are used as repre-
sentations of streams of (real or complex) numbers. As a consequence, one has
to deal with two different worlds, and some care is required when moving from
the one to the other. In contrast, we use stream calculus to formulate and obtain
essentially the same result. What is somewhat different and new here is that we
use only streams and nothing else. In particular, expressions for streams such as
ﬁ = (1,2,3,...), are not mere representations but should be read as formal
identities. Technically, the formalism of stream calculus is simple, because it uses
the constant stream X = (0,1,0,0,0,...) as were it a formal variable (cf. work
on formal power series such as [BR8§]).

We find it worthwhile to present this elementary treatment of signal flow
graphs for a number of reasons:

— It explains in very basic terms two fundamental phenomena in the theory of
computation: memory (in the form of register or delay elements) and infinite
behaviour (in the form of feedback).

— Although Theorem [6] is well-known to electrical engineers, computer scien-
tists do not seem to know it. Also, the result as such is not so easy to isolate
in the relevant literature on (discrete-time, linear) system theory.

— Although not worked out here, there is a very close connection between The-
orem Bl and a well-known result from theoretical computer science: Kleene’s
theorem on rational (regular) languages and deterministic finite state au-
tomata.
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— The present methodology is relevant for the area of component-based soft-
ware engineering: it has recently been generalised to model software compo-
sition by means of so-called component connectors, in terms of relations on
the streams of ingoing and outgoing messages (or data elements) at the var-
ious communication ports [AR03]. A similar remark applies to our ongoing
work on stream-based models of sequential digital circuits.

Stream calculus has been mainly developed as a playground for the use of
coinduction definition and proof principles (see [Rut01]). In particular, streams
and stream functions can be elegantly defined by so-called stream differential
equations. For the elemenary operations on streams that are used in this paper
(sum, convolution product and its inverse), the more traditional definitions of
the necessary operations on streams suffice and therefore, coinduction is not
discussed here.

Acknowledgements. Thanks are due to the referees for their critical yet con-
structive remarks.

2 Basic Stream Calculus

In this section, we study the set R” = {o | 0 : {0,1,2,...} — IR} of streams
of real numbers. We shall introduce a number of constants and shall define
the operations of sum, product, and inverse of streams. These constants and
operations make of IR“ a calculus with many pleasant properties. In particular,
it will be possible to compute solutions of linear systems of equations.

We denote streams o € IR” by ¢ = (0¢, 01,02, ...). We define the sum o+ 7
of o,7 € R¥ by

o+71=(00+70,01+T71,00+T2,...)

(Note that we use the same symbol + for both the sum of two streams and
the sum of two real numbers.) We define the convolution product o x T by

o x 1= (0070, (00 71) + (01 70), (00 - T2) + (01 - 71) + (02 - T0), --.)

That is, for any n > 0,

n
(o XT)y = Zak CTh—k
k=0

In general, we shall simply say ‘product’ rather than ‘convolution product’.
Note that we use the symbol x for the multiplication of streams and the symbol
- for the multiplication of real numbers. Similar to the notation for the multipli-
cation of real numbers (and functions), we shall write 0 = 1 and 0" *! = o x o™.
It will be convenient to define the operations of sum and product also for the
combination of a real number r and a stream o. This will allow us, for instance,
to write 3 X ¢ for 0 4+ 0+ o. In order to define this formally, it will be convenient
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to view real numbers as streams in the following manner. We define for every
r € IR a stream [r] € IR” by

[r] = (r,0,0,0,...)
Note that this defines in fact a function
[[:R—>1RY, 7w ]r|

which embeds the set of real numbers into the set of streams. This definition
allows us to add and multiply real numbers r with streams o, yielding:

[r] + o =(r,0,0,0,...)+ 0
= (r + 0o, 01, 02, 03 ...)
[r] x o =(r,0,0,0,...) X0
(

700, T 01, T 02 ...)

For notational convenience, we shall usually write simply r + o for [r] + o,
and similarly r x o for [r] x 0. The context will always make clear whether
the notation r has to be interpreted as the real number r of as the stream [r].
For multiplication, this difference is moreover made explicit by the use of two
different symbols: r X o always denotes the multiplication of streams (and hence
r should be read as the stream [r]) and r - s always denotes the multiplication
of real numbers. We shall also use the following convention:

—oc=[-1]x0o
= (70’07 —01, —02,.. )
Here are a few basic properties of our operators.

