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t. We show that for ea
h �xed k, the problem of �nding k pairwise vertex-disjoint dire
tedpaths between given sour
e-sink pairs in a planar dire
ted graph is solvable in polynomial time.In fa
t, it suÆ
es to �x the number of fa
es needed to 
over all sour
es and sinks. Moreover, themethod 
an be extended to any �xed 
ompa
t orientable surfa
e (instead of the plane) and to rootedtrees (instead of paths).Our approa
h is algebrai
 and is based on 
ohomology over graph (nonabelian) groups. Morepre
isely, letD = (V;A) be a dire
ted graph and let (G; �) be a group. Call two fun
tion �;  : A! G
ohomologous if there exists a fun
tion p : V ! G su
h that p(u) � �(a) � p(w)�1 =  (a) for ea
h ar
a = (u;w). Now given a fun
tion � : A ! G we want to �nd a fun
tion  
ohomologous to � su
hthat ea
h  (a) belongs to a pres
ribed subset H(a) of G. We give a polynomial-time algorithm forthis problem in 
ase G is a graph group and ea
h H(a) is 
losed (i.e., if word xyz belongs to H(a)then also word y belongs to H(a)).The method also implies that su
h a  exists, if and only if for ea
h s 2 V and ea
h pair P;Q of(undire
ted) s�s paths there exists an x 2 G su
h that x��(P )�x�1 2 H(P ) and x��(Q)�x�1 2 H(P ).(Here �(P ) is the produ
t of the �(a) over the ar
s in P . Similarly, H(P ) is the (group subset)produ
t of the H(a).)

1. Introdu
tionIn this paper we show that the following problem, the k disjoint paths problem for dire
tedplanar graphs, is solvable in polynomial time, for any �xed k:(1) given: a planar dire
ted graph D = (V;E) and k pairs (r1; s1); : : : ; (rk; sk) of verti
esof D;�nd: k pairwise vertex-disjoint dire
ted paths P1; : : : ; Pk in D, where Pi runs from rito si (i = 1; : : : ; k).The problem is NP-
omplete if we do not �x k (even in the undire
ted 
ase; Lyn
h[6℄). Moreover, it is NP-
omplete for k = 2 if we delete the planarity 
ondition (Fortune,Hop
roft, and Wyllie [5℄). This is in 
ontrast to the undire
ted 
ase (for those believingNP6=P), where Robertson and Seymour [10℄ showed that, for any �xed k, the k disjointpaths problem is polynomial-time solvable for any graph (not ne
essarily planar).Our algorithm is a `brute for
e' polynomial-time algorithm. We did not aim at obtainingthe best possible running time bound, as we presume that there are mu
h faster (but possiblymore 
ompli
ated) methods for (1) than the one we des
ribe in this paper. In fa
t, re
entlyReed, Robertson, S
hrijver, and Seymour [9℄ showed that for undire
ted planar graphs the1CWI, Kruislaan 413, 1098 SJ Amsterdam, The Netherlands, and Department of Mathemati
s, Universityof Amsterdam, Plantage Muidergra
ht 24, 1018 TV Amsterdam, The Netherlands.
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k disjoint paths problem 
an be solved in linear time, for any �xed k. This algorithm makesuse of methods from Robertson and Seymour's theory of graph minors. A similar algorithmfor dire
ted planar graphs might exist, but probably would require extending parts of graphminors theory to the dire
ted 
ase.Our method is based on 
ohomology over free (nonabelian) groups. For the k disjointpaths problem we use free groups with k generators. It extends methods given in [13℄for undire
ted graphs on surfa
es based on homotopy. Cohomology is in a sense dual tohomology, and 
an be de�ned in any dire
ted graph, also if it is not embedded on a surfa
e.We apply 
ohomology to an extension of the planar graph dual of D|just using homologyto D itself seems not powerful enough.This approa
h allows appli
ation of the algorithm where the embedding of the graph inthe plane is given in an impli
it way, viz. by a list of the 
y
les that bound the fa
es of thegraph.It also allows a more general appli
ation than (1). It is not ne
essary to �x the num-ber k of pairs (ri; si) but it suÆ
es to �x the number p of fa
es of D su
h that ea
h ofr1; s1; : : : ; rk; sk is in
ident with at least one of these fa
es. The planarity 
ondition 
anbe relaxed to being embeddable in some �xed 
ompa
t orientable surfa
e. (A 
ompa
torientable surfa
e is any spa
e obtained from the sphere by adding a �nite number of `han-dles'.) We 
an restri
t for ea
h ar
 a the 
onne
tions that 
an be made over a. Moreover,the method extends to �nding rooted trees instead of dire
ted paths.That is, for any �xed 
ompa
t orientable surfa
e S and any �xed p we give a polynomial-time algorithm for the following problem:(2) given: a dire
ted graph D = (V;A) embedded on S, subsets A1; : : : ; Ak of A, pairs(r1; S1); : : : ; (rk; Sk), where ri 2 V and Si � V (i = 1; : : : ; k), su
h that thereexist at most p fa
es su
h that ea
h vertex in fr1; : : : ; rkg[S1[� � �[Sk is in
identwith at least one of these fa
es;�nd: k pairwise vertex-disjoint rooted trees T1; : : : ; Tk, where Ti is rooted in ri, 
oversSi and 
ontains ar
s only in Ai (i = 1; : : : ; k).There are several other variants of this problem where the methods below are appli
able.We did however not see if our methods extend to 
ompa
t nonorientable surfa
es.
2. Dire
ted graphs and surfa
esWe give some notation and terminology on dire
ted graphs and surfa
es. Dire
ted graphsmay have loops and parallel ar
s. Nevertheless we sometimes write a = (u;w), meaningthat a is an ar
 from u to w. For ea
h ar
 a from u to w, we de�ne a�1 as the reverse ar
from w to u. (This need not be an ar
 of D again.)An (undire
ted) path is a word(3) P = a1a2 � � � am;where ai = a or ai = a�1 for some ar
 a (i = 1; : : : ;m), su
h that the head of ai is equal to
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the tail of ai (i = 1; : : : ;m� 1). We allow ai+1 = a�1i in (3). Moreover we allow the emptypath ;, where m = 0.We 
all P an s� t path if s is the tail of a1 and t is the head of am. If s = t we 
all Pa 
y
le. If P is as in (3) then P�1 := a�1m � � � a�11 .
3. Graph groupsOur method uses the framework of 
ombinatorial group theory, viz. groups de�ned bygenerators and relations. For ba
kground literature on 
ombinatorial group theory we referto Magnus, Karrass, and Solitar [8℄ and Lyndon and S
hupp [7℄; however, our treatmentbelow is self-
ontained.We �rst give some standard terminology. Let g1; : : : ; gk be `generators'. Call the ele-ments g1; g�11 ; : : : ; gk; g�1k symbols. De�ne (g�1i )�1 := gi. A word (of size t) is a sequen
ea1 � � � at where ea
h aj is a symbol. The empty word (of size 0) is denoted by ;. De�ne(a1 � � � at)�1 := a�1t � � � a�11 .Word y is a segment of word w if w = xyz for words x; z; y is a beginning segmentif x = ;, and an end segment if z = ;. Word y = a1 � � � at is a subword of word w ifw = x0a1x1 � � �xt�1atxt for some words x0; : : : ; xt. It is a proper subword if y 6= w.Let g1; : : : ; gk be generators, and let E be a set of unordered pairs fi; jg from f1; : : : ; kgwith i 6= j. Then the group G = GE is generated by the generators g1; : : : ; gk, with relations
(4) gigj = gjgi for ea
h pair fi; jg 2 E.Su
h a group is 
alled a free partially 
ommutative group or a graph group. (These groupsare studied inter alia in [1℄, [4℄, [14℄, [19℄. However, in this paper we do not use the resultsof these papers.)To des
ribe G, 
all symbols a and b independent if a 2 fgi; g�1i g and b 2 fgj ; g�1j g forsome fi; jg 2 E with i 6= j. So if a and b are independent then ab = ba and b 6= a�1. (Itfollows from Proposition 3 below that also the 
onverse impli
ation holds.)By de�nition, G 
onsists of all words, identifying any two words w and w0 if w0 arisesfrom w by iteratively:(5) (i) repla
ing xaa�1y by xy or vi
e versa, where a is a symbol;(ii) repla
ing xaby by xbay where a and b are independent symbols.By 
ommuting we will mean applying (ii) iteratively.Note that if E = ; the group GE is the free group generated by g1; : : : ; gk. If E 
onsistsof all pairs, then GE is isomorphi
 to Zk . Let 1 denote the unit element of G. So 1 = ;.A perfe
t mat
hing on f1; : : : ; tg is a partition of f1; : : : ; tg into pairs. Pairs fi; jg andfi0; j0g are said to 
ross if i < i0 < j < j0 or i0 < i < j0 < j (assuming without loss ofgenerality i < j; i0 < j0).Proposition 1. For any word w = a1 � � � at one has: w = 1 if and only if there exists a
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perfe
t mat
hing M on f1; : : : ; tg su
h that(6) (i) if fi; jg 2M then aj = a�1i ;(ii) if two pairs fi; jg; fi0; j0g in M 
ross then ai and ai0 are independent.
Proof. Ne
essity. If w = ; we 
an take M = ;. Moreover, one easily shows that theexisten
e of M is maintained under the operations (5).SuÆ
ien
y. Let M satisfy (6). If w 6� ;, 
hoose fi; jg 2M with i < j and j� i as smallas possible. Then ai and ai+1 � � � aj�1 are independent, sin
e ea
h of the pairs 
ontainingone of i+ 1; : : : ; j � 1 should 
ross fi; jg.Hen
e w = a1 � � � ai�1ai+1 � � � aj�1aj+1 � � � at. Sin
e M n ffi; jgg dire
tly gives a perfe
tmat
hing for the right-hand word, we obtain indu
tively that w = 1.We 
all a word w redu
ed if it is not equal (as a word) to xaya�1z for some symbol aindependent of y. We say that a symbol � o

urs in an element x of G if � o

urs in anyredu
ed word representing x. We say that two words x and y are independent if any symbolin x and any symbol in y are independent. (In parti
ular, b 6= a�1 for any symbols a in xand b in y.) Note that redu
edness is invariant under 
ommuting.Proposition 1 dire
tly implies:Proposition 2. If w is a redu
ed word and w = 1, then w � ;.Proof. If w 6� ; and w = 1 one shows, as in the proof of Proposition 1, that w is notredu
ed.So testing if w = 1 is easy: just repla
e (iteratively) any segment aya�1 by y where a isa symbol and y is a word independent of a. The �nal word is empty if and only if w = 1.This gives a test for equivalen
e of words w and x: just test if wx�1 = 1. So the `wordproblem' for free partially 
ommutative groups is easy. (In fa
t it 
an be solved in lineartime | see Wrathall [19℄.)Proposition 2 also implies the stronger statement:Proposition 3. Let w and x be redu
ed words with w = x. Then word x 
an be obtainedfrom w by a series of 
ommutings.Proof. We may assume w 6� ; 6� x. Sin
e wx�1 = 1, wx�1 is not redu
ed. So we 
an writew = w0aw00 and z = z0az00 for some symbol a independent of w00 and z00. By 
ommuting wemay assume w00 � z00 � ;. Then w0 and x0 are redu
ed equivalent words, and by indu
tionw0 and x0 
an be obtained from ea
h other by a series of 
ommutings.Proposition 3 implies:(7) if xyz = xy0z are redu
ed words then y0 
an be obtained from y by 
ommuting(sin
e y and y0 are redu
ed and y = y0.)
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In parti
ular, all equivalent redu
ed words have the same size. So we 
an de�ne the sizejxj of an element x in G as the size of any redu
ed word w = x. Trivially, jx�1j = jxj andjxyj � jxj + jyj. Hen
e the fun
tion dist(x; y) := jx�1yj is a distan
e fun
tion. Note thatdist(zx; zy) = dist(x; y) for all x; y; z.We write(8) xjy () jxyj = jxj+ jyj.So(9) xjy () if x0 and y0 are redu
ed words representing x and y, then x0y0 is a redu
edword representing xy.By extension we write:(10) x1jx2j � � � jxn () jx1x2 � � �xnj = jx1j+ jx2j � � �+ jxnj:Let x and y be two redu
ed words. We write x � y if there are redu
ed words x0 = xand y0 = y su
h that x0 is a beginning segment of y0. So x � y if and only if xjx�1y.Proposition 3 gives:(11) if x and y are redu
ed words su
h that x � y then y 
an be 
ommuted to y0 su
hthat x is a beginning segment of y0.This implies:Proposition 4. � is a partial order on G.Proof. Clearly x � x for ea
h x 2 G, so � is re
exive. To see that � is anti-symmetri
, letx � y and y � x. We may assume that x and y are redu
ed words. Then (11) implies thatx and y 
an be 
ommuted to ea
h other. So x = y.To see that � is transitive, let x � y and y � z, where x; y and z are redu
ed words.By (11) z 
an be 
ommuted to z0 su
h that y is beginning segment of z0, and y 
an be
ommuted to y0 su
h that x is beginning segment of y0. Hen
e z0 
an be 
ommuted to z00su
h that x is beginning segment of z00. Therefore x � z.Note that for all x; y 2 G:(12) x � y if and only if y�1x � y�1.Moreover, for all x; y; z 2 G:(13) if x � y � z then x�1y � x�1z; z�1y � z�1x, and x � zy�1x.This implies:
5



