arXiv:0911.4517v2 [quant-ph] 8 Mar 2010

Testing equivalence of pure quantum states and graph states under SLOCC

Adam G. D’Souza^1, Jop Briët^2, and David L. Feder^1 1Department of Physics and Astronomy and Institute for Quantum Information Science, University of Calgary, Calgary, Alberta, Canada, T2N 1N4 2Quantum Computing and Advanced Systems Research, Centrum Wiskunde & Informatica, P.O. Box 94079 NL-1090 GB, Amsterdam, The Netherlands (Dated: July 21, 2010)

A set of necessary and sufficient conditions are derived for the equivalence of an arbitrary pure state and a graph state on n qubits under stochastic local operations and classical communication (SLOCC), using the stabilizer formalism. Because all stabilizer states are equivalent to a graph state by local unitary transformations, these conditions constitute a classical algorithm for the determination of SLOCC-equivalence of pure states and stabilizer states. This algorithm provides a distinct advantage over the direct solution of the SLOCC-equivalence condition |ψ⟩ = S|g⟩ for an unknown invertible local operator S, as it usually allows for easy detection of states that are not SLOCC-equivalent to graph states.

I. INTRODUCTION

A. Background and Motivations

Graph states are the quantum analogs of classical graphs, in which qubits correspond to vertices and maximal two-qubit entanglement is represented by an edge connecting the vertices. These highly entangled states of many qubits have been the subject of much theoretical study over the past several years [1, 2], and have been physically implemented by several experimental groups using both nuclear magnetic resonance [3] and photons [4–8]. The interest is due in large part to the fact that with successive measurements of the constituent qubits of certain graphs, together with classical processing, it is possible to perform arbitrary quantum algorithms. In this sense, graph states serve as ‘universal resources’ for measurement-based quantum computation (MBQC) [9–12].

Graph states have several additional applications for quantum information processing. They are central to the theory of quantum error correction [13], because all stabilizer code states are equivalent to graph states under local unitary transformations, in fact under a very restricted set of operators belonging to the local Clifford group [14]. In recent years, it has been shown that graph states can be used for multiparty quantum secret sharing [15], are closely related to classical spin models [16, 17], and are associated with undecidable logic theories [18]. When the graph states are suitably weighted [10, 19–22], they can efficiently approximate the ground states of strongly interacting spin systems [21, 22], and can be used in order to implement random circuits using only measurements [23].

While graph states have wide uses in quantum information theory, it is not clear what other kinds of states can be used to accomplish the same kinds of tasks, nor even what are the essential properties of graph states that make them so useful. One might naïvely expect that any multipartite state with a large amount of entanglement (carefully defined in this multi-party context) would be equally useful. Very recently, however, it was shown independently by two groups that the number of states that can serve as universal resources for MBQC decreases exponentially with the total number of qubits [24, 25]. Given a quantum pure state with n qubits, it would be useful to have a set of criteria such that one would be able to determine if it were in fact a universal resource for MBQC, and by extension a useful resource for more general quantum information tasks.

The goal of the present work is to partially address this issue by considering n-qubit pure states |ψ⟩ that are equivalent to n-qubit graph states |g⟩ by stochastic local operations and classical communication (SLOCC) [26– 28]. Mathematically, the two states are connected by a tensor product of n local operations, |ψ⟩ = S|g⟩, where S = S_1 ⊗ S_2 ⊗ · · · ⊗ S_n and S_i ∈ GL(2, C ). In principle, any state that is SLOCC-equivalent to a graph state can accomplish the same tasks as the original graph state with finite probability: one first performs the inverse operations S^{−1}|ψ⟩ and then works with the resulting graph state. Implementing the generally non-unitary operators S^{−1}_i is difficult in practice, however. Rather, one would perform the conversion with non-zero probability by (deterministic) LOCC using an appropriate positive operator valued measure (POVM) on each qubit [29]; Neumark’s theorem describes how to translate a POVM into a projective measurement [30]. Alternatively, the desired quantum information task would be accomplished directly using some set of POVMs.

It is worth noting that the probability of success of an information processing task on a SLOCC-transformed resource state is often much lower than that corresponding to the same task on the original resource. For instance, the probability of successfully performing MBQC on a SLOCC-transformed cluster state, a well-known resource for MBQC, will be exponentially suppressed in the number of gates appearing in the computation, since each gate will be probabilistic in general. This is in contrast to the case of MBQC on a perfect cluster state, which is deterministic. In order to determine the true utility of a SLOCC-transformed resource state for MBQC, one could adopt a strategy, such as a percolation strategy [31, 32], for distilling a perfect resource from the SLOCC-transformed one, on which MBQC would be deterministic. If the reduction in size of the SLOCCtransformed resource scales polynomially in the original size, then we could reasonably say that the SLOCCtransformed resource state is a useful resource for universal MBQC itself.

The classification of quantum pure states under SLOCC transformations has been the subject of much study in recent years. On two qubits, it is known that all entangled pure states are asymptotically SLOCCequivalent [26]. On three qubits there are precisely two inequivalent classes [28], represented by the GHZ state [33] and the W state [34]. The determination of the number of SLOCC-inequivalent classes on four qubits remains controversial. Early work indicated that there are at least nine classes [35]; more recently, it was shown that there are at least 28 truly inequivalent classes [36, 37], of which all but eight are non-degenerate [38]. Even the determination of bipartite separability of quantum pure states, let alone the classification of quantum pure states into multipartite SLOCC classes, is an NP-hard problem [39] .

