The Gamut of Dynamic Logics*

Jan van Eijck'and Martin Stokhof?

15th July 2005

Abstract

Dynamic logic, broadly conceived, is the logic that analyses change by decom-
posing actions into their basic building blocks and by describing the results of
performing actions in given states of the world. The actions studied by dynamic
logic can be of various kinds: actions on the memory state of a computer, ac-
tions of a moving robot in a closed world, interactions between cognitive agents
performing given communication protocols, actions that change the common
ground between speaker and hearer in a conversation, actions that change the
contextually available referents in a conversation, and so on.

In each of these application areas, dynamic logics can be used to model the
states involved and the transitions that occur between them. Dynamic logic is a
tool for both state description and action description. Formulae describe states,
while actions or programs express state change. The levels of state descriptions
and transition characterisations are connected by suitable operations that allow
reasoning about pre- and postconditions of particular changes.

From a computer science perspective, dynamic logic is a formal tool for reasoning
about programs. Dynamic logics provides the means for formalising correctness
specifications, for proving that these specifications are met by a program un-
der consideration, and for reasoning about equivalence of programs. From the
perspective of the present paper, this is but one of many application areas. We
will also look at dynamic logics for cognitive processing, for communication and
information updating, and for various aspects of natural language understanding.
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1 Introduction

Notions involving change often have a dual character, an interplay between pro-
cess and product. While travelling from one place to another, one can either
focus on the process of ‘being on the road’ or on the result of this process, ‘be-
ing somewhere else’. Intellectual activities also have this dual nature: scientific
discovery denotes a process of reaching for new insights but also the resulting
insights, judgement denotes both the process of reaching a rational decision and
the decision that results from that process, computation involves a process of
stepwise changes, and the outcome of such a process, and so on.

The logical study of the interplay between process and product is called dynamic
logic. This paper gives an overview of various systems of dynamic logic, with il-
lustrations drawn from various application areas: programming, communicative
action and interaction, cognitive processing, natural language understanding. It
is aimed at researchers who have an interest in the formal analysis of compu-
tational and communicative processes. A more extended textbook introduction
to dynamic logics that is explicitly geared to computer science is the infor-
mative [63]. An earlier overview is [62]. Cf., also [15] for an introduction that
focuses on cognitive applications.

Dynamic logic can be viewed as dealing with the logic of action and the result of
action, and it can be used to model various kinds of actions and their results. A
rough classification might be the following. First of all there are computations,
i.e., actions performed on computers. Examples are computing the factorial
function, computing square roots, etc. Such actions typically involve changing
the memory state of a machine. Another type of action is that of communicative
actions, such as reading an English sentence and updating one’s state of knowl-
edge accordingly, engaging in a conversation, sending an email with cc’s, telling
one’s husband a secret. These actions typically change the cognitive states of
the agents involved. And then there are actions in the world, such as building
churches, destroying bridges, spilling milk. Such actions change the state of the
world. Of course there are connections between these categories and actions of
a mixed nature: a communicative action will usually involve some computation
involving memory, and the utterance of an imperative is a communicative action
that aims at an action in the world.

For a researcher who is interested in the formal analysis of actions of various
kinds dynamic logic can be viewed as a tool box: it provides concepts and
methods for description of actions and means to characterise the properties
of the resulting systems. Using these tools the researcher can then develop
specialised, tailored systems for dealing with specific kinds of actions: logics of
computation, logics of communication, logics of action. Inasmuch as they are
geared toward specific applications such systems may differ quite widely, but in
many cases their core can nevertheless be characterised formally in a uniform
way: many of these logics can be related to one or more varieties of modal logic,



taken in a suitably broad sense, viz., as the logic of ‘labelled transition systems’.

A labelled transition system (or LTS, or multi-modal Kripke model) over sig-
nature P, A, with P a set of propositions and A a set of actions, is a triple
(S, V, R) where S is a set of states, V : § — P(P) is a valuation function, and
R={%C S xS |ac A} is aset of labelled transitions, i.e., binary relations
on S, one for each label a. Let us illustrate the idea of an LTS by a few simple
examples.

If one interprets the labelled transitions as the changes in the memory state
of a computer, LTSs model computations, for example the simple assignment
Ti=y:

X 3 X 2
2%}, )
4 4 z 4

The command to put the value of register y in register x makes the contents of
registers  and y equal. Pioneer papers in the logic of computation are [43,70].

If one interprets the labelled transitions as accessibility relations on the cognitive
state space of a group of agents, LTSs can be used to model the information
that such agents have about the world, about each other’s information about
the world, each other’s information about each other’s information about the
world, and so on. And it can be used to describe changes in such information
states:

On the left is an epistemic situation where p is in fact the case (indicated by
a double circle), but a and b cannot distinguish between p and —p. If in such
a situation a receives the message that p is the case, while b is not informed
of this, the epistemic situation changes to what is pictured on the right. In the
new situation, a knows that p, and a also is aware of the fact that b does not
know, while b still does not not know, and b still assumes that a does not know.
See [68] for one of the earliest treatments of epistemic logic along these lines.
An overview of the development of epistemic logic is given in [48]. Cf., also [15].

Communicative actions may provide more detailed information about the world
than the information that a certain state of affairs is realised. In a discourse



(text, conversation), information is (often) conveyed piecemeal, and languages
contains various means for keeping track of what has been said about what.
Anaphoric pronouns are a case in point. Their role can be modelled by inter-
preting states as consisting of discourse items to which information is added in
an incremental fashion. The following illustrates the action on such a state that
is triggered by the use of an anaphoric pronoun:

man (0)
0 | man (0) "he is angry" | 0 angry (0)
1| woman (1) 1| woman (1)

In a discourse where a man and a woman have been mentioned recently, an
utterance of ‘He is angry’ receives a natural interpretation by linking the pro-
noun to the most salient appropriate discourse item, viz., the man that was just
mentioned. Early work in this area is in [65,79,83]. See [47] for an overview.

Yet another illustration of how LTSs can be used to model action is when one
interprets labelled transitions as actions on the state of the world. In that case
LTSs model changes in the world itself:

open window >

The action of window-opening changes a state in which the window is closed
into one in which it is open. More complex actions call for more complex models,
of course, in particular when we are interested in a more fine grained analysis of
the causality involved in bringing about changes. An early overview of the logic
of action is in [134]. For a more recent survey, cf., [114]. A different approach is
the stit-logic of Belnap, cf. [12].

These examples illustrate that it is possible to approach a wide variety of kinds
of actions from a unified perspective. What follows is intended to show that this
is not only possible, but also fruitful. Note that the diversity of applications of
dynamic logic also indicates that it is difficult to trace the various systems and
application to a single historic root. In fact, some of what appears uniform now,
as a matter of historical fact had quite diverse origins. For this reason we have
opted for a mainly systematic treatment, with occasional historical side remarks
where relevant.

The larger part of the survey of dynamic logic that follows is devoted to an ex-
position of two core systems of dynamic logic, viz., propositional dynamic logic
and quantificational dynamic logic, and three illustrative areas of application,



viz., programming, communicative action and dynamic semantics of natural
language.

One of the seminal papers in computer science is Hoare’s [70]. where the fol-
lowing notation is introduced for specifying what an imperative program does:

{ry ¢ {Q}

Here C is a program from a formally defined programming language for imper-
ative programming, and P and @) are conditions on the programming variables
used in C. Statement {P} C {Q} is true if whenever C is executed in a state
satisfying P and if the execution of C' terminates, then the state in which ex-
ecution of C' terminates satisfies Q. The ‘Hoare-triple’ {P} C {Q} is called a
partial correctness specification; P is called its precondition and () its post-
condition. Floyd-Hoare logic, as the logic of reasoning with such correctness
specifications is called, is the precursor of all the dynamic logics known today.
We will demonstrate Floyd-Hoare logic in Section 2.4, for the toy language
specified in Section 2.1. The specification of a toy programming language has
the additional benefit that it will allow us to demonstrate various approaches
to the semantics of programming. We will present example programs, formu-
late questions about their behaviour, and show how some of these questions are
answered with Floyd-Hoare logic. After that, we turn to dynamic logic proper
as a more general means of tackling such questions.

In section 3 we present what is perhaps the most basic system of dynamic
logic, propositional dynamic logic (PDL), a logic in which basic actions are
primitives. This feature makes PDL applicable in a wide variety of cases. For
example, if one interprets the basic actions as communicative actions that effect
cognitive states of sets of interacting agents, then dynamic logic takes the shape
of dynamic epistemic logic. This important area of application is treated in
detail in section 4.

When one takes memory change as the basic action, one gets quantified dynamic
logic (QDL), the system that is introduced and discussed in section 5. QDL has
its origin in correctness reasoning based on annotating programs with pre- and
postconditions. These historical connections are briefly traced. It is possible to
interpret QDL programs also in a different way, viz., as changing the cognitive
state of a language user. This potential relevance of QDL for an understanding
of natural language was actualised in what has been called the ‘dynamic turn’
in natural language semantics. In section 6 we focus on dynamic predicate logic
(DPL) as a subsystem of QDL. A more detailed treatment of the application
of dynamic concepts in natural language semantics is given in section 7.



2 Describing Change and Reasoning about Change

Consider the following problem concerning the outcome of a pebble drawing
action.

A vase contains 35 white pebbles and 35 black pebbles. Proceed as
follows to draw pebbles from the vase, as long as this is possible.
Every round, draw two pebbles from the vase. If they have the same
colour, then put a black pebble back into the vase, if they have
different colours, then put the white pebble back. You may assume
that there are enough additional black pebbles. In every round one
pebble is removed from the vase, so after 69 rounds there is a single
pebble left. What is the colour of this pebble?

Here is an implementation of this procedure, where the vase is represented as a
list of integers, the white pebbles are the occurrences of 0, and the black pebbles
the occurrences of 1. The draw function is coded in the programming language
Haskell [78]:

draw :: [Integer] -> [Integer]

draw [x] = [x]

draw (0:0:xs)

draw (1:1:xs)

draw (0:1:xs)

draw (1:0:xs)
The question: if this function is called with a list of thirty-five 0’s and thirty-five
1’s, in unknown order, will the outcome of the function be [0] or [1]?

draw (1:xs)
draw (1:xs)
draw (0:xs)
draw (0:xs)

The key to the solution is finding an invariant of the procedure, i.e., finding
a condition that does not change when a single pebble is removed from the
vase. It is not hard to see that when a pebble is drawn, the number of white
pebbles always remains odd. It follows that the last pebble is white. So the
draw function will return [0] on any permutation of the list of thirty-five 0’s
and thirty-five 1’s.

With this piece of reasoning we are in the realm of dynamic logic. Rather than
encode examples in an existing programming language like Haskell or Java,
it will turn out useful to introduce our own toy language for illustrations. As
dynamic logic describes the interplay between actions and resulting states, the
action description language is part and parcel of the dynamic logic language.