Proposition 5. For all x; y; z 2 G, if xy � z and xjy then x � zy�1.Proof. Sin
e x � xy � z, by (13) we have x � z(xy)�1x = zy�1.In fa
t, the partial order � yields a latti
e if we add to G an element 1 at in�nity.First 
onsider the following algorithm. For any x 2 G let �rst(x) denote the set of symbols� with � � x.For any two redu
ed words x and y the algorithm is as follows:(14) Grow a redu
ed word z su
h that zx0 = x and zy0 = y, where zx0 and zy0are redu
ed words. Initially, z := ;. If z has been found, 
hoose a symbol� 2 �rst(x0) \ �rst(y0), reset z := z�, remove the �rst o

urren
es of � from x0and y0, and iterate. Stop if no su
h a exists.Clearly the �nal z is redu
ed (as it is a beginning segment of a word arising by 
ommutingx) and satis�es z � x and z � y. Note that �rst(x0) \ �rst(y0) = ; if and only if the wordy0�1x0 is redu
ed. Moreover:Proposition 6. If w � x and w � y then w � z.Proof. We may assume that w is a redu
ed word. Apply the algorithm (14) to w and z.We end up with redu
ed words vz0 = z and vw0 = w su
h that �rst(w0) \ �rst(z0) = ;. Ifw0 � ; then w � z, so assume w0 6� ;. Let x0 and y0 be as found in (14) applied to x and y.So vz0x0 = x and vz0y0 = y are redu
ed words. Sin
e vw0 = w � x = vz0x0 the �rst symbola (say) of w0 belongs to �rst(z0x0). Similarly, a belongs to �rst(z0y0). Sin
e a 62 �rst(z0)it follows that a and z0 are independent and that a belongs to �rst(x0) \ �rst(y0). This
ontradi
ts the 
onstru
tion of z.It follows that � forms a latti
e on G[f1g, with x^y = z where z is 
onstru
ted as in(14). Note that (14) also gives an algorithm to test if x � y for any two words. Moreover:(15) for all x; y 2 G: x�1(x ^ y) � x�1y.This follows from the fa
t that if z; x0 and y0 are as 
onstru
ted in (14) then (x0)�1 =x�1(x ^ y) and (x0)�1y0 = x�1y, while (x0)�1y0 is a redu
ed word.One has x _ y is �nite (i.e., belongs to G) if and only if there is a w 2 G with x � wand y � w. The following proposition des
ribes how to �nd x_ y. Let x and y be redu
ed.Let z; x0 and y0 be as 
onstru
ted in (14).Proposition 7. If x0 and y0 are independent then x _ y is �nite and is equal to zx0y0.Otherwise, x _ y =1.Proof. If x0 and y0 are independent, then zx0y0 = zy0x0 is a redu
ed word and x = zx0 �zx0y0 and y = zy0 � zy0x0.Now let zx0 � w and zy0 � w for some redu
ed word w. Then w 
an be 
ommutedto zx0w0 and to zy0w00, where x0w0 and y0w00 
an be 
ommuted to ea
h other. Sin
e
6



w00�1y0�1x0w0 = 1 there exists a perfe
t mat
hing M satisfying (6). As x0w0 and y0w00are redu
ed, ea
h symbol in the w00�1y0�1 part is mat
hed with a symbol in the x0w0 part.Sin
e �rst(x0) \ �rst(y0) = ;, the symbols in the y0�1 part are not mat
hed with the sym-bols in the x0 part. So x0 and y0 are independent and hen
e zx0y0 is a redu
ed word andzx0y0 � w.This dire
tly implies that for any x; y 2 G with x _ y �nite:(16) x _ y = x(x ^ y)�1y and x ^ y = x(x _ y)�1y.Note that:(17) if x � z and y � z then x _ y = z(z�1x ^ z�1y) and x ^ y = z(z�1x _ z�1y).The reason is that by (13) the fun
tion w 7! z�1w reverses the partial order on the setfw 2 G j w � zg. Hen
e z�1(x_ y) = z�1x^ z�1y and z�1(x^ y) = z�1x_ z�1y wheneverx; y � z.We also note the following:Proposition 8. Let x1; : : : ; xt 2 G be su
h that xi_xj is �nite for all i; j. Then x1_� � �_xtis �nite.Proof. Let x1; : : : ; xt be a 
ounterexample with t as small as possible. So x1_ � � � _xt =1and t � 3. By the minimality of t ea
h pair from x1_x4_� � �_xt; x2_x4_� � �_xt; x3_x4_� � �_xt has �nite join. If t � 4 this implies by the minimality of t that x1_ x2_x3_x4_� � �_xtis �nite, a 
ontradi
tion. So t = 3.Assume we have 
hosen x1; x2; x3 so that jx1j+ jx2j+ jx3j is as small as possible. Thenx1; x2 and x3 are redu
ed nonempty words. Write x1 � y1�; x2 � y2�; x3 � y3
 where�; �; 
 are symbols.By the minimality 
ondition, z := y1 _ y2 _ y3 and z _ x1 are �nite. If z _ x1 = z thenx1 _ x2 _ x3 = y1 _ x2 _ x3 is �nite by the minimality 
ondition. So z _ x1 6= z. Sin
ey1 � z we know z = y1z0 for some word z0 with y1jz0. Hen
e, sin
e x1 = y1� with y1j�,z _ x1 = za. Similarly z _ x2 = zb and z _ x3 = z
. Moreover a 6= b, sin
e otherwisex1 _ x2 _ x3 = za _ zb _ z
 = za _ z
 = x1 _ y2 _ x3 is �nite.Sin
e za _ zb = x1 _ x2 _ y3 is �nite, a and b are independent. Similarly a and 
 areindependent and b and 
 are independent. So za; zb; z
 � zab
 = zba
 = z
ab, and hen
ex1 _ x2 _ x3 = za _ zb _ z
 is �nite.The partial order � is 
learly not invariant under mappings x 7! zx for z 2 G. Thefollowing formula expresses how ^ behaves under su
h an operation.Proposition 9. For all x; y; z 2 G one has z�1x^ z�1y = z�1((x^ y)_ (x^ z)_ (y ^ z)).Proof.We may assume x^y^z = 1 (we 
an repla
e x by (x^y^z)�1x, y by (x^y^z)�1y,and z by (x ^ y ^ z)�1z). Let u := x ^ y; v := x ^ z and w := y ^ z. Sin
e u ^ v = 1 andu _ v is �nite, u and v are independent. Similarly, u and w are independent and v and w
7



are independent. So (x ^ y) _ (x ^ z) _ (y ^ z) = uvw. Let x0 := (uv)�1x; y0 := (uw)�1yand z0 := (vw)�1z. So uvx0; uwy0 and vwz0 represent x; y and z as redu
ed words. Hen
e(z0)�1w�1ux0 = (z0)�1uw�1x0 and (z0)�1v�1uy0 = (z0)�1uv�1y0 represent z�1x and z�1yas redu
ed words. Now w�1x0 ^ v�1y0 = 1 as (w�1x0)�1v�1y0 = (x0)�1v�1wy0 is a redu
edword. Hen
e z�1x ^ z�1y = (z0)�1u = z�1uvw.It follows from Proposition 9 that (x^ y)_ (x^ z)_ (y^ z) is the unique element w thatis on the three shortest paths (with respe
t to the distan
e fun
tion dist) from x to y, x toz, and y to z. So (x^ y)_ (x^ z)_ (y ^ z) is the `median' in the sense of Sholander [16,18,17℄ (
f. [2℄).It is helpful to see that ea
h element of a free partially 
ommutative group has anunderlying partial order | extending the idea that the symbols in a word in the free groupare totally ordered.Let �1 � � ��t be a redu
ed word representing element x of G. De�ne a partial order �on f1; : : : ; tg by:(18) i � i0 , there exist i0 = i < i1 < � � � < is = i0 (with s � 0) su
h that aij�1 andaij are not independent, for ea
h j = 1; : : : ; s,for i; i0 2 f1; : : : ; tg.There is a one-to-one 
orresponden
e between linear extensions i1; : : : ; it of 1; : : : ; t (withrespe
t to �) and redu
ed words representing x. Here we de�ne a linear extension withrespe
t to � as a permutation i1; : : : ; it of 1; : : : ; t su
h that if ij � ij0 then j � j0, for allj; j0 2 f1; : : : ; tg.For any linear extension i1; : : : ; it the word w := �i1 � � ��it is a redu
ed word representingx. This follows from the fa
t that any linear extension 
an be obtained from 1; : : : ; t byiteratively 
hoosing two 
onse
utive elements ij ; ij+1 with ij 6� ij+1 and repla
ing them byij+1; ij . So w arises by 
ommuting from �1 � � ��t.Conversely, let �i1 � � ��it be a redu
ed word representing x, where i1; : : : ; it is a per-mutation of 1; : : : ; t. We may assume that we have 
hosen indi
es su
h that if �ij = �ij0and j < j0 then ij < ij0 . Then i1; : : : ; it is a linear extension with respe
t to �. Thisfollows iteratively from the fa
t that if �ij and �ij+1 are independent, then ij 6� ij+1; thusif i1; : : : ijij+1 � � � it is a linear extension, then so is i1 � � � ij+1ij � � � it.Let Lx denote the set of lower ideals of (f1; : : : ; tg;�). (A subset I of f1; : : : ; tg is alower ideal if i 2 I and j � i implies j 2 I.) Then the partially ordered sets (Lx;�) and(fy 2 G j y � xg;�) are isomorphi
. The isomorphism is given as follows. Let y � x.Then there is a linear extension i1; : : : ; it and an s � t su
h that �i1 � � ��is is a redu
edword representing y. Then fi1; : : : ; isg is a lower ideal of f1; : : : ; tg. (Indeed, if ij � ij0 thenj � j0; so if moreover j0 � s then j � s.) Conversely, for ea
h lower ideal I of f1; : : : ; tgthere exists a linear extension i1; : : : ; it and an s � t su
h that I = fi1; : : : ; isg. Then�i1 � � ��is is a redu
ed word representing an element y � x. It is not diÆ
ult to see thatthis gives a one-to-one 
orresponden
e, bringing � to �.In parti
ular it follows that (
f. [2℄)Proposition 10. For ea
h x 2 G, the set fy 2 G j y � xg, partially ordered by �, forms a
8



distributive latti
e.(That is, if a; b; 
 � x then a^ (b_ 
) = (a^ b)_ (a^ 
) and a_ (b^ 
) = (a_ b)^ (a_ 
).)Proof. This follows dire
tly from the fa
ts that the partially ordered sets (fy 2 G j y �xg;�) and (Lx;�) are isomorphi
 and that the 
olle
tion Lx is 
losed under taking unionsand interse
tions.(The whole latti
e on G [ f1g is generally not distributive: if a and b are distin
tgenerators then a ^ (b _ b�1) = a ^1 = a while (a ^ b) _ (a ^ b�1) = 1 _ 1 = 1.)As a 
orollary we have:Proposition 11. If y _ z is �nite then x ^ (y _ z) = (x ^ y) _ (x ^ z). If x _ y and x _ zare �nite then x _ (y ^ z) = (x _ y) ^ (x _ z).Proof. The �rst line follows from the fa
t that taking x0 := x ^ (y _ z) � y _ z we havex0; y; z � y _ z, implying x0 = (x0 ^ y)_ (x0 ^ z) = (x^ y)_ (x^ z). The se
ond line followsfrom (x _ y) ^ (x _ z) = ((x _ y) ^ x) _ ((x _ y) ^ z) = x _ ((x ^ z) _ (y ^ z)) = x _ (y ^ z)(using the �rst line).The 
orresponden
e also gives a 
orresponden
e for join-irredu
ible elements of G. Anelement x of G is 
alled join-irredu
ible or a left-interval if x 6= 1 and if y _ z = x impliesy = x or z = x. Clearly, ea
h element x of G is equal to the join of all join-irredu
ibleelements y � x. Moreover, x is join-irredu
ible if and only if the partial order � de�nedabove has a unique maximum element. In other words:Proposition 12. x is join-irredu
ible if and only if x 6= 1 and there exists a symbol � su
hthat ea
h redu
ed word representing x has last symbol equal to �.Proof. To see ne
essity, let x be join-irredu
ible. Let v and w be redu
ed words representingx, with last symbols � and �, respe
tively. If � 6= � then x��1 6= x��1. Hen
e x��1 _x��1 = x, 
ontradi
ting the fa
t that x is join-irredu
ible.To see suÆ
ien
y, let x 6= 1 and let there be a symbol � su
h that ea
h redu
ed wordrepresenting x has last symbol equal to �. Moreover, let x = y _ z. Then x = x0y0z0, wherex0 := y ^ z; y0 := x0�1y and z0 := x0�1z, x0jy0jz0 and y0 and z0 independent. So not both y0and z0 
an have � as last symbol, implying that y0 = 1 or z0 = 1. Therefore z = x or y = x.
Let Jx denote the 
olle
tion of join-irredu
ible elements y � x. Then:Proposition 13. The partially ordered sets (Jx;�) and (f1; : : : ; tg;�) are isomorphi
.Proof. By the above, the join-irredu
ible elements 
orrespond to lower-ideals of f1; : : : ; tgthat have a unique maximum element. So they are determined by their maximum element,and we have the required 
orresponden
e.It follows that:
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Proposition 14. For ea
h x 2 G, the number of join-irredu
ible elements y � x is equalto jxj.Proof. Dire
tly from Proposition 13.Call an element a of G 
y
li
ally redu
ed if a^ a�1 = 1. So a is 
y
li
ally redu
ed if andonly if aja. Note that for ea
h element a of G there exist unique b; 
 su
h that a = b
b�1with bj
jb�1 and 
 
y
li
ally redu
ed. In fa
t, b = a ^ a�1.Proposition 15. Let x; a 2 G, where x is a left-interval with maximum symbol � andwhere � o

urs in a. Assume x � ax and b ^ x = 1. Write a = b
b�1 with bj
jb�1 and 

y
li
ally redu
ed. Then x and b are independent and x � 
t for some t.Proof. Let e := a�1 ^ x. Then x � ax and eje�1x, and hen
e by Proposition 5 e � ae.Sin
e ae � a, we have e = e ^ a = a�1 ^ x ^ a = b ^ x = 1. So a � ax. Hen
e b � a � axand x � ax, and therefore b _ x <1, and so b and x are independent, and � o

urs in 
.We next show that x � 
t for some t by indu
tion on jxj. We may assume that x 6� 
.Moreover x ^ 
 6= 1, sin
e x � 
x and 
 � 
x, and hen
e if x ^ 
 = 1 then x and 
 areindependent, but both 
ontain �.Let x0 := (x ^ 
)�1x 
0 := (x ^ 
)�1
(x ^ 
) and a0 := (x ^ 
)�1a(x ^ 
) = b
0b�1. Thenx0 � a0x0, � o

urs in a0 and b ^ x0 = 1 (as b and x are independent). So by indu
tion weknow that x0 � (
0)s for some s. Hen
e x � 
s+1.
Proposition 16. Let a be 
y
li
ally redu
ed and let x 2 G. Then x � at for some t, ifand only if there exist at � at�1 � � � � � a2 � a1 � a su
h that x = a1a2 � � � at�1at anda1ja2j � � � jat�1jat and su
h that ai and a�1i�1a are independent for ea
h i = 2; : : : ; t.Proof. SuÆ
ien
y being easy, we show ne
essity. This is shown by indu
tion on t, the 
aset = 1 being trivial. Let a1 := a ^ x and x0 := a�11 x; b := a�11 a. Sin
e a � at and x � at weknow that a_x is �nite, and hen
e b and x0 are independent. So x0 � at�1 sin
e x0 � bat�1and b and x0 are independent. So by indu
tion there exist at � at�1 � � � � � a2 � a su
hthat x0 = a2 � � � at�1at and a2j � � � jat�1jat and su
h that ai and a�1i�1a are independent forea
h i = 3; : : : ; t. Sin
e x0 and b are independent we know in fa
t that a2 � a1 and that a2and a�11 a are independent. Thus we have the required a1; : : : ; at.Let a 2 G. An element d 2 G is 
alled a 
omponent of a if d is a minimal element withthe properties that 1 6= d � a and that d and d�1a are independent. So if d1; : : : ; dn are the
omponents of a then a = d1 � � � dn where the di are pairwise independent.Proposition 17. Let a; x 2 G be su
h that x is a left-interval with maximum symbol �,su
h that x � ax and su
h that x�1ax 
ontains �. Let p be a natural number satisfyingp < jxjjaj � jaj. Let y be the 
omponent of x�1ax 
ontaining �. Then x = ryp where r is aleft-interval with maximum symbol �, and rjyp.Proof. I. Write a = b
b�1 with bj
jb�1 and 
 
