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Abstract. We give a derivation of Szemerédi’s regularity lemma for graphs from the compact-
ness of the graphon space (Lovász and Szegedy [2] — see Lovász [1]).

Let W be the space of symmetric measurable functions [0, 1]2 → [0, 1]. Let Π be the
collection of partitions of [0, 1] into finitely many measurable sets, each of positive measure.
For any P ∈ Π, let LP be subspace of W spanned by the functions χC×D with C, D ∈ P .
For any w ∈ W , let wP be the orthogonal projection of w onto LP . A partition P is balanced

if all classes have the same measure. All norms are L2-norms.

Lemma 1. Let P, Q ∈ Π, with P balanced. Then for each ε > 0 there exists an R ∈ Π with

Q ≤ R and |R| ≤ (1 + 2|P |2/ε)|P |, such that ‖xQ − xR‖ ≤ ε‖x‖ for each x ∈ LP .

Proof. Let p := |P | an δ := ε/2p2. For C ∈ P and A ∈ Q set αC,A := µ(C ∩ A)/µ(A), and
let α′

C,A be obtained by rounding αC,A down to an integer multiple of δ.
Let R be the partition with Q ≤ R given as follows. Sets A, B ∈ Q are in the same class

of R if and only if α′
C,A = α′

C,B for each C ∈ P . As [0, 1] contains at most 1 + 1/δ integer
multiples of δ, |R| ≤ (1 + 1/δ)p.

Consider any x ∈ LP . So x can be written as x =
∑

C,D∈P λC,DχC×D. Hence

(1) xQ =
∑

C,D∈P

λC,D(χC×D)Q =
∑

C,D∈P

λC,D

∑

A,B∈Q

αC,AαD,BχA×B.

Define

(2) w :=
∑

C,D∈P

λC,D

∑

A,B∈Q

α′
C,Aα′

D,BχA×B.

As w has the same value on A×B as on A′ ×B′ whenever α′
C,A = α′

C,A′ and α′
C,B = α′

C,B′

for all C ∈ P , we know that w belongs to LR. Moreover, using Cauchy-Schwarz and
|αC,AαD,B − α′

C,Aα′
D,B| ≤ |(αC,A − α′

C,A)αD,B| + |α′
C,A(αD,B − α′

D,B)| ≤ 2δ,

(3) ‖xQ − w‖2 =
∑

A,B∈Q

(
∑

C,D∈P

λC,D(αC,AαD,B − α′
C,Aα′

D,B))2µ(A)µ(B) ≤
∑

A,B∈Q

p2
∑

C,D∈P

λ2
C,D(2δ)2µ(A)µ(B) = 4p2δ2

∑

C,D∈P

λ2
C,D =

4p4δ2
∑

C,D∈P

λ2
C,Dµ(C)µ(D) = 4p4δ2‖x‖2 = ε2‖x‖2.

Call a partition P of a finite set V ε-balanced if P \P ′ is balanced for some P ′ ⊆ P with
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|⋃ P ′| ≤ ε|V |.

Lemma 2. Let ε > 0. Then each partition P of a finite set V has an ε-balanced refinement

Q with |Q| ≤ (1 + 1/ε)|P |.

Proof. Define t := ε|V |/|P |. Split each class of P into classes, each of size ⌈t⌉, except for
at most one of size less than t. This gives Q. Then |Q| ≤ |P | + |V |/t = (1 + 1/ε)|P |.
Moreover, the union of the classes of Q of size less than t has size at most |P |t = ε|V |. So
Q is ε-balanced.

Given a graph G = (V, E), a rectangle is a set R = X × Y with X, Y ⊆ V . If R 6= ∅, let
d(R) := e(R)/|R|, where e(R) is the number of adjacent pairs of vertices in R.

Theorem 1 (Szemerédi’s regularity lemma). For each ε > 0 and p ∈ N there exists kp,ε ∈ N

such that for each graph G = (V, E) and each partition P of V with |P | = p there is an

ε-balanced refinement Q of P with |Q| ≤ kp,ε and

(4)
∑

A,B∈Q

max
∅6=R⊆A×B

R rectangle

|R| · |d(R) − d(A × B)| < ε|V |2.