2.1 The WHILE Language

In what follows we define a simple programming language for programming
over the data type of the natural numbers, i.e., the set N ={0,1,2,3,...}, with
functions + for addition, * for product, and — for cut-off subtraction.

First, we distinguish between numbers and their names. Numbers are objects
in the mathematical realm, names are syntactic objects. A numeral is a name



for a natural number. E.g., ‘5’ is a name for the natural number 5. Assume N
is a set of numerals. Assume V is a set of variables. The sets N and V may
have further internal structure, but we will not bother to spell this out. Given
sets N,V , arithmetic expressions can be defined by means of +, *, —, as follows
(assume n ranges over the numerals and v over the variables):

a == nlvla +az]|a *ay|a—as.

This says that 345 % (674 8) and (345 % 67) + 8 are arithmetic expressions. (The
brackets indicate the manner of construction).

In terms of these arithmetic expressions we will now fix a small programming
language for programming with the natural numbers. We assume two further
primitive relation symbols ‘=’ for ‘equal’, and ‘<’ for ‘less than or equal’. This
allows us to define Boolean expressions (named after [20]), as follows:

B = T|a1:a2|a1§a2|—\B|Bl\/Bg

Note that instead of listing equalities a; = a9 explicitly, we might have in-
troduced them by way of abbreviation, as shorthand for a; < as A a2 < a;.
Arithmetic expressions and Boolean expressions figure in programming com-
mands, as follows:

C == SKIP|v:=a]|C; ; Cy|IF B THEN C; ELSE C, | WHILE B DO C.

The basic programming constructs of the WHILE language are SKIP for the
program that does nothing, and v := a for the program that assigns the value
of a to the variable v. Programs or commands can be composed by means of
sequencing, by means of conditionalisation, and by means of guarded repetition.
Further programming constructs can now be defined, e.g., REPEAT:

REPEAT C UNTIL B := (C ; WHILE =B DO C.

The WHILE language looks deceptively simple, but it is extremely expressive.
In fact, this little language is Turing complete, i.e., one can specify the behaviour
of any Turing machine in it ( [124]). This means in turn that anything that can
be computed on the natural numbers can (in principle) be computed by means
of a WHILE program.

2.2 Semantics

To specify the semantics, we take the natural numbers N with the operations
+, %, — and the relation < as given. We also assume that every numeral n in N
has an interpretation I(n) € N. Let g be a mapping from V' to N (an assignment
of natural numbers to the variables). The arithmetic expressions of the language
are now interpreted relative to assignment g, as follows:



[n]y == I(n)
[v]g 9(v)

[a1 +az]y = [a1]g + [az],
[a1 *az2]y = [ailg * [a2]g
[[al;aﬂ]g = [[al]]g;[[@]]g

The semantics of the Boolean expressions (or ‘Booleans’) of the language is
defined as follows:

[Mly =T
= = {7 e
sl = {5 oo

5 = { T e
oty = {7 U7 e

2.2.1 Natural Semantics for Commands

The semantics of the commands can be given in various styles. First we give
the so-called natural semantics, in the form of a specification of a transition
system.

For any valuation g, any variable v and any natural number d, let g[v — d]
be the valuation ¢’ that differs from ¢ at most in the fact that ¢’(v) = d. This
notion is familiar from the semantics of first order logic. Then the transition for
assignment commands is given by:

9 ——— glv laly]

The SKIP command does nothing:

KIP
g —XE g

Sequential composition combines two transition arrows:

g Ch g/ g/ Ca g//
Cyr 5 Cy "

g ————49

10



Conditional action makes a choice from two transition relations, depending on
the evaluation of the condition.

g C1 g/

IF B THEN C; ELSE C»>

, [[B]]g =T
g

C
g—=2.4

IF B THEN C; ELSE C> g [Blg=F

g
Guarded iteration does nothing if the guard fails to hold:

WHILE B DO C g [Bly =F

g

Otherwise the guarded action is performed and the WHILE command is exe-
cuted again in the result state.

C / / WHILE B DO C "
g——g g g
WHILE B DO C
g g//

[[B]]g =T

These rules define a transition relation ~~» on the set of all valuations, for
every command C. In order to derive a transition g <, g, construct a finite
derivation tree with ¢ — ¢’ at the root, with axioms at the leaves and each
internal nodes licensed by a transition rule. Here is an example, for the command
z:=ux ; x:=y ; y:= z executed in the state g = {z — 3,y — 2,z — 5}.
We use g¢; as shorthand for {z +— 3,y — 2,z — 3}, g2 as shorthand for {z —
2,y — 2,z +— 3}, g3 as shorthand for {z — 2,y +— 3,z +— 3}.

glﬂgg ggﬂ,g?,

g """ g 2V VE L gs

q Zi=x ; T:=Y ; Yi==2

93
This command computes the remainder upon division of x by y in x:
WHILE y < 2 DO z := 2—y.

The following variant computes the result of the division of z by y in z, and
the remainder in x:

2:=0; WHILEy <2 DO (z:=2—y ; z:=2z+1).

Abbreviate —a; = a9 as a1 # as, 7a1 < as as a1 > ao and —a; > ao as
a1 < ag. Euclid’s well known Greatest Common Divisor algorithm is now readily
expressed as a WHILE command. The following program computes the GCD
of z and y in z (and in y).

WHILE z # y DO IF 2 >y THEN z := 2—y ELSE y := y—ux. (1)

11



For state g = {x +— 24,y — 9}, program (1) leads to the following execution:

{z—24y—9} x:=2—y {z+— 15y 9}
ri=2—y {x+— 6,y— 9}
E
r:i=z—y {z+— 3,y 3}.

y—x {x+— 6,y — 3}

Consider the following command:

y:=1; WHILExz #1DO (y:=y*x ; x:=x—1). (2)
Let g be a valuation with g(x) = 3. Then one can use the transition rules to
show:

y:=1; WHILE z#1 DO (y:=y*z ; z:=z—1)

g glr— 1,y — 6].

When executed in a state g, command (2) computes the factorial of g(z) in y.

We say that a command C terminates in state g if there is a state ¢’ with
g <, ¢', and that C loops in state g if C' does not terminate in state g. It can

be shown by induction that it holds for all C' that if g <, ¢ and g 9, g" then
g = ¢” (WHILE programs are deterministic).

In simple cases it is easy to say whether a command terminates in a given
state. For example, the factorial command terminates for all states g, and the
command

WHILE 2z >0DO z:=x+1

loops for all states g with g(x) # 0. In general, however, termination of WHILE
programs for infinite state sets is undecidable. As an example of a difficult
decision problem about program termination, take the question whether the
following program terminates for all states with positive x:

WHILE z # 1 DO IF even (x) THEN z := /2 ELSE z := (3% z) + 1

Note that this example uses an operator / for integer division and a predicate
for evenness, but this is not crucial, for these extensions are definable in the

12



WHILE language. Here is an example run of the program:

o =7
r:=Bxz)+1 — x1=22
rx:=x/2 — wzp=11
x:=0B*xz)+1 — x3=34
rxi=x/2 — wq4=17
x:=0Bxx)+1 — x5=052
r:=x/2 — x6=26
x:=z/2 — x7=13
x:=Bxz)+1 — x253=40
r:=x/2 — w9=20
x:=z/2 — x10=10
r=z/2 — x11=5
r:=0Bxzx)+1 — x12=16
x:=x/2 — w13=238
x:=x/2 — z1u=4
r:=x/2 — x15=2
x:=x/2 — z16=1

Counterexamples against termination have never been found, but a proof of
termination has not been found either. This termination problem was posed by
Collatz in 1937, and it is still open.

2.2.2 Structural Operational Semantics for Commands

An alternative fashion of specifying the semantics of an imperative program-
ming language, due to Plotkin [104], specifies the transition system for a pro-
gram in a slightly different way, focusing on the smallest steps that a com-
putation can take. Here are the rules of what is called ‘structural operational
semantics’, or ‘small step semantics’. The transitions are now from pairs of a
state and a command to a state (such a transition expresses that the command
finishes in a single step), and from pairs of a state and a command to a new
state and a new command (such a transition expresses that the first step of the
command causes a shift to the new state, where the remainder of the command
is left to be executed).

Assignment commands finish in one step:
(g,v:=0a) = glv— [a]y].

The SKIP command also finishes in a single step, and it does not change the
state.
(9,9KIP) = g¢.

13



If the first command of a command sequence finishes in a single step, then the
second command of the sequence is all that is left:

(9,C1) = ¢
(9.C1 ; Co) = (¢,Cn)

If the first command of a command sequence does not finish in a single step,

we get:
(gacl) — (9/701/)
(9,C1 5 Co) = (¢,C1' ;5 Cy)

Rules for conditional action: the action depends on the outcome of the test.

Bl,=T
(9,IF B THEN Cy ELSE Cy) = (g,C4) 1Bl

=F

B
(9,IF B THEN C; ELSE Cs) = (g,C») 1Bl

Finally, the guarded iteration command. If the guard is not satisfied, the com-
mand finishes in a single step, and it does not change the state:

B],=F
(4. WHILE B DO 0) = g 00"

Otherwise the first step of the guarded action is performed, and in the result
state the remainder of the action plus the conditional iteration command are
put on the to-do list:

(9,C) = (¢',C")
(9, WHILE B DO C) — (¢/,C’; WHILE B DO O)

[[B]]g =T

To see how this works, consider the command z :=z ; z : =y ; y := 2z, executed
in the state ¢ = {x — 3,y — 2,2z — 5}. The structural operational semantics
rules yield the following:

{r—3,y—2,z—b}z:=x ; =y ; y:=2)
= {z—3,y—2,z—3}z:=y ; y:=2)
= ({r—2,y—2,2—3}y:=2)
= {r—2,y— 3,2~ 3}

It can now be proved by induction that these rules define the same ‘extensional’
behaviour as the original rules, in the sense that ¢ —— ¢ iff (9,C) =* ¢/.

The difference between natural semantics (large step semantics) and structural
operational semantics (small step semantics) shows up as soon as we add a
construct for error abortion to the language. Suppose ABORT is a program
that in any state g stops execution without yielding a new output state. Then
the difference between SKIP and ABORT is that we have (g, SKIP) — g and

g —SKIP o while from (g9, ABORT) there are no = arrows, and there are no

14



states ¢’ with g _ABORT | ¢'. It turns out that in natural semantics there is no

way to distinguish between abnormal termination and looping behaviour, while
in structural operational semantics there is. In natural semantics, ABORT and
WHILE T DO SKIP are equivalent, but in structural operational semantics
they are not, for the first has no derivation sequence at all, while the second
has an infinite one:

(9, WHILE T DO SKIP) = (g, WHILE T DO SKIP)
= (g9, WHILE T DO SKIP)
-

The natural semantics can be made more expressive by adding a special error

state e different from all the regular states, and adding the transition rules

g —ABORT o and ¢ —Y . e for all commands C. Under this modification

ABORT and WHILE T DO SKIP become distinguishable again in natural se-
mantics, for the first has a transition to e from anywhere, and the second has
no transitions from anywhere.