y
li
ally redu
ed. First assume that b = 1.Then by Proposition 15 x � 
t for some t. By Proposition 16, there exist 
t � 
t�1 � � � � �
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2 � 
1 � 
 su
h that x = 
1
2 � � � 
t�1
t and 
1j
2j � � � j
t�1j
t and su
h that 
i and 
�1i�1
 areindependent for i = 2; : : : ; t. We may assume that 
t 6= 1. As t � jxj=j
j > j
j + p, thereexists an h � p + 1 su
h that 
h = 
h�1. Hen
e 
h and 
�1h 
 are independent. Let d := 
hand q := 
�1h 
. Then 
1 = � � � = 
h = d. Let r := 
h+1 � � � 
t. Then x = dhr and r � x(by Proposition 16). Hen
e x = r(x�1dx)h (sin
e r�1x = r�1dhr = (r�1dr)h = (x�1dx)h.)Moreover, rj(x�1dx)h.Now r is a left-interval with maximum symbol �, sin
e r is an end-segment of x. Sin
ex and q are independent, we have x�1ax = x�1dxq with x�1dx and q independent, andtherefore x�1dx = y. In parti
ular, x = ryp+1 with rjyp+1.II. We now delete the assumption that b = 1. Let x0 := (b ^ x)�1x, b0 := (b ^ x)�1b anda0 := (b ^ x)�1a(b ^ x). By Proposition 15, b0 and x0 are independent. Moreover, x0 � 
x0,sin
e x0 � a0x0 = b0
(b0)�1x0 = b0
x0(b0)�1. Sin
e moreover, jx0j � ja0j2+pja0j+ ja0j, we knowby Se
tion 3 that x0 = r0(y0)p+1, and r0j(y0)p+1, where y0 is the 
omponent of (x0)�1
x0
ontaining �, and where r is a left-interval with maximum symbol �.Let y00 be su
h that (x0)�1
x0 = y0y00. Sin
e b0 and x0 are independent, also b0 andy0 are independent. So x�1ax = (x0)�1a0x0 = (x0)�1b0
(b0)�1x0 = b0(x0)�1
x0(b0)�1 =b0(y0y00)(b0)�1 = y0b0y00(b0)�1) where y0 and b0y00(b0)�1 are independent. So y0 = y.Now b ^ xjx0 and r0jyjyp and hen
e b ^ xjr0jyjyp. Now r := (b ^ x)r0y is a left-intervalwith maximum symbol �. For let � 6= � be a maximum symbol of r. As r0y is a left-intervalwith maximum symbol �, and as r0jy, � is a maximum symbol of b ^ x su
h that � andr0y are independent. Then � and r0yp+1 are independent, and hen
e � is also a maximumsymbol of x. This 
ontradi
ts the fa
t that x is a left-interval with maximum symbol �.We 
all a subset H of G left-
onvex if H is nonempty and if x; z 2 H and dist(x; y) +dist(y; z) = dist(x; z) then y 2 H. Sin
e the distan
e fun
tion is invariant under fun
tionsx 7! yx, if H is left-
onvex also yH is left-
onvex for any y 2 G.Proposition 18. A nonempty subset H of G is left-
onvex if and only if(19) (i) if x � y � z and x; z 2 H then y 2 H;(ii) if x; y 2 H then x ^ y 2 H and, if x _ y is �nite, x _ y 2 H.
Proof. Ne
essity follows from the fa
ts that if x � y � z then dist(x; y) + dist(y; z) =dist(x; z), that dist(x; y) = dist(x; x ^ y) + dist(x ^ y; y) and that, if x _ y is �nite thendist(x; y) = dist(x; x _ y) + dist(x _ y; y).To see suÆ
ien
y, let dist(x; y) + dist(y; z) = dist(x; z) with x; z 2 H. We must showy 2 H. So jx�1yj + jy�1zj = jx�1zj. This implies x�1yjy�1z. So y�1x ^ y�1z = 1. Hen
eby Proposition 9, (x^ y)_ (x^ z)_ (y ^ z) = y. So x^ z � x^ y � x and x^ z � y ^ z � z.Therefore, x ^ y; x ^ z and y ^ z belong to H and hen
e y belongs to H.In parti
ular, ea
h left-
onvex set has a unique minimum element. We 
all a subset Hof G right-
onvex if H�1 is left-
onvex, and 
onvex if H is both left- and right-
onvex. (Asusual, H�1 := fx�1 j x 2 Hg.) We 
all a subset H of G left-
losed if H is left-
onvex and1 2 H. It is right-
losed if H�1 is left-
losed, and 
losed if H is both left- and right-
losed.

11



Proposition 19. A nonempty subset H of G is left-
losed if and only if(20) (i) if y � x and x 2 H then y 2 H;(ii) if x; y 2 H and x _ y is �nite then x _ y 2 H.
Proof. Dire
tly from Proposition 18.
Proposition 20. If H is left-
losed then for any x 2 G: x belongs to H if and only if ea
hleft-interval of x belongs to H. If H is 
losed then for any x 2 G: x belongs to H if andonly if ea
h interval of x belongs to H.Proof. Let H be left-
losed. If x 2 H and y is a left-interval of x then y � x and hen
ey 2 H. The 
onverse follows from the fa
t that x = Wfy j y left-interval of xg.Let H be 
losed. If x 2 H and y is an interval of x then y is a segment of x and hen
ey 2 H. Conversely, suppose that ea
h interval of x belongs to H. Then ea
h right-intervalz of x belongs to H (sin
e ea
h left-interval w of z belongs to H as w is an interval of x).So by the �rst statement of the proposition applied to x�1 and H�1 we have x 2 H.Clearly, the interse
tion of any number of left-
onvex sets is again left-
onvex. Moreover,left-
onvex sets satisfy the following `Helly-type' property:Proposition 21. Let H1; : : : ;Ht be left-
onvex sets with Hi \Hj 6= ; for all i; j = 1; : : : ; t.Then H1 \ � � � \Ht 6= ;.Proof. Suppose not. Choose a 
ounterexample with t minimal. If t � 4 then ea
h two ofH1 \ H4 \ � � � \ Ht;H2 \ H4 \ � � � \ Ht;H3 \ H4 \ � � � \ Ht have a nonempty interse
tion(as it is an interse
tion of t� 1 sets from H1; : : : ;Ht). So these three sets have a nonemptyinterse
tion, a 
ontradi
tion.So t = 3. Choose x 2 H1 \H2; y 2 H1 \H3; z 2 H2 \H3. Without loss of generality,z = 1 (as we 
an repla
e H1;H2;H3 by z�1H1; z�1H2; z�1H3). Now x^ y 2 H1 \H2 \H3.

Proposition 21 implies the following. As usual, de�ne HH 0 := fxx0 j x 2 H;x0 2 H 0g.Proposition 22. Let H be left-
onvex and let H 0 and H 00 be right-
onvex, with H 0\H 00 6= ;.Then HH 0 \HH 00 = H(H 0 \H 00).Proof. Clearly HH 0\HH 00 � H(H 0\H 00). To see the reverse in
lusion, let x 2 HH 0\HH 00.So x�1H \ H 0�1 6= ; and x�1H \H 00�1 6= ;. Sin
e also H 0 \H 00 6= ;, by Proposition 21,x�1H \ (H 0 \H 00)�1 6= ;. Hen
e x 2 H(H 0 \H 00).For any left-
onvex H and x 2 G, there is a unique element y in H `
losest' to x, thatis, one minimizing dist(x; y). To see this we may assume H is left-
losed. Then by (20) yis the largest element in H satisfying y � x.We denote this element by 
lH(x). Then
12



Proposition 23. Let H be left-
onvex and let H 0 be right-
losed. Let x 2 G and y :=
lH(x). Then x 2 HH 0 if and only if y�1x 2 H 0.Proof. SuÆ
ien
y being trivial, we prove ne
essity. We may assume that y = 1 (sin
erepla
ing H by y�1H and x by y�1x does not modify the assertion). Hen
e H is left-
losed.Let x 2 HH 0 and 
hoose w 2 H;w0 2 H 0 su
h that x = ww0 and su
h that jwj+ jw0j is assmall as possible. We may assume that w and w0 are redu
ed words. Then the word ww0is redu
ed again (sin
e otherwise we 
ould de
rease jwj+ jw0j). So w � x and hen
e w = 1.Therefore, x = w0 2 H 0 � HH 0.Proposition 23 implies that if H is left-
losed and H 0 is right-
losed, and if we 
an testin polynomial time whether any given word x belongs to H and to H 0, then we 
an alsotest in polynomial time if any given word y belongs to HH 0. We �rst �nd z = 
lH(x). This
an be done as follows: if we have a redu
ed word x0x00 = x with x0 2 H, �nd a symbola 2 �rst(x00) su
h that x0a 2 H; reset x0 := x0a, delete the �rst a from x00, and iterate. Ifno su
h a exists we set z := x0. Now by Proposition 23 x 2 HH 0 if and only if y�1x 2 H 0.Similarly, if H is left-
onvex and H 0 is right-
onvex and if we 
an test in polynomialtime if any word belongs to H and to H 0 and moreover we know at least one word w in Hand at least one word w0 in H 0, then we 
an test if any given word x belongs to HH 0: wejust test if w�1xw0�1 belongs to (w�1H)(H 0w0�1). Note that w�1H is left-
losed and thatH 0w0�1 is right-
losed.Proposition 23 also implies:Proposition 24. Let H be left-
onvex and let H 0 be 
losed. Then HH 0 is left-
onvex.Proof.We may assume thatH is left-
losed. We show thatHH 0 is left-
losed. Let x 2 HH 0and y � x. Let u := 
lH(x). So by Proposition 23, u�1x 2 H 0. Moreover (u^y)�1y � u�1x(sin
e u � u _ y � x and u _ y = u(u ^ y)�1y). This implies (u ^ y)�1y 2 H 0 and hen
e, asu ^ y 2 H, y 2 HH 0.Next let x; y 2 HH 0 with x_y �nite. Let u := 
lH(x) and v := 
lH(y). So u�1x and v�1ybelong to H 0. Now (u_ v)�1(x_ v) = (u_ v)�1(x_ (u_ v)) = (x^ (u_ v))�1x = u�1x 2 H 0(sin
e x^ (u_ v) = u as u = 
lH(x)). Hen
e x_ v 2 (u_ v)H 0. Similarly y _ u 2 (u_ v)H 0.Hen
e x _ y = (x _ v) _ (y _ u) 2 (u _ v)H 0 � HH 0.For any x 2 G de�ne(21) H"x := fy 2 G j y � xg and H#x := fy 2 G j y � xg.It is not diÆ
ult to see that H"x and H#x are left-
onvex.Proposition 25. Let H be 
losed and let x; y; z 2 G. Then x�1yz belongs to H if andonly if: (i) 9u � x 9w � z : u�1yw 2 H; (ii) 9u � x 9w � z : u�1yw 2 H; (iii)9u � x 9w � z : u�1yw 2 H; (iv) 9u � x 9w � z : u�1yw 2 H.Proof. Ne
essity being trivial we show suÆ
ien
y. Assertion (i) means y 2 H#xHH#�1z , andassertion (ii) means y 2 H#xHH"�1z . Hen
e by Proposition 22, y 2 H#xH(H#�1z \H"�1z ) =
13



H#xHz�1. Similarly, y 2 H"xHz�1. Again by Proposition 22, y 2 (H#x \H"x)Hz�1 = xHz�1.Therefore x�1yz 2 H.
Proposition 26. Let H be 
losed and let x; a be su
h that x�1ax 2 H. Then there existsa y su
h that y�1ay 2 H and su
h that y � at for some t.Proof. By indu
tion on jxj. If x ^ ax 6= 1, let � be a symbol satisfying � � x ^ ax. Letx0 := ��1x and a0 := ��1a�. Then (x0)�1a0x0 2 H and hen
e by indu
tion there exists ay0 su
h that (y0)�1a0y0 2 H and su
h that y0 � (a0)s for some s. Then y := �y0 satis�esy�1ay = (y0)�1a0y0 2 H and y � �(a0)s � as+1.Similarly, if x�1 ^ (a�1x�1) 6= 1. Hen
e we may assume that x�1jajx. But then a is asegment of x�1ax, and hen
e a 2 H. This implies that we 
an take y := 1.This implies:Proposition 27. Let H be 
losed and let x; a be su
h that x�1asx 2 H for some s. Thenthere exists a y su
h that y�1asy 2 H and su
h that y � ajaj.Proof. First assume that a is 
y
li
ally redu
ed. By Proposition 26 we may assume thatx � at for some t. We 
hoose x and t su
h that t is minimal. We show that t � jaj. Assumet > jaj. By Proposition 16 there exist 1 � at � at�1 � � � � � a2 � a1 � a su
h thatx = a1a2 � � � at�1at and a1ja2j � � � jat�1jat and su
h that ai and a�1i�1a are independent forea
h i = 2; : : : ; t. By the minimality of t, at 6= 1. As t > jaj there exist an i 2 f2; : : : ; tg su
hthat ai�1 = ai. Then ai and a�1i a are independent. So aiaa�1i = a. Hen
e for x0 := a�1i xwe have (x0)�1asx0 = x�1asx 2 H and x0 � at�1, sin
e x0 = a1a2 � � � ai�1ai+1 � � � at. This
ontradi
ts the minimality of t.If a is not 
y
li
ally redu
ed, let a = b
b�1 with bj
jb�1 and 
 
