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1. Intro duction

As a coheret mathematical discipline, combinatorial optimization is relatively young.
When studying the history of the eld, one obsenes a number of independert lines of
researt), separately consideringproblemslike optimum assignmei, shortest spanningtree,
transportation, and the traveling salesmanproblem. Only in the 1950's,when the unifying
tool of linear and integer programming becameavailable and the areaof operations researf
got intensive attention, theseproblemswere put into one framework, and relations between
them were laid.

Indeed, linear programming forms the hinge in the history of combinatorial optimiza-
tion. Its initial conceptionby Kantorovich and Koopmanswas motivated by combinatorial
applications, in particular in transportation and transshipmert. After the formulation of
linear programming as generic problem, and the developmert in 1947 by Dantzig of the
simplex method as a tool, one has tried to attack about all combinatorial optimization
problems with linear programming techniques, quite often very successfully

A causeof the diversity of roots of combinatorial optimization is that seweral of its
problems descenddirectly from practice, and instancesof them were, and still are, attacked
daily. One can imagine that even in very primitiv e (even animal) societies, nding short
paths and searting (for instance, for food) is essetial. A traveling salesmanproblem
crops up when you plan shopping or sightseeing, or when a doctor or mailman plans his
tour. Similarly, assigningjobs to men, transporting goods, and making connections, form
elemernary problems not just consideredby the mathematician.

It makesthat theseproblems probably can be traced badk far in history. In this survey
however we restrict ourselvesto the mathematical study of these problems. At the other
end of the time scale,we do not pass1960,to keepsizein hand. As a consequencelater
important developmerts, like Edmonds' work on matchings and matroids and Cook and
Karp's theory of complexity (NP-completeness)fall out of the scope of this survey.

We focus on six problem areas, in this order: assignmerm, transportation, maximum
ow, shortest tree, shortest path, and the traveling salesmanproblem.

2. The assignment problem

In mathematical terms, the assignmen problem is: givenann n “cost' matrix C = (cj; ),
nd a permutation of 1;:::;n for which
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is as small as possible.

Monge 1784

The assignmem problem is one of the rst studied combinatorial optimization problems.
It wasinvestigated by G. Monge [1784], albeit camou aged as a cortin uous problem, and
often called a transportation problem.

Monge was motivated by transporting earth, which he consideredas the discortin uous,
combinatorial problem of transporting molecules. There are two areasof equal acreage,one
lled with earth, the other empty. The question is to move the earth from the rst area
to the second,in sudh a way that the total transportation distanceis as small as possible.
The total transportation distanceis the distance over which a moleculeis moved, summed
over all molecules. Henceit is an instance of the assignmem problem, obviously with an
enormouscost matrix. Monge described the problem as follows:

Lorsqu'on doit transporter desterres d'un lieu dans un autre, on a coutime de donner le nom de
Deblai au volume desterres que I'on doit transporter, & le nom de Remblai a I'espace qu'elles
doivent occuper apresle transport.

Le prix du transport d'une molecule etant, toutes chosesd‘ailleurs egales,proportionnel a son
poids & a l'espacequ'on lui fait parcourir, & par consequert le prix du transport total devant
@tre proportionnel a la somme des produits des molecules multipli ees chacune par l'espace
parcouru, il s'ensuit que le deblai & le remblai etant donnesde gure & de position, il n'est
pas indi erert que telle molecule du deblai soit transportee dans tel ou tel autre endroit du
remblai, mais qu'il y a une certaine distribution a faire desmoleculesdu premier dansle second,
d'apreslaquelle la sommede cesproduits serala moindre possible, & le prix du transport total
seraun minimum .2

Monge gave an interesting geometric method to solve this problem. Considera line that
is tangent to both areas,and move the moleculem touched in the rst areato the position
X touched in the secondarea, and repeat, till all earth has been transported. Monge's
argumert that this would be optimum is simple: if moleculem would be moved to another
position, then another moleculeshould be movedto position x, implying that the two routes
traversedby these moleculescross,and that therefore a shorter assignmen exists:

Etant donneessur un méme plan deux aires egalesAB CD, & abcd termin eespar descontours
quelconques, continus ou discortinus, trouver la route que doit suivre chaque molecule M

2When one must transport earth from one place to another, one usually givesthe name of Deblai to the
volume of earth that one must transport, & the name of Remblai to the spacethat they should occupy after
the transport.

The price of the transport of one molecule being, if all the rest is equal, proportional to its weight & to the
distance that one makesit covering, & hencethe price of the total transport having to be proportional to
the sum of the products of the moleculeseac multiplied by the distance covered, it follows that, the deblai
& the remblai being given by gure and position, it makesdi erence if a certain molecule of the deblai is
transported to one or to another place of the remblai, but that there is a certain distribution to make of the
moleculesfrom the rst to the second,after which the sum of these products will be aslittle as possible, &
the price of the total transport will be a minimum.



de la premiere, & le point m ou elle doit arriver dans la seconde,pour que tous les points
etant senblablement transportes, ils replissert exactemert la secondeaire, & que la somme
des produits de chaque molecule multipli ee par I'espace parcouru soit un minimum .

Si par un point M quelconquede la premiere aire, on meneune droite Bd, telle que le segmer
BAD soit egal au segmern bad, je dis que pour satisfaire a la question, il faut que toutes
les moleculesdu segmern BAD , soiert porteessur le segmern bad & que par consequert les
moleculesdu segmernt BCD soiert porteessur le segmen egalbcd car si un point K quelconque
du segment BAD, etoit porte sur un point k de bcd il faudroit necessairemeh qu'un point
egal L, pris quelque part dans BCD, f0t transporte dans un certain point | de bad, ce qui
ne pourroit pas se faire sans que les routes Kk, LI, ne se coupassen entre leurs extremites,
& la somme des produits des moleculespar les espacesparcourus ne seroit pas un minimum .
Pareillement, si par un point M ®in nimen t proche du point M, on menela droite B %"’ telle
qu'on ait encorele segmen B°ADY egal au segmen b’ il faut pour que la question soit
satisfaite, que les moleculesdu segmen B°A°D° soiert transporteessur b’%a%°. Donc toutes
les moleculesde I'elemert BB’DD doivent &tre transporteessur I'elemert egal bd’. Ainsi
en divisant le deblai & le remblai en une in nit e d'elemenspar des droites qui coupent dans
'un & dans l'autre dessegmensegaux entr'eux, chaque elemert du deblai doit etre porte sur
I'elemert correspondant du remblai.

Les droites Bd & B°d° etant in nimen t proches, il estindi erernt dans quel ordre les molecules
del'elemert BB’D D sedistribuent sur I'elemert bBd’; de quelquemaniereene et que sefasse
cette distribution, la sommedes produits desmoleculespar les espacesparcourus, est toujours
la m&éme, mais si I'on remarque que dans la pratique il convient de debleyer premieremert les
parties qui setrouvent sur le passagedes autres, & de n'occuper que les dernieresles parties
du remblai qui sort dans le méme cas; la molecule M M ° ne devra setransporter que lorsque
toute la partie MM DD qui la precde, aura ete transportee en mm°d; donc dans cette
hypothese, si I'on fait mm%° = MM °D, le point m seracelui sur lequel le point M sera
transporte?

Although geometrically intuitiv e, the method is however not fully correct, as was noted by
Appell [1928]:

3Being given, in the sameplane, two equal areasAB CD & abcd bounded by arbitrary contours, cortin-
uous or discortinuous, nd the route that every molecule M of the rst should follow & the point m where
it should arrive in the second, so that, all points being transported likewise, they Il precisely the second
area & sothat the sum of the products of each molecule multiplied by the distance covered, is minimum.

If one draws a straight line Bd through an arbitrary point M of the rst area, such that the segmen
BAD is equal to the segmen bad, | assertthat, in order to satisfy the question, all moleculesof the segmen
BAD should be carried on the segmen bad, & hencethe moleculesof the segmernt BCD should be carried
on the equal segmen bcd for, if an arbitrary point K of segmen BAD, is carried to a point k of bcd then
necessarily some point L somewherein BCD is transported to a certain point | in bad, which cannot be
done without that the routes K k, LI crossead other betweentheir end points, & the sum of the products
of the molecules by the distances covered would not be a minimum . Lik ewise, if one draws a straight line
B %° through a point M °in nitely closeto point M, in such a way that one still hasthat segmen B°A°D°
is equal to segmen b’a’d’ then in order to satisfy the question, the moleculesof segmer B°A°D° should be
transported to b°a’d°. So all molecules of the elemert BBD°D must be transported to the equal elemert
bd%. Dividing the deblai & the remblai in this way into an innit y of elemerts by straight lines that cut
in the one & in the other segmers that are equal to ead other, every elemert of the deblai must be carried
to the corresponding elemert of the remblai.

The straight lines Bd & B°° being in nitely close, it does not matter in which order the molecules of
elemert BB°D®D are distributed on the elemert bPd®; indeed, in whatever manner this distribution is
being made, the sum of the products of the molecules by the distances covered is always the same; but if
one obserwesthat in practice it is convenient rst to dig o the parts that are in the way of others, & only
at last to cover similar parts of the remblai; the molecule M M ° must be transported only when the whole
part MM that precedesit will have beentransported to mm%®; hencewith this hypothesis, if one
has mm®°° = M M °D°D, point m will be the oneto which point M will be transported.




Il est bien facile de faire la gure de maniere que les chemins suivis par les deux parcelles dont
parle Monge ne secroisert pas.?

(cf. Taton [1951]).

Bipartite matc hing: Frob enius 1912-1917, Klonig 1915-1931

Finding a largest matching in a bipartite graph can be consideredas a special caseof the
assignmen problem. The fundamerts of matching theory in bipartite graphswere laid by
Frobenius (in terms of matrices and determinants) and Kpnig. We brie y review their work.

In his article Uber Matrizen ausnicht negativen Elementen Frobenius[1912]investigated
the decomposition of matrices, which led him to the following “curiousdeterminant theorem':

Die Elemente einer Determinante nten Gradesseienn? unabhangige Veranderliche. Man setze
einige derselten Null, doch so, da die Determinante nicht identisch verschwindet. Dann bleibt
sie eine irr eduzible Funktion, au er wenn fur einen Wert m < n alle Elemente verschwinden,
die m Zeilen mit n m Spalten gemeinsamhaten.®

Frobenius gave a combinatorial and an algebraic proof.