2.2.3 Interpreted versus Uninterpreted Semantics

The WHILE language over N is an example of an interpreted language. We can
also choose to interpret WHILE over different data structures. To see that this
makes a difference, consider the following program:

WHILE z # 0 DO z := p(x)

If p is interpreted as predecessor, this program will always terminate when
executed on N, but it will only terminate for states with a non-negative value
for x when executed on Z (the domain of integers). As another example, let 7
be the infinite binary tree given by:

7 == ()|70]|7T1
with a unary function T:: 7 — 7 defined by means of
10=(,170=171="T.

This specifies the following infinite binary tree:

15



Then the following WHILE program over 7
WHILE z # () Ay # () DO (z:=Tz ; y:=Ty)

will always terminate in a state where z = () or y = (), depending on which of
x,y is closer to the root () in the initial state.

WHILE programs can also be studied under the aspect of uninterpreted com-
putation. Given a first order signature o, we may be interested in equivalence
of WHILE programs for arbitrary ¢ models. E.g., the commands

IF B THEN ¢4 ELSE Cs

and
IF =B THEN Cy ELSE C;

are equivalent for any choice of B, (1, (s and any model M for the predicate
and function symbols that occur in B, (7, Cs. Uninterpreted reasoning is the
right level for comparing expressive power of programming language constructs,
for on the fixed domain N with zero, successor, addition and multiplication all
reasonable programming language have the same expressive power: they all
compute exactly the partial recursive functions. At the uninterpreted level,
extending the WHILE language with a construct for non-deterministic choice
C1 OR (5 strictly increases expressive power.

2.3 Non-determinism

Non-deterministic WHILE is the extension of WHILE with a construct for
choice C'1 OR (s, with semantics given by the following transition rules:

g C1 OR C2 g/

What this says is that a program like z := z+1 OR z := 2+ 2, when executed
in a state {x — 3} will produce two output states {x + 4} and {z +— 5}.

The structural operational semantics rules for choice are as follows:

(gucl OR CQ) = (gacl)

(gucl OR 02) = (9702)

Now consider program (3).

(WHILE T DO SKIP) OR z := z + 2. (3)
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According to the natural semantics, for no input state g is there an output
state ¢ with g —WHILE TDOSKIP -/ herefore, program (3) will only get
one derivation tree, namely that for:

(WHILE T DO SKIP) OR z:=2+2

g g{z — x + 2}

According to the structural operational semantics, we get two derivation se-
quences, one infinite

(g, (WHILE T DO SKIP) OR z := z + 2)
— (g9, (WHILE T DO SKIP)
— (g, (WHILE T DO SKIP)

and the other finite

(9, (WHILE T DO SKIP) OR z := z + 2)
= (g,z:=2+2)
= g{z — z+2}.

This illustrates that the structural operational semantics is more ‘fine-grained’
than the natural semantics. It also shows that the presence of non-determinism
may make looping behaviour more difficult to detect.

Programming language semantics in various styles for WHILE and its exten-
sions are discussed in [98]. Classics on denotational semantics for programming
are [119] and [112].

2.4 Floyd-Hoare Logic

One way of reasoning about WHILE commands (or about imperative programs
in general) is by using first order predicate logic for making assertions about
command execution. Floyd [43] and Hoare [70] proposed to use correctness
statements of the following form:

{v} C {y}

This expresses that command C' takes us from a precondition ¢, true at the
state where the command gets executed (the input state), to a postcondition 1,
true immediately after execution of the command. Since we are programming
over the natural numbers, we interpret the pre- and postconditions in N. This
gives the following formal interpretation of Floyd-Hoare correctness triples:

N {e} C{¢} iff
for all g,h, if N, pandyg ~ % . h, then N E=n 1.

An example of a true correctness statement is the following:

{x!=Z}yy:=1; WHILEz #1DO (y:=yx*x ; z:=2-1) {y=2}
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Figure 1: Floyd-Hoare Calculus for WHILE

assignment

skip

sequence

conditional choice

guarded iteration

{ea} v:=a {p}

{¢} SKIP {p}

{o} C1 {9} {1} Ca {x}
{w} C1 5 C2 {x}
{o A B} C1 {y} {o A=B} Cy {9}

{¢} if B then C else Cy {¢}

{p A B} C {p}
{¢} while B do C {¢ A —B}

precondition strengthening

postcondition weakening

NE —p {¢} C {¥}
{¢'} C {¥}

{v} C {v} NE¢ -9
{e} C{Y'}
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In connection with Floyd-Hoare style correctness assertions, the notions of
strongest postcondition and weakest liberal precondition arise in a natural way.
The strongest postcondition SP(p,C') of a predicate logical formula ¢ and a
command C' is the condition that holds in a state g if there is a state h satisfy-
ing ¢ that has a C' transition to g. Formally:

N k=, SP(p, C) iff there is an h with N =, ¢ and h —<— g.

The weakest liberal precondition WLP(C, ¢) of a predicate logical formula ¢
and a command C' has the following interpretation:

N =4 WLP(C, ¢) iff there is an h with N =5, ¢ and ¢ < . h

The connection with Floyd-Hoare correctness statements is as follows:

N E {p} C {SP(p,C)},

if N|= {¢} C {¢} then N |=SP(p,C) — ¢,
N = {WLP(C,¢)} C {¢},
if N={p} C {9} then N = ¢ — WLP(C, ).

This illustrates the view of WHILE programs as predicate transformers, map-
ping weakest precondition predicates on the natural numbers into strongest
postcondition predicates on the natural numbers.

A Floyd-Hoare calculus for WHILE programs is given in Figure 2.4. In the rule
for assignment, ¢} denotes the result of substitution of a for v in ¢. At first sight,
one might think that the assignment axiom should run {¢} v :=a {pL} instead
of {pl} v:=a {p}. This would be a mistake, for consider the example where ¢
equals the statement v = 0, and a equals v + 1. Then the rule {¢} v :=a {¢!}
yields the incorrect statement {v = 0} v := v+ 1 {v+ 1 = 0}, while the correct
rule {¢l} v :=a {p} yields the correct statement {v+1 =0} v := v+1 {v = 0}.

Note that the rules of precondition strengthening and postcondition weakening
in N are a kind of oracle rules, for implications 1 — ' on the natural numbers
may be undecidable.

Illustration To illustrate the use of the calculus, consider the factorial program
(2) again. Here are the correctness statements that prove the fact that this
program actually computes the factorial function:

L.{z!=Z}y:=1{yxal =2}

2. {yxxl=ZNx#0ty=yxx {y*sz! =2z}

3. {y*xxl=Zxax ANz #0} x:=2-1{y*xz! =7}

4 {yxx'\=ZANx#0}y:=y*xx ; x:=x—1{y*xazl=27}

5. {y*xz! = Z} WHILE z # 0 DO (y := y*z ; x := z—1) {y*z! = ZAz = 0}.
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6. {z! =2}
y:=1; WHILEz#0DO (y:=yxx ; v:=x—1)
{yxz!l=2Z Nz =0}

7. {2' =27}
y:=1; WHILEz#0DO (y:==yxx ; v:=2—1)
{v=12}

2.4.1 Properties

The Floyd-Hoare calculus for WHILE programs is sound, in the following sense:
if {¢} C {9} is derivable, using the rules for precondition strengthening and
postcondition weakening in N, then N |= {¢} C {t¢}. Soundness is easily shown
by induction on the length of Floyd-Hoare derivations.

The presence of the precondition strengthening and postcondition weakening
introduce an element of model checking into the Floyd-Hoare calculus, making
it into a hybrid tool for deduction and evaluation in N.

Since arithmetical truth is not effectively axiomatisable, the true correctness
statements for WHILE programs over N are not effectively axiomatisable either.
Indeed, we have, for every arithmetical formula ¢:

N = o iff N |= {T} SKIP {¢}.

However, because strongest postconditions can be expressed in the language of
N by means of encoding, we can get around this by allowing members of Th(N)
(the set of all predicate logical statements that are true on the natural numbers)
in correctness proofs [28]:

Theorem 1 (Cook, Relative Completeness) N = {¢} C {4} implies that
{¢} C {9} is derivable using Floyd-Hoare rules together with Th(N).

Proof. An induction on the structure of programs works. We just give the
case of guarded iterations. Let N = {¢} WHILE B DO C {¢'}. Now use the
fact that strongest postconditions are encodable in N to define

Xzayl"'yn(SP(QO? WHILEB/\(xl%yl\/"'\/xn%yn) DO C))

where x1,...,x, are all the variables occurring in C, and y1,...,y, are new.
Then y defines the states that can be reached from a ¢ state by means of a
finite number of C' transitions through B states. Thus, N = {x A B} C {x}.
This formula is derivable by the induction hypothesis. By the Floyd-Hoare rule
for guarded iteration, it follows from this that

{x} WHILE B DO C {x A -B}
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is derivable too. Since ¢ — x and x A =B — 1 are both true in N (the latter
because x A =B is equivalent to SP(¢, WHILE B DO (), by the rules for
precondition strengthening and postcondition weakening we get that

{¢} WHILE B DO C {¢}

must be derivable too. O

It is important to note that Floyd-Hoare correctness statements if this simple
form are not expressive enough to reason about termination. The following
correctness statement is true:

{z>1}
WHILE z # 1 DO IF even (z) THEN z :=2/2 ELSE z := (3% z) + 1
{z =1}

This expresses that if the command is executed in a state where x has a pos-
itive value, after termination x will have value 1. It does not express that the
command will terminate for all states with x positive. This is the reason that
Floyd-Hoare correctness statements are sometimes called partial correctness
statements.

To remedy this, calculi have been proposed with a stronger interpretation, for
reasoning about Floyd-Hoare triples expressing total correctness:

{v} C {49}

Such a total correctness statement expresses that if precondition ¢ is fulfilled
then C' is guaranteed to terminate in a state satisfying . To make this work,
the rule for guarded iteration has to be reformulated in terms of a decreasing
measure function M on the natural numbers, as follows (it is assumed that
NE(@AM=i4+1)—-Band NE (pAM =0) — —B):
{oAM=i+1} C{lpAM =i}
{Ji(pAM =4i)} WHILE BDO C {} p A M =0}

An overview of the development of Floyd-Hoare reasoning can be found in [2].
Floyd-Hoare reasoning is still a dominant tradition in program verification;
pre- and postcondition annotations can be used as formal specifications with
respect to which a program can be verified, where the verification process can
be partially automated [51,75].