y
li
ally redu
ed. Thenfor x0 := b�1x we know that (x0)�1
sx0 belongs to H, and hen
e there exists a y0 su
hthat (y0)�1
sy0 2 H and su
h that jy0j � 
j
j. Then for y := by0 we have y�1asy 2 H andy � aj
j � ajaj.
4. The 
ohomology feasibility problemLet D = (V;A) be a dire
ted graph and let G be a group. Two fun
tions �;  : A! G are
alled 
ohomologous if there exists a fun
tion p : V ! G su
h that  (a) = p(u)�1�(a)p(w)for ea
h ar
 a = (u;w). One dire
tly 
he
ks that this gives an equivalen
e relation.Consider the following 
ohomology feasibility problem:(22) given: a dire
ted graph D = (V;A), a group G, a fun
tion � : A ! G, and for ea
ha 2 A, a subset H(a) of G;�nd: a fun
tion  : A ! G su
h that  is 
ohomologous to � and su
h that  (a) 2H(a) for ea
h a 2 A.We give a polynomial-time algorithm for this problem in 
ase G is an free partially
ommutative group and ea
h H(a) is a 
losed set.
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In the algorithm it is not required that the H(a) are given expli
itly. It suÆ
es tobe given an algorithm that tests for any a and any word x whether or not x belongs toH(a). (So H(a) might be in�nite.) The running time of the algorithm for the 
ohomologyfeasibility problem is bounded by a polynomial in n := jV j, � := maxfj�(a)j j a 2 Ag, and� , where � is the maximum time needed to test membership of x in H(a) for any given ar
a and any given word x of length bounded by a polynomial in n and �. (The number k ofgenerators 
an be bounded by n�, sin
e we may assume that all generators o

ur amongthe �(a).)Note that, by the de�nition of 
ohomologous, equivalent to �nding a  as in (22), is�nding a fun
tion f : V ! G satisfying:(23) f(u)�1�(a)f(w) 2 H(a) for ea
h ar
 a = (u;w).We 
all su
h a fun
tion f feasible.Note that if f is feasible and P is an s� t path, then f(s)�1�(P )f(t) 2 H(P ). Here forany path P = a1 � � � am we use the following de�nitions:(24) �(P ) := �(a1) � � ��(am),H(P ) := H(a1) � � �H(am),where �(a�1) := �(a)�1 and H(a�1) = H(a)�1.This gives an obvious ne
essary (but not suÆ
ient) 
ondition for problem (22) having asolution:(25) for ea
h 
y
le P there exists an x 2 G su
h that x�1�(P )x belongs to H(P ).Let D = (V;A) be a dire
ted graph, let G be a group, let � : A! G and for ea
h a 2 A,let H(a) be a 
losed subset of G.We 
all a fun
tion f : V ! G pre-feasible if for ea
h ar
 a = (u;w) of D there existx � f(u) and z � f(w) su
h that x�1�(a)z 2 H(a). Clearly, ea
h feasible fun
tion ispre-feasible. There is a trivial pre-feasible fun
tion f , de�ned by f(v) := 1 for ea
h v 2 V .The 
olle
tion of pre-feasible fun
tions is 
losed under 
ertain operations on the set GVMof all fun
tions f : V ! GM . This set 
an be partially ordered by: f � g if and only iff(v) � g(v) for ea
h v 2 V . Then GVM forms a latti
e if we add an element 1 at in�nity.Let ^ and _ denote meet and join.Proposition 28. Let f1 and f2 be pre-feasible fun
tions. Then f1^ f2 and, if f1_ f2 <1,f1 _ f2 are pre-feasible again.Proof. To see that f1 ^ f2 is pre-feasible, 
hoose an ar
 a = (u;w). Sin
e f1 is pre-feasible, �(a) 2 H"f1(u)H(a)(H#f1(w))�1 � H"f1(u)^f2(u)H(a)(H#f1(w))�1. Similarly, �(a) 2H"f1(u)^f2(u)H(a)(H#f2(w))�1. So by Proposition 22,
(26) �(a) 2 H"f1(u)^f2(u)H(a)(H#f1(w) \H#f2(w))�1 = H"f1(u)^f2(u)H(a)(H#f1(w)^f2(w))�1:
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This means that there exist x � f1(u)^ f2(u) and z � f1(w)^ f2(w) su
h that x�1�(a)z 2H(a).The fa
t that f1 _ f2 is pre-feasible if it is not 1, is shown similarly.It follows that for ea
h fun
tion f : V ! G there is a unique smallest pre-feasiblefun
tion �f � f , provided that there exists at least one pre-feasible fun
tion g � f . If nosu
h g exists we set �f :=1. Note that f _ g = �f _ �g for any two fun
tions f; g with f _ g�nite.Let input D = (V;A); �;H for the 
ohomology feasibility problem be given. We des
ribea polynomial-time subroutine that outputs �f for any given fun
tion f , under the assumptionthat (25) holds.For any ar
 a = (u;w) and any x 2 G let �a(x) be the smallest element z in G su
hthat there exists an x0 � x with (x0)�1�(a)z 2 H(a). This is unique, as z is the minimumelement in the left-
onvex set �(a)�1H"xH(a). Note that for any f : V ! G one has:(27) f is pre-feasible if and only if �a(f(u)) � f(w) for ea
h ar
 a = (u;w).For any given x we 
an determine �a(x) in polynomial time if we 
an test in polynomialtime if any given word belongs to H(a) (as �a(x) is the minimal element of �(a)�1H"xH(a)).Subroutine to �nd �f : If f is pre-feasible, output �f := f . Otherwise, 
hoose an ar
a = (u;w) su
h that �a(f(u)) 6� f(w). If f(w) _ �a(f(u)) =1, output �f :=1. Otherwisereset f(w) := f(w) _ �a(f(u)), and start anew.
Proposition 29. The output in the subroutine is 
orre
t.Proof. Clearly, if f(w) _ �a(f(u)) = 1 then �f = 1. If f(w) _ �a(f(u)) < 1, let f 0denote the reset fun
tion. Then f � f 0. Moreover, if �f is �nite, then f � f 0 � �f , sin
ef 0(w) = f(w) _ �a(f(u)) � �f(w) _ �a( �f(u)) = �f(w), sin
e �f is pre-feasible.We show that after at most 215n9k9�8 + 22n2k2� iterations the subroutine gives anoutput, where:(28) n := jV j;� := maxfj�(a)j j a 2 Ag;� := maxfjf(v)j j v 2 V g:To this end we �rst make some observations and introdu
e some further terminology.Proposition 30. �a(x _ y) = �a(x) _ �a(y) for all x; y 2 G with x _ y �nite.Proof. Clearly, for all x; y, if x � y then �a(x) � �a(y). Equivalently, �a(x _ y) ��a(x) _ �a(y) for all x; y with x _ y �nite. To see the reverse inequality, let u := �a(x) andv := �a(y). Sin
e x0�1�(a)u 2 H(a) for some x0 � x, H"x \ �(a)H#u_vH(a)�1 6= ; (as x0belongs to it). Similarly, H"y \ �(a)H#u_vH(a)�1 6= ;. Sin
e also H"x \H"y = H"x_y 6= ;, by
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Proposition 21 H"x_y \ �(a)H#u_vH(a)�1 6= ;. Hen
e �a(x _ y) � u _ v.De�ne for ea
h path P in D and ea
h x 2 G, �P (x) indu
tively by: �;(x) := x and�Pa(x) := �a(�P (x)). Indu
tively it follows from Proposition 30 that �P (x _ y) = �P (x) _�P (y) for all x; y 2 G with x _ y �nite. Moreover:Proposition 31. For ea
h path P in D, ea
h x 2 G and ea
h y 2 H(P ) we have �P (x) ��(P )�1xy.Proof. If P = ;, the assertion is trivial. If P = a, then for z := �(a)�1xy one hasx�1�(a)z = y 2 H(a), and hen
e �a(x) � z = �(a)�1xy.Consider next a path Pa and let y = y0y00 2 H(Pa), with y0 2 H(P ) and y00 2 H(a).Then by indu
tion,(29) �Pa(x) = �a(�P (x)) � �a(�(P )�1xy0) � �(a)�1(�(P )�1xy0)y00 = �(Pa)�1xy:
We introdu
e the following further stru
ture. At ea
h iteration t of the subroutine wemaintain a 
olle
tion �t of paths. Let ft denote the fun
tion f as it is after t iterations.We �rst set �0 := f;g. If at iteration t we 
hoose ar
 a = (u;w) and put ft(w) :=ft�1(w)_ �a(ft�1(u)), then for ea
h left interval x � �a(ft�1(u)) satisfying x 6� ft�1(w) we
hoose a left-interval y � ft�1(u) su
h that x � �a(y), and we set Pw;x := Pu;ya. (Su
h a y
an be 
hosen by Proposition 30.) We add ea
h su
h path to �t�1, thus obtaining �t.Note that the 
olle
tion �t has the following property:(30) for ea
h vertex v and ea
h left-interval x � ft(v) there is a vertex r and an r� vpath Pv;x 2 �t su
h that x � �Pv;x(f(r)).