In areaction to this, DenesKpnig [1915]realizedthat Frobenius'theorem can be equiv-
alently formulated in terms of bipartite graphs, by introducing a now quite standard con-
struction of assaiating a bipartite graph with a matrix (a;;): for ead row index i there is
a vertex v; and for ead column index j there is a vertex u;, while verticesv; and u; are
adjacert if and only if a;; 6 0. With the help of this, Kpnig gave a proof of Frobenius'
result.

According to Gallai [1978],Kpnig wasinterestedin graphs, particularly bipartite graphs,
becauseof his interest in set theory, especially cardinal numbers. In proving Sdreder-
Bernstein type results on the equicardinality of sets, graph-theoretic argumerts (in partic-
ular: matchings) can be illustrativ e. This led Kpnig to studying graphsand its applications
in other areasof mathematics.

On 7 April 1914,Kpnig had preseried at the Congres de Philosophie mathematiquein
Paris (cf. Kpnig [1916,1923])the theorem that ead regular bipartite graph has a perfect
matching. As a corollary, Kpnig derived that the edgeset of any regular bipartite graph
can be decomposed into perfect matchings. That is, eath k-regular bipartite graph is
k-edge-colourable. Kpnig obsened that these results follow from the theorem that the
edge-colouringnumber of a bipartite graph is equal to its maximum degree. He gave an
algorithmic proof of this.

In order to give an elemenary proof of his result described above, Frobenius [1917]
provesthe following "Hilfssatz', which now is a fundamertal theorem in graph theory:

Il. Wenn in einer Determinante nten Grades alle Elemente verschwinden, welchep (  n)
Zeilen mit n  p+ 1 Spalten gemeinsam haken, so verschwinden alle Glieder der entwickelten
Determinante.

“It is very easyto make the gure in such a way that the routes followed by the two particles of which
Monge speaks, do not crossead other.

5Let the elements of a determinant of degree n be n? independent variables. One sets some of them equal
to zero, but such that the determinant does not vanish identically. Then it remains an irr educible function,
exept when for somevalue m < n all elementsvanish that have m rowsin common with n m columns.



Wenn alle Glieder einer Determinante nten Grades verschwinden, so verschwinden alle El-

emente, welche p Zeilen mit n  p+ 1 Spalten gemeinsam haken fur p = 1 oder 2; oder
6

n.

"éhat is, if A= (a;)isann n matrix, and for ead permutation of f1;:::;ng one has
L, & = 0, then for somep there exist prowsandn p+ 1 columnsof A suc that their
intersection is all-zero.

In other words, a bipartite graph G = (V;E) with colour classesV; and V-, satisfying
iVij = jV2] = n hasa perfect matching, if and only if one cannot selectp verticesin Vi and
n p+ 1verticesin V, such that no edgeis connectingtwo of thesevertices.

Frobenius gave a short combinatorial proof (albeit in terms of determinants), and he
stated that Kpnig's results follow easily from it. Frobenius also o ered his opinion on
K)pnig's proof method of his 1912theorem:

Die Theorie der Graphen, mittels deren Hr. Knig den obigen Satz abgeleitet hat, ist nach
meiner Ansicht ein wenig geeignetesHilfsmittel fur die Entwicklung der Determinantentheorie.
In diesemFalle fuhrt sie zu einem ganz speziellen Satze von geringem Werte. Was von seinem
Inhalt Wert hat, ist in dem Satze Il ausgespra@hen.’

While Frobenius' result characterizeswhich bipartite graphshave a perfect matching, a
more generaltheorem characterizing the maximum size of a matching in a bipartite graph
was found by Kpnig [1931]:

Paros kereljarasu graphban az eleket kimer tjo szegpontok minim alis szama megegyezik a
paronkent kezes vegpontot nem tartalmaz o elek maximalis szamaval.®

In other words, the maximum sizeof a matching in a bipartite graph is equalto the minimum
number of vertices neededto cover all edges.

This result can be derived from that of Frobenius[1917],and also from the theorem of
Menger [1927]| but, as Kpnig detected, Menger's proof contains an essetial hole in the
induction basis| seeSection4. This induction basisis precisely the theorem proved by

Kpnig.

Egerv ary 1931

After the presenation by Kpnig of his theorem at the Budapest Mathematical and Physical
Scciety on 26 March 1931,E. Egervary [1931]found a weighted version of Kpnig's theorem.
It characterizesthe maximum weight of a matching in a bipartite graph, and thus applies
to the assignmem problem:

511.

If in a determinant of the nth degree all elements vanish that p( n) rows have in common with
n p+ 1 columns, then all memkers of the expanded determinant vanish.

If all memkers of a determinant of degree n vanish, then all elementsvanish that p rows have in common
with n  p+ 1 columns for p= 1 or 2; orn.

"The theory of graphs, by which Mr Kdnig has derived the theorem above, is to my opinion of little
appropriate help for the development of determinant theory. In this caseit leadsto a very special theorem
of little value. What from its contents has value, is enunciated in Theorem II.

8In an evencircuit graph, the minimal number of vertices that exhaust the edgesagreeswith the maximal
number of edgesthat pairwise do not contain any common end point.



Ha az kaj k n-edrendy matrix elemei adott nem negatv egeszszamok, ugy a

it & () =1,2:n);
(i, j nem negatv egesz szamok)
feltetelek mellett
X
mn: (k+ k)=max:(ap,+a ,+ +an ,):
k=1

hol 1; 2;:: n az1;2;::n szamok esszespermutacioit befutjak.®

The proof method of Egervary is essetially algorithmic. Assumethat the a;; are integer.
Let ;, ; attain the minimum. If thereis apermutation off1;:::;ngsucdthat ;+ | =

a;. , for all i, then this permutation attains the maximum, and we have the required equality.

sud that
(2) i+t > a foralli2l,j2]

and such that jlj+ jJj = n+ 1. Resetting ; = ; 1lifi21l and ; = ;+1if
j 62J, would give again feasible values for the ; and j, however with their total sum
being decreased.This is a corntradiction.

Egervary's theorem and proof method formed, in the 1950's, the impulse for Kuhn
to dewelop a new, fast method for the assignmen problem, which he therefore baptized
the Hungarian methad. But rst there were someother developmerts on the assignmen

problem.

Eastereld 1946

The rst algorithm for the assignmen problem might have been published by Easter eld
[1946],who described his motivation as follows:

In the course of a piece of organisational researd into the problems of demobilisation in the
R.A.F., it seemedthat it might be possibleto arrange the posting of men from disbanded units
into other units in such a way that they would not needto be posted again before they were
demobilised; and that a study of the numbers of men in the various releasegroups in eac unit
might enablethis processto be carried out with a minimum number of postings. Unfortunately
the unexpected ending of the Japanesewar prevented the implications of this approach from
being worked out in time for e ectiv e use. The algorithm of this paper arosedirectly in the
course of the investigation.

°If the elementsof the matrix kaj k of order n are given nonnegative integers, then under the assumption

i+ 5o (i) = 1,2:0n),
(i, j nonnegative integers)
we have
X
mn: (k+ k)=max:(ag,+a,+ +an ,):
k=1

where 1; 2;:: n run over all possible permutations of the numbers 1;2; :::n.



Easter eld seemdo have worked without knowledgeof the existing literature. He formu-
lated and proved a theorem equivalent to Kpnig's theorem and he described a primal-dual
type method for the assignmen problem from which Egervary's result given above can be
derived. Easter eld's algorithm hasrunning time O(2"n?). This is better than scanningall
permutations, which takestime ( n!).

Robinson 1949

Cycle reduction is an important tool in combinatorial optimization. In a RAND Report
dated 5 Decenber 1949, Robinson [1949] reports that an "unsuccessfulattempt' to solve
the traveling salesmanproblem, led her to the following cycle reduction method for the
optimum assignmen problem.

Let matrix (a;j ) be given, and considerany permutation . De ne for all i;j a ‘length’
lij by: lij == & o) a; gyifj & (i)andl; 4 = 1. If there exists a negative-length
directed circuit, there is a straightforward way to improve . If there is no suc circuit,
then is an optimal permutation. This clearly is a nite method, and Robinson remarked:

| believe it would be feasible to apply it to as many as 50 points provided suitable calculating
equipmert is available.

The simplex metho d

A breakthrough in solving the assignmen problem came when Dantzig [1951a] shoved
that the assignmen problem can be formulated as a linear programming problem that
automatically hasan integer optimum solution. The reasonis a theorem of Birkho [1946]
stating that the corvex hull of the permutation matrices is equal to the set of doubly
stochastic matrices | nonnegative matrices in which ead row and column sum is equal
to 1. Therefore, minimizing a linear functional over the set of doubly stochastic matrices
(which is a linear programming problem) givesa permutation matrix, being the optimum
assignmen. Sothe assignmen problem can be solved with the simplex method.

Votaw [1952] reported that solving a 10 10 assignmen problem with the simplex
method on the SEAC took 20 minutes. On the other hand, in his reminiscences,Kuhn
[1991]merntioned the following:

The story beginsin the summer of 1953 when the National Bureau of Standards and other US
government agencieshad gathered an outstanding group of combinatorialists and algebraists at
the Institute for Numerical Analysis (INA) located on the campus of the Univ ersity of California
at Los Angeles. Since spacewas tight, | shared an o ce with Ted Motzkin, whose pioneering
work on linear inequalities and related systems predates linear programming by more than ten
years. A rather unique feature of the INA wasthe presenceof the Standards Western Automatic
Computer (SWAC), the ertire memory of which consisted of 256 Williamson cathode ray tub es.
The SWAC was faster but smaller than its sibling machine, the Standards Eastern Automatic
Computer (SEAC), which boasted a liqguid mercury memory and which had been coded to
solve linear programs.

According to Kuhn:

the 10 by 10 assignmert problem is a linear program with 100 nonnegative variables and 20
equation constraints (of which only 19 are needed). In 1953, there was no machine in the world
that had been programmed to solve a linear program this large!