Floyd-Hoare reasoning, the original flavour of dynamic logic for the analysis of
programming, is applicable to sequential transformational programs. Sequential
programs run on a single processor without involving concurrency. Transforma-
tional programs are programs that are expected to terminate with an output
after a finite number of steps. Sequential transformational programs are in the
realm of dynamic logic in the sense of the present paper.
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Reactive systems are systems that are expected to ‘run forever’; examples are
text editors, operating systems. Concurrent reactive systems also involve in-
teraction between processes; examples can be found in hardware systems, and
embedded systems like the software that controls ignition and fuel injection
of cars. The analysis and verification of (concurrent) reactive systems calls for
model checking methods using temporal computation tree logics such as CTL,
LTL and CTL* [26,27,105], and is outside the scope of our survey (but see
Section 3.6.8 below).
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3 Propositional Dynamic Logic

The language of propositional dynamic logic was defined by Pratt in [106,108] as
a generic language for reasoning about computation. Axiomatisations were given
independently by Segerberg [113], Fisher/Ladner [42], and Parikh [99]. These
axiomatisations make the connection between propositional dynamic logic and
modal logic very clear.

3.1 Language

Propositional dynamic logic can be viewed as a basic logic of change. Proposi-
tional dynamic logic abstracts over the set of basic actions, in the sense that
basic actions are atoms. This means that its range of applicability is vast. In
the WHILE language, the basic actions are definite assignments v := a and the
trivial action SKIP. Now the basic actions can be anything. The only thing that
matters about a basic action a is that it is interpreted by some binary relation
on a state set.

Dynamic logics have two basic syntactic categories: formulae and programs.
Formulae are used for talking about states, programs for classifying transitions
between states.

The same distinction can be found in all imperative programming languages,
by the way. Imperative programming languages have programs (often called
‘statements’) versus formulae (often called ‘Boolean expressions’). In the case
of the WHILE language, the booleans appeared as conditions in conditional
statements and as guards in guarded iterations.

Propositional dynamic logic is an extension of propositional logic with pro-
grams, just like basic modal logic is an extension of propositional logic with
modalities. Let a set of basic propositions P be given. Appropriate states will
contain valuations for these propositions. Assume a set of basic actions A. Every
basic action corresponds to a binary relation on the state set.

Let p range over the set of basic propositions P, and let a range over a set of
basic actions A. Then the formulae ¢ and programs « of propositional dynamic
logic are given by:

e = Tlpl-ple1Ves| (e
a == all|loar 5 aglagUag | a”

We employ the usual abbreviations: L is shorthand for =T, (1 Ag is shorthand
for =(=p1 V —p2), p1 — 2 is shorthand for -1 V 9, v1 < ¢y is shorthand
for (p1 — @2) A (g2 — 1), and [ag is shorthand for —(a)—p. Also, we will
use o for the program consisting of a sequence of n copies of «, i.e., we define

a” by means of a¥ :=?T, " :=a ; a".
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Taking the basic actions to be computations, we can use PDL to talk about
programming: for any program c«, («) T expresses that the program has at least
one successful computation, and [«] L expresses that the program fails (does
not produce any output). If the basic actions are communicative actions, e.g.,
public announcements, then (a)p expresses that a public announcement of «
may have the effect that ¢ holds. If the basic actions are changes in the world,
such as spilling milk S or cleaning C, then [C' ; S]d expresses that cleaning
up followed by spilling milk always results in a dirty state, while [S ; C]—d
expresses that the occurrence of these events in the reverse order always results
in a clean state.

Nor does this exhaust the application areas of PDL. In [19] and [87], variants
of PDL are used for defining a variety of structural relations in syntax trees for
natural language, and in [90] PDL is used to analyse XPath, a node addressing
language of XML documents.

3.2 Semantics

If Ry, Ry are binary relations on a state set S, then the relational composition
Ry o Ry of Ry and Ry is given by:

RioRy = {(tl,tg) €S xS | dtg3 € S ((tl,tg,) e R A (tg,tz) S RQ)}

Let I be the identity relation on S. Then the n-fold composition of a binary
relation R on S with itself is defined by recursion, as follows:

R =1
R* = Ro Rnfl
The reflexive transitive closure of R is given by:

R = U R".

neN
The semantics of PDL over P, A is given relative to a labelled transition sys-

tem M = (S, V,R) for signature P, A. The formulae of PDL are interpreted
as subsets of Sy, the actions a of PDL as binary relations on Sy (with the
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o . . . . a
interpretation of basic actions a given as —), as follows:

[TI™ = Sm
[PIM = {s€Sm|peVmls)}
[e]™ = Sm—[¢]M
o1 V™ = [ ™ U [po]™
[@)p]M = {seSwm |3t (s,t) € [a]™ and t € [p]M}
[a]™ = “m
[2e]M = {(s,5) € Sm x Sm | s € [¢]™}
[or 3 ao™ = [aa]™ o [ag]™
[or Uao™ = [aa]™ U [oe]™
[T = ([a]™)

If s € Spp then we use M =, ¢ for s € [o]M

These definitions specify how formulae of PDL can be used to make assertions
about PDL models. The formula (a)T, when interpreted at some state in a
PDL model, expresses that that state has a successor in the - relation in that
model.

A PDL formula ¢ is true in a model if it holds at every state in that model,
i.c., if []™M = Sp. Truth of the formula (a)T in a model expresses that > is
serial in that model.

A PDL formula ¢ is valid if it holds for all PDL models M that ¢ is true in
that model, i.e., that [¢]™ = Syr. An example of a valid formula is (a ; b)T «
(a)(0)T.

Note that 7 is an operation for mapping formulae to programs. Programs of the
form 7y are called tests; they are interpreted as the identity relation, restricted
to the states satisfying the formula.

Programming Constructs The following abbreviations illustrate how PDL ex-
presses the key constructs of imperative programming;:

SKIP = 7T
ABORT := 71
IF ¢ THEN «7 ELSE a3 (70 5 a1)U(?T=p ; ag)
WHILE ¢ DO « (79 5 )" 5 7
REPEAT o UNTIL ¢ = «a ; (779 ; a)* ; 7.

25



3.3 PDL Equivalences

The two PDL programs 8 ; WHILE ¢ DO 8 and REPEAT § UNTIL —¢ are
equivalent, in the sense that they will receive the same interpretations in all
PDL models, for any choice of PDL formula ¢ and PDL program 3. What this
means is that for any formula ¢, the formula

(8 ; WHILE ¢ DO )¢y < (REPEAT 8 UNTIL —¢)1

will be true in all PDL models.

Similarly, the formula
(IF ¢ THEN g ELSE ~)¢ < (IF - THEN ~ ELSE g)¢

will be true in all PDL models, for all choices of 3, ~, @, 1.

The regular expressions over a finite alphabet ¥ are given by (o ranges over X):
E = €|o|E ; E2| EyUEy | E*

The denotations of regular expressions over ¥ are precisely the regular lan-
guages over Y. Two regular expressions are equivalent if they denote the same
language. It is clear that if the basic actions are taken as the alphabet 3, regular
expressions correspond to PDL programs (take ?T for the empty string ).

Regular expression equivalence can be expressed in PDL, as follows. The regular
expressions (AUB)* and (A* ; B*)* are equivalent. This law translates into PDL
as the equivalence of the programs (U ()* and (a* ; £*)* (or the equivalence
of the formulae ((aU 3)*)¢ and ((a* ; *)*)¢). And so on.

3.4 Axiomatisation

The logic of PDL is axiomatised as follows. Axioms are all propositional tau-
tologies, plus the following axioms (we give box ([a])versions here, but every
axiom has an equivalent diamond ({c)) version):

X) el = ¢) = ([a]e — [a]y)
(test) = [?p1]p2 < (01 — @2)
(sequence) F [a1 5 aslp < [aa]as]e
(choice) F  [a1 Uag]p <« (a1 A [az]e
(mix) = [a7]p < @ Ala][a’]p
(induction) £ (o A[a*](p — [alp)) =[]

and the following rules of inference:

(modus ponens) From F ¢; and F ¢ — @9, infer F @o.
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(modal generalisation) From F ¢, infer  [a]ep.

The first axiom is the familiar K axiom from modal logic. The second captures
the effect of testing, the third captures concatenation, the fourth choice. These
axioms together reduce PDL formulae without * to formulae of multi-modal
logic. The fifth axiom, the so-called mix axiom, expresses the fact that o is a
reflexive and transitive relation containing «, and the sixth axiom, the axiom of
induction, captures the fact that a* is the least reflexive and transitive relation
containing .

All axioms have dual forms in terms of («), derivable by propositional reasoning.
For example, the dual form of the test axiom reads

= (Pe1)p2 < (1 A p2).
The dual form of the induction axiom reads
F{a®)p — oV {a") (= V(a)p).

Use I' - ¢ to express that ¢ is derivable using hypotheses from I' by means of
the axioms and inference rules of PDL. By induction on the length of proofs it
can be shown that PDL satisfies the deduction theorem:

TUu{e} Y iff T F @ — .
The deduction theorem will be used to facilitate PDL reasoning in what follows.

The following theorem shows that in the presence of the other axioms, the
induction axiom is equivalent to the so-called loop invariance rule:

¢ — [alp
¢ — ']y

Theorem 2 In PDL without the induction axiom, the induction axiom and the
loop invariance rule are interderivable.

Proof. For deriving the loop invariance rule from the induction axiom, assume
the induction axiom. Suppose

F o — la]e.
Then by modal generalisation:
= [ef](e — [edp).

Now assume . Then:
p o n(p = [ap).

From this by the induction axiom and propositional reasoning;:
o [ao.
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From this by conditionalisation (the left-to-right direction of the deduction
theorem):

E o — (o]
Now assume the loop invariance rule. We have to establish the induction axiom.
Assume ¢ and [o*](¢p — [a]p). Then by the mix axiom:
@, ["](p — [ap) F o — [a]e.

From this, by propositional reasoning;:

@, [a"](p — [a]p) F [a]p.
Conditionalisation:
F (e A [a™](e = [a]e)) — [a]e.

Applying the loop invariance rule to this yields the induction axiom:

F (e Aet](e — [ale) — [a7le.

3.5 PDL and Floyd-Hoare Reasoning

Floyd-Hoare correctness assertions are expressible in PDL, as follows. If ¢,
are PDL formulae and « is a PDL program, then

{#} o {y}

translates into

v — lafy.
Clearly, {¢} o {¢} holds in a state in a model iff ¢ — [a]¢ is true in that state
in that model.

The Floyd-Hoare inference rules can now be derived in PDL. As an example we
derive the rule for guarded iteration:
{e A9} o {y}
{v¥} WHILE ¢ DO a {—¢ A ¢}

Let the premise {¢ A} a {1} be given, i.e., assume (4).

(e AY) — [aly. (4)
We wish to derive the conclusion

- {¢} WHILE ¢ DO a {~¢ A ¢},
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i.e., we wish to derive (5).
F = [(7pia)" ; 7ol (e AY). (5)
From (4) by means of propositional reasoning;:

F — (¢ — [a]P).

From this, by means of the test and sequence axioms:

FY =l ;5 aly.
Applying the loop invariance rule gives:
FY—le; o).

Since 1 is propositionally equivalent with ¢ — (= A1), we get from this by
propositional reasoning;:

o —=[e 5 a)loe = (te AY)).