Proposition 32. The subroutine takes at most t := 215n9k9�8 + 22n2k2� iterations.Proof. Suppose we have performed t iterations. We �rst show:(31) �t 
ontains a dire
ted path P with T := 211n7k7�6 ar
s.First note that j�tj � 215n9k9�8+22n2k2�, sin
e at ea
h iteration at least one path is added.For ea
h path Pv;x in �t, with starting vertex r say, there exists a left-interval y � f0(r)su
h that x � �Pv;x(y). Sin
e there are n verti
es and 2k symbols, there exist verti
es r; vand symbols �; � su
h that there are at least t=(2nk)2 = 213n7k7�8 + � join-irredu
ibleelements x with the following properties:(32) (i) Pv;x belongs to �t and runs from r to v;(ii) the maximum symbol of x is equal to �;(iii) x � �Pv;x(y) for some left-interval y � f0(r) with maximum symbol �.
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Let X denote the 
olle
tion of su
h x. Sin
e ea
h x 2 X has maximum symbol � andsatis�es x � ft(v), the elements in X form a 
hain (i.e., are totally ordered by �). Let wbe the maximum element in X. Then(33) jwj � jXj � 213n7k7�8 + �:Let m be the number of ar
s in Pv;w. Let z be the largest left-interval with maximumsymbol � and satisfying z � f0(r). Then by Proposition 31, w � �Pv;w(z) � �(Pv;w)�1z;so jwj � j�(Pv;w)j+ jzj � m� + �. Hen
e with (33), m � 213n7k7�7. Sin
e ea
h beginningsegment of a path in �t again belongs to �t we have (31).Let P traverse verti
es v0; v1; : : : ; vT in this order. By 
onstru
tion of �t we 
an �ndleft-intervals y0; y1; : : : ; yT su
h that y0 � f0(v0) and yi � �a(yi�1) where a = (vi�1; vi) (fori = 1; : : : ; T ). So Pvi;yi is the subpath of P 
onsisting of the �rst i ar
s of P .For ea
h vertex v of D and ea
h symbol � let Iv;� denote the set of indi
es i 2 f0; : : : ; Tgsu
h that vi = v and su
h that yi has maximum symbol �. Then there exists a vertex wof D and a symbol � su
h that jIw;�j � T=2nk. Let L be the largest index in Iw;� . Sin
efor all i; i0 2 Iw;� and i < i0 we have yi < yi0 (sin
e yi has maximum symbol � and satis�esyi � ft(w) for ea
h i 2 Iw;� and sin
e yi0 6� yi), we know(34) jyLj � jIw;�j � T=2nk = 210n6k6�5.Let M := 24n3k3�2 and N := 23n2k2�2. Sin
e N = M=2nk, there exists a vertex uand a symbol � su
h that Iu;� 
ontains at least N + 1 indi
es i satisfying L�M � i � L.Choose N + 1 su
h indi
es i0 < i1 < � � � < iN . De�ne(35) x0 := yi0 ; x1 := yi1 ; : : : ; xN := yiN :For j = 1; : : : ; N let Cj be the u�u path vi0 ; vi0+1; : : : ; vij�1; vij . We show that CN violates(25). Note that(36) j�(Cj)j � (ij � i0)� �M� = 25n3k3�3for ea
h j = 1; : : : ; N .Sin
e xj � ft(u) and sin
e � is the maximum symbol of xj for ea
h j = 0; : : : ; N , weknow that x0 < x1 < � � � < xN . Moreover,(37) x0 < xj � �Cj (x0) � �(Cj)�1x0for ea
h j = 1; : : : ; N (by Proposition 31).By Proposition 31, yL � �Q(x0) � �(Q)�1x0, where Q denotes the path vi0 ; vi0+1; : : : ;vL�1; vL. Hen
e, taking p := (M�)2,(38) jx0j � jyLj � j�(Q)j � 4(M�)3 �M� � 3(M�)3 > j�(Cj)j2 + pj�(Cj)j:
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Write �(Cj)�1 = bj
jb�1j with bj j
jjb�1j and 
j 
y
li
ally redu
ed. Let yj be the 
omponentof x�10 �(Cj)�1x0 
ontaining �. Then by Proposition 17, yj is 
y
li
ally redu
ed and(39) x0 = rjypj and rj jypj ,su
h that rj and yj are left-intervals with maximum symbol �.Let yj havemj symbols � and let x0 havem symbols �. Write x0 = zmzm�1 � � � z1, whereea
h zi is a left-interval with maximum symbol � and where zmjzm�1j � � � jz2jz1. (Su
h ade
omposition is unique.) By (39) we know that, for ea
h j = 1; : : : ; N , m � pmj and thatzi = zi0 if i � i0 (mod mj) and i; i0 � pmj. Hen
e, for m := g
dfm1; : : : ;mNg, zi = zi0 ifi � i0 (mod m) and i; i0 � pm.Let a := znzn�1 � � � z1 and nj := mj=m for m = 1; : : : ; N . Then yj = anj for ea
hj = 1; : : : ; N .Write x�10 �(Cj)�1x0 = yjy0j for some y0j su
h that yj and y0j are independent. Sin
ex�10 xj � x�10 �(Cj)�1x0 and sin
e x�10 xj is a left-interval with maximum symbol �, we knowthat x�10 xj � yj . As ynj0j = ynjj0 for all j; j0, it follows that x�10 xj and y0j0 are independent,for ea
h j0.Moreover,(40) n1 < n2 < � � � < nN :For suppose that nj+1 � nj for some j = 1; : : : ; N � 1. Let C be the 
losed path satisfyingCj+1 = CjC. Then xj+1 � �C(xj) � �(C)�1xj and hen
e(41) x�10 xj+1 � x�10 �C(xj) � x�10 �(C)�1xj = x�10 �(Cj+1)�1�(Cj)xj= (x�10 �(Cj+1)�1x0)(x�10 �(Cj)x0)(x�10 xj)= anj+1a�nj (x�10 xj)((y0j+1)�1y0j),where anj+1a�nj (x�10 xj)j((y0j+1)�1y0j). This implies xj+1 � (x0anj+1�nj )(x�10 xj), and hen
ejxj+1j � jx0anj+1�nj j+ jx�10 xj j � jx0j+ jx�10 xj j = jxjj. (The inequality jx0anj+1�nj j � jx0jfollows from the fa
t that x0 = fanj�nj+1 for some f satisfying f janj�nj+1 , sin
e 0 �mj �mj+1 � mj �M�.) This 
ontradi
ts the fa
t that xj+1 > xj , thus showing (40).Now jaj � M�=N = 2nk�, sin
e janN j � M� and nN � N (by (40)). By (25),there exists an x 2 G su
h that x�1�(CN )x 2 H(CN ). Hen
e there exists a y 2 G su
hthat y�1anN y 2 H(CN )�1. By Proposition 27 we may assume that y � ajaj. Hen
eanN�jaj 2 H(CN )�1. Now by Proposition 31, xN � �CN (x0) � �(CN )�1x0anN�jaj, andhen
e x�10 xN � x�10 �CN (x0) � x�10 �(CN )�1x0ajaj�nN = ajajy0N , with ajajjy0N . So x�10 xN �ajaj. Therefore jx�10 xN j � jaj2 � (2nk�)2. Sin
e x0 < x1 < � � � < xN we know jx�10 xN j � N .Hen
e 23n2k2�2 = N � (2nk�)2, a 
ontradi
tion.Combining the propositions, we obtain that the running time of the subroutine isbounded by a polynomial in the input size and in the time needed to 
he
k membership ofH(a). Then:
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Theorem 1. The running time of the subroutine is bounded by a polynomial in n; k; � and� , where � is the maximum time ne
essary to test if any word of size at most �+224n12k12�11belongs to any H(a).Proof. Sin
e initially jf(v)j � � for ea
h vertex v, we have after t iterations jft(v)j � �+�tfor ea
h vertex v. Sin
e we do at most 224n12k12�10 iterations, the result follows.We now des
ribe the algorithm for the 
ohomology feasibility problem for free partially
ommutative groups. Let D = (V;A) be a dire
ted graph, let G be a free partially 
om-mutative group, let � : A ! G and let H(a) be a 
losed subset of G, for ea
h a 2 A. Weassume that with ea
h ar
 a = (u;w) also a�1 = (w; u) is an ar
, with �(a�1) = �(a)�1 andH(a�1) = H(a)�1.Let U be the 
olle
tion of all fun
tions f : V ! G su
h that for ea
h ar
 a = (u;w)there exist x � f(u) and z � f(w) satisfying x�1�(a)z 2 H(a). For any given fun
tion fone 
an 
he
k in polynomial time whether f belongs to U . Trivially, if f 2 U and g � fthen g 2 U . Moreover:Proposition 33. Let f1; : : : ; ft be fun
tions su
h that fi _ fj 2 U for all i; j. Thenf := f1 _ � � � _ ft 2 U .Proof. Choose an ar
 a = (u;w). We must show that for ea
h ar
 a = (u;w), �(a) belongsto H"f(u)H(a)(H"f(w))�1. Sin
e fi _ fj 2 U for all i; j, we know
(42) �(a) 2 H"fi(u)H(a)(H"fj(w))�1for all i; j. Hen
e by Proposition 22(43) �(a) 2\i \j (H"fi(u)H(a)(H"fj(w))�1)= (\i H"fi(u))H(a)(\j H"fj(w))�1 = H"f(u)H(a)(H"f(w))�1
Here i and j range over 1; : : : ; t.Let X be the set of pairs (u; x) where u 2 V and where x is a left-interval su
h thatthere exists an ar
 a = (u;w) with x � �(a). So X has size polynomially bounded by nand �. For any (u; x) 2 X, let fu;x be the fun
tion de�ned by(44) fu;x(u) := x,fu;x(v) := 1 for all v 6= u.Let E be the set of pairs f(u; x); (w; z)g from X su
h that there exists an ar
 a = (u;w)su
h that(45) for all x0; z0 2 G, if (x0)�1�(a)z0 2 H(a) then x � x0 or z � z0.
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Note that this holds if and only if �(a) 62 �xH(a)��1z , where for any left-interval y, �y isthe left-
losed set fy0 j y0 6� yg. So (45) 
an be tested in polynomial time by Propositions23 and 24.Let E0 be the 
olle
tion of all pairs f(v; x); (v0; x0)g from X su
h that the fun
tion�fv;x _ �fv0;x0 =1, or is �nite and does not belong to U (possibly (v; x) = (v0; x0)).Choose a subset Y of X su
h that e \ Y 6= ; for ea
h e 2 E and su
h that e 6� Y forea
h pair e 2 E0. This is a spe
ial 
ase of the 2-satis�ability problem, and hen
e 
an besolved in polynomial time.Proposition 34. If no su
h Y exists, there is no feasible fun
tion.Proof. Suppose f is a feasible fun
tion. Then Y := f(v; x) 2 X j v 2 V; x � f(v)g wouldhave the required properties.If we �nd Y , de�ne f by:(46) f(v) :=_f �fv;x j (v; x) 2 Y g:
Proposition 35. f is a feasible fun
tion.Proof. Sin
e �fv;x _ �fv0;x0 < 1 for ea
h pair f(v; x); (v0; x0)g � Y , f < 1. Moreover, fis the join of a �nite number of pre-feasible fun
tions, and hen
e f is pre-feasible. So byProposition 25 it suÆ
es to show that for ea
h ar
 a = (u;w):(47) (i) there exist x � f(u) and z � f(w) su
h that x�1�(a)z 2 H(a);(ii) there exist x � f(u) and z � f(w) su
h that x�1�(a)z 2 H(a).To see (47)(i), note that it is equivalent to: f 2 U . As �fv;x _ �fv0;x0 2 U for all(v; x); (v0; x0) 2 Y , Proposition 33 gives f 2 U .To see (47)(ii), note that it is equivalent to:(48) �(a) 2 H#f(u)H(a)(H#f(w))�1:Suppose (48) does not hold. Let b be the largest element in H#f(u)H(a) satisfying b � �(a).So by Proposition 23, b�1�(a) 62 (H#f(w))�1; that is, �(a�1)b 6� f(w). Hen
e there exists aleft-interval z of �(a�1)b su
h that z 6� f(w). So �(a�1)b 62 �z and hen
e by Proposition23, �(a) 62 H#f(u)H��1z . Note that sin
e b � �(a) and z � �(a�1)b we have z � �(a�1) andhen
e (w; z) 2 X.Let 
 be the largest element in �zH�1 su
h that 
 � �(a�1). By Proposition 23,�(a)
 62 H#f(u); that is �(a)
 6� f(u). Hen
e there exists a left-interval x of �(a)
 su
h thatx 6� f(u). Again, sin
e 
 � �(a�1) and x � �(a)
 we have x � �(a) and hen
e (u; x) 2 X.So �(a)
�1 62 �x and hen
e by Proposition 23, �(a) 62 �xH��1z . So f(u; x); (w; z)g 2 Eand hen
e Y 
ontains at least one of (u; x); (w; z). So x � f(u) or z � f(w), a 
ontradi
tion.
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Thus we have proved:Theorem 2. The 
ohomology feasibility problem for free partially 
ommutative groups issolvable in polynomial time.In the algorithm we use a polynomial-time algorithm for the 2-satis�ability problem.Conversely, the 2-satis�ability problem 
an be seen as a spe
ial 
ase of the 
ohomologyfeasibility problem for free groups. To see this, �rst note that any instan
e of the 2-satis�ability problem 
an be des
ribed as one of solving a system of inequalities in f0; 1gvariables x1; : : : ; xn of the form:(49) xi + xj � 1 for ea
h fi; jg 2 E,xi + xj � 1 for ea
h fi; jg 2 E0,where E and E0 are given 
olle
tions of pairs and singletons from f1; : : : ; ng. (So we allowi = j in (49), yielding 2xi � 1 or 2xi � 1.)Let G be the free group generated by the elements g and h. Make a dire
ted graph withverti
es v1; : : : ; vn and with ar
s:(50) (i) a = (vi; vj), with �(a) := ghg�1, for ea
h fi; jg 2 E;(ii) a = (vi; vj), with �(a) := h, for ea
h fi; jg 2 E0.Moreover, set H(a) := fw 2 G j jwj � 2g for ea
h ar
 a.Now the 
ohomology feasibility problem in this 
ase is equivalent to solving (49) inf0; 1g variables. Indeed, if x1; : : : ; xn is a solution of (49) then de�ne p(vi) := g if xi = 1and p(vi) := 1 if xi = 0. Then p is a feasible fun
tion. Conversely, if p is a feasible fun
tion,de�ne xi := 1 if p(vi) 6= 1 and the �rst symbol of p(vi) is equal to g, and xi := 0 otherwise.Then x1; : : : ; xn is a solution of (49).One may derive from the algorithm a `good' 
hara
terization of the feasibility of the
ohomology feasibility problem for free partially 
ommutative groups, i.e., one showingthat the problem belongs to NP\
o-NP. We use the following well-known 
hara
terizationfor the feasibility of (49). Assume that for all h; i; j; k 2 f1; : : : ; ng:(51) if fh; ig 2 E0; fi; jg 2 E; fj; kg 2 E0 then fh; kg 2 E0.(Extending iteratively E0 by any su
h pair fh; kg does not 
hange the set of solutions of(49).)Then (49) has a f0; 1g solution if and only if(52) there is no fi; jg 2 E su
h that both fig and fjg belong to E0.(If (51) does not hold, we 
ould des
ribe this 
ondition in terms of pairs of `alternating'
y
les in E [E0. If we would require moreover that (51) holds with E and E0 inter
hanged,
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the 
ondition will be that E \ E0 does not 
ontain any singleton.)We may adapt the subroutine in su
h a way that for ea
h input D = (V;A); � : A !G;H(a) (a 2 A), and f : V ! G, we have as output:(53) (i) fun
tion �f <1, or(ii) a 
y
le C violating (25), or(iii) verti
es u; v; w of D, a dire
ted u� v path P and a dire
ted w � v path Q su
hthat �P (f(u)) _ �Q(f(w)) =1.
Theorem 3. Let be given a dire
ted graph D = (V;A), a free partially 
ommutative groupG, a fun
tion � : A! G, and for ea
h ar
 a, a 
losed subset H(a) of G. Then there existsa fun
tion  : A! G su
h that  is 
ohomologous to � and  (a) 2 H(a) for ea
h ar
 a, ifand only if(54) for ea
h vertex u and ea
h two u� u paths P;Q there exists an x 2 G su
h thatx�1 � �(P ) � x 2 H(P ) and x�1 � �(Q) � x 2 H(Q).
Proof. Ne
essity. Let f be a feasible fun
tion. Then for x := f(u) we have x�1 ��(P ) �x 2H(P ) and x�1 � �(Q) � x 2 H(Q).SuÆ
ien
y. Let (54) be satis�ed, and assume that there is no feasible fun
tion f ; that is,by Se
tion 5. Note that (54) implies (25).Let X;E and E0 be de�ned as in Se
tion 5. We �rst show that E and E0 satisfy (51). Letf(s; w); (t; x)g 2 E0; f(t; x); (u; y)g 2 E; f(u; y); (v; z)g 2 E0. Assume f(s; w); (v; z)g 62 E0;that is, f := �fs;w _ �fv;z is �nite and belongs to U . By de�nition of E, a = (t; u) is an ar
,and, sin
e f(t)�1�(a)f(u) 2 H(a), x � f(t) or y � f(u). By symmetry we may assumex � f(t). This implies that ft;x � f . Therefore, fs;w _ ft;x � f , implying �fs;w _ �ft;x � f .So �fs;w _ �ft;x is �nite and belongs to U . This 
ontradi
ts the fa
t that f(s; w); (t; x)g 2 E0.Sin
e there is no feasible fun
tion, there is no subset Y of X su
h that e \ Y 6= ; forea
h e 2 E and su
h that e 6� Y for ea
h e 2 E0. As (51) is satis�ed it implies that thereexists an ar
 a = (u;w) and left-intervals x; z su
h that f(u; x); (w; z)g 2 E and su
h thatf(u; x)g; f(w; z)g 2 E0. Then x � �(a) and z � �(a�1). Sin
e fu; xg 2 E0, we know that�fu;x =1 or is �nite and does not belong to U . It implies that(55) (i) there exist a vertex v and two u� v paths P;P 0 su
h that �P (x) _ �P 0(x) =1,or(ii) there exist an ar
 b = (v; v0), a u�v path P and a u�v0 path P 0 su
h that theredo not exist y � �P (x) and y0 � �P 0(x0) satisfying y�1�(a)y 2 H(a).Let C be the u� u 
y
le P (P 0)�1 if (i) holds, and let C be the u� u 
y
le Pb(P 0)�1 if (ii)holds. Then(56) there do not exist 
 � x and 
0 � x su
h that 
�1�(C)
0 2 H(C).
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To see this, assume su
h 
; 
0 do exist. Suppose �rst that (55)(i) holds. Sin
e 
�1�(C)
0 2H(C) = H(P )H(P 0)�1, there exists an y 2 G su
h that h := 
�1�(P )y 2 H(P ) and h0 :=(
0)�1�(P 0)y 2 H(P 0). Hen
e �P (x) � �P (
) � �(P�1)
h = y, and similarly �P 0(x) � y.So �P (x) _ �P 0(x) � y, 
ontradi
ting (55)(i).Suppose next that (55)(ii) holds. Sin
e 
�1�(C)
0 2 H(C) = H(P )H(b)H(P 0)�1, thereexist y; y0 su
h that h := 
�1�(P )y 2 H(P ); h0 := (
0)�1�(P 0)y0 2 H(P 0) and y�1�(b)y0 2H(b). Hen
e �P (x) � �P (
) � �(P�1)
h = y, and similarly �P 0(x) � y0. This 
ontradi
ts(55)(ii).Similarly, there exists a w � w 
y
le D satisfying(57) there do not exist d � z and d0 � z su
h that d�1�(D)d0 2 H(D).By (54), there exists a 
 su
h that 
�1�(C)
 2 H(C) and 
�1�(aDa�1)
 2 H(aDa�1).Hen
e there exist d; d0 su
h that 
�1�(a)d 2 H(a); d�1�(D)d0 2 H(D) and (d0)�1�(a�1)
 2H(a�1). By (56), 
 6� x. Sin
e 
�1�(a)d 2 (a) and f(u; x); (w; z)g 2 E we know d � z.Similarly, d0 � z, 
ontradi
ting (57).
Remark 1. Condition (54) 
annot be relaxed to requiring that for ea
h 
y
le P thereexists an x 2 G su
h that x�1 � �(P ) � x belongs to H(P ). To see this, let G be thefree group generated by g and h. Let D be the dire
ted graph with one vertex v andtwo loops, a and b, atta
hed at v. De�ne �(a) := h;H(a) := f1; h; g; g�1; g�1h; hgg and�(b) := ghg�1;H(b) := f1; h; g; g�1; hg�1; ghg. If x�1 ��(a) �x 2 H(a) then the �rst symbolof x is not equal to g. If x�1 � �(b) � x�1 2 H(b) then the �rst symbol of x is equal to g. Sothere is no x su
h that both hold.On the other hand, for ea
h path P there is an x su
h that x�1 ��(P )�x 2 H(P ). Indeed,for ea
h k 2 Z, �(abk) 2 H(abk) and �(bka) 2 H(bka). It follows that if P starts or endswith a or a�1, then �(P ) 2 H(P ). Moreover, for ea
h k 2 Z, g�1 � �(akb) � g 2 H(akb) andg�1 � �(bak) � g 2 H(bak). So if P starts and ends with b or b�1 then g�1 � �(P ) � g 2 H(P ).