If "the world' includesthe Eastern Coast of the U.S.A., there seemsto be somediscrepancy
with the remarks of Votaw [1952] mertioned above.

The complexit y issue

The assignmen problem has helped in gaining the insight that a nite algorithm neednot
be practical, and that there is a gap betweenexponertial time and polynomial time.

Also in other disciplinesit was recognizedthat while the assignmen problem is a nite
problem, there is a complexity issue. In an addressdelivered on 9 Septenber 1949 at a
meeting of the American Psychological Asscciation at Denver, Colorado, Thorndik e [1950]
studied the problem of the “classi cation' of personnel(being job assignmen):

The past decade, and particularly the war years, have witnessed a great concern about the
classi cation of personnel and a vast expenditure of e ort presumably directed towards this
end.

He exhibited little trust in mathematicians:

There are, as has beenindicated, a nite number of permutations in the assignmert of men to
jobs. When the classi cation problem as formulated above was preserted to a mathematician,
he pointed to this fact and said that from the point of view of the mathematician there was
no problem. Since the number of permutations was nite, one had only to try them all and
choosethe best. He dismissedthe problem at that point. This is rather cold comfort to the
psychologist, however, when one considersthat only ten men and ten jobs mean over three and
a half million permutations. Trying out all the permutations may be a mathematical solution
to the problem, it is not a practical solution.

Thorndik e presernied three heuristics for the assignmem problem, the Method of Divine
Intuition , the Method of Daily Quotas, and the Method of Predicted Yield.

(Other heuristic and geometric methods for the assignmen problem were proposedby
Lord [1952], Votaw and Orden [1952], Tornqgvist [1953],and Dwyer [1954] (the "'method of
optimal regions').)

Von Neumann consideredthe complexity of the assignmen problem. In a talk in the
Princeton University Game Seminar on October 26, 1951, he shoved that the assignmen
problem can be reducedto nding an optimum column strategy in a certain zero-sumtwo-
person game, and that it can be found by a method given by Brown and von Neumann
[1950]. We give rst the mathematical badkground.

A zero-sumtwo-persongameis given by a matrix A, the “pay-o matrix'. The interpre-
tation asa gameis that a “row player' choosesa row index i and a “column player' chooses
simultaneously a column index j. After that, the column player pays the row player Aj; .
The gameis played repeatedly, and the questionis what is the best strategy.

Let A haveorderm n. A row strategyis a vector x 2 R satisfying 1"x = 1. Similarly,
a column strategy is a vector y 2 R satisfying 1Ty = 1. Then

(3) maxmin(x"A); = min max(Ay)i;
j |

where x rangesover row strategies,y over column strategies,i over row indices,and j over
column indices. Equality (3) follows from LP duality.



It can be derived that the best strategy for the row player is to choose rows with
distribution an optimum x in (3). Similarly, the best strategy for the column player is to
choose columns with distribution an optimum y in (3). The averagepay-o then is the
value of (3).

The method of Brown [1951]to determine the optimum strategiesis that ead player
choosesin turn the line that is best with respect to the distribution of the lines chosen
by the opponernt sofar. It was proved by Robinson [1951]that this convergesto optimum
strategies. The method of Brown and von Neumann [1950]is a contin uous version of this,
and amounts to solving a system of linear di erential equations.

Now von Neumann noted that the following reducesthe assignmen problem to the
problem of nding an optimum column strategy. Let C = (cij ) beann n cost matrix,
as input for the assignmen problem. We may assumethat C is positive. Consider the
following pay-o matrix A, of order 2n  n?, with columns indexed by ordered pairs (i; j )

cost assignmen, of cost sa, yields an optimum column strategy y by: y;j) = G =
if i is assignedto j, and y; := 0 otherwise. Any optimum column strategy is a corvex
combination of strategies obtained this way from optimum assignmens. So an optimum
assignmen can in principle be found by nding an optimum column strategy.

According to atranscript of the talk (cf. von Neumann[1951,1953])von Neumannnoted
the following on the number of steps:

It turns out that this numberis a moderate power of n, i.e., considerably smaller
than the "obvious" estimate n! mentioned earlier.

Howewer, no further argumertation is given.
In a Cowles Commission DiscussionPaper of 2 April 1953, Bedkmann and Koopmans
[1953]noted:

It should be added that in all the assignment problems discussed, there is, of course,
the obvious brute force method of enumerating all assignments, evaluating the maximand
at each of these, and selecting the assignment giving the highest value. This is

too costly in most cases of practical importance, and by a method of solution we have
meant a procedure that reduces the computational work to manageable proportions in

a wider class of cases.

The Hungarian metho d: Kuhn 1955-1956, Munkres 1957

The basiccombinatorial (nonsimplex) method for the assignmei problem is the Hungarian
methad. The method was developed by Kuhn [1955b,1956]basedon the work of Egervary
[1931],whenceKuhn intro duced the name Hungarian method for it.

In an article \On the origin of the Hungarian method™ Kuhn [1991]gave the following
reminiscencesrom the time starting Summer 1953:

During this period, | was reading Kpnig's classical book on the theory of graphs and realized
that the matching problem for a bipartite graph on two setsof n vertices was exactly the same
asan n by n assignmen problem with all a; = 0 or 1. More signi cantly, Kjpnig had given a
combinatorial algorithm (based on augmerting paths) that producesoptimal solutions to the
matching problem and its combinatorial (or linear programming) dual. In one of the sewral



formulations given by Kpnig (p. 240, Theorem D), given an n by n matrix A = (a; ) with all
a; = 0 or 1, the maximum number of 1's that can be chosenwith no two in the same line
(horizontal row or vertical column) is equal to the minimum number of lines that contain all
of the 1's. Moreover, the algorithm seemedto be ‘good' in a sensethat will be made precise
later. The problem then was: how could the general assignmen problem be reduced to the
0-1 special case?

Reading Kpnig's book more carefully, | was struck by the following footnote (p. 238, foot-
note 2): \... Eine Verallgemeinerung dieser Satze gab Egervary, Matrixok kombinatorius
tula jdonsagairol (Uber kombinatorische Eigenschaften von Matrizen), Matematik ai es Fizikai
Lapok, 38, 1931, S. 16-28 (ungarisch mit einem deutschen Auszug) ..." This indicated that
the key to the problem might be in Egervary's paper. When | returned to Bryn Mawr College
in the fall, |1 obtained a copy of the paper together with a large Hungarian dictionary and
grammar from the Haverford College library. | then spent two weekslearning Hungarian and
translated the paper [1]. As | had suspected, the paper contained a method by which a general
assignmert problem could be reducedto a nite number of 0-1 assignmert problems.

Using Egervary's reduction and Kpnig's maximum matching algorithm, in the fall of 1953 |
solved seweral 12 by 12 assignmert problems (with 3-digit integers as data) by hand. Each of
these examplesto ok under two hours to solve and | was convinced that the combined algorithm
was ‘good'. This must have been one of the last times when pencil and paper could beat the
largest and fastest electronic computer in the world.

(Reference[1] is the English translation of the paper of Egervary [1931].)

The method described by Kuhn is a sharpening of the method of Egervary sketched
above, in two respects: (i) it givesan (augmerting path) method to nd either a perfect
matching or sets| and J asrequired, and (ii) it improvesthe ; and ; not by 1, but by
the largest value possible.

Kuhn [1955b]contented himself with stating that the number of iterations is nite, but
Munkres [1957]obsened that the method in fact runs in strongly polynomial time (O(n%)).

Ford and Fulkerson [1956b] reported the following computational experiencewith the
Hungarian method:

The largest example tried wasa 20 20 optimal assignmen problem. For this example, the
simplex method required well over an hour, the presert method about thirt y minutes of hand
computation.

3. The transp ortation problem

The transportation problem is: givenan m n “cost' matrix C = (a;; ), a ‘supply vector'
b2 R and a "demand'vector d 2 R}, nd anonnegatie m n matrix X = (Xjj) such
that

4) (i) xij = b fori=1:::;m,

(iii) Gij Xi;j is assmall as possible.
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Sothe transportation problem is a special caseof a linear programming problem.

Tolsto 1930

An early study of the transportation problem was made by A.N. Tolsto [1930]. He pub-
lished, in a book on transportation planning issuedby the National Commissariat of Trans-
portation of the Soviet Union, an article called Methods of nding the minimal total kilo-
metragein cargo-transportation planning in space, in which he formulated and studied the
transportation problem, and described a number of solution approades,including the, now
well-known, idea that an optimum solution does not have any negative-cost cycle in its
residual graph'®. He might have beenthe rst to obsene that the cycle condition is nec-
essaryfor optimalit y. Moreover, he assumed,but did not explicitly state or prove, the fact
that cheding the cycle condition is also su cien t for optimalit y.

Tolsto illuminated his approac by applications to the transportation of salt, cemen,
and other cargo between sourcesand destinations along the railway network of the Soviet
Union. In particular, a, for that time large-scale,instance of the transportation problem
was solved to optimalit y.

We brie y review the article. Tolsto rst consideredthe transportation problem for the
casewhere there are only two sources. He obsened that in that caseone can order the
destinations by the di erence betweenthe distancesto the two sources. Then one source
can provide the destinations starting from the beginning of the list, until the supply of
that sourcehas beenusedup. The other sourcesuppliesthe remaining demands. Tolsto
obsened that the list is independert of the suppliesand demands,and henceit

is applicable for the whole life-time of factories, or sourcesof production. Using this table,
one can immediately compose an optimal transportation plan every year, given quantities of
output produced by these two factories and demands of the destinations.

Next, Tolsto studied the transportation problem in the casewhen all sourcesand des-
tinations are along one circular railway line (cf. Figure 1), in which casethe optimum
solution is readily obtained by considering the di erence of two sums of costs. He called
this phenomenoncircle degendency

Finally, Tolsto combined the two ideasinto a heuristic to solve a concretetransportation
problem coming from cargo transportation along the Soviet railway network. The problem
has 10 sourcesand 68 destinations, and 155 links between sourcesand destinations (all
other distancesare taken to be in nite).