Given the challenges of classifying quantum pure states under SLOCC even for small numbers of qubits, one might assume that determining SLOCC-equivalence between an arbitrary n-qubit state |ψ⟩ and a graph state would be difficult. While this seems to be true, there does exist a classical test of the SLOCC-equivalence of these two states that is generally efficient at detecting SLOCC-inequivalence. The result hinges on the stabilizer formalism for graph states. By implication, any state that is SLOCC-equivalent to a graph state must also have a separable stabilizer, though in general consisting of separable non-unitary and non-Hermitian operators. Such generalized stabilizers were recently considered in a different context [40]. A related result of the present work is an algorithm for obtaining a separable stabilizer for an arbitrary pure quantum state, if one exists. The manuscript is organized as follows. Section II gives some important definitions and notation. Section III states the main result of this work, Theorem III.1, together with some examples of how to apply it. Section IV gives its full derivation. Section V explains how one would go about using the theorem to actually test for SLOCC-equivalence between a graph state and a pure state. In Section VI, a related result describing how one can build the separable stabilizer (in the generalized sense) of a SLOCC-transformed state is provided. Finally, Section VII summarizes the conclusions of this work.

II. DEFINITIONS AND NOTATION

In this paper, we use the following notational conventions.

• Pauli operators. For integer k ≥ 1, we define the set of k-qubit operators G_k := α {I, X, Y, Z}^{⊗k} for α ∈ {±1, ±i} (i.e., the set of n-qubit Pauli operators modulo factors of fourth roots of unity).

• Set notation for targets of separable quantum operations. The set of qubits on which a separable multi-qubit operator acts is written as a subscript on the operator. For example, the symbol O_J denotes an operator O acting on a set of qubits J ⊆ V, where V is the set of all qubits. Boldface letters such as j denote bit strings, and j(0) and j(1) respectively denote the set of entries of j that are equal to 0 and 1. Thus, O_{j(0)} is an operator acting on all qubits whose indices correspond to the positions of the bits of j that are equal to 0, and similarly for O_{j(1)}.

• Graph state. The n-qubit graph state |g⟩ corresponding to an n-vertex graph G = (V, E), where V and E respectively denote the sets of vertices and edges of G, is the stabilizer state that is the unique simultaneous eigenstate of the operators σ_i = X_iZ_{N (i)}, where N (i) is the neighbourhood of the vertex i. Note that all stabilizer states are equivalent to a graph state under local Clifford operations [14]. Thus, the results presented in this paper in the context of graph states are generalizable to arbitrary stabilizer states.

• SLOCC operators and SLOCC-equivalence.

The set of all operators corresponding to a branch of a SLOCC protocol on an n-qubit state is given by

SLOCC (2^n ) := { S = n−1⨂ i=0 S_i | | | | S_i ∈ GL (2, C ) } .

Two n-qubit quantum pure states |ψ⟩ and |g⟩ are said to be SLOCC-equivalent if and only if there exists an operator S ∈ SLOCC (2^n ) such that |ψ⟩ = S|g⟩.

III. MAIN THEOREM AND ITS INTUITIVE JUSTIFICATION

The main theorem of the paper is the following:

Theorem III.1. Let |g⟩ be an n-qubit graph state with underlying graph G = (V, E), stabilized by Σ(G) = { σ_i | σ_i ∈ G_n, σ_i|g⟩ = |g⟩ }. Let S ∈ SLOCC (2^n ). Then, any n-qubit pure state |ψ⟩ satisfies the conditions

⟨ψ^∗|Y_V SY_V σ_iZ_{j(1)}S^{−1}|ψ⟩ = det (S) δ_{j,0}, (1)

for all i ∈ V and j ∈ {0, 1}^n if and only if |ψ⟩ = S|g⟩.

In this Theorem, ⟨ψ^∗| refers to the complex conjugate of ⟨ψ| in the computational basis, or equivalently the transpose of |ψ⟩ in the computational basis. The operator Z_{j(1)} describes Pauli Z operators acting on all qubits in positions where the bit string j has entries equal to 1, and identity operators on all other qubits. Note that |ψ⟩ need not be normalized; however, it can be assumed to be so without loss of generality, as an unnormalized state |ψ⟩ is SLOCC-equivalent to |g⟩ if and only if its normalized counterpart c|ψ⟩ (where c ∈ C ) is as well. While the full details of the proof of this theorem are deferred until Section IV, the theorem can be justified intuitively as follows. The graph state |g⟩ has a separable Pauli stabilizer σ_i|g⟩ = |g⟩ with elements σ_i = ⨂_{n−1} j=0 σ_{ij} with the σ_{ij} ∈ G_1 consisting of Pauli matrices X, Y , or Z. Suppose that |ψ⟩ is in fact SLOCC-equivalent to the graph state |g⟩, i.e. that |ψ⟩ = S|g⟩ with S = ⨂_{n−1} j=0 S_j and S_j ∈ GL(2, C ). Because the S_j transform each of the Pauli operators in the graph-state stabilizer, the state |ψ⟩ must also have a separable generalized stabilizer, but now consisting in general of non-Hermitian operators σ̃_{ij} = S_j σ_{ij} S^{−1}_j (note that in general S^{−1}_j ≠ S^†_j ). Just as singlequbit Pauli errors project stabilizer states out of their code space, likewise the application of any number of transformed Pauli operators on the state |ψ⟩ yield states that are orthogonal. Thus the generalized orthogonality conditions (1).

A. Additional Considerations on the Main Theorem

While in principle all of the 4^n conditions obtained from the 2^n choices of stabilizer element and the 2^n choices of j in Eq. (1) are necessary for SLOCCequivalence of |ψ⟩ to |g⟩, in practice some of them do not constrain the form of the supposed SLOCC operator S connecting |ψ⟩ and |g⟩, and are thus not useful for SLOCC-equivalence testing. We can completely partition the conditions from Eq. (1) into three disjoint categories:

1. Category I. These are the conditions of the form of Eq. (1) where (−1)^n ≠ (−1)^W , where W is the weight of the unknown operator SY_V σ_iZ_{j(1)}S^{−1}, i.e. the number of sites on which the local operator acting is not proportional to the identity.