The fa
t that Theorem 3 is a good 
hara
terization relies on the fa
ts that if the 
o-homology feasibility problem for free partially 
ommutative groups has a solution, it hasone of small size, and that if paths P;Q violating (54) would exist, there are su
h pathsof polynomial length. (Both fa
ts follow from the polynomial-time solvability of the sub-routine.) We 
an 
he
k in polynomial time whether or not for given u� u paths P and Qthere exists an x 2 G su
h that x ��(P ) �x�1 belongs to H(P ) and x ��(Q) �x�1 belongs to�(Q). (By the 
losedness of H(P ) and H(Q) we have to 
onsider for x only beginning seg-ments of �(P ); �(P )�1; �(Q); �(Q)�1. The number of su
h 
andidates for x is polynomiallybounded.)In order to obtain results about paths instead of 
ir
uits, we extend the notion of
ohomologous fun
tions to `R-
ohomologous' fun
tions. Again, let D = (V;A) be a dire
tedgraph, and let (G; �) be a group. Moreover, let R � V . Then two fun
tions �;  : A ! Gare 
alled R-
ohomologous if there exists a fun
tion p : V ! G su
h that
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(58) (i) p(v) = ; for all v 2 R;(ii)  (a) = p(u) � �(a) � p(w)�1 for ea
h ar
 a = (u;w).Again this de�nes an equivalen
e relation.(One easily 
he
ks that if ea
h 
omponent of D 
ontains at least one vertex in R, then� and  are equivalent, if and only if �(P ) =  (P ) for ea
h r � s path P with r; s 2 R. IfD is 
onne
ted and R = frg, there is a one-to-one 
orresponden
e between R-
ohomology
lasses and homomorphisms � : �(D) ! G, given by �(hP i) := �(P ) for any r � r pathP . Here �(D) denotes the fundamental group of D with base point r, and hP i denotes thehomotopy 
lass 
ontaining path P . Note that �(D) itself is a free group. We will not usethese observations in the sequel.)Consider the R-
ohomology feasibility problem:(59) given: a dire
ted graph D = (V;A), a subset R of V , a fun
tion � : A ! G, and forea
h a 2 A, a subset H(a) of G;�nd: a fun
tion  : A ! G su
h that  is R-
ohomologous to � and su
h that (a) 2 H(a) for ea
h a 2 A.So equivalent is �nding a fun
tion p : V ! G su
h that p(v) = 0 for all v 2 R andp(u) � �(a) � p(w)�1 2 H(a) for ea
h ar
 a = (u;w).If G is a free partially 
ommutative group G and ea
h H(a) is 
losed, we 
an redu
eproblem (59) easily to the 
ohomology feasibility problem for free partially 
ommutativegroups. We just add a loop at ea
h vertex v 2 R, add a new generator g0 to the set ofgenerators, and de�ne �(a) := g0 and H(a) := f;; g0g for ea
h new ar
 (loop) a. Let ~D; ~�and ~C denote the modi�ed input. One easily 
he
ks that the 
ohomology feasibility problemfor ~D; ~�; ~C is equivalent to the R-
ohomology problem for D;�;C. (Indeed, any feasiblepotential p for ~D; ~�; ~C should satisfy p(v) = ; for all v 2 R.)Thus we have:Theorem 4. The R-
ohomology feasibility problem for free partially 
ommutative groupsis solvable in polynomial time.We 
an also derive from Theorem 3 a good 
hara
terization:Theorem 5. Let be given a dire
ted graph D = (V;A), a subset R of V , a free partially
ommutative group G, a fun
tion � : A ! G, and for ea
h ar
 a, a 
losed subset H(a)of G. Then there exists a fun
tion  : A ! G su
h that  is R-
ohomologous to � and (a) 2 H(a) for ea
h ar
 a, if and only if(60) (i) for ea
h r � s path P with r; s 2 R one has �(P ) 2 H(P );(ii) for ea
h vertex s and ea
h two s � s paths P;Q there exists an x 2 G su
h thatx � �(P ) � x�1 belongs to H(P ) and x � �(Q) � x�1 belongs to H(Q).
Proof. Ne
essity being trivial, we show suÆ
ien
y. We extend D;C; � to ~D; ~C; ~� as above.It suÆ
es to show that (60) implies (54) (with respe
t to ~D; ~C; ~�).
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Let P and Q be two s� s paths in ~D, for some s 2 V . We must show that(61) there exists an x 2 ~G su
h that x � ~�(P ) � x�1 2 ~C(P ) and x � ~�(Q) � x�1 2 ~C(Q).
I. If P and Q do not traverse any of the new loops atta
hed at the points in R, then(61) dire
tly follows from (60)(ii).II. If both P and Q traverse some of the new loops, we 
an write P = P0a1P1 � � � amPmand Q = Q0b1Q1 � � � bnQn, where a1; : : : ; am and b1; : : : ; bn are new loops, and P0; : : : ; Pmand Q0; : : : ; Qn are paths in the original graph D.By (60)(i), �(Pi) 2 H(Pi) for i = 1; : : : ;m� 1 and �(Qi) 2 H(Qi) for i = 1; : : : ; n� 1.Moreover, by the 
onstru
tion of ~D; ~C; ~�, one has that ~�(ai) 2 ~C(ai) for i = 1; : : : ;m and~�(bi) 2 ~C(bi) for i = 1; : : : ; n.Consider the `surpluses' �(P�10 ); �(Pm); �(Q�10 ); �(Qn). Let x be one of largest size. Weshow that(62) �(T ) � x�1 2 H(T ) for ea
h T 2 fP�10 ; Pm; Q�10 ; Qng.Without loss of generality, x = �(P�10 ). Let y := �(P�10 ). So �(P�10 ) = yx. If x is anend segment of �(T ), then trivially �(T ) is end segment ofx (as x is at least as large as x),and hen
e �(T ) � x�1 belongs to H(T ). If x is not an end segment of �(T ) then the lastsymbol of �(T ) �x�1 is equal to the last symbol of x�1. So �(T ) ��(P0) = �(T ) � (x�1y�1) =�(T ) � x�1)y�1 belongs to H(T ) �H(P0) (sin
e TP0 is an r � r0 path with r; r0 2 R). As byde�nition y is the largest beginning segment of �(P�10 ) that belongs to H(P�10 ), it followsthat �(T ) � x�1 must belong to H(T ). This proves (62).It implies that x � ~�(P ) �x�1 = (x ��(P0)) � ~�(a1) ��(P1) � � � � � ~�(am) � (�(Pm) �x�1) belongsto H(P0) �H(a0) �H(P1) � � � � �H(am) �H(Pm) = H(P ). Similarly for Q, thus proving (61).III. If only one of P and Q traverses some of the new loops, we may assume that P doesso. Write P = P0a1P1 � � � amPm su
h that a1; : : : ; am are new loops and P0; P1; : : : ; Pm arepaths in D. As in part II one shows that there exists an x 2 G su
h that x ��(P0) 2 H(P0)and �(Pm) � x�1 2 H(Pm). We may assume that x = ;, i.e., �(P0) 2 H(P0) and �(Pm) 2H(Pm). (We 
an reset �(a) := x � �(a) for ea
h ar
 a with tail s and �(a) := �(a) � x�1 forea
h ar
 a with head s.)By (60)(ii), there exists a beginning segment u of �(Q) su
h that u�1 � �(Q) � u belongsto H(Q). If both �(P�10 ) � u 2 H(P�10 ) and �(Pm) � u 2 H(Pm), then as in part II,u�1 � �(P ) � u 2 H(P ), and we have (61). So we may assume that this is not the 
ase.Hen
e the largest beginning segment y of �(Q) su
h that both �(P�10 ) � y 2 H(P�10 ) and�(Pm) �y 2 H(Pm), satis�es y 6= �(Q). Similarly, we may assume that the largest beginningsegment z of �(Q)�1 su
h that both �(P�10 ) � z 2 H(P�10 ) and �(Pm) � z 2 H(Pm), satis�esz 6= �(Q)�1.By de�nition of y and z we 
an 
hoose T;U 2 fP�10 ; Pmg su
h that y is the largestbeginning segment of �(Q) with �(T ) � y 2 H(T ) and z is the largest beginning segment of�(Q)�1 with �(U) � z 2 H(U).We may assume that z = ;. (We 
an reset �(a) := z ��(a) for ea
h ar
 s with tail a and
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�(a) := �(a) � z�1 for ea
h ar
 with head s.)First assume y = ;. Then �(TQU�1) = �(T )�(Q)�(U)�1. (Note that �(T ) � �(Q) =�(T )�(Q) sin
e �(T ) 2 H(T ) and y = ; is the largest beginning segment of �(Q) with�(T ) � y 2 H(T ). Similarly, �(Q) � �(U)�1 = �(Q)�(U)�1.) Sin
e �(TQU�1) belongs toH(TQU�1) by (60)(i), it follows that �(Q) belongs to H(Q). So we 
an take x = ; in (61).Next assume y 6= ;. Then �(Q) and �(Q)�1 do not have any nonempty 
ommonbeginning segment. (Otherwise there is a nonempty 
ommon beginning segment y0 of y and�(Q)�1. Then �(U) � y0 2 H(U), 
ontradi
ting the fa
t that z = ; is the largest beginningsegment of �(Q)�1 satisfying �(U) � z 2 H(U).)Now let t := jyj and let y0; : : : ; yt be all beginning segments of y, with jyij = i fori = 0; : : : ; t. Note that for ea
h i = 0; : : : ; t one has(63) �(Pm) � yi 2 H(Pm).This follows from the fa
t that �(Pm) � yi is a beginning segment of at least one of �(Pm)and �(Pm) � y, where both belong to H(Pm). Similarly,(64) �(P�10 ) � yi 2 H(P�10 ).As in part II of this proof, (63) and (64) imply(65) y�1i � �(P ) � yi 2 H(P ) for ea
h i = 0; : : : ; t.We show that for at least one i 2 f0; : : : ; tg one has(66) y�1i � �(Q) � yi belongs to H(Q).Combining this with (65) gives (61).Suppose (66) does not hold. Let zi := y�1i � �(Q)yi�1 for i = 1; : : : ; t. Then(67) �(TQt+1U�1) = (�(T ) � y)ztzt�1 � � � z2z1�(Q)�(U)�1(i.e., no 
an
ellations ex
ept at the �; this follows from the fa
ts that z = ;, that �(Q) and�(Q)�1 have no nonempty 
ommon beginning segment, and that y is the largest beginningsegment of �(Q) su
h that �(T ) � y belongs to H(T )).Then the assumption that (66) does not hold for any i = 0; : : : ; t implies that �(TQt+1U�1)does not belong to H(TQt+1U�1), 
ontradi
ting (60)(i).
5. Dire
ted graphs on surfa
es and homologous fun
tionsAn embedding of a dire
ted graph D = (V;A) in a 
ompa
t orientable surfa
e S (with ea
hfa
e being an open disk), 
an be des
ribed by a 
olle
tion of 
y
les (`fa
es') C1; : : : ; Cf su
hthat for ea
h ar
 a of D, ea
h of a and a�1 o