Tolsto's heuristic also makesuse of insight into the geograply of the Soviet Union. He
goes along all sources(starting with the most remote sources),where, for eat source X,
he lists those destinations for which X is the closestsourceor the secondclosestsource.
Basedon the di erence of the distancesto the closestand secondclosestsources,he assigns
cargofrom X to the destinations, until the supply of X hasbeenusedup. (This obviously
is equivalent to consideringcyclesof length 4.) In caseTolsto foreseesa negative-costcycle
in the residual graph, he deviates from this rule to avoid such a cycle. No badktracking
occurs.

The residual graph has arcs from eac sourceto each destination, and moreover an arc from a destination
to a sourceif the transport on that connection is positive; the cost of the “badkward' arc is the negative of
the cost of the “forward' arc.

11
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Figure 1
Figure from Tolsto [1930]to illustrate a negative cycle.

After 10 steps,when the transports from all 10 factories have beenset, Tolsto “veri es'
the solution by consideringa number of cyclesin the network, and he concludesthat his
solution is optimum:

Thus, by use of successie applications of the method of di erences, followed by a veri cation
of the results by the circle dependency we managedto composethe transportation plan which
results in the minimum total kilometrage.

The objective value of Tolsto 's solution is 395,052kiloton-kilometers. Solving the problem
with modern linear programming tools (CPLEX) shows that Tolsto's solution indeed is
optimum. But it is unclear how sure Tolsto could have been about his claim that his
solution is optimum. Geographicalinsight probably has helped him in growing corvinced
of the optimality of his solution. On the other hand, it can be cheded that there exist
feasible solutions that have none of the negative-costcyclesconsideredby Tolsto in their
residual graph, but that are yet not optimum.

Later, Tolsto [1939]described similar results in an article ertitled Methods of remov-
ing irr ational transportations in planning in the Septenber 1939issue of Sotsialisticheski
Transport. The methods were also explained in the book Planning Goods Transportation
by Pari skaya, Tolsto, and Mots [1947].

According to Kantorovich [1987],there were someattempts to introduce Tolsto 's work
by the appropriate department of the People's Commissariat of Transport.

Kan toro vich 1939

Apparently unaware (by that time) of the work of Tolsto, L.V. Kantorovich studied a
general class of problems, that includes the transportation problem. The transportation
problem formed the big motivation for studying linear programming. In his memoirs,
Kantorovich [1987] wrote how gquestions from practice motivated him to formulate these
problems:
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Once some engineers from the veneer trust laboratory came to me for consultation with a
quite skilful presertation of their problems. Dierent productivity is obtained for veneer-
cutting machines for dierent types of materials; linked to this the output of production of
this group of machines depended, it would seem,on the chance factor of which group of raw
materials to which machine was assigned. How could this fact be used rationally?

This question interested me, but neverthelessappearedto be quite particular and elementary,
sol did not begin to study it by giving up everything else. | put this question for discussionat
a meeting of the mathematics department, where there were such great specialists as Gyunter,
Smirnov himself, Kuz'min, and Tartakovskii. Everyone listened but no one proposed a solu-
tion; they had already turned to someoneearlier in individual order, apparently to Kuz'min.
However, this question nevertheless kept me in suspense. This was the year of my marriage,
so | was also distracted by this. In the summer or after the vacation concrete, to some ex-
tent similar, economic, engineering, and managerial situations started to come into my head,
that also required the solving of a maximization problem in the presenceof a seriesof linear
constraints.

In the simplest caseof one or two variables such problems are easily solved|b y going through
all the possible extreme points and choosing the best. But, let us say in the veneer trust
problem for v e machines and eight types of materials such a seardy would already have
required solving about a billion systems of linear equations and it was evident that this was
not a realistic method. | constructed particular devicesand was probably the rst to report
on this problem in 1938 at the October scierti ¢ sessionof the Herzen Institute, where in the
main a number of problems were posedwith someideas for their solution.

The universality of this class of problems, in conjunction with their dicult y, made me study
them seriously and bring in my mathematical knowledge, in particular, someideas from func-
tional analysis.

What became clear was both the solubility of these problems and the fact that they were
widespread, so represenativ es of industry were invited to a discussion of my report at the
university.

This meeting took place on 13 May 1939 at the Mathematical Section of the Institute of
Mathematics and Mechanics of the Leningrad State University. A secondmeeting, which
was dewvoted speci cally to problemsconnectedwith construction, washeld on 26 May 1939
at the Leningrad Institute for Engineersof Industrial Construction. These meetings pro-
vided the basisof the monograph Mathematical Methods in the Organization and Planning
of Production (Kantorovich [1939]).

According to the Foreword by A.R. Marchenko to this monograph, Kantorovich's work
was highly praised by mathematicians, and, in addition, at the special meeting industrial
workers unanimously evinced great interest in the work.

In the monograph, the relevance of the work for the Soviet systemwas stressed:

| want to emphasizeagain that the greater part of the problems of which | shall speak, relating
to the organization and planning of production, are connected specically with the Soviet
system of economy and in the majority of casesdo not arise in the econony of a capitalist
society. There the choice of output is determined not by the plan but by the interests and
prots of individual capitalists. The owner of the enterprise choosesfor production those
goods which at a given moment have the highest price, can most easily be sold, and therefore
give the largest prot. The raw material used is not that of which there are huge supplies
in the country, but that which the entrepreneur can buy most cheaply. The question of the

maximum utilization of equipmernt is not raised; in any case,the majority of enterprises work
at half capacity.

In the USSR the situation is dierent. Everything is subordinated not to the interests and
advantage of the individual enterprise, but to the task of fullling the state plan. The basic
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task of an enterprise is the ful llmen t and overful lmen t of its plan, which is a part of the
general state plan. Moreover, this not only means ful limen t of the plan in aggregate terms
(i.e. total value of output, total tonnage, and soon), but the certain ful llmen t of the plan for
all kinds of output; that is, the ful lmen t of the assortment plan (the ful lmen t of the plan
for eadh kind of output, the completenessof individual items of output, and soon).

One of the problems studied was a rudimentary form of a transportation problem:

(5) given: anm n matrix (Cj;j);
nd: anm n matrix (Xjj) sud that:

(i xi; O for all i; j;
X1

(i) Xij =1 foreathj = 1;:::;n;
i=1

(i) Cij Xi;j is independert of i and is maximized.
j=1

Another problem studied by Kantorovich was "Problem C' which can be stated as follows:

(6) maximize
xXn
subject to Xij =1 (G =1:::;n)
X0
Gijik Xijj = (k=1;::031)
i=1 j=1
Xij 0 (i=L:osm;j=21:005n)

The interpretation is: let there be n machines, which can do m jobs. Let there be one nal

product consistingof t parts. When machine i doesjob j, ¢k units of part k are produced
(k = 1;:::;1). Now x;; is the fraction of time machine i doesjob j. The number is the
amourt of the nal product produced. "Problem C' was later shavn (by H.E. Scarf, upon a
suggestionby Kantorovich | seeKoopmans[1959])to be equivalent to the generallinear
programming problem.

Kantorovich outlined a new method to maximize a linear function under given linear
inequality constraints. The method consistsof determining dual variables ("resolving multi-
pliers’) and nding the corresponding primal solution. If the primal solution is not feasible,
the dual solution is modi ed following prescribed rules. Kantorovich indicated the role of
the dual variablesin sensitivity analysis,and he showved that a feasiblesolution for Problem
C can be shawvn to be optimal by specifying optimal dual variables.

The method resenblesthe simplex method, and a footnote in Kantorovich [1987]by his
sonV.L. Kantorovich suggeststhat Kantorovich had found the simplex method in 1938:

In L.V. Kantorovich's archives a manuscript from 1938 is preserved on \Some mathematical
problems of the economicsof industry, agriculture, and transport” that in content, apparently,

corresponds to this report and where, in essencethe simplex method for the machine problem
is described.

Kantorovich gave a wealth of practical applications of his methods, which he basedmainly
in the Soviet plan econony:
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Here are included, for instance, such questions as the distribution of work among individual
machines of the enterprise or among mechanisms, the correct distribution of orders among
enterprises, the correct distribution of di erent kinds of raw materials, fuel, and other factors.
Both are clearly mentioned in the resolutions of the 18th Party Congress.

He gave the following applications to transportation problems:

Let us rst examinethe following question. A number of freights (oil, grain, machinesand soon)
can be transported from one point to another by various methods; by railroads, by steamship;
there can be mixed methods, in part by railroad, in part by automobile transportation, and
so on. Moreover, depending on the kind of freight, the method of loading, the suitabilit y of
the transportation, and the e ciency of the dierent kinds of transportation is dierent. For
example, it is particularly advantageousto carry oil by water transportation if oil tankers are
available, and so on. The solution of the problem of the distribution of a given freight ow
over kinds of transportation, in order to complete the haulage plan in the shortest time, or
within a given period with the least expenditure of fuel, is possible by our methods and leads
to Problems A or C.

Let us mention still another problem of dierent character which, although it does not lead
directly to questions A, B, and C, can still be solved by our methods. That is the choice of
transportation routes.

D

Let there be sewral points A, B, C, D, E (Fig. 1) which are connected to one another by
a railroad network. It is possible to make the shipments from B to D by the shortest route

BED, but it is also possible to use other routes as well: namely, BCD, BAD . Let there
also be given a schedule of freight shipments; that is, it is necessaryto ship from A to B a
certain number of carloads, from D to C a certain number, and so on. The problem consists
of the following. There is given a maximum capacity for each route under the given conditions

(it can of course change under new methods of operation in transportation). It is necessary
to distribute the freight ows among the dierent routes in such a way as to complete the
necessaryshipments with a minimum expenditure of fuel, under the condition of minimizing

the empty runs of freight cars and taking accourt of the maximum capacity of the routes. As
was already shown, this problem can also be solved by our methods.

As to the reception of his work, Kantorovich [1987]wrote in his memoirs:

The university immediately published my pamphlet, and it was sert to ft y People's Commis-
sariats. It was distributed only in the Soviet Union, sincein the days just before the start of
the World War it came out in an edition of one thousand copiesin all.

The number of responseswas not very large. There was quite an interesting reference from
the People's Commissariat of Transportation in which someoptimization problems directed at
decreasingthe mileage of wagonswas considered,and a good review of the pamphlet appeared
in the journal \The Tim ber Industry."