Proof. Fix ε > 0 and p ∈ N. Define g(t) := p(1 + 1/ε)(1 + 8t2/ε)t for each t ∈ N. For each
w ∈ W , let tw be the minimum size of a balanced partition T ∈ Π such that ‖w−wT ‖ < ε/4.
By the compactness of the graphon space there exists a finite F ⊆ W such that for each
w ∈ W there is an f ∈ F and a measure-preserving measurable permutation φ of [0, 1] such
that for all measurable X, Y ⊆ [0, 1]:

(5) |(w − fφ)(X × Y )| < ε/4g(tw)2.

Let kp,ε := max{g(tf ) | f ∈ F}. We show that kp,ε is as required.
Let G = ([n], E) be a graph and let w be the element of W corresponding to G. Let N

be the partition of [0, 1] into n equal intervals.
By the above there exists an f ∈ F and a measure-preserving measurable permutation

φ of [0, 1] such that (5) holds. Set u := fφ. So t := tu = tf . Hence there is a balanced
partition T ∈ Π with |T | = t and ‖u − uT ‖ < ε/4. Define x := uT .

By Lemma 1, there is a partition U ∈ Π with U ≥ N such that |U | ≤ (1 + 8t2/ε)t and
‖xN − xU‖ ≤ ε/4. Let S := P ∧ U . So |S| ≤ |P ||U | ≤ p(1 + 8t2/ε)t. By Lemma 2, there
is an ε-balanced refinement Q of S with N ≤ Q ≤ S and |Q| ≤ (1 + 1/ε)|S| ≤ g(t) ≤ kp,ε.
We show that this Q gives the partition of the theorem.

For each A, B ∈ Q, choose R = X × Y ⊆ A × B, where X and Y are unions of classes
of N such that |(w −wQ)(R)| is maximized. Let R be the collection of these chosen R. By
(5), |(w − u)(R)| < ε/4g(t)2 for all R ∈ R, and hence

(6)
∑

R∈R

|(w − u)(R)| < |R|ε/4g(t)2 ≤ ε/4.
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Since wQ − uQ is constant on A × B, we also have for any R ∈ R with R ⊆ A × B:

(7) |(wQ − uQ)(R)| ≤ |(wQ − uQ)(A × B)| = |(w − u)(A × B)| ≤ ε/4g(t)2.

Hence we obtain, similarly to (6),
∑

R∈R |(wQ − uQ)(R)| < ε/4.
Finally, as u(R) = uN (R) for all R ∈ R and as uQ = (uN )Q is the nearest point on LQ

nearest to uN , while xU ∈ LU ⊆ LQ, with Cauchy-Schwarz we get (as ‖∑
R∈R±χR‖ ≤ 1)

(8)
∑

R∈R

|(u − uQ)(R)| =
∑

R∈R

|(uN − uQ)(R)| ≤ ‖uN − uQ‖ ≤ ‖uN − xU‖ ≤

‖(u − x)N‖ + ‖xN − xU‖ ≤ ‖u − x‖ + ‖xN − xU‖ < ε/2.

Hence
∑

R∈R |(w − wQ)(R)| < ε. For the graph G it means (4).

To interpret (4), for A, B ∈ Q, let mA,B denote the maximum described in (4). Let Q′

be such that Q \ Q′ is balanced and |⋃ Q′| ≤ ε|V |. Set Q′′ := Q \ Q′, and let Z be the
collection of pairs (A, B) ∈ Q′′ × Q′′ with mA,B ≥ √

ε|A||B|. Then (4) implies

(9)
∑

(A,B)∈Z

|A||B| ≤
∑

(A,B)∈Z

ε−1/2mA,B ≤ √
ε|V |2.

Moreover, as |⋃ Q′| < ε|V |,

(10)
∑

A,B∈Q′′

|A||B| ≥
∑

A,B∈Q

|A||B| − 2ε|V |2 = (1 − 2ε)|V |2.

Hence, assuming ε < 1/4, |Z| ≤ √
ε(1 − 2ε)−1|Q′′|2 < 2

√
ε|Q′′|2. For each (A, B) ∈

(Q′′ ×Q′′) \Z one has mA,B <
√

ε|A||B|, implying that for each rectangle R ⊆ A×B with
|R|/|A × B| ≥ 4

√
ε one has |d(R) − d(A × B)| < 4

√
ε. In other words, A × B is 4

√
ε-regular.
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