urs exa
tly on
e in C1; : : : ; Cf . For ourpurposes, su
h a 
y
le 
olle
tion is enough to perform the algorithms below. (We assume
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that ea
h fa
e is an open disk, whi
h assumption does not restri
t the generality of ourresults.)We 
an think of the 
y
les C1; : : : ; Cf as giving the 
lo
kwise orientation of the fa
es. Inthis interpretation, the fa
e that traverses a in forward dire
tion is at the right-hand sideof a, and the fa
e that traverses a in ba
kward dire
tion is at the left-hand side of a.Note that by Euler's formula, jV j+ f = jAj+ 2� 2h, where h is the number of handlesof the surfa
e. Below when �xing a surfa
e, we in fa
t just �x h.For any dire
ted graphD = (V;A) embedded on a 
ompa
t orientable surfa
e, the dualgraph D� = (F ; A�) has vertex set the 
olle
tion F of fa
es of D, while for any ar
 a of Dthere is an ar
 a� of D� with as tail the fa
e of D at the right-hand side of a and as headthe fa
e of D at the left hand side. We de�ne for any fun
tion � on A the fun
tion �� onA� by ��(a�) := �(a) for ea
h a 2 A.If a dire
ted graph D = (V;A) is embedded on a 
ompa
t orientable surfa
e S, we 
andualize the 
on
ept of 
ohomologous fun
tions to `homologous' fun
tions.Denote by F the 
olle
tion of fa
es of D. Let (G; �) be a group. We 
all two fun
tion�;  : A ! G homologous if there exists a fun
tion p : F ! G su
h that for ea
h ar
 a wehave p(F ) � �(a) � p(F 0)�1 =  (a), where F and F 0 are the fa
es at the right-hand side andleft-hand side of a, respe
tively.The relation to 
ohomology is dire
t: � and  are homologous (in D), if and only if ��and  � are 
ohomologous (in D�).It follows that the homology feasibility problem:(68) given: a dire
ted graph D = (V;A) embedded on a 
ompa
t orientable surfa
e S, afun
tion � : A! G, and for ea
h a 2 A, a subset H(a) of G;�nd: a fun
tion  : A! G su
h that  is homologous to � and su
h that  (a) 2 H(a)for ea
h a 2 A,is solvable in polynomial time if G is a free partially 
ommutative group and ea
h H(a) is
losed.Let D = (V;A) be a dire
ted graph embedded on a 
ompa
t orientable surfa
e S, andlet (G; �) be a group. We 
all a fun
tion � : A ! G a 
ir
ulation if for ea
h vertex v of Dwe have(69) �(a1)"(v;a1) � : : : � �(am)"(v;am) = 1where a1; : : : ; am are the ar
s in
ident with v, in 
lo
kwise order, and "(v; ai) := +1 if aienters v, and := �1 if ai leaves v. (If ai is a loop at v we should be more 
areful.)So � is a 
ir
ulation, if and only if for ea
h 
y
le � bounding a fa
e of D� one has��(�) = 1. Note that in this last 
hara
terization it is not ne
essary to restri
t oneselfto 
lo
kwise 
y
les. Consider e.g. three ar
s, a; b; 
 entering v, in 
lo
kwise order, with�(a) � �(b) � �(
) = 1. Then �(
) � �(b) � �(a) is generally not equal to 1. However, for� := a�b�
�, both ��(�) and ��(��1) are equal to 1.It is easy to 
he
k that if � is a 
ir
ulation and  is homologous to �, then  is again a
ir
ulation.If G is a free group, any 
ir
ulation � : A! G 
an be de
omposed as follows. Repla
e
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any ar
 a of D by t := j�(a)j parallel ar
s a1; : : : ; at (from right to left), yielding the graphD� = (V;A�). De�ne �0(ai) := �i, where �i is the ith symbol in �(a), for i = 1; : : : ; t.Consider now any vertex v. Sin
e (69) holds we 
an �nd a perfe
t mat
hing on the ar
sof D� in
ident with v (more pre
isely, on f1; : : : ;mg) in su
h a way that:(70) (i) for any mat
hed pair fa; bg we have �0(a)"(v;a) = �0(b)�"(v;b);(ii) if fa; bg and f
; dg are mat
hed pairs, thenthe path a�"(v;a)b"(v;b) does not 
rossthe path 
�"(v;
)d"(v;d) at v.Combining all mat
hed pairs, at all verti
es, we obtain a de
omposition of A� into a 
olle
-tion C of 
y
les, whi
h we 
all a 
y
le de
omposition of �. The 
y
les do not have any �xedend point (formally speaking, we identify all 
y
li
 permutations of the 
y
le). No 
y
le inC 
rosses itself or any of the other 
y
les in C.Ea
h 
y
le C in C has asso
iated with it a symbol �(C) from g1; g�11 ; g2; g�12 ; : : :, su
hthat for ea
h ar
 a of D�, if C traverses a in forward dire
tion then �0(a) = �(C) and if Ctraverses a in ba
kward dire
tion then �0(a) = �(C)�1. The 
olle
tion C together with thefun
tion � : C ! fg1; g�11 ; g2; g�12 ; : : : ; g uniquely determine � (but generally not 
onversely).We may 
onsider the 
y
les in C as 
y
les in D (rather than in D�) if, for ea
h ar
 a ofD, we keep tra
k of the order (from right to left) in whi
h the 
y
les in C traverse a.Let D = (V;A) be a dire
ted graph embedded on a 
ompa
t orientable surfa
e. We 
alla 
ir
ulation � : A ! G1 simple and dire
ted if any 
y
le de
omposition of � 
onsists ofpairwise vertex-disjoint simple dire
ted 
y
les. (A 
y
le is simple if no vertex is traversedmore than on
e (ex
ept for the end verti
es). A 
y
le is dire
ted if it does not 
ontain a�1for any ar
 a.)Consider the problem:(71) given: a dire
ted graph D = (V;A) embedded on a 
ompa
t orientable surfa
e S anda 
ir
ulation � : A! G1;�nd: a simple and dire
ted 
ir
ulation  homologous to �.In order to show that this problem is solvable in polynomial time, we de�ne for ea
hdire
ted graph D embedded on a 
ompa
t orientable surfa
e S, the `extended' dual graphD+ = (F ; A+) as the graph obtained from D� by adding in ea
h fa
e of D� all 
hords. (Sogenerally D+ is not embeddable in S.) More pre
isely, for ea
h nonempty path � on theboundary of any fa
e of D�, D+ has an ar
 a�; if � is an F � F 0 path, a� runs from F toF 0. (Sin
e ea
h ar
 a� is su
h a path, D+ 
ontains D� as a subgraph.)For any � : A ! G, where G is a group, de�ne �+ : A+ ! G by �+(a�) := ��(�) forea
h a� 2 A+.Theorem 6. Problem (71) is solvable in polynomial time.Proof. De�ne(72) H(a�) := f1; g1; g2; : : :g if � := a� for any ar
 a� of D�,H(a�) := f1; g1; g�11 ; g2; g�12 ; : : :g for all other ar
s a� of D+.
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By Theorem 2 we 
an �nd in polynomial time a fun
tion # : A+ ! G1 su
h that #is 
ohomologous to �+ and su
h that #(a�) 2 H(a�) for ea
h ar
 a� of D+. De�ning (a) := #(a�) for ea
h a 2 A gives a solution of (71).Moreover, if (71) has a solution  , then su
h a fun
tion # exists, viz. # :=  +, as onedire
tly 
he
ks.Theorem 3 implies a good 
hara
terization for the feasibility of (71), in terms of 
losed
urves on S. It is related to the one given in [11℄, where for any undire
ted graph Gembedded on a 
ompa
t surfa
e S and any set of pairwise disjoint simple 
losed 
urvesC1; : : : ; Ck on S, it was 
hara
terized when there exist pairwise disjoint simple 
ir
uitsC 01; : : : ; C 0k in G su
h that C 0i is freely homotopi
 to Ci for i = 1; : : : ; k. (Freely homotopi
means that there is no `base point'.) However, in the present paper we 
onsider the homologyrelation, whi
h is 
oarser than homotopy, and so the two 
hara
terization do not seem tofollow from ea
h other.However, if S is the torus, the two 
on
epts 
oin
ide. This 
ase has been dealt with bySeymour Seymour [15℄ (
f. Ding, S
hrijver, and Seymour [3℄).Let S = S1 � S1 be the torus, where S1 is a 
losed 
urve. Let S1 be the 
losed
urve S1 � f1g on S (�xing some orientation). Let C1; : : : ; Ck be pairwise disjoint simple
losed 
urves on S, ea
h being freely homotopi
 to S1 or to S�11 , 
hoosing indi
es su
h thatC1; : : : ; Ck o

ur 
y
li
ally around the torus (when going from the left-hand side of S1 tothe right-hand side). We let the sign of C1; : : : ; Ck to be the ve
tor x 2 f+1;�1gk wherexi = +1 if Ci is freely homotopi
 to S1, and xi := �1 if Ci is freely homotopi
 to S�11 .For ea
h 
losed 
urve L on S let the winding number w(L) be equal to the number oftimes L 
rosses S1 from right to left, minus the number of times L 
rosses S1 from left toright.Let D = (V;A) be a dire
ted graph embedded on the torus S, and let L be a 
losed 
urveon S with w(L) � 0. We say that L �ts x 2 f+1;�1gk if L traverses points p1; : : : ; pkw(L),in this order, su
h that for ea
h j = 1; : : : ; kw(L):(73) either (i) pj 2 V ,or (ii) pj is on some ar
 a of D su
h that D 
rosses a from right to left if xj = +1,and D 
rosses a from left to right if xj = �1,taking indi
es of xj modulo k. We derive the following theorem of Seymour [15℄:Theorem 7. Let D = (V;A) be a dire
ted graph embedded on the torus S and let x 2f+1;�1gk. Then D 
ontains pairwise disjoint simple dire
ted 
ir
uits ea
h being freelyhomotopi
 to S1 or S�11 , with sign x, if and only if(74) ea
h 
losed 
urve L on S �ts some 
y
li
 permutation of x.
Proof. Ne
essity being trivial, we show suÆ
ien
y. Let k � 1 and let (74) be satis�ed.This easily implies that D has at least one (undire
ted) 
ir
uit C that is a freely homotopi
to S1. Let G be the free group generated by g1; : : : ; gk and let z := gx11 � � � gxkk . De�ne for
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ea
h ar
 a of D, �(a) := z if a that is traversed by C in forward dire
tion, �(a) := z�1 ifa that is traversed by C in ba
kward dire
tion, and �(a) := 1 otherwise. Let H(a�) be asin (72).) Ea
h path P in D+ 
orresponds in a natural way to a 
urve on S whi
h we alsodenote by P .We show that for ea
h fa
e F and any two F � F paths P;Q in D+ there exists anx 2 G su
h that(75) x � �+(P ) � x�1 2 H(P ) and x � �+(Q) � x�1 2 H(Q).We may assume that w(P ) � 0 and w(Q) � 0. Note that �+(P ) = zw(P ) and �+(Q) =zw(Q). Assume that su
h an x does not exist. De�ne zi := gxi+1i+1 � � � gxkk , for i = 0; : : : ; k. Byassumption, for ea
h i = 1; : : : ; k there exists an Ri 2 fP;Qg su
h that zi � �+(Ri) � z�1i 62H(Ri). Let R := RkRk�1 � � �R1R0. So w(R) = w(Rk) + � � � + w(R0) and �+(R) = zw(R).By (74), some 
y
li
 permutation of �+(R) belongs to H(R). Hen
e zw(R)�1gx11 belongsto H(R). Sin
e zw(R)�1 = Q1i=k(zizw(Ri) � z�1i�1) and H(R) = Q1i=kH(Ri), there exists ani = 1; : : : ; k su
h that zizw(Ri) �z�1i belongs to H(Ri), a 
ontradi
tion. This show that thereexists an x 2 G satisfying (75).Now by Theorem 9 there exists a fun
tion # : A+ ! G 
ohomologous to �+ su
h that#(a�) 2 H(a�) for ea
h ar
 a� of D+. De�ne  (a) := #(aa�) for ea
h ar
 a of D. Then  is a simple and dire
ted 
ir
ulation homologous to �. Sin
e for ea
h 
y
le P in D� one has �(P ) = � � (P ) it follows that any 
y
le de
omposition of  
onsists of dire
ted 
ir
uits ofthe required type.A stronger version, also given by Seymour [15℄, in whi
h we pres
ribe for ea
h ar
 a ofD whi
h of the dire
ted 
ir
uits C1; : : : ; Ck are permitted to traverse a, 
an also be derived.(To this end we restri
t the H(aa�).)Dual to R-
ohomologous fun
tions are R-homologous fun
tions. Let D = (V;A) be adire
ted graph embedded on a 
ompa
t orientable surfa
e S, with fa
e 
olle
tion F , and letR � F . Let (G; �) be a group. We 
all two fun
tions �;  : A ! G R-homologous if thereexists a fun
tion p : F ! G su
h that p(F ) = 1 for ea
h F 2 R and su
h that for ea
har
 a we have p(F ) � �(a) � p(F 0)�1 =  (a), where F and F 0 are the fa
es at the right-handside and left-hand side of a, respe
tively. Again it follows that the R-homology feasibilityproblem for free partially 
ommutative groups is solvable in polynomial time.An extension of the notion of 
ir
ulation is the `Æ-join'. Let Æ : V ! G (a `demandfun
tion') be su
h that(76) ea
h vertex v with Æ(v) 6= 1 has degree one.(That is, v is in
ident with exa
tly one ar
.) Call a fun
tion � : A! G a Æ-join if for ea
hvertex v:(77) �(a1)"(v;a1) � : : : � �(am)"(v;am) = Æ(v);where again a1; : : : ; am are the ar
s in
ident with v in 
lo
kwise order, and for any ar
 ain
ident with v, "(v; a) := +1 if a leaves v and "(v; a) := �1 if a enters v. So if Æ(v) = 1 for
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ea
h vertex v, any Æ-join is a 
ir
ulation.Let W be the set of verti
es v satisfying Æ(v) 6= 1, and let R be the 
olle
tion of fa
esin
ident with at least one vertex in W . One dire
tly 
he
ks:(78) if � is a Æ-join and  is R-homologous to �, then  is a Æ-join again.An extension of the idea of the 
y
le de
omposition of a 
ir
ulation is that of a `pathde
omposition' of a Æ-join. Let G be a free group. Again we make the dire
ted graphD� = (V;A�). At ea
h vertex v 62W we 
an �nd a mat
hing as for 
ir
ulations. Combiningall mat
hed pairs we obtain a de
omposition of A� into a 
olle
tion P of paths and 
y
les,whi
h we 
all a path de
omposition of �. Ea
h path has tail and head in W (possibly thesame vertex). The 
y
les do not have any given �xed end point (formally speaking, weidentify all 
y
li
 permutations of the 
y
le). All verti
es traversed by the paths ex
ept fortheir ends, and all verti
es traversed by the 
y
les, belong to V nW . Moreover, none of thepaths and 
y
les 
rosses itself or any of the other paths and 
y
les.Ea
h path and 
y
le P in P has asso
iated with it a symbol �(P ) from fg1; g�11 ; g2; g�12 ; : : :g,su
h that for ea
h ar
 a of D�, if P traverses a in forward dire
tion then �0(a) = �(P ) andif P traverses a in ba
kward dire
tion then �0(a) = �(P )�1. The pair P; � determines �.With the methods developed before we 
an �nd in polynomial time a Æ-join of givenhomology type. In order to be able to 
onsider all homology types of a 
ertain restri
tedsize, we des
ribe an enumeration. (A related enumeration was given in [12℄.)We 
all a Æ-join � elementary if � has a path de
omposition with paths only (all startingand ending inW ). We �rst 
onsider the following problem for any p and 
ompa
t orientablesurfa
e S:(79) given: a dire
ted graph D = (V;A) embedded on S, with exa
tly p fa
es, a naturalnumber m, and a fun
tion Æ : V ! G1 su
h that ea
h vertex in the set W :=fv j Æ(v) 6= 1g has degree 1;�nd: all elementary Æ-joins � with j�(a)j � m for ea
h ar
 a not in
ident with anyvertex in W .
Theorem 8. For ea
h �xed p and 
ompa
t orientable surfa
e S, problem (79) is solvablein polynomial time.[As input size we take jV j+ jAj+m+Pv2V jÆ(v)j.℄Proof. We may assume that jV nW j = 1. To see this, 
onsider any ar
 a 
onne
ting twodi�erent verti
es in V nW . Let D0 = (V 0; A0) arise from D by 
ontra
ting a. Let Æ0(v) := ;for the 
ontra
ted vertex v, and let Æ0 
oin
ide with Æ on all other verti
es. Then for ea
hÆ0-join �0 there is a unique Æ-join � su
h that �jA0 = �0. So any enumeration of Æ0-joinsgives dire
tly an enumeration of Æ-joins.Let V = W [ fug for some vertex u. Hen
e D 
onsists of one vertex u, with a numberof oriented loops at u, and a number of ar
s 
onne
ting u with the verti
es in W , ea
h ofdegree one. We may assume that ea
h of the nonloops has tail in W and head u. Let Ldenote the set of loops of D. By Euler's formula, jLj = p+2h� 1. So when 
onsidering the
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ar
s in
ident with u in 
lo
kwise order, there are 2p+ 4h� 2 (possibly empty) 
onse
utivegroups of nonloops, separated by loops. Let the jth group, Wj say, 
onsist of the ar
s(wj;1; u); : : : ; (wj;tj ; u), in 
lo
kwise order. Let ~D arise from D by identifying for ea
h j allverti
es wj;1; : : : ; wj;tj to one vertex wj and identifying all parallel ar
s (wj ; u) arising.Consider any elementary Æ-join with j�(a)j � m for ea
h loop a of D. Let P1; : : : ; PMform a path de
omposition of �. De�ne the type of a path Pi as the path in ~D obtainedfrom P by traversing the ar
s in ~D that are parallel to those in P .Let Q1; : : : ; QK be all types of P1; : : : ; PM that are di�erent from aa�1 for any ar
 a.We identify type Q with Q�1. Now � is 
ompletely determined by the Qi, together witha word yi in G asso
iated to Qi (for ea
h i) that forms the 
on
atenation of the symbolsaso
iated with the Pj of type Qi (in the appropriate order).We show that we 
an 
hoose theQj with the asso
iated words in a polynomially boundednumber of ways (�xing p and h). First we show that K is at most 9p + 18h. Sin
eP1; : : : ; PM are pairwise non
rossing, we 
an de
ouple the paths Q1; : : : ; QK at u, so as toobtain pairwise disjoint paths Q01; : : : ; Q0K (disjoint ex
ept for their end points). Sin
e anytwo Qi are di�erent, the graph H with vertex u and ar
s (loops) Q01; : : : ; Q0K has no fa
esbounded by one or two edges, ex
ept for the p original fa
es of D. So 3(f � p) � 2K, wheref denotes the number of fa
es of H. As ~D has at most (2p+4h� 2)+1 verti
es, by Euler'sformula we have, K � 2p+ 4h� 1 + f � 2 + 2h � 3p+ 6h+ 23K. Therefore K � 9p+ 18h.For any a; b 2 L [ L�1, let mab be the number of times ab or b�1a�1 o