2. Category II. These are those sets of conditions not falling into Category I that have the form

⟨ψ^∗|Y_V O^{(i)}_J |ψ⟩ = 0 (2)

where { O^{(i)}_J } is the set of operations involved in the SLOCC-equivalence conditions (1) that have target J .

3. Category III. These are conditions of the form

⟨ψ^∗|Y_V O^{(i)}_J |ψ⟩ = A_i (3) where A_i ≠ 0 for at least one i ∈ {0, 1, . . . , |J | − 1}.

Category I conditions are automatically satisfied for all pure states |ψ⟩, not just states that are SLOCCequivalent to a graph state. Similarly, Category II conditions are automatically satisfied by any pure state |ψ⟩ that is SLOCC-equivalent to the desired graph state and can also be omitted when performing the inequivalence test. Thus, the only conditions that need to be tested for a complete SLOCC-equivalence test are Category III conditions. These statements are formally made as follows:

Lemma III.2. (Category I conditions are automatically satisfied.) Let |ψ⟩ be an n-qubit pure state defined on the set of qubits V. Let J ⊆ V. Let Z̃_J = SZ_J S^{−1} for some invertible S. Then, ⟨ψ^∗|Y_VZ̃_J |ψ⟩ = 0 if |V \ J| is odd.

Lemma III.3. (Category II conditions are automatically satisfied.) Let |ψ⟩ be an n-qubit pure state that is SLOCC-equivalent to an n-qubit graph state. Then the conditions of the form

⟨ψ^∗| (Y_V ) SO^{(i)}_J S^{−1}|ψ⟩ = 0 (4)

where { O^{(i)}_J } ⊆ G_{|J |} is the set of all n-qubit Pauli operators with target J , are satisfied independent of the choice of S.

The proofs of Lemma III.2 and Lemma III.3 are given in Section V.

B. Examples

Theorem III.1 gives a set of necessary conditions for SLOCC-equivalence of an n-qubit pure state |ψ⟩ to an nqubit graph state |g⟩. Each of these conditions contains between 0 and n unknown transformed Pauli operators, which will be denoted X̃, Ỹ or Z̃, where Z̃ = SZS^{−1} for some invertible S, and similarly for X̃ and Ỹ . For each choice of stabilizer element σ_i, the number of unknown local operators appearing is bounded below by |σ_i(I)| + |σ_i(Z)|, the number of sites on which σ_i acts locally as either I or Z. The condition for which no unknown local operators appear is obtained from the unique choice for σ where |σ(I)| + |σ(Z)| = 0, or equivalently where σ acts locally on all sites as either X or Y . This stabilizer element results from multiplying all n generators together, because for each qubit the X multiplies either an even or odd number of Z operators. Therefore, the local operators composing Y_V σ ∈ G_n are all proportional either to I or to Z. Moreover, the number of unknown local operators appearing in Eq. (1) can take any value from 0 to n. Similarly, consider the case in which σ is the product of all but one of the generators. The number of unknown local operators appearing in conditions resulting from this choice can be anywhere from 1 to n. In general, if the chosen stabilizer element is a product of all but k of the generators, then at least k unknown local operators will appear in the associated conditions.

Example III.4. Suppose we would like to test if an arbitrary pure quantum state |ψ⟩ is SLOCC equivalent to the three-qubit linear cluster state |g_3⟩, which is stabilized by the generators {σ_1, σ_2, σ_3} = {X ⊗ Z ⊗ I, Z ⊗ X ⊗ Z, I ⊗ Z ⊗ X}. Let’s rewrite these as {σ_1, σ_2, σ_3} = {XZI, ZXZ, IZX} for brevity, with the position of the Pauli or identity operator representing the qubit on which it acts. The remaining nontrivial stabilizers are generated by multiples of these: {σ_4, σ_5, σ_6, σ_7} = {Y Y Z, XIX, ZY Y, −Y XY }. Eq. (1) with the choices σ = σ_7 (the unique stabilizer element for which |σ(I)| + |σ(Z)| = 0) and j = 010 gives (⟨ψ^∗|Y_V )|ψ⟩ = 0, (5) in which no unknown local operators appear. Eq. (1), together with the stabilizers σ_4 through σ_7 (the elements for which |σ(I)|+|σ(Z)| ≤ 1) and the appropriate choices of j, yields the conditions (⟨ψ^∗|Y_V )IIX̃|ψ⟩ = −i det(S); (6) (⟨ψ^∗|Y_V )IIỸ |ψ⟩ = 0; (7) (⟨ψ^∗|Y_V )IIZ̃|ψ⟩ = 0; (8) (⟨ψ^∗|Y_V )IX̃I|ψ⟩ = 0; (9) (⟨ψ^∗|Y_V )IỸ I|ψ⟩ = 0; (10) (⟨ψ^∗|Y_V )IZ̃I|ψ⟩ = −i det(S); (11) (⟨ψ^∗|Y_V )X̃II|ψ⟩ = −i det(S); (12) (⟨ψ^∗|Y_V )Ỹ II|ψ⟩ = 0; (13) (⟨ψ^∗|Y_V )Z̃II|ψ⟩ = 0. (14) Note that this particular graph state is symmetric under reflection about qubit 2, so that conditions (12-14) are the symmetry counterparts of (6-8). Eq. (5) is a Category I condition. The groups of conditions (6-8), (9- 11), and (12-14) each correspond to transformations on a single qubit and are all Category III conditions. Similarly, conditions corresponding to transformations on two qubits can be obtained from all choices of σ except for σ_0 = III, and those corresponding to transformations on three qubits can be obtained from any choice of σ.