The test axiom and the sequencing axiom yield the desired result (5).

3.6 Properties
3.6.1 Failure of Compactness

The presence of the * (Kleene star) operator causes true infinitary behaviour.
In particular, the compactness theorem, which says that finite satisfiability of
an infinite set of formulae I" implies satisfiability of I', fails for PDL. Here is an
example of a set of PDL formulae that is finitely satisfiable but not satisfiable:

{{a*)p)} U {-p, =(a)p, ~(a®)p,...}.

3.6.2 Finite Model Property

A logic has the finite model property (fmp) if every non-theorem of the logic has
a finite counterexample. Having the fmp implies decidability, but not conversely
(there are decidable logics without the fmp). We will now show that PDL has
the fmp.

For normal modal logic, the fmp can be shown by means of the so-called filtra-
tion method [18, Ch 2], using subformula closed sets of formulae. Because of the
presence of the star operator, in the case of PDL closure under subformulae is
not enough. We also need to make sure that program modalities are decomposed
in an appropriate way. For this, we use so-called Fisher-Ladner closures [42].

Define FL(y), the Fisher-Ladner closure of a PDL formula ¢, as follows. FL(y)
is the smallest set of formulae X containing ¢ that is closed under the follow-
ing operations (the definition assumes diamond modalities here; an equivalent
formulation in terms of box modalities is also possible):
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if v € X then ¢ € X,

if (1/}1\/1/12) € X then 1 € X 99 € X,

if (a)y) € X then ¢ € X,

if (1 ; o) € X then (a1)(a)y € X,

if (; Ua)yp € X then (a1)y V (a2)y € X,

if (?1)1h2 € X then Yy € X, 1909 € X

if (a*)yp € X then (a)(a*)y € X.

Note that FL(p) is always finite. E.g., FL({(a ; b)*)(pV q)) equals

o~ o~~~

{{(a ; ©)*)pVa),rVaenaq
((@ 5 0)){(a ;5 0)")(pVa)(@)d)(a; b)) pVa) ®)a; b))PVa}

Using FL(¢p), define filtrations of LTSs, as follows. Let M = (S,V, R) be an
LTS. For every s, let 5 = {¢) € FL(p) | M =, ¢}.

Set 3Ryt if Ju,v € S such that uR,v and @ = 5 and v = ¢. Finally, put
V(s)={pe€ P|pec s} Let M= (5,V,R). Then one can prove:

Lemma 3 (Filtration Lemma) For all ¢ € FL(p), all s € S:

M|:s¢lﬁm):§¢

Proof. One shows with induction on the complexity of formulae and programs
occurring in FL(yp) that:
. Mﬁswiﬁm_):g_w.
° if sR,t then SR, t.
The crucial step is the following. Suppose that (a)v is true in M on 5. Then
there exists a computation path for « consisting of a finite sequence of atomic
transitions

§—58 — - — 8, =1,
with appropriate atomic R, links between 5; and 5;41, and possible appropriate
tests ?x; at 5;, and with 1) true at t.

By the definition of R,, there has to be a corresponding ‘pseudo computation
path’

S~U— 8§ ~ U] = — Uy ~ T,

where z ~ y expresses that £ = §. Moreover, we have by the induction hypoth-
esis that the same test conditions 7y; hold at s; and u;, and that v holds at u,
and t.

Next, prove by induction on «:

If ()Y € FL(y) and there is pseudo computation path for o from
s to t with M = ¢ then M =, ().

This clinches the argument. a
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3.6.3 Decidability

Decidability follows from the filtration lemma:

Theorem 4 Universal validity for PDL is decidable

Proof. By the filtration lemma, counterexamples for a formula ¢ must already
show up in models with at most 2/FL®) states. It is possible, in principle, to
inspect all of these. O

It follows immediately that satisfiability for PDL is decidable too: to check that
¢ is satisfiable, just find a satisfying model with at most 2/FL(®)| states.

3.6.4 Converse

Let ~ (converse) be an operator on PDL programs with the following interpre-
tation:

[T = {(s,6) | (t,5) € [a]™}.

It is easy to see that the following equations hold:

(a; B) = B o

(@Up)” = a’up”

(@) = (a)

This means that it is enough to add converse to the PDL language for atomic
programs only. To see that adding converse in this way increases expressive
power, observe that in state 0 in the following picture (a”)T is true, while in

state 2 in the picture (a”)T is false. On the assumption that 0 and 2 have
the same valuation, no PDL formula without converse can distinguish the two

states.

a

Suitable axioms to enforce that a” behaves as the converse of a are well known
from temporal logic (read (a) as F ‘once in the future’, [a] as G ‘always in the
future’, (a”) as P ‘once in the past’, [a”] as H ‘always in the past’, [109,110]):
¢ — [al{a)y
¢ — [ala)p
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3.6.5 Wellfoundedness, Halting

For deterministic programs «, formula (a) T expresses that o does not loop. For
non-deterministic programs «, however, there turns out to be no PDL way to
express non-looping behaviour. If «v is non-deterministic, («) T merely says that
in the current state there exists a terminating run for «, it does not preclude
the existence of diverging runs. For example, formula ((?T)*)T will be true at
any state, while (?T)* has diverging runs from every state.

One way to deal with this situation is to add a predicate to PDL to express
wellfoundedness. A relation R is wellfounded in sq if there does not exist an
infinite sequence sg, s1, ... with

soRs1,s1Rsa,. ..
Let wellfounded be a predicate for this. Then its interpretation is:
[wellfounded(a)]M = {so € Snm | =3s1,82,...¥i > 0(si,5i11) € [a]™}.

In terms of wellfounded, a predicate halt for program termination can be
defined as follows:

halt(a) = T
halt(?7¢) = T
halt(a ; ) := halt(a) A [ajhalt(f)
halt(a U ) := halt(a) A halt(f)
halt(a™) := wellfounded(a) A [a*]halt(«)

What the definition of halt for programs of the form a* says is that for a* to
halt it has to be the case that a is wellfounded at the present state (so that
its execution can not be repeated without end), and also a has to halt at all
states that can be reached in a finite number of « steps from the present state.
This expresses that o* can loop for two reasons: (i) because v can be repeated
without end, or (ii) because after repeated execution of « there is a state where
« itself does not terminate.

Applying this to the example program (?T)*, we get:

halt((?T)*) = wellfounded(?T) A [(?T)*|halt(?T)
wellfounded(?T) A [(?T)*]T
wellfounded(?T) A T

= 1

What this says is that (?T)* does not halt because the test 7T is not wellfounded
(for 7T can be repeated an arbitrary number of times).
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Floyd-Hoare total correctness statements for PDL programs «,

{v} a{l ¢}

can now be expressed as:

¢ — [a]Y A p — halt(«).

Every state in the infinite model of the following picture satisfies halt(a), but
clearly, any filtration of this model must collapse some of the states, and in
these collapsed states halt(a) will fail. This shows that extending PDL with a
halt predicate (and, a fortiori, extending PDL with a wellfounded predicate)
increases expressive power.

3.6.6 Further Extensions and Variations

Other possible extensions of PDL are with intersection and nominals [101]. The
extension with nominals turns PDL into a kind of hybrid logic [4]. Replacing the
regular programs of PDL by finite automata yields a formalism with the same
expressive power but allowing more succinct descriptions: see [63]. Replacing
the regular programs of PDL with another data structure such as pushdown
automata or context free grammars or flowcharts yields more expressive (but
also more complex) formalisms.
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3.6.7 Complexity

Although satisfiability checking in individual LTSs can be done quite efficiently
(i.e., in polynomial time), the above algorithm for checking satisfiability is highly
inefficient, because the size of the models to check is exponential in the size of
the formula, and the number of these models is doubly exponential in the size of
the formula. So the naive satisfiability checking algorithm is doubly exponential
in the size of the formula.

Time complexity of the satisfiability problem for PDL is singly exponential: an
exponential algorithm is given in [107]. One cannot do better than this: [42]
establishes an exponential-time lower bound for PDL satisfiability, by showing
how PDL formulae can encode computations of linear-space-bounded alternat-
ing Turing machines. An exponential time satisfiability algorithm for PDL with
converse is given in [120]. Intuitively, adding converse does not increase complex-
ity, for converses of atomic programs a can be taken as atoms, and the definition
of converse for complex programs is linear in the size of the programs.

3.6.8 Modal p calculus

For a proper perspective on PDL, it is useful to contrast it with a much more
expressive dynamic logic, the modal p calculus.

Let a set of proposition letters P = {po, p1, ...}, a set of actions A = {ag, a1, ...},
and a set of variables V = {Xj, X1,...} be given. Assume p ranges over P, a
ranges over A, and X ranges over V. Then the set of u formulae is given by the
following definition:

o = TIp|X|-¢|p1Ves|(a)p|uX.p,

with the syntactic restriction on uX.p that occurrences of X in ¢ are positive.
An occurrence of X in a formula ¢ is positive if the occurrence is in the scope
of an even number of negation signs.

Interpretation is in LTSs M, relative to an assignment g : V- — P(Sm). If T' is
a subset of Sy, g[X +— T is the assignment that is like g except for the fact
that it maps X to T.

[TI3" = Sm
[pIy" = {s€Sm|peVauls)}
[XI3" = 9(X)
[~elyt = Sm— [l
[erValyt = [ealy" Ulealy!
[[(a,>g0]]lgvI = {se€Sv|TtsStandtc [[cp]]lgvl}
Xely = [(WTCSmllelyx .o €T}
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The clause for puX.p expresses that the interpretation of this formula is the
least fixed point of the operation T +— [[(p]]lgv[ITHS}. Thanks to the fact that X
only occurs positively in ¢, this operation is monotone:

if T C S then [[@]]Ef[XHT} c [[‘P]]EEIX.—»S]'

It follows, by a theorem of Knaster and Tarski (see, e.g., [29]), that the operation
has a least fixed point, and that this least fixed point is given by the semantic
clause for pX.p. The proof of this fact is instructive.

For simplicity we use [p]T for [[ap]]gfl and [p] for T — [p|T. Let

X—T]
W o= ({TCSulle)T C T}
F = {TCSullT T}

We have to show that W is the least fixed point of [¢].

First we show [p]W C W. Observe that for all U € F we have W C U and
[¢]U C U. By monotonicity of [¢], [p]W C [¢]U, and therefore, by [p]U C U,
[p]W C U. From the fact that for all U € F it holds that [¢|W C U we get the
desired result [p]W C W.

Next we show W C [p]WW. We start out from the previous result [p|]W C W.
By monotonicity of [¢] we get from this that [¢][p]W C [¢|W. This shows that
[p]W € F, whence W C [p]W.

Finally, to show that W is the least fixpoint, observe that any fixpoint U of [¢]
is in F, so that W C U.

The modal p calculus translates into second order predicate logic as follows:
X° = X(x)
(1X.0)° = VX(Val(p® — X(2) — X()).
This translation is called the standard translation into monadic second order

logic, monadic because the predicate variables X quantified over in the trans-
lation are unary.

