
Maximum flow

In the 1950s, T.E. Harris at the RAND Corporation in Santa Monica (California) called
attention for the following problem:

Consider a rail network connecting two cities by way of a number of intermediate cities,
where each link of the network has a number assigned to it representing its capacity.
Assuming a steady state condition, find a maximal flow from one given city to the other.

This question raised a stream of research. The problem can be formalized as follows.

Definition. A directed graph D is a pair (V,A) where V is a finite set and A is a collection
of ordered pairs of elements of V .

Any element of V is called a vertex of D and any element of A is called an arc of D.
An example of a directed graph is:

({s, t, u, v, w}, {(s, t), (s, v), (t, u), (u, v), (v, t), (w, v), (w, s)}).(1)

A directed graph D = (V,A) can be represented by a picture by choosing a point for each
vertex, and drawing an arrow from v′ to v′′ whenever (v′, v′′) is an arc of D. Thus the graph
given in (1) can be represented as:

s t

u

vw

If a = (v′, v′′) is an arc, then one says that a leaves v′ and enters v′′. Thus in the graph
above, arc (s, v) leaves s and enters v. One also says that arc a = (v′, v′′) runs from v′ to

v′′, and that v′ is the tail of a and v′′ is the head of a.
Let now a directed graph D = (V,A) be given with two special vertices, a ‘source’ r and

a ‘sink’ or ‘terminal’ s. Then we have the following definition:

Definition. An r − s flow is a function f : A −→ R+ such that for each vertex v 6= r, s the
following holds:

∑

a∈δin(v)

f(a) =
∑

a∈δout(v)

f(a).(2)

Here δin(v) denotes the set of arcs entering v, while δout(v) denotes the set of arcs leaving
v.

Condition (2) is called the flow conservation law. It says that at any vertex v 6= r, s,
the amount of ingoing flow is equal to the amount of outgoing flow.

If f is an r − s flow, the value of f is by definition equal to the net flow leaving r; that
is:

value(f) :=
∑

a∈δout(r)

f(a) −
∑

a∈δin(r)

f(a).(3)
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Exercise 1. Prove that this value is equal to the net flow entering s:

∑

a∈δin(s)

f(a) −
∑

a∈δout(s)

f(a).(4)

Flows are particularly interesting if a function c : A −→ R+ is given, which serves as a
‘capacity’. One says that a flow f is subject to c if

f(a) ≤ c(a)(5)

for each arc a.
Now the maximum flow problem can be formulated:

given: a directed graph D = (V,A), vertices r, s ∈ V , and a ‘capacity’ function
c : A −→ R+;

find: an r − s flow f subject to c maximizing value(f).

(6)

Around 1955, L.R. Ford, Jr and D.R. Fulkerson at RAND designed a fast method to solve
this problem ([6]), and proved a theorem, the max-flow min-cut theorem, that characterizes
the solution of the maximum flow problem ([5]).

For any subset W of V define δout(W ) to be the set of arcs leaving W (i.e., with tail in
W and head in V \W ). Similarly, define δin(W ) to be the set of arcs entering W (i.e., with
tail in V \ W and head in W ).

If r ∈ W and s 6∈ W then δout(W ) is called an r − s cut. The capacity of δout(W ) is the
sum of the c(a) for all a ∈ δout(W ):

cap(δout(W )) :=
∑

a∈δout(W )

c(a).(7)

The capacity of any r − s cut is an upper bound on the maximal value of r − s flows:

Proposition 1. For every r − s flow f and every r − s cut δ+(W ) one has:

value(f) ≤ cap(δ+(W )).(8)

Proof.

value(f) =
∑

a∈δ+(r)

f(a) −
∑

a∈δ−(r)

f(a)

=
∑

a∈δ+(r)

f(a) −
∑

a∈δ−(r)

f(a) +
∑

v∈W\{r}

(
∑

a∈δ+(v)

f(a) −
∑

a∈δ−(v)

f(a))

=
∑

v∈W

(
∑

a∈δ+(v)

f(a) −
∑

a∈δ−(v)

f(a)) =
∑

a∈δ+(W )

f(a) −
∑

a∈δ−(W )

f(a)

?
≤

∑

a∈δ+(W )

f(a)
??
≤

∑

a∈δ+(W )

c(a) = cap(δ+(W )).

(9)
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Moreover, the following holds:

equality holds in (8) ⇐⇒ ∀a ∈ δ−(W ) : f(a) = 0 and
∀a ∈ δ+(W ) : f(a) = c(a).

(10)

This follows directly from the inequalities ? and ?? in (9).
We now describe the algorithm of Ford and Fulkerson to determine a maximum flow.

We assume that c(a) > 0 for each arc a. First we describe an important subroutine. To
this end, an r − s path is a sequence (v0, a1, v1, . . . , at, vt) where v0, v1, . . . , vt are vertices,
with v0 = r, vt = s, and a1, . . . , at are arcs such that ai = (vi−1, vi) for i = 1, . . . , t.