Example III.5. Consider now the five-qubit cluster state, stabilized by the generators {σ_1, σ_2, σ_3, σ_4, σ_5} = {XZIII, ZXZII, IZXZI, IIZXZ, IIIZX}. Choosing the stabilizer element σ_6 = σ_1σ_2σ_3σ_4 = Y XXY Z and j = 01100 and j = 01101 respectively yields ⟨ψ^∗|Y_V IIIIX̃|ψ⟩ = 0; (15) ⟨ψ^∗|Y_V IIIIỸ |ψ⟩ = 0. (16) Furthermore, choosing the stabilizer element σ_7 = σ_1σ_2σ_3σ_4σ_5 = −Y XXXY and j = 01111 gives ⟨ψ^∗|Y_V IIIIZ̃|ψ⟩ = 0. (17)

Eqs. (15-17) are Category II conditions, and are thus satisfied by any n-qubit pure state |ψ⟩ that is SLOCCequivalent to the five-qubit cluster; these conditions do not constrain the unknown elements of X̃, Ỹ or Z̃. On the other hand, consider the stabilizer element σ_8 = σ_1σ_2σ_4σ_5 = Y Y IY Y . The choices j = 00000 and j = 00100 respectively yield ⟨ψ^∗|Y_V IIỸ II|ψ⟩ = det (S) ; (18) ⟨ψ^∗|Y_V IIX̃II|ψ⟩ = 0. (19) Next, choose the stabilizer element σ_7 and j = 01010 to obtain ⟨ψ^∗|Y_V IIZ̃II|ψ⟩ = 0. (20) Eqs. (18-20) are Category III conditions, and do impose constraints on the unknowns appearing in the elements of X̃, Ỹ and Z̃.

IV. DERIVATION OF NECESSARY AND SUFFICIENT CONDITIONS

By definition, an n-qubit pure state |ψ⟩ that is SLOCC-equivalent to an n-qubit graph state |g⟩ obeys the relationship |ψ⟩ = S|g⟩, (21) where S ∈ SLOCC (2^n ). Eq. (21) is a system of 2^n multivariate polynomial equations of degree n in 4n unknowns (the four matrix elements of each of the n local GL (2, C ) operators. In fact, not only are each of the polynomial equations of degree n, the degree of each of the individual terms in each equation is also n. There are standard methods for determining whether there exists a solution to such a system of multivariate polynomial equations (for example, by computing a Gröbner basis and examining the leading coefficients of each element) [41]; however, these methods are generally very computationally expensive. In this section, the structure of graph states, and in particular their compact description using the stabilizer formalism, is exploited in order to give a different form of necessary and sufficient multivariate polynomial conditions for SLOCC-equivalence between |ψ⟩ and |g⟩, generically having degree much lower than n. These conditions can then be examined, roughly speaking, in ascending order of degree, to determine SLOCCequivalence. The benefits of this scheme are twofold. First, SLOCC-inequivalence can often be detected by examining the low-degree conditions, eliminating the need to look at high-degree multivariate polynomials. Second, the number of multivariate polynomials of degree n that must be inspected is generally much lower than 2^n.

The first relevant observation about graph states is a simple one, namely that the expectation value of any tensor product of single-qubit Pauli-Z and identity operators vanishes for a graph state, except for the case of the identity operator itself.

Lemma IV.1. Let |g⟩ be an n-qubit graph state corresponding to the underlying graph G = (V, E), having Pauli stabilizer Σ(G). Then, ⟨g|σZ_{j(1)}|g⟩ = δ_{j,0} (22) for all j ∈ {0, 1}^n and for all σ ∈ Σ(G).

Proof. It is well-known that ⟨g|Z_{j(1)}|g⟩ = δ_{j,0} (see, for example, Ref. [1]). Since σ is Hermitian, ⟨g| = ⟨g|σ and thus, ⟨g|σZ_{j(1)}|g⟩ = δ_{j,0}.

Crucially, it turns out that the set of 4^n conditions of Eq. (22) uniquely specify the state |g⟩, up to a global phase.

Lemma IV.2. Let |g^′⟩ be an n-qubit pure state and |g⟩ be an n-qubit graph state with Pauli stabilizer Σ(G) = {σ_i}. Then,

⟨g^′|σ_iZ_{j(1)}|g^′⟩ = δ_{j,0} (23)

for all σ_i ∈ Σ(G) if and only if |g^′⟩ = |g⟩, up to a global phase.

Proof. First, we prove the forward direction. Notice that since Σ(G) is a stabilizer, all of its elements are commuting and share the same eigenbasis. In fact, it is clear that their mutual orthonormal eigenbasis is { |v_j ⟩ = Z_{j(1)}|g⟩ } . We already know from Lemma IV.1 that these states are orthonormal. The fact that they are eigenstates of all of the stabilizer elements of |g⟩ can be seen by noting that all elements of the Pauli group either commute or anticommute, so σ_iZ_{j(1)}|g⟩ = ±Z_{j(1)}σ_i|g⟩ = ±Z_{j(1)}|g⟩. Note that all of the eigenvalues of the stabilizer elements corresponding to these eigenvectors are equal to ±1. Writing |g^′⟩ = ∑ j a_j |v_j ⟩ and σ_i = ∑ j λ^{(i)}_j |v_j ⟩⟨v_j |, where the

λ^{(i)}_j = ±1 and evaluating the expectation value of σ_i in the state |g^′⟩, we find ⟨g^′|σ_i|g^′⟩ = ∑ j,k,l ⟨v_j |a^∗_j λ^{(i)}_k |v_k⟩⟨v_k |a_l|v_l⟩ = ∑ j,k,l λ^{(i)}_k a^∗_j a_l⟨v_j |v_k⟩⟨v_k |v_l⟩ = ∑ j λ^{(i)}_j |a_j |^2