The p calculus can be presented in PDL format by distinguishing between
formulae and programs, as follows:

p u= TplX|=plerver [(@e|nXe
a = al?l¢|lapUaz|aas|a”

again with the syntactic restriction on puX.p formulae that X occurs only pos-
itively in ¢.
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This PDL version of the p calculus does not have greater expressive power than
the original, for we have the following equivalences:

(Pe1)p2 = P12
(mUa2)p = (a)pV (a2)p
(asa2)p = (a1)(ag)p

(@) = pX.(pV{()X).

To see that (a*)¢ and puX.(¢ V (a)X) are equivalent, observe that the least
fixpoint of the operation

T [efMU{seSy|TteTs>t}

is equal to the set
{s€ Sy |3te[eMsSt).

We will now show that the p calculus has greater expressive power than PDL.
In PDL, there is no way to express that a program is wellfounded. The following
formula expresses wellfoundedness of « in the p calculus:

uX.[a] X.

The meaning of this may not be immediately obvious, so let us analyse this a
bit further. Let

W :={s € Sm | there is no infinite « path from s}.

Then clearly, {s € Sy | if s = t then t € W} = W. If there is no infinite «
path starting form s, then there is no infinite a path from any « successor of «,
and if at no « successor of s an infinite o path starts, then no infinite o path
starts from s. In other words, W is a fixpoint of the operation

T {scSy| if s> tthenteT}.

We still have to show that W is also the least fixpoint of the operation. So
suppose U is another solution:

{scSu| ifsStthentecU}=U. *)

We have to show that W C U. Assume, for a contradiction, that there is some
s € W with s ¢ U. From (*),

s¢{scSy| ifs>tthentc U}

It follows that for some t € Sy; we have s ¢ and t ¢ U. Continuing like this,
«

we find t 5 ¢/ with t' ¢ U, ' 5 ¢" with ¢ ¢ U, and so on, an infinite o path
starting from s, which contradicts the assumption that s € W.
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To define a greatest fixpoint operator dual to u, use

vX.p = pX.(p[X — —X]),
where ¢[X — —X] denotes the result of replacing every occurrence of X in ¢
by =X.

The p calculus originates in [86]. It has great expressive power (it subsumes
PDL, CTL, LTL and CTL*), it is decidable and has the finite model property
[121], but it has greater complexity than PDL: known decision procedures use
doubly exponential time.

Kozen [86] proposed an elegant proof system: the axioms and rules of multi-
modal logic together with the axiom

pX.o = o[ X = pX.g

and the following rule of inference:
P X — ] — o
pX.p— 1
This axiomatisation is sound and complete.

Alternatively, PDL style u calculus is axiomatised by the axioms and rules of
PDL plus the p axiom and the p rule of inference.

3.6.9 Bisimulation

PDL and modal i calculus are both interpreted in LT'Ss. But the correspondence
between LTSs and processes is not one-to-one. The process that produces an
infinite number of a transitions and nothing else can be represented as an LTS
in lots of different ways. The following representations are all equivalent:

O ORC

a a
a °
a
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The notion of bisimulation is intended to capture such process equivalences. A

bisimulation C between LTSs M and N is a relation on Sy X Sy such that if

sC't then the following hold:

Invariance Vi(s) = Vn(t) (the two states have the same valuation),

Zig if for some a € S; s — s’ € Ry then there is a t' € Sy with ¢t 5 ¢/ € RN
and s'Ct'.

Zag same requirement in the other direction.

One uses M, s « N, to indicate that there is a bisimulation that connects s

and t. In such a case one says that s and ¢ are bisimilar.

e

D b ad

ORCIC),
<

In the LTSs of the picture, 0 <= 2+ 4 and 1 < 3 < 5.

Bisimulation is intimately connected to modal logic, as follows. Modal logic
is a sublogic of PDL. It is given by restricting the set of programs to atomic
programs. Usually, one writes <, for (a):

@ = Tlp|-p|e1Ve|{a)yy

Bisimulations can be viewed as a motivation for modal logic. A global property
of LTSs is a function P that assigns to any LTS M over a given signature
a property Py € Swm. A global property P is invariant for bisimulation if
whenever C' is a bisimulation between M and N with sCt, then s € Py iff
tePn.

Modal formulae may be viewed as global properties, for if ¢ is a modal formula,
then AM.[¢]™M is a global property. Similarly for formulae of first order logic.

An example of a first order logic formula that is not invariant for bisimulation
is the formula R,(z,x). This formula is true in state 0, but false in bisimilar
state 1 in the following picture:
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o
(2 D

Another example of a first order logic formula that is not invariant for bisimu-
lation:

@(m) - Ely(Ra(xu y) A Rb($7y))

The picture below indicates that ¢(z) is not invariant for the example bisimu-
lation that links 0 to 2 and 1 to 3 and 4. The state 0 satisfies ¢(z) while 2 does
not, and the two states are bisimilar.

Clearly, all modal formulae are invariant for bisimulation: If ¢ is a modal formula
that is true of a state s, and s is bisimilar to ¢, then an easy induction on the
structure of ¢ establishes that ¢ is true of ¢ as well.

More surprisingly, it turns out that all first order formulae that are invariant
for bisimulation are translations of modal formulae. If first order logic is given
and bisimulation is given, modal logic results from the following theorem:

Theorem 5 (Van Benthem, [13]) A first order formula ¢(x) is invariant for
bisimulation iff ¢(x) is equivalent to a modal formula.

One direction of this can easily be verified by the reader: if ¢ is a modal formula,

it can be proved by induction on formula structure that ¢ cannot distinguish
between bisimilar points.

39



The argument for the other direction is more involved. We give a sketch of
the proof. Define ¥ as the set of modal formulae that are implied by ¢(z), as
follows:

U := {4 | ¢ is a modal formula and ¢(z) = 9 }.

Next, if we can prove that ¥ = ¢(x), then the compactness theorem for FOL

gives us {¢1,...,¢¥,} C ¥ with ¢1,...,9%, | ¢(z), and we see that ¢(x) is
equivalent to the modal formula 11 A -+ A y,.

So suppose M =; ¥. We are done if we can show that M =5 ¢(z). For this,
consider the modal theory of s, i.e., the set of modal formulae true at s:

® := {¢ | ¢ is a modal formula and M =, ¢}.

Now @ U {p(z)} must be finitely satisfiable (i.e., any finite subset must be
satisfiable), for if not then there are ¢1,...,¢, € ® with ¢p(z) = -1 V-V
—pn, Which contradicts the fact that —¢; V -V g, is false at s. Using the
compactness theorem for FOL again, we see that there must be some node ¢ in
an LTS N with N =, @ U {p(2)}.

There is one given that we haven’t used yet: ¢(x) is invariant for bisimulation.
To use that given, we replace M and N by so-called w saturated elementary
extensions M*® and N°.

A FOL model M is w saturated if whenever ®(x, y1,...,y,) is a set of first order
formulae, and dy, ..., d, are elements of the domain of M, then ®[z,dy,...,d,]
is finitely satisfiable, i.e., for every finite subset ®y of ® we can find a d in the
domain of M with M = ®[d, dy,...,d,].

Every FO model has a an w saturated elementary extension (see Chang and
Keisler [23, Ch 6] for a proof), so the replacement of M, N by M*® N* is war-
ranted. Moreover, N*® |= ¢(x), for truth of ¢(z) is preserved under the extension.

Lemma: If M, N are w saturated, then the relation of modal equivalence is a
bisimulation between them.

Proof of the lemma: Let M, N be w saturated. Let = be the relation of being
modally equivalent. Let M,s = N,¢. We show that s < ¢, by checking the
clauses for bisimulation:

Invariance Clearly, s and t have the same valuation.

Zig Suppose s — s'. Let ® be the set of modal formulae that are true at
s’. Then for every finite subset ®y of ®, M =5 (a) A\ ®g. Since s = ¢,
M =, (a) \ ®o, so there is a ¢’ with t = ¢/ and M =y ®y. Thus, ® is
finitely satisfiable in a successors of ¢. By the fact that N is w saturated,
it follows that there is a ¢’ with t % ¢ and N =, ®.

Zag Same argument in the other direction.

Back to the main proof. N® =, ® A p(x) and M® =, @, where ® is the modal
theory of s. Thus, s,t have the same modal theory, and invoking the lemma
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we see that s < t. Since (z) is invariant for bisimulation, M® =, ¢(x), hence
M =5 o(). =

Bisimulations are also intimately connected to PDL, as follows.

A global relation is a function R that assigns to any LTS M over a given
signature a relation Rpyy C Sy x Sm- A global relation R is safe for bisimulation
if whenever C' is a bisimulation between M and N with sCt, then:

Zig: if sRyps’ then there is a t' with tRnt’ and s'Ct/,

Zag: vice versa: if tRnt’ then there is an s’ with sRys’ and s'Ct.

An example of a relation that is not safe for bisimulation is the relation given
by the following first order formula:

o(z,y) = Ro(z,y) Nz =y.

Look at the counterexample picture for invariance of R, (z,z) again. Formula
o(z,y) is true of state pair (0,0) and false of the state pair (1,2) in that picture,
but 0 and 1 are bisimilar, and (0, 0) satisfies the zig, and (1, 2) the zag condition
for bisimulation.

Another counterexample for safety for bisimulation is provided by the following
formula:

1/)($,y) = Ra((E,y) N Rb(ﬂ?,y).

Look at the counterexample picture for invariance of Jy(R.(z,y) A Rp(z,y))
again. Formula ¢ (x,y) is true of state pair (0,1) and false of state pairs (2, 3)
and (2,4), while 0 and 2 are bisimilar, (0, 1) satisfies the zig condition, and both
(2,3) and (2,4) satisfy the zag condition for bisimulation.

In fact, invariance for bisimulation and safety for bisimulation are closely con-
nected. If ¢(x) is invariant for bisimulation then p(z) A z = y is safe for bisim-
ulation. Conversely, if ¢(x,y) is safe for bisimulation, and P is some unary
predicate that does not occur in ¢ then Jy(p(x,y) A P(y)) is invariant for
bisimulation.

Note that the notion of safety for bisimulation generalises the zig and zag con-
ditions of bisimulations, while invariance for bisimulation generalises the invari-
ance condition of bisimulations.

A modal program is a PDL program that does not contain *. Modal programs
can be viewed as global relations, for if a is a modal program, then AM.[a]™
is a global relation.

It is not difficult to see that all modal programs are safe for bisimulation.
The surprising thing is the converse: all first order relations that are safe for
bisimulation turn out to be translations of modal programs.