Proposition 1. For allr,s € R and o,7,p € R,

[r] + [s] = [r + ]
c+0=o0
o+T=T+0

g+ (r+p)=(0+7)+p

[r] x [s] = [r-s]
Oxo=0
lxo=0

OXT=TXG0O
o x (r4p)=(0x7)+ (0% p)
oXx(txp)=(cxXT)Xp
Particularly simple are those streams that from a certain point onwards are

constant zero:
o= (ro,r1,72,.--,72,0,0,0,...)
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for n > 0 and rg,...,r, € IR. Using the following constant, we shall see that
there is a very convenient way of denoting such streams: we define

X =(0,1,0,0,0,...)
It satisfies, for all r € IR, o0 € IR“, and n > 0:
rx X =(0,70,0,0,...)
X xo=(0,00,01,09,...)
X" =(0,...,0,1,0,0,0,...)
——
n times
For instance, 2+3X —8X3 = (2,3,0,—8,0,0,0,...). More generally, we have,
for all n > 0 and all rg,...,r, € IR:
ro+ X +roX? 4 4, X" = (rg, 71,72, ..., 70, 0,0,0,...)

Such streams are called polynomial streams. Note that although a polynomial
stream such as 2+ 3X —8X?3 looks like a (polynomial) function f(x) =2+ 3x —
8x3, for which z is a variable, it really is a stream, built from constant streams
(2, 3, 8, and X), and the operations of sum and product. At the same time, it
is true that we can calculate with polynomial streams in precisely the same way
as we are used to compute with (polynomial) functions, as is illustrated by the
following example (here we use the basic properties of sum and product listed in
Proposition[l]): (2—X)+(1+3X) = 3+2X and (2—X) x (1+3X) = 2+5X —3X2.

We shall need to solve linear equations in one unknown 7, such as

T=14+(Xx7) (1)
(where, recall, 1 = (1,0,0,0,...)). Ideally, we would like to solve ([IJ) by reasoning
as follows:
T=14+(Xx1)
7—-(Xx7)=1
=1-X)x7=1
N 1
T = —
1-X
Recall that we are not dealing with functions but with streams. Therefore it
is not immediately obvious what we mean by the ‘inverse’ of a stream 1 — X =
(1,—1,0,0,0,...). There is however the following fact: for any stream o such
that og # 0, there exists a unique stream 7 such that o x 7 = 1. A proof of this
fact can be given in various ways:

(a) Using the definition of convolution product, one can easily derive the follow-
ing recurrence relation

n—1
1
Tn = — = E On—k Tk
g0
k=0

by which the elements of 7 can be constructed one by one.
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(b) Alternatively and equivalently, one can use the algorithm of long division to
obtain 7 out of o.

(c¢) Our personal favourite is a method described in [Rut0l], where we have
introduced the operation of inverse by means of so-called stream differ-
ential equations, formulated in terms of the notions of stream derivative
o' = (01,09,03,...) and initial value oo for o € IR”. (In fact, all the opera-
tions on IR* are there introduced by means of such equations.)

Now we can simply define the inverse % of a stream o with o¢ # 0 as the
unique stream 7 such that o x 7 = 1. Here are a few examples that can be easily
computed using any of the methods (a)-(c) above:

1
ﬂ:(l,l,l,)
1
2 = (1,0,1,0,1,0,..)
1
m:(l,Q,s,)

As with sum and product, we can calculate with the operation of inverse in
the same way as we compute with functions: For all o, 7 € IR” with g # 0 # 79,

1
ocx —=1
g
1 1 1
— X — =
g T oXT
1
T=9
o

Using the various properties of our operators, it is straightforward to see that
in the calculus of streams, we can solve linear equations as usual. Consider for
instance the following system of equations:

c=14+(Xx71)
T=XXo
In order to find o and 7, we compute as follows: 0 =1+ (X x7) =1+ (X X
X x0) =1+ (X? x o). This implies 0 — (X? x o) =1 and (1 — X?) x 0 = 1.
ThuSJZﬁandelj(T.
We conclude this section with the following definition, which is of central
importance for the formulation of the main result of this paper.
Definition 2. The product of a polynomial stream and the inverse of a polyno-
mial stream is called a rational stream. Equivalently, a stream o is rational if
there exist n,m > 0 and coefficients rg, ..., Tn, S0, - - -, Sm € IR with sg # 0, such
that

o+ X FroX? 4 4, X0
so+ 81X +52X2+ -+ 5, X™
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3 Stream Circuits

Certain functions from IR” to IR” can be represented by means of graphical
networks that are built from a small number of basic ingredients. Such networks
can be viewed as implementations of stream functions. We call them stream
circuits; in the literature, they are also referred to as (signal) flow graphs. Using
the basic stream calculus from Section 2] we shall give a formal but simple answer
to the question precisely which stream functions can be implemented by such
stream circuits.