urs inQ1; : : : ; QK (
ounting multipli
ities). Sin
e the Pi are pairwise non
rossing, we 
an re-
onstru
t fQ1; : : : ; QKg from the mab (up to reversing a path).Now mab � m for all a; b, sin
e j�(a)j � m for ea
h a 2 A. So in enumerating, we 
an
hoose for ea
h pair a; b 2 L[L�1 a nonnegative integer mab � m. (Sin
e jLj = p+2h� 1,there are at most (m+1)(p+2h�1)2 
hoi
es.) For ea
h 
hoi
e, we try to 
onstru
t Q1; : : : ; QKfrom the mab. If we fail or if K > 9p+ 18h, we go on to the next 
hoi
e of the mab. If wesu

eed and K � 9p+ 18h, we pro
eed as follows.For ea
h i = 1; : : : ;K, if the �rst ar
 of Qi equals (wj ; u), the word asso
iated with Qishould be equal to �x, where x is some segment of the word(80) Æ(wj;1) � � � Æ(wj;tj ):Here �x denotes the word obtained from x by 
an
elling iteratively all o

urren
es of ���1and ��1�. (In (80) we did not 
an
el o

urren
es of ���1 or ��1�. So word (80) need notbe in G1.)Sin
e K � 9p+ 18h there are at most (Pni=1 jÆ(wi)j)18p+36h su
h segments, and we 
an
onsider all 
hoi
es in polynomial time. Combining all 
hoi
es gives us a fun
tion on thear
s of D, that is either an elementary Æ-join, or not. This way we obtain all elementaryÆ-joins.Consider next the following problem for any 
ompa
t orientable surfa
e S:(81) given: a dire
ted graph D = (V;A) embedded on S, a natural number m, and afun
tion Æ : V ! G1, su
h that ea
h vertex v in the set W := fv j Æ(v) 6= ;g hasdegree one;
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�nd: Æ-joins �1; : : : ; �N su
h that ea
h elementary Æ-join � with j�(a)j � m for ea
har
 not in
ident with W , is R-homologous to at least one of �1; : : : ; �N , whereRis the 
olle
tion of fa
es in
ident with at least one vertex in W .
Theorem 9. For ea
h �xed p and 
ompa
t orientable surfa
e S, problem (81) is solvablein polynomial time when jRj = p.[Again we take as input size jV j+ jAj+m+Pv2V jÆ(v)j.℄Proof. Let A0 denote the set of ar
s not in
ident with any vertex in W . Delete iterativelyar
s from D that are in
ident with at least one fa
e not in R. We end up with a graph~D = (V; ~A) that has p fa
es, and su
h that ea
h elementary Æ-join in D with j�(a)j � m forea
h ar
 a 2 A0, is R-homologous to some elementary Æ-join in ~D with j�(a)j � 2mjAj forea
h ar
 a 2 A0. Thus Theorem 8 implies the required enumeration.We apply the te
hniques des
ribed above to a number of disjoint paths and disjoint treesproblems.We �rst 
onsider the following problem, for any �xed 
ompa
t surfa
e S and any �xedp:(82) given: a dire
ted graph D = (V;A) embedded on S and pairs (r1; s1); : : : ; (rk; sk)of verti
es of D, with the property that there exist p fa
es su
h that ea
h ofr1; s1; : : : ; rk; sk is in
ident with at least one of these fa
es;�nd: pairwise vertex-disjoint paths P1; : : : ; Pk, where Pi is an ri � si path (i =1; : : : ; k).
Theorem 10. For ea
h �xed 
ompa
t orientable surfa
e S and ea
h �xed p, problem (82)is solvable in polynomial time.Proof. We may assume that r1; s1; : : : ; rk; sk all are distin
t and have degree one. Let Rbe the 
olle
tion of fa
es in
ident with at least one of r1; s1; : : : ; rk; sk. De�ne Æ(ri) := giand Æ(si) := g�1i for i = 1; : : : ; k. Moreover, de�ne Æ(v) := ; for all other verti
es v.By Theorem 9 we 
an �nd in polynomial time (�xing S and p) a list of Æ-joins �1; : : : ; �Nin D su
h that ea
h elementary Æ-join � with j�(a)j � 1 for ea
h ar
 a not in
ident withr1; s1; : : : ; rk; sk, is R-homologous to at least one of the �i.Consider the extended dual graph D+ of D (
f. Se
tion 3). De�ne for ea
h ar
 a� ofD+:(83) H(a�) := f;; g1; : : : ; gkg if � = a� for some a 2 A;H(a�) := f;; g1; g�11 ; : : : ; gk; g�1k g for all other a� .By Theorem (2) we 
an �nd in polynomial time a fun
tion # that is R-
ohomologous to �+iin D+, with #(b) 2 H(b) for ea
h ar
 b of D+, provided that su
h a # exists. If we �nd one,de�ne  (a) := #(a�), for ea
h ar
 a of D. Then  is a Æ-join in D (as it is R-homologous to
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�i), and any path de
omposition of  into paths of 
y
les 
ontains pairwise disjoint pathsP1; : : : ; Pk as required.If for none of i = 1; : : : ; N we �nd su
h a # we may 
on
lude that problem (82) hasno solution. For suppose P1; : : : ; Pk is a solution. De�ne �(a) := gi if Pi traverses a(i = 1; : : : ; k) and �(a) := 1 if a is not traversed by any P1; : : : ; Pk. Sin
e � is an elementaryÆ-join with j�(a)j � 1 for ea
h ar
 a, there exists an i 2 f1; : : : ; Ng su
h that � and �i areR-homologous. However, for this i, there exists a # as above, viz. # := �+. This 
ontradi
tsour assumption.A spe
ial 
ase applies to (1):Corollary 10a. For ea
h �xed k, the k disjoint paths problem for dire
ted planar graphs issolvable in polynomial time.Proof. Dire
tly from Theorem 10.An extension of Theorem 10 applies to the following problem:(84) given: a dire
ted graph D = (V;A) embedded on S and pairs (r1; S1); : : : ; (rk; Sk)with r1; : : : ; rk 2 V and S1; : : : ; Sk � V , with the property that there exist pfa
es su
h that ea
h vertex in fr1; : : : ; rkg[S1 [ � � � [Sk is in
ident with at leastone of the fa
es;�nd: pairwise vertex-disjoint rooted trees T1; : : : ; Tk, where Ti has root ri and 
oversSi (i = 1; : : : ; k).
Theorem 11. For ea
h �xed 
ompa
t orientable surfa
e S and ea
h �xed p, problem (84)is solvable in polynomial time.Proof.We may assume that all verti
es in W := fr1; : : : ; rkg[S1[� � �[Sk are distin
t andhave degree one. Let R be the 
olle
tion of fa
es in
ident with at least one vertex in W .De�ne Æ(ri) := gjSiji and Æ(s) := g�1i for s 2 Si, for i = 1; : : : ; k. Moreover, de�ne Æ(v) := 1for all other verti
es v.By Theorem 9 we 
an �nd in polynomial time (�xing S and p) a list of Æ-joins �1; : : : ; �Nin D su
h that ea
h elementary Æ-join � with j�(a)j � jV j for ea
h ar
 a not in
ident withr1; s1; : : : ; rk; sk, is R-homologous to at least one of the �i.Again 
onsider the extended dual graph D+ of D. De�ne for ea
h ar
 a� of D+:(85) H(a�) := fgni j i = 1; : : : ; k;n 2 Z; n � 0g if � = a� for some a 2 A;H(a�) := fgni j i = 1; : : : ; k;n 2 Zg for all other a�.By Theorem (2) we 
an �nd in polynomial time a fun
tion # that is R-
ohomologous to �+iin D+, with #(b) 2 H(b) for ea
h ar
 b of D+, provided that su
h a # exists. If we �nd one,de�ne  (a) := #(a�), for ea
h ar
 a of D. Then  is a Æ-join in D (as it is R-homologousto �i), and any path de
omposition of  into paths and 
y
les 
ontains pairwise disjointrooted trees T1; : : : ; Tk as required.
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If for none of i = 1; : : : ; N we �nd su
h a # we may 
on
lude that problem (84) has nosolution. For suppose T1; : : : ; Tk is a solution. De�ne �(a) := gli if Ti 
ontains a and for lverti
es s in Si the simple r � si path in Ti traverses a, and �(a) := 1 if a is not 
ontainedin any T1; : : : ; Tk. Sin
e � is an elementary Æ-join with j�(a)j � jV j for ea
h ar
 a, thereexists an i 2 f1; : : : ; Ng su
h that � and �i are R-homologous. However, for this i, thereexists a # as above, viz. # := �+. This 
ontradi
ts our assumption.A further extension is to the following problem:
(86) given: a dire
ted graph D = (V;A) embedded on S, subsets A1; : : : ; Ak of A, and pairs(r1; S1); : : : ; (rk; Sk) with r1; : : : ; rk 2 V and S1; : : : ; Sk � V , with the propertythat there exist p fa
es su
h that ea
h vertex in fr1; : : : ; rkg [ S1 [ � � � [ Sk isin
ident with at least one of these fa
es;�nd: pairwise vertex-disjoint rooted trees T1; : : : ; Tk, where Ti has root ri, 
overs Siand 
ontains ar
s only in Ai (i = 1; : : : ; k).
Theorem 12. For ea
h �xed 
ompa
t orientable surfa
e S and ea
h �xed p, problem (86)is solvable in polynomial time.Proof. As before, now repla
ing the �rst line in (85) by: H(a�) := fgni j i = 1; : : : ; k; a 2Ai;n 2 Z; n � 0g if � = a� for a 2 A.We do not see if our methods extend to 
ompa
t nonorientable surfa
es.Our algorithms are based on the polynomial-time solvability of the 
ohomology feasi-bility problem for free groups. It might be interesting to investigate in how far the method
an be extended to other groups. Espe
ially, for whi
h groups (G; �) and subsets C � G isthe following problem solvable in polynomial time:(87) given: a dire
ted graph D = (V;A) and a fun
tion � : A! G;�nd: a fun
tion  : A! C 
ohomologous to �.This might apply to the ar
-disjoint 
ase as follows. It is unknown if the followingproblem is solvable in polynomial time or NP-
omplete for k = 2:(88) given: a dire
ted planar graph and verti
es r1; s1; : : : ; rk; sk,�nd: �nd pairwise ar
-disjoint paths P1; : : : ; Pk, where Pi is an ri � si path (i =1; : : : ; k).If we do not require planarity the problem is NP-
omplete for k = 2, as follows from theresult of Fortune, Hop
roft, and Wyllie mentioned in se
tion 1. (The vertex-disjoint 
ase
an be redu
ed to the ar
-disjoint 
ase.) The 
omplexity status of (88) is also unknown forthe spe
ial 
ase k = 2; r1 = s2; s1 = r2.Now if problem (87) is polynomial-time solvable for the group G := Z2 , taking C =f(0; 0); (1; 0);(0; 1)g, then problem (88) is solvable in polynomial time for k = 2. This 
an
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be seen with a method similar to the one des
ribed in the previous se
tions.More generally, if the 
ohomology feasibility problem for free groups is solvable in poly-nomial time for the group Zk , taking for H(a) the set of all unit basis ve
tors togetherwith the origin, then problem (88) is polynomial-time solvable for this k. Note that Zk
an be 
onsidered as the `free abelian group'; it is generated by g1; : : : ; gk, with relationsgi � gj = gj � gi for all i; j = 1; : : : ; k.This also implies that if the group itself is part of the input of problem (87) (given,e.g., by generators and relations), then the problem will be NP-hard. This follows from theNP-
ompleteness of problem (87) for non�xed k. Note that the algorithm we des
ribed forthe 
ohomology feasibility problem for free groups is polynomial-time also if we do not �xthe number of generators.In a sense there are the following 
orresponden
es:(89) vertex-disjoint dire
ted paths  ! free groups,ar
-disjoint dire
ted paths  ! free abelian groups.In the undire
ted 
ase we 
ould add the relations g2i = 1 for i = 1; : : : ; k. This gives thefree boolean group (all words made from g1; g2; : : : with no segment gigi for any i) and thefree abelian boolean groups (�= f0; 1gk), and the following 
orresponden
es:(90) vertex-disjoint undire
ted paths  ! free boolean groups,edge-disjoint undire
ted paths  ! free abelian boolean groups.By Robertson and Seymour's result, for �xed k the k disjoint undire
ted paths problem issolvable in polynomial time (for the vertex-disjoint 
ase, and hen
e also for the edge-disjoint
ase). This might suggest that problem (87) is solvable in polynomial time for any �xedfree boolean (abelian) group.However, problem (87) is NP-
omplete for G := f0; 1g2 and C := f(0; 0); (1; 0); (0; 1)g,even if we �x �(a) = (1; 1) for ea
h ar
 a. In that 
ase (87) has a solution  if and only ifD is four vertex 
olorable. (I thank Bert Gerards for this observation.)
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