At the beginning of 19401 published a purely mathematical version of this work in Doklady
Akad. Nauk [76], expressedin terms of functional analysis and algebra. However, | did not
even put in it a referenceto my published pamphlet|taking into accourt the circumstances |
did not want my practical work to be used outside the country.
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In the spring of 19391 gave somemore reports|at the Polytechnic Institute and the House of
Sciertists, but seweral times met with the objection that the work used mathematical methods,
and in the West the mathematical school in economicswas an anti-Marxist school and mathe-
matics in economicswas a means for apologists of capitalism. This forced me when writing a
pamphlet to avoid the term \economic" as much as possible and talk about the organization
and planning of production; the role and meaning of the Lagrange multipliers had to be given
somewherein the outskirts of the secondappendix and in the semi Aesopian language.

(Here reference[76] is Kantorovich [1940].)

Kantorovich mentions that the new area opened by his work played a de nite role in
forming the Leningrad Branch of the Mathematical Institute (LOMI), where he worked with
M.K. Gavurin on this area. The problem they studied occurred to them by itself, but they
soon found out that railway workerswere already studying the problem of planning haulage
on railways, applied to questionsof driving empty cars and transport of heavy cargoes.

Kantorovich and Gavurin deweloped a method (the method of “potentials'), which they
wrote down in a paper \Application of mathematical methods in questions of analysis of
freight trac". This paper was preseried in January 1941to the mathematics section of
the Leningrad Houseof Sciertists, but accordingto Kantorovich [1987]there were political
problemsin publishing it:

The publication of this paper met with many di culties. It had already been submitted to
the journal \Railw ay Transport" in 1940, but becauseof the dread of mathematics already
mentioned it was not printed then either in this or in any other journal, despite the support

of Academicians A.N. Kolmogorov and V.N. Obraztsov, a well-known transport specialist and
rst-rank railway General.

(The paper was nally published as Kantorovich and Gavurin [1949].) Kantorovich [1987]
said that he fortunately made an abstract version of the problem, which was published as
Kantorovich [1942]. In this, he consideredthe following generalization of the transportation

problem.
Let R be a compact metric space,with two measures and © Let B be the collection
of measurablesetsin R. A translacation (of masses)is a function :B B! R; sud

that for eadh X 2 B the functions ( X;:) and ( :; X) are measuresand such that
() ( X;R)= (X)and ( R;X)= 9X)

for eacth X 2 B.

Let a continuous function r : R R ! R4 be given. The value r(x;y) represetts the
work necessaryto transfer a unit massfrom x to y. The work of a translacation  is de ned
by:

Z Z
®) roGy)(d;d9:
R R

Kantorovich arguedthat, if there exists a translocation, then there exists a minimal translo-
cation, that is, a translocation  minimizing (8).

He called a translocation  potential if there exists a function p: R! R such that for
all x;y 2 R:
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© O jp(x) Py rxy);
(i) p(y) p(x) = r(x;y) if ( Uyx;Uy) > 0O for any neighbourhoods Uy and Uy of x
andy.

Kantorovich showved that a translocation is minimal if and only if it is potential. This
framework appliesto the transportation problem (when m = n), by taking for R the space

triangle inequality.
Kantorovich remarked that his method in fact is algorithmic:
The theorem just demonstrated makesit easyfor oneto prove that a given masstranslo cation
is or is not minimal. He hasonly to try and construct the potential in the way outlined above.
If this construction turns out to be impossible,i.e. the given translocation is not minimal, he

at least will nd himself in the possessionof the method how to lower the translo cation work
and eventually cometo the minimal translo cation.

Kantorovich gave the transportation problem as application:

Problem 1. Location of consumption stations with respect to production stations. Stations

A1 Ay ;Am, attached to a network of railw ays deliver goods to an extent of a;; az; T am
carriages per day respectively. These goods are consumed at stations B1; BFg; ;Bn of the
samenetwork at arate of by ; by; ; by carriagesper day respectively ( a = k). Giventhe

costsrix involvedin moving one carriage from station A; to station By, assignthe consumption
stations such placeswith respect to the production stations aswould reducethe total transport
expensesto a minimum.

Kantorovich [1942]also gave a cycle reduction method for nding a minimum-cost trans-
shipment (which is a uncapacitated minimum-cost ow problem). He restricted himself to
symmetric distance functions.

Kantorovich's work remained unnoticed for sometime by Westernresearders. In a note
introducing a reprint of the article of Kantorovich [1942],in ManagementSciena in 1958,
the following reassuringremark was made:

It is to be noted, however, that the problem of determining an e ectiv e method of actually
acquiring the solution to a specic problem is not solved in this paper. In the category of
developmen of such methods we seemto be, currently, ahead of the Russians.

Hitc hcock 1941

Independertly of Kantorovich, the transportation problem was studied by Hitchcock and
Koopmans.

Hitchcock [1941] might be the rst giving a precise mathematical description of the
problem. The interpretation of the problem is, in Hitchcock's words:

When several factories supply a product to a number of cities we desire the least costly manner
of distribution. Due to freight rates and other matters the cost of a ton of product to a
particular city will vary according to which factory suppliesit, and will alsovary from city to
city.

Hitchcock shawved that the minimum is attained at a vertex of the feasible region, and
he outlined a scheme for solving the transportation problem which has much in common
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with the simplex method for linear programming. It includes pivoting (eliminating and
intro ducing basicvariables) and the fact that nonnegativity of certain dual variablesimplies
optimalit y. He showved that the complementary slacknesscondition characterizesoptimalit y.

Hitchcock gave a method to nd an initial basic solution of (4), now known as the
north-west rule: set x1.1 := minfag; bg; if the minimum ispattained by ai, reseth =
by, a; and @cursively nd a basic solution X;; satisfying jn=1 Xij = a for each i =
2;::;mand L x5 = by foreachj = 1;:::;n; if the minimum is attained by by, proceed
symmetrically. (The north-west rule was also described by Salvemini [1939] and Fredet
[1951]in a statistical context, namely in order to complete correlation tables given the
marginal distributions.)

Hitchcock however seemsto have overlooked the possibility of cycling of his method,
although he pointed at an examplein which somedual variables are negative while yet the
primal solution is optimum.

Ko opmans 1942-1948

Koopmanswas appointed, in March 1942, as a statistician on the sta of the British Mer-
chant Shipping Mission, and later the Combined Shipping Adjustment Board (CSAB),
a British-American agency dealing with merchant shipping problems during the Second
World War. In uenced by his teacher J. Tinbergen(cf. Tinbergen[1934]) he was interested
in tanker freights and capacities (cf. Koopmans[1939]). Koopmans' wrote in August 1942
in his diary that, while the Board was being organized, there was not much work for the
statisticians,

and | had a fairly good time working out exchange ratio's between cargoes for various routes,
guring how much could be carried monthly from one route if monthly shipments on another
route were reduced by one unit.

At the Board he studied the assignmen of shipsto corvoys so asto accomplishprescribed
deliveries, while minimizing empty voyages. According to the memoirs of his wife (Wan-
ningen Koopmans[1995]), when Koopmanswas with the Board,

he had been appalled by the way the ships were routed. There was a lot of redundancy, no
intensive planning. Often a ship returned home in ballast, when with a little e ort it could
have beenrerouted to pick up a load elsewhere.

In his autobiography (published posthumously), Koopmans[1992]wrote:

My direct assignmen wasto help t information about losses,deliveriesfrom new construction,
and employment of British-con trolled and U.S-cortrolled ships into a unied statement. Even
in this humble role | learned a great deal about the diculties of organizing a large-scale
e ort under dual controllor rather in this casefour-way control, military and civilian cutting
acrossU.S. and U.K. controls. | did my study of optimal routing and the assciated shadowv
costs of transportation on the various routes, expressedin ship days, in August 1942 when an
imp ending redrawing of the lines of administrativ e control left me temporarily without urgent
duties. My memorandum, cited below, waswell received in a meeting of the Combined Shipping
Adjustment Board (that | did not attend) as an explanation of the \parado xes of shipping"
which were always di cult to explain to higher authority. However, | have no knowledge of
any systematic use of my ideasin the combined U.K.-U.S. shipping problems thereafter.
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In the memorandum for the Board, Koopmans [1942] analyzed the sensitivity of the opti-
mum shipmerts for small changesin the demands. In this memorandum ( rst published
in Koopmans' Collected Works), Koopmansdid not yet give a method to nd an optimum
shipment.

Further study led him to a "local seart'' method for the transportation problem, stating
that it leadsto an optimum solution. Koopmansfound theseresults in 1943, but, due to
wartime restrictions, published them only after the war (Ko opmans[1948], Koopmansand
Reiter [1949a,1949b,1951])Wanningen Koopmans [1995]writes that

Tjalling said that it had beenwell received by the CSAB, but that he doubted that it was ever
applied.

As Koopmans[1948]wrote:

Let us now for the purp oseof argument (since no gures of war experienceare available) assume
that one particular organization is charged with carrying out a world dry-cargo transp ortation

program corresponding to the actual cargo o ws of 1925. How would that organization solve
the problem of moving the empty ships economically from where they become available to
where they are needed? It seemsappropriate to apply a procedure of trial and error whereby
onedraws tentativ e lines on the map that link up the surplus areaswith the de cit areas,trying

to lay out o ws of empty ships along these lines in such a way that a minimum of shipping is
at any time tied up in empty movemerts.

He gave an optimum solution for the following suppliesand demands:

Net receipt of dry cargo in overseas trade, 1925
Unit: Millions of metric tons per annum

Harbour Received | Dispatched | Net receipts
New York 235 32.7 9.2
San Francisco 7.2 9.7 2.5
St. Thomas 103 115 1.2
Buenos Aires 7.0 9.6 2.6
Antofagasta 14 4.6 3.2
Rotterdam 1264 1305 4.1
Lisbon 375 17.0 205
Athens 283 14.4 139
Odessa 0.5 4.7 4.2
Lagos 20 2.4 0.4
Durban 2.1 4.3 2.2
Bombay 5.0 8.9 3.9
Singapore 3.6 6.8 3.2
Yokohama 9.2 3.0 6.2
Sydney 2.8 6.7 3.9
Total 2668 2668 0.0

SoKoopmanssolveda 3 12 transportation problem.