= 1,

by assumption. In particular, for the case that σ_i is the identity operator, all of the λ^{(i)}_j are equal to 1, so ∑ j |a_j |^2 = 1. (24)

However, for any other stabilizer element, some of the λ^{(i)}_j are equal to -1. The only eigenvector |v_j ⟩ for which the corresponding eigenvalue is 1 for all of the stabilizer elements is the graph state itself, |v_0⟩ = |g⟩. Thus, the only way Eq. (24) can be satisfied for all stabilizer elements is if |a_j | = δ_{i,j} , which in turn implies that |g^′⟩ = |g⟩, up to a possible global phase. So we have proven that |g^′⟩ = |g⟩ if ⟨g^′|σ_i|g^′⟩ = 1, which in light of Lemma IV.1 tells us that |g^′⟩ = |g⟩ if ⟨g^′|σ_iZ_{j(1)}|g^′⟩ = δ_{j,0}, thereby completing the proof of the forward direction.

The reverse direction follows trivially from Lemma IV.1.

Similar conditions must be satisfied by SLOCCtransformed graph states, which can be determined by appropriately inserting resolutions of the identity I = SS^{−1} into Eq. (22).

Remark IV.3. Let |ψ⟩ = S|g⟩ and ⟨ϕ| = ⟨g|S^{−1}, where S ∈ SLOCC (2^n ) and |g⟩ is an n-qubit graph state with underlying graph G = (V, E). Then,

⟨ϕ|Z̃_{j(1)}|ψ⟩ = δ_{j,0} (25)

for all j ∈ {0, 1}^n, with Z̃_{j(1)} = SZ_{j(1)}S^{−1}.

It should be noted that in general ⟨ϕ| does not describe a normalized vector, regardless of whether |ψ⟩ was normalized. In principle, Eqs. (25) are conditions that must be satisfied by any |ψ⟩ that is SLOCC-equivalent to a graph state, and can therefore be used to test whether a given |ψ⟩ is inequivalent to a graph state. In practice, however, these conditions are not immediately useful as written. This is because we are not able to obtain ⟨ϕ| from |ψ⟩, as S^{−1} (or equivalently S) is not known. This deficiency can be resolved by means of an observation relating ⟨ϕ| to ⟨ψ|.

Lemma IV.4. Let |g⟩ be an n-qubit graph state with underlying graph G = (V, E). Let |ψ⟩ = S|g⟩ and ⟨ϕ| = ⟨g|S^{−1} for S ∈ SLOCC (2^n ). Let σ ∈ G_n be an element of the stabilizer for |g⟩. Let |g^∗⟩ = (|g⟩)^∗ denote the complex conjugate of |g⟩. Then, ⟨ϕ| = 1 det (S) ⟨ψ^∗|Y_V SY_V σS^{−1} (26) in any basis where |g⟩ = |g^∗⟩.

Proof. It is easy to verify that

S^{−1}_i = 1 det S_i

Y_iS^T_i Y_i, (27)

where i ∈ V. This immediately implies that

S^{−1} = 1 det S

Y_V S^T Y_V . (28)

Therefore, |g⟩ = S^{−1}|ψ⟩ = 1 det S

Y_V S^T Y_V |ψ⟩. (29)

Taking the transpose and assuming we are working in a basis where |g⟩ = |g^∗⟩ (such as the computational basis) gives ⟨g| = 1 det S ⟨ψ^∗|Y^T_V ( S^T )_T Y^T_V = 1 det S

⟨ψ^∗|Y_V SY_V . (30)

Note that ⟨ψ^∗| = |ψ^∗⟩^† = |ψ⟩^T . Right multiplying with σS^{−1} then yields ⟨ϕ| = ⟨g|S^{−1} = ⟨g|σS^{−1} = 1 det S ⟨ψ^∗|Y_V SY_V σS^{−1}.

Lemma IV.4 and Remark IV.3 are all of the ingredients that are necessary for proving the main theorem, Theorem III.1.

Proof. (of Theorem 1) Using Lemma IV.4, Eq. (25) can be rewritten in the computational basis as ⟨ϕ|Z_{j(1)}|ψ⟩ = 1 det (S) ⟨ψ^∗|Y_V SY_V σS^{−1}Z̃_{j(1)}|ψ⟩ = δ_{j,0}. Rearranging the expression above gives us the requisite form of the necessary and sufficient conditions, namely

⟨ψ^∗|Y_V SY_VZ̃_{j(1)}|ψ⟩ = det (S) δ_{j,0}. (31)

V. PRACTICAL TEST OF SLOCC-EQUIVALENCE

Eqs. (31) constitute a set of necessary and sufficient conditions for SLOCC-equivalence between a graph state |g⟩ and a pure state |ψ⟩. Thus, a given state |ψ⟩ can be tested for SLOCC-equivalence to |g⟩ simply by checking all of the conditions one at a time, setting the matrix elements of the location SLOCC-operators S_i to be unknowns. As mentioned in Section I, however, there are a few different types of conditions to be considered. First, the Category I conditions, those involving an odd number of unknown transformed Pauli operators for states with even numbers of qubits, and vice-versa, are automatically satisfied by all pure states and do not aid in the SLOCCequivalence test, as described in Lemma III.2. Here is the proof of that statement.

Proof. (of Lemma III.2) Using Eq. (27), we obtain ⟨ψ^∗|Y_VZ̃_J |ψ⟩ = ⟨ψ^∗|Y_V SZ_J S^{−1}|ψ⟩ = ⟨ψ^∗| ( S^T )_{−1} Y_V Z_J S^{−1}|ψ⟩ det (S) .