3.1 Basic Circuits

The circuits that we are about to describe, will generally have a number of
input ends and a number of output ends. Here is an example of a simple circuit,
consisting of one input and one output end:

f——

The input end is denoted by the arrow shaft +——— and the output end is
denoted by the arrow head ——= . For streams o, 7 € IR*, we shall write

OF——T

and say that the circuit inputs the stream o and outputs the stream 7. Writing
the elements of these streams explicitly, this notation is equivalent to

(00,01,02,...) —> (70, T1, T2, ...)

which better expresses the intended operational behaviour of the circuit: It con-
sists of an infinite sequence of actions, at time moments 0,1,2,.... At each
moment n > 0, the circuit simultaneously inputs the value o,, € IR at its input
end and outputs the value 7,, € IR at its output end. In general, this value 7,
depends both on the value o,, and on the values o; that have been taken as
inputs at earlier time moments ¢ < n. Note that this implies that circuits have
memory.

Next we present the four basic types of circuits, out of which all other circuits
in this section will be constructed.

(a) For every a € IR, we define a circuit with one input and one output end,
called an a-multiplier, for all o,7 € IR, by

OrF—a—>T <= T,=a-0,, alln>0
<~ T=aXo

This circuit takes, at any moment n > 0, a value o, at its input end, multi-
plies it with the constant a, and outputs the result 7, = a - o,, at its output
end. It defines, in other words, a function that assigns to an input stream o
the output stream 7 = a X o.
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Occasionally, it will be more convenient to write the multiplying factor a as
a super- or subscript of the arrow:

Ha—)El—a>E|—a>

(b) The adder circuit has two input and one output ends, and is defined, for all
o,7,p € IR” by

+ —p << pp=0p+ T, alln>0
T\/ = p=o+7T

At moment n > 0, the adder simultaneously inputs the values o,, and 7, at
its input ends, and outputs their sum p,, = o, + 7, at its output end.

(c) The copier circuit has one input and two output ends and is defined, for all
o,7,p € R, by

T

o+——c & T, =0, =pn, alln>0

/>
Ny e rmo=p

At any moment n > 0, the copier inputs the value o,, at its input end, and
outputs two identical copies 7, and p,, at its output ends.

(d) A register circuit has one input and one output end and is defined, for all
o,7 € IR¥, by

O—R—>T <= 179=0and 7, =0,_1, alln>1
<~ 7=1(0,00,01,092,...)

The register circuit can be viewed as consisting of a one-place memory cell
that initially contains the value 0. The register starts its activity, at time
moment 0, by outputting its value 7y = 0 at its output end, while it simulta-
neously inputs the value og at its input end, which is stored in the memory
cell. At any future time moment n > 1, the value 7,, = 0,1 is output and
the value o, is input and stored. (For obvious resaons, the register circuit is
sometimes also called a wunit delay.) Recalling that for the constant stream
X =1(0,1,0,0,0,...), we have X x 0 = (0,00,01,09,...), it follows that for
all o, 7 € IR¥,

O—R—>T <= 7=X X0

3.2 Circuit Composition

We can construct a larger circuit out of two smaller ones by connecting output
ends of the first to input ends of the second. For instance, for the composition
of a 2-multiplier and a 3-multiplier, we shall write

p——2—> 0 —3——>
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We call the connection point o an (internal) node of the composed circuit. A
computation step of this circuit, at any moment in time, consists of the simulta-
neous occurrence of the following actions: a value is input at the input end of the
2-register; it is multiplied by 2 and output at the output end of the 2-register; the
result is input at the input end of the 3-register, is multiplied by 3 and is output
at the output end of the 3-multiplier. More formally, and fortunately also more
succinctly, we define the behaviour of the composed circuit, for all o, 7 € IR”,
by