Theorem 6 (Van Benthem [14]) A first order formula ¢(x,y) is safe for
bisimulation iff o(z,y) is equivalent to a modal program.
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Proofs of this can be found in [14, 73]. The perspective on Van Benthem’s
characterisations of modal logic and PDL is from [73]. In fact, Van Benthem
gives a slightly different characterisation. He proves that any bisimulation safe
first order formula can be generated from atomic tests 7p, atomic actions a,
sequential composition ;, choice U and dynamic negation ~, where ~a« is
interpreted by:

[~a]M = {(s,s) € Sm x Sm | —3t(s, 1) € [o]M}

The two characterisations are equivalent, for ~« is definable as the PDL pro-
gram ?([a]Ll), while any modal PDL test ?¢ can be expressed in terms of
dynamic negation using the following translation:

(?T)° = ~1
(P(e1Ve))” = (791)°V (T2)°
(7=9)* = ~(79)°
(Ha)p)® = ~(as (79)°)

Looking at PDL programs from an algebraic perspective, the obvious notion to
be axiomatised is that of PDL program equivalence. A calculus that produces
precisely the equations of the form a; = as for those aq, as that have the same
interpretation in any PDL model is given in [71] (see also [72], where equivalence
of modal PDL programs is axiomatised). The axiomatisation has the following
quasi-equations between programs:

associativity of ; a; (B y)=(; 08y

associativity for U aU(BU~y) = (aUpB) U~y

commutativity of U aUf=FU«

idempotency of U aUa=a«a

left distributivity (aUB) 5 v={a ; v )UB ;5 7))

right distributivity o ; (BU7v) = ((a ; B)U( ;5 7))

left identity T a=«

right identity a ;7T =«

left zero 705 a=71

right zero a ;7L =71

Z€ero sum alU?l =«

* expansion o =T U(a ; a*)

left induction a; B<B=a"; B0
right induction BialpB=0;a"<p
test choice (e V) =TeUT

test sequence o AY) =20 5 T
domain test )T 5 a=«

where a < 3 is defined as o« U 8 = (3, and the following equations between
booleans hold:
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equations of boolean algebra

choice (aUB)p = (a)pV (B)p
sequence (a5 By ={a)(B)y
iteration (@) =V (a){a®)p
induction (@)= V(") (mp A {a)p)

test diamond (7)) = p A

If one restricts attention to the modal part of PDL (PDL without *, for this
is equivalent to multi-modal logic), the quasi-equations for * drop out, and an
equational axiomatisation of modal PDL results.

We end with mentioning an intimate connection between modal p calculus and
bisimulation:

Theorem 7 (Janin and Walukiewicz [76]) A monadic second order formula
o(x) is invariant for bisimulation iff it is equivalent to the standard translation
in monadic second order logic of a | sentence.

43



4 Analysing the Dynamics of Communication

Dynamic logic is the logic of action and the results of action, but it is also a
branch of modal logic, and it enjoys the same breadth of applications as modal
logic. What happens if we reinterpret the atomic action modalities as something
else? In epistemic logic, atomic accessibilities denote epistemic similarity rela-
tions of agents in a multi-agent epistemic setting. Epistemic PDL is the result
of reinterpreting the basic action modalities as epistemic relations. Now [a; bl
means that agent a knows that agent b knows that (. This is more expressive
than multi-agent epistemic logic. E.g., [(a U b)*]¢ expresses that ¢ is common
knowledge among a and b, and it is well known that common knowledge for a, b
cannot be expressed in terms of basic modalities [a], [b] alone.

As an aside, expressing implicit knowledge would require extending epistemic
PDL with an intersection operation. Implicit knowledge among a, b that ¢ can
be expressed in this extended language as [a N b]p. This extension results in a
logic that is still decidable, but the invariance for bisimulation gets lost. Implicit
knowledge will not concern us in what follows.

Interestingly, the shift of application from computation to epistemics turns PDL
into a description tool for static situations, for under this interpretation LTSs
denote multi-agent epistemic situations instead of sets of computations within
a set of states. Still, at a higher level, there is again a dynamic turn. We can
study how multi-agent epistemic situations evolve as a result of communicative
actions. An important example of such actions is public announcement. What
happens to the knowledge of a set of participating agents if it is suddenly
announced to all that ¢ is the case? On the assumption that none of the agents
takes ¢ to be impossible, this should result in a new epistemic state of affairs
where it is common knowledge among the agents that . In this section we will
see that epistemic PDL (PDL, with the basic modalities interpreted as epistemic
relations) is eminently suited for the analysis of the dynamics of communication.

Dynamic epistemic logic (cf., e.g., [5-8]) analyses the changes in epistemic in-
formation among sets of agents that result from various communicative actions,
such as public announcements, group messages and individual messages. The
logics studied in [8] add information update operations to epistemic description
languages with a common knowledge operator, in such a way that the addi-
tion increases expressive power. This makes axiomatisations complicated and
completeness proofs hard. In [85] it is demonstrated how update axioms can
be made susceptible to reduction axioms, by the simple means of switching
to more expressive epistemic description languages. In particular, it is shown
in [85] how generic updates with epistemic actions can be axiomatised in au-
tomata PDL [63, Chapter 10.3].

We will follow [37] in giving a direct reduction of the logic of generic updates
with epistemic actions in the style of [7,8] to PDL.
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4.1 System

Let £ be a language that can be interpreted in labelled transition systems. Then
action models for £ look like this:

Definition 8 (Action models for £, Ag) Let a set of agents Ag and an
LTS language L with label set Ag be given. An action model for L, Ag is a
triple

A= ([s0y--,Sn—1],pre,T)

where [So, ..., Sn—1] 5 a finite list of action states, pre : {sg,...,Sp—1} — L
assigns a precondition to each action state, and T : Ag — P({s0,...,5n_1}°)
assigns an accessibility relation — to each agent a € Ag.

L actions can be executed in labelled transition systems for £, by means of the
following product construction:

Definition 9 (Action Update) Let an LTS M = (W,V, R), a world w € W,
and a pointed action model (A, s), with A = ([so,...,Sn—1],pre,T), be given.
Then the result of executing (A, s) in (M, w) is the model (M ® A, (w, s)), with
M® A= (W' V' R, where
W' = {(w,s)]se{so,...,sn_1},w e [pre(s)|M}
Vi(w,s) = V(w)
Ra) = {((w,s),(w',s)) | (w,w') € R(a),(s,s') € T(a)}.

For the set of basic propositions P and the set of agents Ag, the language of
PDLPEY (which we will call ‘update PDL’) over P, Ag is like that for standard
PDL over P, Ag, but with a construct for action update added: if ¢ is an update
PDL formula, and [A,s] is a single pointed action model, then [A,s]y is an
update PDL formula. If B is a set of agents {b1,...,b,}, then we abbreviate
by U---Ub, as B. Now [B]g expresses that ¢ is general knowledge among B
(they all know ¢, but they need not know that the others know ¢) and [B*]¢
expresses that ¢ is common knowledge among B (they all know ¢ and they all
know that the others know ¢).

The semantics of PDLPEL is given by the standard PDL clauses, with the
following clause for update added:

[[A, s]o]™ = {w € Wi | if M |=,, pre(s) then (w,s) € [¢]M®4}.

Using (A4, s)p as shorthand for —[A, s]—p, we see that the interpretation for
(A, s)p turns out as:

[(A, s)eI™ = {w € Wi | M = pre(s) and (w, 5) € [p]M**}.
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Updating with multiple pointed update actions is also possible. A multiple
pointed action is a pair (A4, S), with A an action model, and S a subset of the
state set of A. Extend the language with updates [A, S|y, and interpret this as
follows:

[[4, S]e]™ = {we Wn|Vse S(if M =, pre(s) then M ® A F(w,s) ©)}-

The reason to employ multiple pointed models for updating is that it allows us
to handle choice. Suppose we want to model the action of testing whether ¢
followed by a public announcement of the result. More precisely:

A test is performed to check whether ¢ holds in the actual world.
If the outcome of the test is affirmative, then ¢ gets announced. If
the test reveals that ¢ does not hold, then —¢ gets announced.

Single pointed update models do not allow us to model this.

Theorem 10 (Preservation of bisimulation; Baltag, Moss, Solecki) The
action update operation Q@ preserves bisimulation on epistemic models:

fMeo Nthen MR A= N®A.

We can also look at the update models modulo action bisimulation. An action
bisimulation is like an ordinary bisimulation, with the clause for ‘same valua-
tions’ replaced by a clause for ‘equivalent preconditions’.

Theorem 11 (Preservation of action bisimulation) The action update op-
eration preserves action bisimulation:

if A= B then M® A & M® B.

Proof. Let Z be a bisimulation between A and B. Define a relation relation
on M® A x M ® B by means of

(u, s)C(v,t) iff u=v and sZt.

It is easily shown that this is a bisimulation. a

4.2 Logics of Communication

In terms of the system just defined a variety of types of communicative actions
can be described. The two most important ones are public announcements and
group announcements.
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4.2.1 Public Announcements

The language of public announcements is the language that one gets if one
allows action models for public announcement. The action model for public
announcement that ¢ consists of a single state sy with precondition ¢ and
epistemic relation {sy > so | @ € Ag}. Call this model P,.

The following equivalence shows how public announcement relates to common
knowledge among set of agents B:

[Poy s0][B*]Y = [(70; B)][Py, s0]9- (6)

What this says is that after public announcement with ¢ it is common knowl-
edge among B that v if and only if before the update it holds at the end of every
(¢ ; B)* path through the model that a public update with ¢ will result in
1. Axiomatisations of public announcement logic are given in [103] and [45,46],
for a language that cannot express common knowledge. An axiomatisation for
a language with a common knowledge operator is given in [85]. Below we will
show how this equivalence emerges in the axiomatisation of PDLPFY from [37].

4.2.2 Group Announcements

The language of group announcements is the result of allowing action models
for group messages. These will be defined below. Similarly, we can define the
languages of secret group communications, of individual messages, of
tests, of lies, and so on [5]. All these languages are comprised in the language
of PDLPPL because all these communicative actions can be characterised by
appropriate action models.

4.3 Program Transformation

We will now show how PDLPEL formulae can be reduced to PDL formulae. For
every action model A with states sq,...,s,_1 we define a set of n? program
transformers sz (0<i<n,0<j<n), as follows:

TAq) = { ‘pre(si) ;o if 5i = 8,
ij - 71 otherwise
? ifi =1
A2,) = P ni=I
Tw(“p) {?J_ otherwise
n—1
ﬂ?(ﬂl;ﬂz) = (Tie(m) ; Tl?j(m))
k=0
T (mUm) = Ty (m)UT(r2)
Ti(a") = Kij(m)

47



where K {]‘.k (m) is a (transformed) program for all the 7* paths from s; to s; that
can be traced through A while avoiding a pass through intermediate states sg
and higher. Thus, Klf‘]‘-n(w) is a program for all the 7* paths from s; to s; that
can be traced through A, period.

K {?k (m) is defined by recursion on k, as follows:
A e
) TUTAR) ifi=),
Kz‘jo(ﬂ) =
T{? () otherwise
( (Kfj(m))* if i =k = j,
N (K (m)*; Ko () ifi=k 7,
Ko™ = A A * . .
Ki(m) 5 (K (7)) iti#k=jy,
K (m) U (K (m) 5 (K (m)* 5 Kf(m))  otherwise (i # k # j).