Taking the transpose of the above expression and noting that Y^T = −Y gives us ⟨ψ^∗|Y_VZ̃_J |ψ⟩ = ⟨ψ^∗| ( S^T )_{−1} Z_J Y_V S^{−1}|ψ⟩ det (S) (−1)^{|V|} .

Finally, using the anticommutativity of Y and Z yields ⟨ψ^∗|Y_VZ̃_J |ψ⟩ = ⟨ψ^∗| ( S^T )_{−1} Y_V Z_J S^{−1}|ψ⟩ det (S) (−1)^{|V\J|} = ⟨ψ^∗|Y_VZ̃_J |ψ⟩ (−1)^{|V\J|} .

Next, there are the Category II conditions, those that, while only being satisfied by SLOCC-transformed graph states, do not restrict the form of the SLOCC transformation, as given in Lemma III.3. This statement is proven below:

Proof. (of Lemma III.3) The case for which |J | and n have different parity is trivially covered by Lemma III.2, so suppose that they have the same parity. Consider a set of 3 operators { O_{J \i}X_i, O_{J \i}Y_i, O_{J \i}Z_i } ∈ { O^{(i)}_J } that are identical except for the local operator acting on site i ∈ J . Assume the conditions

⟨ψ^∗|Y_V S_V O_{J \i}X_iS^{−1}_V |ψ⟩ = 0; (32)

⟨ψ^∗|Y_V S_V O_{J \i}Y_iS^{−1}_V |ψ⟩ = 0; (33) ⟨ψ^∗|Y_V S_V O_{J \i}Z_iS^{−1}_V |ψ⟩ = 0 (34) to be true. From Lemma III.2 we can infer that ⟨ψ^∗|Y_V SO_{J \i}I_iS^{−1}|ψ⟩ = 0. (35) Constructing an arbitrary linear combination of Eqs. (32), (33), (34) and (35), we find that ⟨ψ^∗|Y_V S_{V\i}O_{J \i}S^{−1}_{V\i}S_i (aX + bY + cZ + dI) S^{−1}_i |ψ⟩ = 0, (36) where a, b, c, d ∈ C . But any arbitrary two-by-two matrix M over the complex numbers can be written as

M = S_i (aX + bY + cZ + dI) S^{−1}_i . (37)

Therefore, Eq. (36) is true for arbitrary S.

The above results tell us how to go about formally testing for SLOCC-equivalence between |ψ⟩ and |g⟩:

1. Construct formally all of the multivariate polynomial conditions of Eq. (31) for the cases in which j = 00 . . . 0, i.e. for which the right hand sides equal 1, treating the matrix elements of the local SLOCC-operators {S_i} as unknowns to be determined.

2. For each of the conditions obtained from the preceding step, construct all of the remaining conditions in which the unknown Pauli operator appearing has the same target (i.e. acts non-trivially on the same subset of the qubits), having right hand side zero. These are the Category III conditions.

3. The remaining conditions are all Category I or Category II and can be ignored, as they provide no information about the unknown SLOCC-operator S. 4. Use the Category III conditions in increasing order of polynomial degree to solve for the unknown matrix elements of the {S_i}.

Item (4) above may in practice be computationally difficult, so this SLOCC-equivalence test is not in general efficient. However, it is possible to detect SLOCCinequivalence earlier than may otherwise have been possible, as there are conditions that do not depend on the elements of the S_i, and also conditions that do depend on these elements, but are of low degree (see the examples of Section I). As a final comment, we note that for the case of graph states, the notions of SLOCC- and LUequivalence coincide [42], so this scheme may provide a generically efficient means for detecting LU-inequivalence of two graph states.

VI. CONSTRUCTING SEPARABLE STABILIZERS FOR SLOCC-TRANSFORMED GRAPH STATES

In this section, we briefly show how a separable general stabilizer for a SLOCC-transformed n-qubit graph state |ψ⟩ = S|g⟩ where S ∈ SLOCC (2^n ) can be built constructively given the state vector. By general stabilizer, we mean a group of order 2^n, each element of which fixes |ψ⟩, but which is not necessarily a subgroup of the Pauli group G_n. By separable general stabilizer, we mean a general stabilizer whose elements can be expressed as tensor products of single-qubit (not necessarily Pauli) operations. First, we show how to construct the separable stabilizer (in the usual sense where the local operators are Pauli) for a graph state itself, given the state vector.

Theorem VI.1. Let |g⟩ be an n-qubit graph state corresponding to an underlying graph G = (V, E). Let |v_j ⟩ = Z_{j(1)}|g⟩ and f_j = |v_j ⟩⟨v_j |. Then, the set { σ_i = ∑ j (−1)^{i·j}f_j } is a separable Pauli stabilizer for |g⟩. Proof. Let |g⟩ = G|+⟩^{⊗n}, where G = ∏ (i,j)∈E CZij is the product of controlled-Z operators between all pairs of qubits having an edge between them. Then,

σ_i = ∑ j (−1)^{i·j}f_j = G ∑ j (−1)^{i·j}Z_{j(1)} ( |+^{⊗n}⟩⟨+^{⊗n}| ) Z_{j(1)}G.