Ob—2—>0F—3—>T
— o+—2—dp+—3—>T
— JpelR’: or—2—>p and P+—3—>T

We shall consider all three of the above notations as equivalent. Combining
the definitions of a 2- and 3-multiplier, we can in the above example easily
compute how the output stream 7 depends on the input stream o:

OFH—2—>0}—3—>T

— JpeR’: or—2—p and P+—3—>T
— dpelRY: p=2x0 and T=3xp

<~ T7=6x0

Note that the stream p is uniquely determined by the stream o. The motiva-
tion for our notation “Jp” is not so much to suggest that there might be more
possible candidate streams for p, but rather to emphasise the fact that in order
to express the output stream 7 in terms of o, we have to compute the value of
the stream p in the middle.

We can compose circuits, more generally, with several output ends with cir-
cuits having a corresponding number of input ends, as in the following example:

T
N

In this example, the behaviour of the resulting circuit is defined, for all o, 7 €
IR*, by

/O!\
OF——=c¢C +—T

N
<= /El’y/\

OF——=¢ +—T

Szp”
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<= /’Y ’W\
I, 6 €eR¥ : orc and +—
\)6 6/
< 7,6€R”: o=y=6 and T=v+6
= T=2X0

T

It will be convenient to have adders with more than two inputs and, sim-
ilarly, copiers with more than two outputs. We define a ternary adder as the
composition of two binary adders as follows:

For input streams o, 7, p € IR, it produces the output stream o + 7 + p. We
define a ternary copier by the following composition:

| C/E | Cﬁ
L Nl

It takes one input stream and produces three identical copies as output
streams. Adders and copiers with four or more inputs and outputs can be con-
structed in a similar fashion.

The following circuit combines (various instances of) all four basic circuit

types:

/OI 2 O}\
f c ot 3 OF—R>O}—— 4+ ——

O'—7>OHR90HF:290V/

In order to express the output stream 7 for a given input stream o, we have
to compute one intermediate stream for each of the (nine) internal nodes o in
the circuit above. Using the definitions of the basic circuits, and computing from
left to right, we find:

/ag 2 20’*\

ol c ot 3 Jo—R—>3Xoh+H—+ ——>7T

\> O —70+—R—=> —7X0o H—R> —7X20/
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(To save space, we have omitted the symbol x for multiplication.) We can
now express the output stream 7 in terms of the input stream o as follows:

T=02x0)+(BX x0)+ (-7X?x0)
=(2+3X -7X*) xo

The circuit above computes — we shall also say implements — the following
function on streams:

f:RY =R, flo)=(2+3X -7X?)xo0

If we supply the circuit with the input stream ¢ =1 (= (1,0,0,0,...)) then
the output stream is 7 = f(1) = 2+3X —7X?. We call this the stream generated
by the circuit.

Convention 3. In order to reduce the size of the diagrams with which we depict
stream circuits, it will often be convenient to leave the operations of copying and
addition implicit. In this manner, we can, for instance, draw the circuit above
as follows:

2\

O'/ —3—=O0F—R——> T

OF—R— O \/

The (respective elements of the) stream o gets copied along each of the three
outgoing arrows. Similarly, the stream T will be equal to the sum of the output
streams of the three incoming arrows. This convention saves a lot of writing.
Moreover, if we want to express T in terms of o, we now have only three internal
streams to compute. If a node has both incoming and outgoing arrows, such as

N
N

then first the values of the output streams of the incoming arrows have to be
added; then the resulting sum is copied and given as an input stream to each of
the outgoing arrows. Consider for instance the circuit below. It has input streams
o and T, an intermediate stream vy, and output streams 6 and € in IR :
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satisfying
v=20+ (X x71)
b=X x~n
=(2X x o)+ (X% x7)
€=9vy

=100 + (5X x T)
O

As an example, we compute the stream function implemented by the following
circuit, with input stream o, output stream 7, and intermediate streams vy and 6:

v
R/ /\5

3\6/R
We have:
y=X X0
§=0Bxo0)+(X?x0)
7= (5% 7) + (X x 0)
=BX+X*)xo

Thus the stream function implemented by this circuit is f : IR¥ — IR” with
flo) = (8X + X3) x o, for all o € IR¥. An equivalent circuit, implementing the
same stream stream function, is given by:

s\
4}%% O}b——R—> O}——R—>

The following proposition, of which we have omitted the easy proof, charac-
terizes which stream functions can be implemented by the type of circuits that
we have been considering so far.