Flow augmenting algorithm

input: an r − s flow f ≤ c.
output: either (i) an r − s flow f ′ ≤ c with value(f ′) > value(f),

or (ii) an r − s cut δ+(W ) with cap(δ+(W )) = value(f).
description of the algorithm: For any pair a = (v, w) define a−1 := (w, v). Make an
auxiliary graph Df = (V,Af ) by the following rule: for any arc a ∈ A,

if f(a) < c(a) then a ∈ Af ,
if f(a) > 0 then a−1 ∈ Af .

(11)

So if 0 < f(a) < c(a) then both a and a−1 are arcs of Af .
Now there are two possibilities:

Case 1: There exists an r − s path in Df ,

Case 2: There is no r − s path in Df .

(12)

Case 1: There exists an r − s path P = (v0, a1, v1, . . . , at, vt) in Df = (V,Af ).
So v0 = r and vt = s. We may assume that v0, v1, . . . , vt are all distinct.

As a1, . . . , at belong to Af , we know by (11) that for each i = 1, . . . , t:

either (i) ai ∈ A and σi := c(ai) − f(ai) > 0

or (ii) a−1
i ∈ A and σi := f(a−1

i ) > 0.

(13)

Define ε := min{σ1, . . . , σt}. So ε > 0. Let f ′ : A −→ R+ be defined by, for a ∈ A:

f ′(a) := f(a) + ε, if a = ai for some i = 1, . . . , t;

:= f(a) − ε, if a = a−1
i for some i = 1, . . . , t;

:= f(a), for all other a.

(14)

Then f ′ again is an r−s flow subject to c. The inequalities 0 ≤ f ′(a) ≤ c(a) hold because
of our choice of ε. It is easy to check that also the flow conservation law is maintained.

Moreover,

value(f ′) = value(f) + ε,(15)

since either (v0, v1) ∈ A, in which case the outgoing flow in r is increased by ε, or (v1, v0) ∈ A,
in which case the ingoing flow in r is decreased by ε.
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Path P is called a flow augmenting path.

Case 2: There is no path in Df = (V,Af ) from r to s.

Now define:

W := {w ∈ V | there exists a path in Df from r to w}.(16)

Then r ∈ W while s 6∈ W , and so δ+(W ) is an r − s cut.
By definition of W , if u ∈ W and v 6∈ W , then (u, v) 6∈ Af (as otherwise also v would

belong to W ). Therefore:

if (u, v) ∈ δ+(W ), then (u, v) 6∈ Af , and so (by (11)): f(u, v) = c(u, v),
if (u, v) ∈ δ−(W ), then (v, u) 6∈ Af , and so (by (11)): f(u, v) = 0.

(17)

Then (10) gives:

cap(δ+(W )) = value(f).(18)

This finishes the description of the Flow augmenting algorithm. The description of the
Maximum flow algorithm is now simple:

Maximum flow algorithm

input: directed graph D = (V,A), r, s ∈ V, c : A −→ R+.
output: a maximum r − s flow f and an r − s cut δ+(W ) of minimum capacity, with
value(f) = cap(δ+(W )).
description of the algorithm: Let f0 be the ‘null flow’ (that is, f0(a) = 0 for each arc
a). Determine with the Flow augmenting algorithm flows f1, f2, . . . , fN such that fi+1 = f ′

i ,
until, in the Nth iteration, say, we obtain output (ii) of the Flow augmenting algorithm.
Then we have flow fN and a cut δ+(W ) with the given properties.

The following is easy to prove:

Theorem 1. If all capacities c(a) are integer, the algorithm terminates.

Proof. In the flow augmentation iterations, every flow fi and every ε is integer-valued. So
at each iteration, the flow value increases by at least 1. Since the flow value cannot exceed
cap(δ+({r})), we can have only finitely many iterations.

Note that in the Maximum flow algorithm, if all capacities are integer, then the maxi-
mum flow will also be integer-valued.

Exercise 2. Derive from Theorem 1 that also if all capacities are rational then the algorithm
terminates.

On the other hand, the algorithm does not need to terminate for general real-valued
capacities (see Ford and Fulkerson [7]).

Yet also for generally real-valued capacities the following basic theorem of Ford and
Fulkerson [5] can be proved:
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Theorem 2 (Max-flow min-cut theorem). The maximal value of an r − s flow subject to c

is equal to the minimal capacity of an r − s cut. In formula:

max
f r−s flow subject to c

value(f) = min
δ+(U) r−s cut

cap(δ+(U)).(19)

If the capacities are integer, there exists an integer-valued maximum flow.

If we choose always a shortest r− s path in Df as our flow augmenting path P (that is,
with a minimum number of arcs), then the number of iterations is at most |V | · |A|. This
was shown by Dinits [2] and Edmonds and Karp [3].

Exercise 3. Determine with the maximum flow algorithm an r − s flow of maximum value and
an r − s cut of minimum capacity in the following graphs (where the numbers at the arcs give the
capacities):
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For background literature on network flows we refer to the books by Ford and Fulkerson
[7] and Ahuja, Magnanti, and Orlin [1].
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