Koopmans stated that if no improvement on a solution can be obtained by a cyclic
rerouting of ships, then the solution is optimum. It was obsened by Robinson [1950]that
this givesa nite algorithm.

that cj; pi g foralli;j andsud that ¢i;j = pi g for ead i; j for which any optimum
solution x hasx;; > 0.

Koopmans and Reiter [1951] investigated the economicimplications of the model and
the method:

19



For the sake of de niteness we shall speak in terms of the transportation of cargoeson ocean-
going ships. In considering only shipping we do not lose generality of application since ships
may be \translated" into trucks, aircraft, or, in rst approximation, trains, and ports into the
various sorts of terminals. Such translation is possible becauseall the above examplesinvolve
particular typesof movable transportation equipmert.

In a footnote they contemplate the application of graphsin economictheory:

The cultural lag of economicthought in the application of mathematical methods is strikingly
illustrated by the fact that linear graphs are making their entrance into transportation theory
just about a certury after they were rst studied in relation to electrical networks, although
organized transportation systemsare much older than the study of electricity.

Linear programming and the simplex metho d 1949-1950

The transportation problem was pivotal in the dewvelopmert of the more general problem
of linear programming. The simplex method, found in 1947 by G.B. Dantzig, extendsthe
methods of Kantorovich, Hitchcock, and Koopmans. It was published in Dantzig [1951b].
In another paper, Dantzig [1951a]described a direct implementation of the simplex method
as applied to the transportation problem.

Votaw and Orden [1952] reported on early computational results (on the SEAC), and
claimed (without proof) that the simplex method is polynomial-time for the transportation
problem (a statement refuted by Zadeh[1973]):

As to computation time, it should be noted that for moderate size problems, say m n up to
500, the time of computation is of the same order of magnitude as the time required to type
the initial data. The computation time on a sample computation in which m and n were both
10 was 3 minutes. The time of computation can be shown by study of the computing method
and the code to be proportional to (m + n)3.

The new ideas of applying linear programming to the transportation problem were
quickly disseminated,although in somecasesapplicability to practice wasmet by scepticism.
At a Conferenceon Linear Programming in May 1954in London, Land [1954] preseried a
study of applying linear programming to the problem of transporting coal for the British
Coke Industry:

The real crux of this piece of researd is whether the saving in transport cost exceedsthe cost
of using linear programming.

In the discussionwhich followed, T. Whit well of Powers SamasAccounting Machines Ltd
remarked

that in practice one could have one's ideas of a solution conrmed or, much more frequertly,
completely upset by taking a couple of managersout to lunch.

Alternativ e methods for the transportation problem were designedby Gleyzal [1955]
(a primal-dual method), and by Ford and Fulkerson [1955,1956a,1956b]Munkres [1957],
and Egervary [1958](extensionsof the Hungarian method for the assignmen problem). It
was also obsened that the problem is a special caseof the minimum-cost o w problem, for
which seweral new algorithms were developed| seeSection4.

20



4. Menger's theorem and maxim um ow
Menger's theorem 1927

Menger'stheorem forms an important precursor of the max- o w min-cut theorem found in
the 1950'sby Ford and Fulkerson.

The topologist Karl Menger published his theorem in an article called Zur allgemeinen
Kurventheorie (On the generaltheory of curves) (Menger [1927]) in the following form:

Satz . Ist K ein kompakter regular eindimensionaler Raum, welcher zwischen den beiden
endlichen Mengen P und Q n-punktig zusammenlangend ist, dann enthalt K n paarweise
fremde Begen, von denen jeder einen Punkt von P und einen Punkt von Q verbindet.!

The result can be formulated in terms of graphsas: Let G = (V; E) be an undirected graph
and let P;Q V. Then the maximum number of disjoint P Q paths is equal to the
minimum cardinality of a set W of verticessuc that each P Q path intersectsW.

Menger'sinterest in this question arosefrom his researd on what he called “curves' a
curve is a connected,compact topological spaceX with the property that for each x 2 X,
eat neighbourhood of x contains a neighbourhood of x with totally disconnectedboundary.

It was however noticed by Kpnig [1932]that Menger's proof of "Satz ' is incomplete.
Menger applied induction on jEj, where E is the edgeset of the graph G. The basisof the
induction is when P and Q contain all vertices. Menger overlooked that this constitutes
a nontrivial case. It amounts to the theorem of Kpnig [1931]that in a bipartite graph
G = (V;E), the maximum size of a matching is equal to the minimum number of vertices
neededto cover all edges. (According to Kpnig [1932], Menger informed him that he was
aware of the hole in his proof.)

In his reminiscenceson the origin of the "n-arc theorem', Menger [1981]wrote:

In the spring of 1930, | came through Budapest and met there a galaxy of Hungarian math-
ematicians. In particular, | enjoyed making the acquaintance of DenesKpnig, for | greatly
admired the work on set theory of his father, the late Julius Kpnig | to this day one of the
most signi cant contributions to the continuum problem|and | had read with interest some
of Denes' papers. Kpnig told me that he was about to nish a book that would include all
that was known about graphs. | assuredhim that such a book would Il a great need;and |
brought up my n-Arc Theorem which, having beenpublished asalemma in a curve-theoretical
paper, had not yet come to his attention. Klpnig was greatly interested, but did not believe
that the theorem was correct. \This evening," he said to me in parting, \I won't go to sleep
before having constructed a counterexample.” When we met again the next day he greeted
me with the words, \A sleeplessnight!" and asked me to sketch my proof for him. He then
said that he would add to his book a nal section devoted to my theorem. This he did; and it
is largely thanks to Kpnig's valuable book that the n-Arc Theorem has becomewidely known
among graph theorists.

Varian ts of Menger's theorem 1927-1938

In a paper preseried 7 May 1927to the American Mathematical Scciety, Rutt [1927,1929]
gave the following variant of Menger's theorem, suggestedby Kline. Let G = (V;E) bea

" Theorem . If K is a compact regular one-dimensional space which is n-point connected between the two
nite setsP and Q, then K contains n disjoint curves, each of which connects a point in P and a point in

Q.
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planar graph and let s;t 2 V. Then the maximum number of internally disjoint s t paths
is equal to the minimum number of verticesin V nfs;tg intersectingeat s t path.

In fact, the theorem follows quite easily from Menger'stheorem by deleting s and t and
taking for P and Q the setsof neighbours of s and t respectively. (Rutt referredto Menger
and gave an independert proof of the theorem.)

This construction was also obsened by Knaster [1930] who showed that, corversely
Menger's theorem would follow from Rutt's theorem for general (not necessarilyplanar)
graphs. A similar theorem was published by Nebeling [1932], using Menger's result.

A result implied by Menger'stheorem was preseried by Whitney [1932]on 28 February
1931 to the American Mathematical Scciety: a graph is n-connectedif and only if any
two vertices are connectedby n internally disjoint paths. While referring to the papers of
Menger and Rutt, Whitney gave a direct proof.

Other proofs of Menger'stheoremweregiven by Hajos[1934]and Granwald [1938](= T.
Gallai) | the latter gave an algorithmic proof similar to the o w-augmerting path method
for nding a maximum o w of Ford and Fulkerson[1955].

Gallai obsened, in a footnote, that the theorem also holds for directed graphs:

Die ganze Betrachtung lasst sich auch bei orientierten Graphen durchfuhren und liefert dann
eine Verallgemeinerung des Mengerschen Satzes?

Maxim um o w 1954

The maximum ow problem is: given a graph, with a “source'vertex s and a “terminal’
vertex t speci ed, and given a capacity function ¢ de ned on its edges,nd a ow from s
to t subject to ¢, of maximum value.

In their basicpaper Maximal Flow througha Network (published rst asa RAND Report
of 19 November 1954), Ford and Fulkerson[1954]mertioned that the maximum o w problem
was formulated by T.E. Harris asfollows:

Consider a rail network connecting two cities by way of a number of intermediate cities, where
ead link of the network has a number assignedto it represerting its capacity. Assuming a
steady state condition, nd a maximal ow from one given city to the other.

In their 1962book Flows in Networks, Ford and Fulkerson[1962]give a more preciserefer-
enceto the origin of the problem?!s:

It wasposedto the authors in the spring of 1955by T.E. Harris, who, in conjunction with Gen-
eral F.S. Ross(Ret.), had formulated a simplied model of railway trac o w, and pinpointed
this particular problem asthe cerntral one suggestedby the model [11].

Ford-Fulkerson'sreference[11] is a secret report by Harris and Ross[1955] entitled Fun-
damentals of a Method for Evaluating Rail Net Capacities, dated 24 October 1955 and
written for the US Air Force. At our request, the Pentagon downgradedit to “unclassi ed'
on 21 May 1999.

2The whole consideration lets itself carry out also for oriented graphs and then yields a generalization of
Menger's theorem.

BThere seemsto be somediscrepancy between the date of the RAND Report of Ford and Fulkerson (19
November 1954) and the date mentioned in the quotation (spring of 1955).

%1n their book, Ford and Fulkersonincorrectly date the Harris-Ross report 24 October 1956.
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In fact, the Harris-Ross report solves a relatively large-scalemaximum ow problem
coming from the railway network in the WesternSoviet Union and Eastern Europe ("satellite
courtries'). Unlike what Ford and Fulkersonsaid, the interest of Harris and Rosswas not
to nd a maximum ow, but rather a minimum cut (interdiction") of the Soviet railway
system. We quote:

Air power is an e ectiv e means of interdicting an eneny's rail system, and such usageis a
logical and important mission for this Arm.

As in many military operations, however, the successof interdiction depends largely on how
complete, accurate, and timely is the commander's information, particularly concerning the
e ect of his interdiction-program e orts on the enemy's capability to move men and supplies.
This information should be available at the time the results are being achieved.

The presert paper describesthe fundamentals of a method intended to help the specialist who
is engagedin estimating railway capabilities, so that he might more readily accomplish this
purposeand thus assistthe commander and his sta with greater e ciency than is possible at
present.