Proposition 4. For all n > 0 and rg,...,r, € IR, each of the following two

circuts:
O} T0 (e] /\

N
Of R Op—ri=>O0op—— 4+ ——
/

\ol—R»o———o}—R»okrnao\/

n times
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and

T0 1

Tn—1
}/ o T times [ NN

implements the stream function f :IR* — IR¥ given, for all o € R¥, by
flo)=pxo
where the stream p (generated by these circuits) is the polynomial

p=ro+mX +rXi4+ o X", X

3.3  Circuits with Feedback Loops

The use of feedback loops in stream circuits increases their expressive power
substantially. We shall start with a elementary example and then give a simple
and precise characterization of all stream functions that can be implemented by
circuits with feedback loops. Consider the following circuit:

0<—R—O

I T

b— 4 —0o}t——Cc—>

In spite of its simplicity, this circuit is already quite interesting. Before we
give a formal computation of the stream function that this circuit implements,
we give an informal description of its behaviour first. Assuming that we have
an input stream o = (09, 01,039, ...), we compute the respective elements of the
output stream 7 = (79,71, 72,...). Recall that a register can be viewed as a
one-place memory cell with initial value 0. At moment 0, our circuit begins its
activity by inputting the first value og at its input end. The present value of the
register, 0, is added to this and the result 7 = oo +0 = 0 is the first value to be
output. At the same time, this value oq is copied and stored as the new value of
the register. The next step consists of inputting the value o1, adding the present
value of the register, g, to it, and outputting the resulting value 7, = o9 + o7.
At the same time, this value og + o7 is copied and stored as the new value of
the register. The next step will input o and output the value 79 = gg + 01 + 02.
And so on. We find:

7= (09,00 + 01,00 + 01+ 03,...)

Next we show how the same answer can be obtained, more formally and
more systematically, by applying a bit of basic stream calculus. As before, we
try to express the output stream 7 in terms of the input stream ¢ by computing
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the values of intermediate streams p1, p2, p3 € IR“, corresponding to the three
internal nodes of the circuit, such that

P1 <—R— P2

I T

OoF—+—>Pp3——Cc—>T

Note that the values of p1,ps,ps3 are mutually dependent because of the
presence of the feedback loop: p3 depends on p; which depends on ps which
depends on p3. The stream calculus developed in Section [2 is precisely fit to
deal with this type of circularity. Unfolding the definitions of the basic circuits
of which the above circuit is composed (one adder, one register, and one copier),
we find the following system of equations:

p1 =X X pa
p3 =0+ p1
P2 = pP3
T =p3

We have seen in the previous section how to solve such systems of equations.
The right way to start, which will work in general, is to compute first the output
stream of the register:

p1 =X X pa
=X X p3
=X X (04 p1)
— (X x0)+ (X x 1)

This implies p; — (X x p1) = X x o, which is equivalent to p; = =5 x 0.
As a consequence, T = p3 = ps = 0+ p1 = 0 + (2% X 0) = =5 x 0. Thus
the stream function f : IR¥ — IR” that is implemented by the feedback circuit
is given, for all o € R¥, by

1

f0)=

X o

We see that this function consists again of the convolution product of the
argument o and a constant stream ﬁ The main difference with the exam-
ples in the previous subsections is that now this constant stream is no longer
polynomial but rational.

We still have to check that the first informal and the second formal compu-
tation of the function implemented by the feedback circuit coincide. But this

follows from the fact that, for all o € IR”,

1
1-X

x o = (09,00 + 01,00 + 01+ 02,...)
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which is an immediate consequence of the definition of the convolution product
and the fact that ﬁ =(1,1,1,...).

Not every feedback loop gives rise to a circuit with a well-defined behaviour.
Consider for instance the following circuit, with input stream o, output stream
7, and internal streams p1, p2, p3:

Pl <—1—H P2

I T

Ob— 4+ —pP3—Cc——>T

In this circuit, we have replaced the register feedback loop of the example
above by a 1-multiplier. If we try to compute the stream function of this circuit
as before, we find the following system of equations:

p1=1Xpo
p3 =0+ p1
P2 =pP3
T=p3

This leads to p3 = o + p3, which implies ¢ = 0. But ¢ is supposed to be an
arbitrary input stream, so this does not make sense.
Problems like this can be avoided by assuming that circuits have the following

property.