Assuming this works in the case where G is the identity operator (i.e. the graph state has no edges), it will clearly work in the cases where the graph states do have edges, since the case for no edges gives a separable Pauli stabilizer, and G is in the Clifford group. All that remains is to show that the construction works for the edgeless case, which can be done inductively. For the case of one qubit, we can easily verify that |+⟩⟨+| + |−⟩⟨−| = I, |+⟩⟨+| − |−⟩⟨−| = X. These are manifestly the elements of the Pauli stabilizer for the one-qubit graph state. We can write this as the matrix equation

⃗s_1 = [ 1 1 1 −1 ] [ |+⟩⟨+| |−⟩⟨−| ] (38) = √ 2H [ |+⟩⟨+| |−⟩⟨−| ] , (39)

where the components of the vector on the extreme right are two-by-two (density) matrices, H is the Hadamard matrix H = 1 √ 2 [ 1 1 1 −1 ] , and ⃗s_1 is also a vector of two-by-two matrices whose entries are the elements of the Pauli stabilizer for the one-qubit graph state. Now, for an inductive hypothesis, suppose that the k-qubit graph state has a corresponding stabilizer vector ⃗s_k given by

⃗s_k = 2^{k2} H^{⊗k} [ |+⟩⟨+| |−⟩⟨−| ]_{⊗k} . (40)

The vector of stabilizer elements for the k+1-qubit graph state corresponding to a graph with no edges is then clearly

⃗s_{k+1} = (√ 2H [ |+⟩⟨+| |−⟩⟨−| ]) ⊗ 2^{k2} H^{⊗k} [ |+⟩⟨+| |−⟩⟨−| ]_{⊗k}

= 2^{k+12} H^{⊗k+1} [ |+⟩⟨+| |−⟩⟨−| ]_{⊗k+1} , thereby proving the inductive hypothesis, and completing the proof.

The above theorem shows how to find the stabilizer of a given graph state constructively, in terms of the f_k matrices, which are obtained from the density matrix |g⟩⟨g| conjugated by all possible n-fold tensor products of Pauli Z operators and single-qubit identity operators. It is immediately apparent that if an operator σ fixes |g⟩, then the operator SσS^{−1} fixes S|g⟩. Therefore, the following corollary, which tells how to constructively obtain the separable generalized stabilizer of a SLOCC transformed graph state S|g⟩, holds immediately:

Corollary VI.2. Let |g⟩ be an n-qubit graph state corresponding to an underlying graph G = (V, E). Let |v_j ⟩ = Z_{j(1)}|g⟩ and f_j = |v_j ⟩⟨v_j |. Let |ψ⟩ = S|g⟩ where S ∈

SLOCC (2^n ). Then, the set { σ_i = ∑ j (−1)^{i·j}Sf_j S^{−1} } is a separable general stabilizer for |ψ⟩.

VII. CONCLUSIONS

In this paper, we have provided a method for testing SLOCC-equivalence between a graph state and an arbitrary quantum pure state. The method offers two clear advantages over direct solution of the defining equation |ψ⟩ = S|g⟩ for S: the multivariate polynomial equations to be solved are of generically much lower degree than those in the defining equation, and the number of equations of maximal degree to be solved is reduced. In particular, since the conditions to be satisfied can be arranged hierarchically in ascending order of polynomial degree, SLOCC-inequivalence between |ψ⟩ and |g⟩ can usually be detected without consideration of high-degree polynomial conditions. We have also provided a constructive method for determining the Pauli stabilizer of a given graph state; a method for constructing the generalized separable stabilizer for a SLOCC-transformed graph state follows naturally from here.

The principal significance of this work is to aid in the determination of realistic systems, namely the ground states of physically realizable Hamiltonians, that are resource states for measurement-based quantum computing. Although it is well-known that such resources cannot arise exactly as the non-degenerate ground states of Hamiltonians involving only two-body interactions, it may nevertheless be possible for a state that is SLOCCequivalent to a resource state to arise in such a context. The types of tasks that can be performed using such resource states (such as SLOCC-transformed cluster states) would in principle be the same as for the exact universal resource states themselves. In general, the scheme would involve POVMs rather than projective measurements, and the probability of success would in general be diminished from unity. The next step in this direction is to use the SLOCC-equivalence conditions generated in this work to examine some classes of physically realizable spin Hamiltonians to see if useful resources for MBQC arise as their ground states.

A relevant question is whether any significant improvements can be made to the SLOCC-equivalence test as phrased in order to make it efficient in general, even in the worst case. Examining Eq. 31, we see that in the case where j = 00 . . . 0 and σ_i acts as Y in all but one position, the multivariate polynomial equation is reduced to a degree-2 equation. If for a particular graph there exists a transformation by means of local complementations on vertices to another graph [43] with a stabilizer element having Y acting on all but qubit k, and this is possible for every choice of k, then the SLOCC-equivalence test will never require examination of any polynomial equations of degree higher than 2. It would be useful to identify classes of graphs for which such a local complementation scheme exists.

It would also be of great interest to develop a scheme by which to test SLOCC-equivalence of pure states to the so-called Matrix Product States (MPS), many of which serve as universal resources for MBQC [9], and of which the graph states are a proper subset. Another question of interest would be to determine if the scheme can be simplified in the case where the given state |ψ⟩ is itself a graph state with known stabilizer, as this would allow for an efficient test of LU-equivalence between two graph states. These questions will be addressed in future work.

VIII. ACKNOWLEDGEMENTS

The authors are grateful to Peter Høyer for enlightening conversations and for simplifying the proofs of Lemmas III.2 and IV.4. Funding for this project was provided by the Alberta Ingenuity Fund (AIF), the Natural Sciences and Engineering Research Council (NSERC), the Informatics Circle of Research Excellence (iCORE) and the Canada Foundation for Innovation (CFI).

[1] M. Hein, W. Dür, J. Eisert, R. Raussendorf, M. Van den Nest, and H. J. Briegel, in Proceedings of the International School of Physics “Enrico Fermi” on “Quantum Computers, Algorithms and Chaos”, Varenna, Italy (2005).

[2] H. J. Briegel, D. E. Browne, W. Dür, R. Raussendorf, and M. van den Nest, Nature Phys. 5, 19 (2009).

[3] C. Ju, J. Zhu, X. Peng, B. Chong, X. Zhou, and J. Du, Phys Rev A 81, 012322 (2010).