First, much attention is given in the report to modeling a railway network: taking
ead railway junction as a vertex would give a too re ned network (for their purposes).
Therefore, Harris and Rossproposedto take railway divisions' (organizational units based
on geographicalareas)as vertices, and to estimate the capacity of the connectionsbetween
any two adjacert railway divisions. In 1996, Ted Harris remenbered (Alexander [1996]):

We were studying rail transportation in consultation with a retired army general, Frank Ross,
who had been chief of the Army's Transportation Corps in Europe. We thought of modeling
a rail system as a network. At rst it didn't make sense,becausethere’'s no reason why the
crossingpoint of two lines should be a special sort of node. But Rossrealized that, in the region
we were studying, the \divisions" (little administrativ e districts) should be the nodes. The link
between two adjacent nodesrepresens the total transportation capacity betweenthem. This
made a reasonable and manageable model for our rail system. Problems about the e ect of
cutting links turned out to be linear programming, so we asked for help from George Dantzig
and other LP specialists at Rand.

The Harris-Rossreport stressedhat specialistsremain neededto make up the model (which
is always a good strategy to get new methods accepted):

The ability to estimate with relativ e accuracy the capacity of single railway lines is largely an
art. Specialists in this eld have no authoritativ e text (insofar asthe authors are informed) to
guide their e orts, and very few individuals have either the experience or talent for this type
of work. The authors assumethat this job will continue to be done by the specialist.

The authors next dispute the naive belief that a railway network is just a set of disjoint
through lines, and that cutting them implies cutting the network:

It is even more dicult and time-consuming to evaluate the capacity of a railway network
comprising a multitude of rail lines which have widely varying characteristics. Practices among
individuals engagedin this eld vary considerably, but all consumea great deal of time. Most,
if not all, specialists attack the problem by viewing the railway network as an aggregate of
through lines.

The authors contend that the foregoing practice doesnot portray the full exibilit y of a large
network. In particular it tends to glossover the fact that even if every one of a set of inde-
pendert through lines is made inoperative, there may exist alternativ e routings which can still
move the tra c.
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This paper proposesa method that departs from presert practices in that it views the network
as an aggregate of railway operating divisions. All trackage capacities within the divisions are
appraised, and these appraisals form the basisfor estimating the capability of railw ay operating
divisions to receive trains from and concurrently passtrains to ead neighboring division in
24-hour periods.

Whereas experts are neededto set up the model, to solve it is routine (when having the
‘work sheets’):

The foregoing appraisal (accomplished by the expert) is then usedin the preparation of com-
parativ ely simple work sheetsthat will enable relativ ely inexperienced assistarts to compute
the results and thus help the expert to provide specic answers to the problems, based on
many assumptions, which may be propounded to him.

For solving the problem, the authors suggestedapplying the * o oding technique', a heuristic
described in a RAND Report of 5 August 1955 by A.W. Boldyre [1955a]. It amounts
to pushing as much ow as possible greedily through the network. If at somevertex a
“bottleneck’ arises (that is, more trains arrive than can be pushed further through the
network), the excesstrains are returned to the origin. The technique does not guarantee
optimalit y, but Boldyre speculates:

In dealing with the usual railw ay networks a single o oding, followed by removal of bottlenecks,
should lead to a maximal ow.

Preserting his method at an ORSA meeting in June 1955, Boldyre [1955b]claimed sim-
plicity:

The medhanics of the solutions is formulated as a simple game which can be taught to a
ten-year-old boy in a few minutes.

The well-known o w-augmerting path algorithm of Ford and Fulkerson [1955], that
doesguarantee optimalit y, was published in a RAND Report dated only later that year (29
Decenber 1955). As for the simplex method (suggestedfor the maximum o w problem by
Ford and Fulkerson[1954]), Harris and Rossremarked:

The calculation would be cumbersome;and, even if it could be performed, su cien tly accurate
data could not be obtained to justify such detail.

The Harris-Rossreport applied the o oding technique to a network model of the Soviet
and Eastern European railways. For the data it refers to sewral secret reports of the
Certral Intelligence Agency (C.I.A.) on sectionsof the Soviet and Eastern Europeanrailway
networks. After the aggregationof railway divisions to vertices, the network has 44 vertices
and 105 (undirected) edges.

The application of the o oding technique to the problem is displayed step by step in
an appendix of the report, supported by seweral diagrams of the railway network. (Also
work sheetsare provided, to allow for future changesin capacities.) It yieldsa o w of value
163,000tons from sourcesin the Soviet Union to destinationsin Eastern European “satellite'
courntries (Poland, Czetoslovakia, Austria, Eastern Germary), together with a cut with a
capacity of, again, 163,000tons. (This cut is indicated as The bottleneck' in Figure 2 from
the Harris-Rossreport.) Sothe ow value and the cut capacity are equal, henceoptimum.
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Figure 2

From Harris and Ross[1955]: Schematic diagram of the railway network of the Western So-
viet Union and Eastern Europeancourtries, with a maximum o w of value 163,000tons from
Russiato Eastern Europe, and a cut of capacity 163,000tons indicated as "The bottleneck'.

The max-o w min-cut theorem

In the RAND Report of 19 November 1954, Ford and Fulkerson[1954]gave (next to de ning
the maximum ow problem and suggestingthe simplex method for it) the max- ow min-
cut theorem for undirected graphs, saying that the maximum ow value is equal to the
minimum capacity of a cut separating sourceand terminal. Their proof is not constructive,
but for planar graphs, with sourceand sink on the outer boundary, they give a polynomial-
time, constructive method. In a report of 26 May 1955, Robader [1955a]showed that the
max- o w min-cut theorem can be derived also from the vertex-disjoint version of Menger's
theorem.

As for the directed case,Ford and Fulkerson[1955]obsened that the max- o w min-cut
theorem holds alsofor directed graphs. Dantzig and Fulkerson[1955]shawed, by extending
the results of Dantzig [1951a]on integer solutions for the transportation problem to the
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maximum- o w problem, that if the capacitiesare integer, there is an integer maximum ow
(the “integrity theorem’). Hence,the arc-disjoint version of Menger's theorem for directed
graphs follows as a consequence.

Also Kotzig gave the edge-disjoirt version of Menger's theorem, but restricted to undi-
rectedgraphs. In his dissertation for the degreeof Academical Doctor, Kotzig [1956]de ned,
for any undirected graph G and any pair u;v of verticesof G, g(u;Vv) to be the minimum
sizeofau v cut. He stated:

Veta 35. Nech G je l'ubovol'ny graf obsahujuci uzly u 6 v, o ktorych plat g (u;v) = k> 0,
potom existuje systemciestfCy; Cy;:::; Ckgtaky ze kazda cestaspojuje uzly u; v a ziadne dve
rdzne cesty systemu nemaju spolocnej hrany. Takyto system ciest v G existuje len vtedy, ked
je s(u;v) k.*°

The proof method is to considera minimal graph satisfying the cut condition, and next to
orient it soasto make a directed graph in which ead vertex (except u and v) hasindegree
equal to outdegree,while u has outdegreek and indegree0. This then givesthe paths.

Although the dissertation has seweral referencesto Kpnig's book, which book cortains
the vertex-disjoint version of Menger's theorem, Kotzig did not link his result to that of
Menger.

An alternativ e proof of the max- o w min-cut theorem wasgiven by Elias, Feinstein, and
Shannon [1956] (‘manuscript received by the PGIT, July 11,1956'), who claimed that the
result was known by workersin communication theory:

This theorem may appear almost obvious on physical grounds and appears to have been ac-
cepted without proof for sometime by workers in communication theory. However, while the
fact that this ow cannot be exceededis indeed almost trivial, the fact that it can actually be
achieved is by no means obvious. We understand that proofs of the theorem have been given
by Ford and Fulkerson and Fulkerson and Dantzig. The following proof is relativ ely simple,
and we believe dieren t in principle.

The proof of Elias, Feinstein, and Shannonis basedon a reduction technigue similar to that
usedby Menger [1927]in proving his theorem.

Minim um-cost o0 ws

The minimum-cost o w problem was studied, in rudimentary form, by Dantzig and Fulker-
son[1954],in order to determine the minimum number of tankersto meeta xed sdedule.
Similarly, Bartlett [1957]and Bartlett and Charnes[1957]gave methods to determine the
minimum railway stock to run a given schedule.

It was noted by Orden [1955]and Prager [1957]that the minimum-cost o w problem is
equivalent to the capacitated transportation problem.

A basic conmbinatorial minimum-cost o w algorithm was given (in disguised form) by
Ford and Fulkerson [1957]. It consists of repeatedly nding a zero-lengths t path in
the residual graph, making lengths nonnegative by translating the cost with the help of a
potential. If no zero-length path exists, the potential is updated. The complexity of this
method was studied in a report by Fulkerson[1958].

5 Theorem 35. Let G be an arbitrary graph containing vertices u 6 v for which ¢ (u;v) = k > 0, then
there exists a system of paths f Cy; C;; ::;; Ckg such that eac path connectsvertices u; v and no two distinct
paths have an edgein common. Such a system of paths in G exists only if ¢ (u;v) k.
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5. Shortest spanning tree

The problem of nding a shortest spanning tree came up in seweral applied areas, like in
the construction of road, energy and communication networks and in the clustering of data
in anthrop ology and taxonomy.

We refer to Graham and Hell [1985] for an extensive historical survey of shortest tree
algorithms, with seweral quotes (with translations) from old papers. Our notes belov have
pro ted from their investigations.

Bor uvk a 1926

Boruvka [1926a]seemsto be the rst to considerthe shortest spanning tree problem. His
interest camefrom a question of the Electric Power Company of Western Moravia in Brno,
at the beginning of the 1920's, asking for the most economical construction of an electric
power network (seeBoruvka [1977]).