Assumption 5. From now on, we shall consider only circuits in which every
feedback loop passes through at least one register. ad

Note that this condition is equivalent to requiring that the circuit has no
infinite paths passing through only multipliers, adders, and copiers.

Next we present the main result of the present paper. It is a characterization
of which stream functions can be implemented by finite stream circuits. We
formulate it for finite circuits that have one input and one output end, but it
can be easily generalised to circuits with many inputs and outputs.

Theorem 6. (a) Let C be any finite stream circuit, possibly containing feedback
loops (that always pass through at least one register). The stream function
f:IR*¥ — IR” implemented by C is always of the form:

flo)=pxo
for all o € IR and for some fized rational stream

. TQ+T1X+T2X2+---+Tan
Coso+s1X F s X245, XM

withn,m >0, 79, .-.,Tn,S0,---,Sm € R, and sg # 0.
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(b) Let f:IR” — IR” be a stream function of the form, for all o € IR¥:
flo)=pxo

for some fixed rational stream p. Then there exists a finite stream circuit C
that implements f.

Proof. (a) Consider a finite circuit C' containing k > 1 registers. We associate
with the input end of C' a stream ¢ and with the output end of C a stream 7.
With the output end of each register R;, we associate a stream «;. For the input
end of each register R;, we look at all incoming paths that: (i) start in either
an output end of any of the registers or the input end of C, (ii) lead via adders,
copiers, and multipliers, (iii) to the input end of R;. Because of Assumption [
there are only finitely many of such paths. This leads to an equation of the form

= (al x X xal) 4+ 4 (aF x X x a¥) + (a; x X x 0)

for some a;, a{ € IR. We have one such equation for each 1 <14 < k. Solving this
system of k equations in stream calculus as before, yields for each register an
expression a; = p; X o, for some rational stream p;. Finally, we play the same
game for 7, at the output end of C, as we did for each of the registers. This will
yield the following type of expression for 7:
7= Xay)+ -+ (bp xag)+ (bx o)
= ((by xp1)+ -+ (bp X pp) +b) x &
for some b, b; € IR, which proves (a). For (b), we treat only the special case that
o+ rmX + T‘2X2 + 7“3X3
o ]. —+ 81X + 82X2 + 83X3
where we have taken n = m = 3 and sy = 1. The general case is not more

difficult, just more writing. We claim that the following circuit implements the
function f(o) = p x o (all 0 € R¥):

k//

where we have denoted input and output streams by ¢ and 7, and intermediate
streams by pg, p1, p2, p3- They satisfy the following equations:

po =0 —(s1x p1) = (s2 X p2) — (83 X p3)

p1 =X X po
p2=X X p1
p3 =X X p2

7= (ro X po) + (r1 X p1) + (r2 X p2) + (3 X p3)
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It follows that

pPo =0 — (81X X po) — (82X2 X po) — (S3X3 X po)

As a consequence, we have, for i = 0,1,2, 3, that

xi
pi= 14 851X +859X2 4 53X3 g
This implies
_ro+mX +ro X2 +r3X3
14+ 51X +59X2 4+ 53X3
whereby the claim above is proved. a

Taking ¢ = 1 in Theorem [0l gives the following corollary.

Corollary 7. A stream p € IR” is rational if and only if it is generated by a
(finite) stream circuit. O

References

[ARO03] F. Arbab and J.J.M.M. Rutten. A coinductive calculus of component con-
nectors. In M. Wirsing, D. Pattinson, and R. Hennicker, editors, Proceedings
of WADT 2002, volume 2755 of LNCS, pages 35-56. Springer, 2003.

[BR88] J. Berstel and C. Reutenauer. Rational series and their languages, volume 12
of EATCS Monographs on Theoretical Computer Science. Springer-Verlag,
1988.

[Lah98] B.P. Lahti. Signal Processing & Linear Systems. Oxford University Press,
1998.

[Rut01] J.J.M.M. Rutten. Elements of stream calculus (an extensive exercise in coin-
duction). In S. Brooks and M. Mislove, editors, Proceedings of MFPS 2001,
volume 45 of ENTCS, pages 1-66. Elsevier Science Publishers, 2001. To ap-
pear in MSCS.



	Summary
	Basic Stream Calculus
	Stream Circuits
	Basic Circuits
	Circuit Composition
	Circuits with Feedback Loops