[4] N. Kiesel, C. Schmid, U. Weber, G. Tóth, O. Gühne, R. Ursin, and H. Weinfurter, Phys. Rev. Lett. 95, 210502 (2005).

[5] G. Vallone, E. Pomarico, P. Mataloni, F. D. Martini, and V. Berardi, Phys. Rev. Lett. 98, 180502 (2007).

[6] C.-Y. Lu, X.-Q. Zhou, O. Gühne, W.-B. Gao, J. Zhang, Z.-S. Yuan, A. Goebel, T. Yang, and J.-W. Pan, Nature Phys. 3, 91 (2007).

[7] C.-Y. Lu, W.-B. Gao, O. Gühne, X.-Q. Zhou, Z.-B. Chen, and J.-W. Pan, Phys. Rev. Lett. 102, 030502 (2008).

[8] Y. Tokunaga, S. Kuwashiro, T. Yamamoto, M. Koashi, and N. Imoto, Phys. Rev. Lett. 100, 210501 (2008).

[9] D. Gross and J. Eisert, Phys. Rev. Lett. 98, 220503 (2007).

[10] D. Gross, J. Eisert, N. Schuch, and D. Perez-Garcia, Phys. Rev. A 76, 052315 (2007).

[11] M. Van den Nest, A. Miyake, W. Dür, and H. J. Briegel, Phys. Rev. Lett. 97, 150504 (2006).

[12] M. Van den Nest, W. Dür, A. Miyake, and H. J. Briegel, New J. Phys. 9, 204 (2007).

[13] D. Gottesman, Stabilizer Codes and Quantum Error Correction, Ph.D. thesis, California Institute of Technology (1997).

[14] D. Schlingemann, Quant. Inf. Comput. 2, 307 (2002). [15] D. Markham and B. C. Sanders, Phys. Rev. A 78, 042309 (2008).

[16] R. Hübener, M. van den Nest, W. Dür, and H. J. Briegel,

J. Math. Phys. 50, 083303 (2009).

[17] G. De las Cuevas, W. Dür, M. van den Nest, and H. J.

Briegel, J. Stat. Mech., P07001(2009).

[18] M. Van den Nest, K. Luttmer, W. Dür, and H. J. Briegel, Phys. Rev. A 77, 012301 (2008).

[19] W. Dür, L. Hartmann, M. Hein, M. Lewenstein, and H. J.

Briegel, Phys. Rev. Lett. 94, 097203 (2005).

[20] J. Calsamiglia, L. Hartmann, W. Dür, and H. J. Briegel, Phys. Rev. Lett. 95, 180502 (2005).

[21] S. Anders, M. B. Plenio, W. Dür, F. Verstraete, and H. J.

Briegel, Phys. Rev. Lett. 97, 107206 (2006).

[22] S. Anders, H. J. Briegel, and W. Dür, New J. Phys. 9, 361 (2007).

[23] A. D. K. Plato, O. C. Dahlsten, and M. B. Plenio, Phys.

Rev. A 78, 042332 (2008).

[24] D. Gross, S. T. Flammia, and J. Eisert, Phys. Rev. Lett.

102, 190501 (2009).

[25] M. J. Bremner, C. Mora, and A. Winter, Phys. Rev. Lett.

102, 190502 (2009).

[26] C. H. Bennett, H. J. Bernstein, S. Popescu, and B. Schumacher, Phys. Rev. A 53, 2046 (1996).

[27] G. Vidal, Phys. Rev. Lett. 83, 1046 (1999). [28] W. Dür, G. Vidal, and J. I. Cirac, Phys. Rev. A 62, 062314 (2000).

[29] H.-K. Lo and S. Popescu, Phys. Rev. A 63, 022301 (2001).

[30] A. Peres, Foundations of Physics 20, 1441 (1990). [31] K. Kieling, T. Rudolph, and J. Eisert, Physical Review Letters 99, 130501 (2007).

[32] D. E. Browne, M. B. Elliot, S. T. Flammia, S. T. Merkel,

A. Miyake, and A. J. Short, New J. Phys. 10, 023010 (2008).

[33] D. M. Greenberger, M. A. Horne, and A. Zeilinger, in Bell’s Theorem, Quantum Theory, and Conceptions of the Universe, edited by M. Kafatos (Kluwer Academic Publishers, Dordrecht, 1989) pp. 69–72.

[34] V. Coffman, J. Kundu, and W. K. Wootters, Phys. Rev.

A 61, 052306 (2000).

[35] F. Verstraete, J. Dehaene, B. De Moor, and H. Verschelde, Phys. Rev. A 65, 052112 (2002).

[36] D.-F. Li, X.-R. Li, H.-T. Huang, and X.-X. Li, Quant.

Inf. Comput. 9, 778 (2009).

[37] D.-F. Li, X.-R. Li, H.-T. Huang, and X.-X. Li, Phys. Rev.

A 76, 052311 (2007).

[38] L. Lamata, J. Léon, D. Salgado, and E. Solano, Phys.

Rev. A 75, 022318 (2007).

[39] L. Gurvits, in Proceedings of the Thirty-Fifth ACM Symposium on Theory of Computing, San Diego, CA, USA (2003) pp. 10–19.

[40] M. B. Plenio, J. Mod. Opt. 54, 2193 (2007). [41] K. O. Geddes, S. R. Czapor, and G. Labahn, Algorithms for Computer Algebra (Kluwer Academic Publishers, Dordrecht, 1992).

[42] M. Van den Nest, J. Dehaene, and B. D. Moor, in Proceedings of the 16th International Symposium on Mathematical Theory of Networks (MTNS), K. U. Leuven, Belgium (2004).

[43] M. Van den Nest, J. Dehaene, and B. De Moor, Phys.

Rev. A 69, 022316 (2004).