For some runs through example applications of these definitions, see section 4.5
below.

Lemma 12 (Kleene Path) Suppose (w,w’) € [[Tl‘;‘(w)]]M iff there is a m path
from (w, s;) to (w',sj) in M® A. Then (w,w’) € [[K{;‘-n(ﬂ)]]M iff there is a 7*
path from (w,s;) to (w',s;) in M ® A.

Proof. Use the definition of K Z-‘;‘-k to prove by induction on k that (w,w’) €
[[Kf]‘k(w)]]M iff there is a 7* path from (w, s;) to (v, s;) in M ® A that does not
pass through any pairs (v, s) with s € {sg,...,sp—1}.

Base case, i = j: A 7 path from (w,s;) to (w',s;) that does not visit any
intermediate states is either the empty path or a single 7 step from (w, s;) to
(w', sj). Such a path exists iff (w,w’) € [?T U TZ’;‘ M iff (w,w') € [[K;;‘O(w)]]M.

Base case, i # j: A 7 path from (w,s;) to (w',s;) that does not visit any
intermediate states is a single 7 step from (w, s;) to (w’, s;). Such a path exists
iff (w,w') € [T iff (w,w') € [Ko(m)]M.

Induction step. Assume that (w,w’) € [[K{;‘-k(ﬂ)]]M iff there is a 7#* path from
(w,s;) to (w',s;) in M ® A that does not pass through any pairs (v, s) with
S € {Sky.-ySn—1}

Case i = k = j. A path from (w,s;) to (v, s;) in M ® A that does not pass
through any pairs (v, s) with s € {sg41,...,S,—1} now consists of an arbitrary
number of 7* paths from s; to si that do not visit any intermediate states with
action component s or higher. By the induction hypothesis, such a path exists

i (w, ) € [(K ik, (m) TV (w, /) € [KA 4, (M)
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Case i = k # j. A path from (w,s;) to (w,s;) in M ® A that does not pass
through any pairs (v, s) with s € {sxy1,...,S8,—1} now consists of a 7* path
starting in (w, sg) visiting states of the form (u,sx) an arbitrary number of
times, but never touching on states with action component s, or higher in
between, and ending in (v, si), followed by a 7* path from (v, s;) to (w',s;)
that does not pass through any pairs (v,s) with s € {sk,...,sp—1}. By the
induction hypothesis, a path from (w,sg) to (v,sg) of the first kind exists iff
(w,v) € [(K{, (7)) M. Again by the induction hypothesis, a path from (v, s;)
to (w', s;) of the second kind exists iff (v,w’) € [[K,fjk]]M. Thus, the required
path from (w, s;) to (w', s;) in M®A exists iff (w, w') € [(Kj,(7))*; Kék(ﬂ)]]M

lff (w7w,) € [[Kg(k+1) (Tr)]]M

The other two cases are similar. O

The Kleene path lemma is the key ingredient in the following program trans-
formation lemma.

Lemma 13 (Program Transformation) Assume A hasn states so, ..., Sp—1.
Then: )
M = (4, sillnle if Mo N [T (1)][4, 5] .
j=0

Proof. Induction on the complexity of .

Basis, epistemic link case:
M =y, [4, si][a]e
iff M =y, pre(s;) implies M ® A [=(y,4,) [a]e
iff M =y, pre(s;) implies for all s; € A, all w' € M :
if 5; % sj,w > w', then M |=, [A, 5]¢
iff forall s; € A: if s; > s; then M =, [pre(s;) ; a][A,s;]p

n—1

iff Mo N [T (@)][A4 si]e.
j=0

Basis, test case:

M =y [A, si][7¢]e
iff M =y, pre(s;) implies M ® A =y 4,) [7%]0
iff M |, pre(s;) implies M =, [79][A, si]¢

n—1

iff Mo N\ [T (70)][4, 510
j=0

Induction step, cases w1 ; w9 and m U my are straightforward. The case of 7*
is settled with the help of the Kleene path lemma. O
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4.4 Reduction Axioms for Update PDL

The program transformations can be used to translate PDLPEY to PDL by
means of the following mutually recursive definitions of translations ¢ for for-
mulae and r for programs:

t(T) = T
tp) = p
tip) = t(p)
tlpr Ap2) = tp1) At(p2)
t(rle) = [r(m)t(e)
t([A,s]T) = T
t([A;slp) = t(pre(s)) —p
t([A,s]mp) = t(pre(s)) — —t([A4, s]p)
t([A,sl(p1 Apa) =

rla) = a
() )
r(mime) = r(m);r(m)
r(mUm) = r(m)
r(m) = (r(m)"
The correctness of this translation follows from direct semantic inspection, using

the program transformation lemma for the translation of [A, s;][7]¢ formulae.
The translation points the way to appropriate reduction axioms, as follows.

I
=
S

Take all axioms and rules of PDL [42,99, 113], plus the following reduction
axioms:

[A,s]p > (pre(s) = p)
[A, 8] < (pre(s) = —[4, s]p)
[A, s](p1 Ap2) < ([A,s]ler A LA, s]p2)
[A, si][m]e < /\ A, s5]e

and necessitation for action model modalities. The reduction axioms for [A, s]p,
[A, s]—p and [A, s](p1 A @2) are as in [85]. The final reduction axiom is based
on program transformation and is new. Note that if we allow multiple action
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models, we need the following reduction axiom for those:

[4,8)p = AlAsle
seS

If updates with multiple pointed action models are also in the language, we
need the following additional reduction axiom:

[A,8]e = NI[Asle

ses

Theorem 14 (Completeness) If = ¢ then - ¢.

Proof. The proof system for PDL is complete, and every formula in the
language of PDLPEL ig provably equivalent to a PDL formula. O

4.5 Special Cases
4.5.1 Public Announcement and Common Knowledge

As introduced above, in section 4.2.1, the action model for public announcement
that ¢ consists of a single state sy with precondition ¢ and epistemic relation
{s0 = s0 | a € Ag}. We call this model P,.

Ag

L

o

We are interested in how public announcement that ¢ brings about common
knowledge of 1) among group of agents B, i.e., we want to compute [P, so][B*]1).

For this, we need TOIS‘”(B*), which is defined as K(I)?J“’I(B).

To work out K(%l(B), we need K&%(B), and for K&%(B), we need Tét(;“’(B)7
which turns out to be (J,cp(?¢ ; b), or equivalently, ?¢; B. Working upward
from this, we get:

K2 (B) =7TUTi?(B) =?T U (?¢; B),

and therefore:

Kii(B) = (Kg(B)
— (?TU(?¢;B))*
= (7p;B)"
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Thus, the reduction axiom for the public announcement action P, with respect
to the program for common knowledge among agents B, works out as follows:

[P s0][B"]

11 11

This expresses that every B path consisting of ¢ worlds ends in a [P, so]v
world, i.e., it expresses exactly what is captured by the special purpose operator
Cp(p,v) introduced in [85]. Indeed, the authors remark in a footnote that their
proof system for Cg(p, 1) essentially follows the usual PDL treatment for the
PDL transcription of this formula.

4.5.2 Secret Group Communication and Common Belief

The logic of secret group communication is the logic of email CCs. The action
model for a secret group message to B that ¢ consists of two states sg, s1, where
so has precondition ¢ and s; has precondition T, and where the accessibilities
T are given by:

T = {80 l; S0 ’b S 13}
U{sop = s1 | a € Ag— B}
U{s1 = 51| a € Ag}.

The actual world is sg. The members of B are aware that action ¢ takes place;
the others think that nothing happens. In this they are mistaken, which is
why CC updates generate KD45 models: i.e., CC updates make knowledge
degenerate into belief.

We work out the program transformations that this update engenders for com-
mon knowledge among some group of agents D. Call the action model CCg .

. ccB cckB cck cck
We will have to work out Kyy,” D, Ky,” D, K57 D, Ky, D.

cck cck cck cck
@ @ ® ¥
For these, we need Ky, D, Ky,* D, K,,," D, K, D.

ccB ccB ccB ccB
: ® ® ® @
For these in turn, we need Ky,* D, Kq,0° D, K{1,° D, K,50° D.
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For these, we need:

B
T "D = |J (%p:d) =% ; (BND)
deBND
ccB
Tn °D = |J (¢ d) =% ; (D-B)
deD—-B
B
7.°D = D

B
Ty *D = 7.1

It follows that:
ccs

Koo”D = tTU(?p ; (BND))
B

Koo'D = 7 ; (D-B)
B

Kyo*D = ?TUD,

ccB

Kp'D = 71

From this we can work out the Kj;1, as follows:

cct

Ky’ D = (¢ ; (BND))*

ccB .
Ky D = (¢ ; (BND))* ; (D—B)
k%p — 2TUuD

111 :

cch

K*D = 7L

Finally, we get Kgg2 and Ko from this:

ccB CcCB ccB ccB CcCB
Ko D = Ky"DUKy,"D ;5 (Ky1°D)" 5 Kijg," D
CcCB
= Kyy,” D (since the right-hand expression evaluates to 7.1)
= (0 (BAD)
ccB CcCB ccB ccB
Ky D = Ky"DUKy,"D ;5 (K, D)
CcCB CcCB

= Ky,"D ; (K111¢D)*
= (?¢ ; (BND))* ; (D-DB) ; D"

Thus, the program transformation for common belief among D works out as
follows:

[CC, 50][D*]0
= (7 5 (BND)CC s0lv Al(?p 5 (BND))* ; (D~ B) 5 D[CCY, s1]¢.

Compare [111] for a direct axiomatisation of the logic of CCs.
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4.5.3 Group Messages and Common Knowledge

The action model for a group message to B that ¢ consists of two states sg, s1,
where sg has precondition ¢ and s; has precondition T, and where the accessi-
bilities T" are given by:

T = {80 l; S0 ‘b S 13}
U{s; > s1 | be B}
U{sp = s1 | a € Ag— B}
U{s1 = s | a € Ag— B}.
This captures the fact that the members of B can distinguish the ¢ update

from the T update, while the other agents (the members of Ag — B) cannot.
The actual action is sg. Call this model Gg.

A difference with the CC case is that group messages are S5 models. Since
updates of S5 models with S5 models are S5, group messages engender common
knowledge (as opposed to mere common belief). Let us work out the program
transformation that this update engenders for common knowledge among some
group of agents D.

GEB GE GEB GE
We will have to work out K,y D, Ky5D, K{\5D, K5D.
GEB GE GEB GE
For these, we need K] D, K1 D, K7D, Ky D.
GE GB GEB GE
For these in turn, we need Ky, D, Ky,0D, K15D, Ky D.

For these, we need:

B
Ty?D = U e s d) =2 ; D,
deD
GB
T,*D = |J (¢ ; d)=?¢ ; (D-B),
deD—B
B
T%°D = D,

B
TS°D = D-B.
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It follows that:
GB