Boruvka formulated the problem as follows:

In dieser Arb eit loseich folgendesProblem:

Es mege eine Matrix der bis auf die Bedingungenr = 0, r = r positiven und von
einander verschiedenenZahlenr  (; = 1;2;:::n;n 2) gegelen sein.
Aus dieser ist eine Grupp e von einander und von Null versciedener Zahlen auszuvahlen, so
dass
1 in ihr zu zwei willk urlich gewahlten naterlichen Zahlen p1;p2 ( n) eine Teilgruppe von der
Gestalt

Fpreaileaegslegesr it qu 2Cq 1 ; qu 1P2
existiere,

2 die Summe ihrer Glieder kleiner sei als die Summe der Glieder irgendeiner anderen, der
Bedingung 1 genegenden Grupp e von einander und von Null versciedenen Zahlen.!®

So Boruvka stated that the spanning tree found is the unique shortest. He assumedthat
all edgelengths are di erent.

As a method, Boruvka proposedparallel merging: connectead componert to its nearest
neighbouring componert, and iterate. His description is somewhat complicated, but in a
follow-up paper, Boruvka [1926b]gave an easierdescription of his method.

Jarn k 1929

In a reaction to Boruvka's work, Jarn k wrote on 12 February 1929a letter to Boruvka in
which he described a "new solution of a minimal problem discussedby Mr Boruvka.'

81n this work, | solve the following problem:
A matrix may be given of positive distinct numbersr  (; = 1;2:::n; n 2), besidesthe conditions
r =0r =r
From this, a group of numbers, di eren t from eac other and from zero, should be selectedsuch that
1 for arbitrarily chosennatural numbers p1, p2 ( n) a subgroup of it exist of the form

MpicaileaessMegeasiiileq 2cq 13 Feq 1p2s

2 the sum of its members be smaller than the sum of the members of any other group of numbersdi erent
from ead other and from zero, satisfying condition 1 .

27



The "newsolution' amourts to tree growing: keepa tree on a subsetof the vertices, and
iterativ ely extend it by adding a shortest edgejoining the tree with a vertex outside of the
tree.

An extract of the letter was published as Jarn k [1930]. We quote from the German

summary:

a, ist durch
laj;a; = o min 1 Tagl
@ l=1;2,:::;n
| 6 ar
de niert.
Wenn2 Kk < nundwenn[ai;az];:::;[a 3;a2 2]bereitsbestimmt sind, sowird [azx 1;a2]
durch
lage 1:an6 = MINTij ;

de niert, wo i alle Zahlen ai;az;:::;ax 2, j aber alle mwbrigen von den Zahlen 1;2;:::;n
durchlauft. >’

(For a detailed discussionand a translation of the article of Jarn k [1930] (and of Jarn k
and Kossler[1934]on the Steiner tree problem), seeKorte and Nesetril [2001].)

Parallel merging was also described by Choquet [1938] (without proof) and Florek,
Lukaszewicz Perkal, Steinhaus,and Zubrzycki [1951a,1951b].Choquet gave asa motivation
the construction of road systems:

Etant donne n villes du plan, il s'agit de trouv er un reseaude routes permettant d'aller d'une
quelconquede cesvilles a une autre et tel que:

1 la longueur globale du reseausoit minimum;

2 exception faite des villes, on ne peut partir d'aucun point dans plus de deux directions,
an dassurer la sOrete de la circulation; ceci entra™e, par exemple, que lorsque deux routes
semblent secroiser en un point qui n'est pas une ville, elles passen en fait I'une au-dessusde
l'autre et ne communiquent pas entre elles en ce point, qu'on appellera faux-croisemert. 1

Choquet might be the rst concernedwith the complexity of the method:

lajia, = o min 1 Fagit
@ 1=1;2;::::n A
| 6 a;
If 2 k< nandif [ai;;82];:::;[@a2x 3;@2 2] are determined already, then [az« 1;a2] is determined by

18Being given n cities of the plane, the point isto nd a network of routes allowing to go from an arbitrary
of these cities to another and such that:
1 the global length of the network be minimum;
2 except for the cities, one cannot depart from any point in more than two directions, in order to assure
the certainty of the circulation; this entails, for instance, that when two routes seemto crosseacd other in
a point which is not a city, they passin fact one above the other and do not communicate among them in
this point, which we shall call a false crossing.
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Le reseaucherche seratrace apres 2n operations elemertaires au plus, en appelant operation
elemertaire la recherche du continu le plus voisin d'un continu donne.*®

Florek et al. were motivated by clustering in anthrop ology, taxonomy, etc. They applied
the method to:

1 the capitals of Poland's provinces, 2 two collections of excavated skulls, 3 42 archeological
nds, 4 the liverworts of Silesian Beskid mountains with forests as their background, and
to the forests of Silesian Beskid mountains with the liverworts appearing in them as their
background.

Shortest spanning trees 1956-1959

In the years 1956-195% number of papers appearedthat again presened methods for the
shortest spanning tree problem. Se\eral of the results overlap, also with the earlier papers
of Boruvka and Jarn k, but also a few new and more general methods were given.

Kruskal [1956] was motivated by Boruvka's rst paper and by the application to the
traveling salesmanproblem, described as follows (where [1] is referenceBoruvka [1926a]):

Se\eral yearsago a typewritten translation (of obscure origin) of [1] raised someinterest. This
paper is devoted to the following theorem: If a (nite) connected graph has a positive real
number attached to each edge (the length of the edge), and if these lengths are all distinct,

then among the spanning trees (German: Gerust) of the graph there is only one, the sum of
whoseedgesis a minimum; that is, the shortest spanning tree of the graph is unique. (Actually

in [1] this theorem is stated and proved in terms of the \matrix of lengths" of the graph, that
is, the matrix ka; k where g; is the length of the edge connecting verticesi and j. Of course,
it is assumedthat a; = a;; and that a; = Ofor all i and j.)

The proof in [1] is based on a not unreasonable method of constructing a spanning subtree of
minimum length. It is in this construction that the interest largely lies, for it is a solution to
a problem (Problem 1 below) which on the surface is closely related to one version (Problem
2 below) of the well-known traveling salesmanproblem.

Pr oblem 1. Give a practical method for constructing a spanning subtree of minimum length.

Pr oblem 2. Give a practical method for constructing an unbranched spanning subtree of
minimum length.

The construction in [1] is unnecessarily elaborate. In the presert paper | give seweral simpler
constructions which solve Problem 1, and | show how one of these constructions may be used
to prove the theorem of [1]. Probably it is true that any construction which solves Problem 1
may be usedto prove this theorem.

Kruskal next described three algorithms: Construction A: chooseiterativ ely the shortest
edgethat can be addedsoasnot to create a circuit; Construction B: x a nonempty set U
of vertices, and chooseiterativ ely the shortest edgeleaving somecomponert intersecting U;
Construction A% remove iterativ ely the longest edgethat can be removed without making
the graph disconnected.

In his reminiscencesKruskal [1997]wrote about Boruvka's method:

In one way, the method of construction was very elegart. In another way, however, it was un-
necessarilycomplicated. A goal which has always beenimportant to meisto nd simpler ways

The network looked for will be traced after at most 2n elemertary operations, calling the seard for the
continuum closestto a given continuum an elemertary operation.
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to describe complicated ideas, and that is all | tried to do here. | simplied the construction
down to its essencebut it seemsto me that the idea of Professor Boruvka's method is still
presert in my version.

Another paper on the minimum spanning tree problem was published by Prim [1957],
who was at Bell Laboratories, and who was motivated by the problem of nding a shortest
telecomnunication network:

A problem of inherent interest in the planning of large-scalecommunication, distribution and
transportation networks alsoarisesin connection with the current rate structure for Bell System
leased-line services.

He described the following algorithm: choosea componert of the current forest, and connect
it to the nearestother componert. He obsened that Kruskal's constructions A and B are
special casesof this.

Prim noticed that in fact only the order of the lengths determinesif a spanningtree is
shortest:

The shortest spanning subtree of a connected labelled graph also minimizes all increasing sym-
metric functions, and maximizes all decreasingsymmetric functions, of the edge\lengths."

Prim preferred the tree growing method for computational reasons:

This computational procedureis easily programmed for an automatic computer soasto handle
quite large-scale problems. One of its advantages is its avoidance of cheds for closed cycles
and connectedness.Another is that it never requires accessto more than two rows of distance
data at atime | no matter how large the problem.

The implementation described by Prim has O(n?) running time.
A paper by Loberman and Weinberger [1957]gave minimizing wire connectionsas mo-
tivation:

In the construction of adigital computer in which high-frequency circuitry is used, it is desirable
and often necessarywhen making connections between terminals to minimize the total wire
length in order to reduce the capacitance and delay-line e ects of long wire leads.

They described two methods: tree growing and forest merging. keepa forest, and iterativ ely
add a shortest edgeconnecting two componerts.

Only after they had designedtheir algorithms, Loberman and Weinberger discovered
that their algorithms were given earlier by Kruskal [1956]:

However, it is felt that the more detailed implementation and general proofs of the procedures
justify this paper.

They next described how to implement Kruskal's method, in particular, how to merge
forests. And, like Prim, they obsened that the minimalit y of a spanningtree dependsonly
on the order of the lengths, and not on their speci ¢ values:

After the initial sorting into a list where the branches are of monotonically increasing length,
the actual value of the length of any branch no longer appears explicitly in the subsequen
manipulations. As a result, someother parameter such as the square of the length could have
been used. More generally, the same minimum tree will persist for all variations in branch
lengths that do not disturb the original relativ e order.
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Dijkstra [1959]gave again the tree growing method, which he prefers(for computational
reasons)to the methods given by Kruskal and Loberman and Weinberger (overlooking the
fact that theseauthors also gave the tree growing method):

The solution given here is to be preferred to the solution given by J.B. Kr uskal [1] and
those given by H. Loberman and A. Weinber ger [2]. In their solutions all the | possibly
%n(n 1) | branches are rst of all sorted according to length. Even if the length of the
branchesis a computable function of the node coordinates, their methods demand that data
for all branches are stored simultaneously.

(Dijkstra's referenced1] and [2] are Kruskal [1956]and Loberman and Weinberger[1957].)
Also Dijkstra described an O(n?) implementation.

Extension to matroids: Rado 1957

Rado [1957] noticed that the methods of Boruvka and Kruskal can be extendedto nding
a minimum-weight basisin a matroid. He rst showed that if the elemens of a matroid are

linearly ordered by <, there is a unique minimal basisfby;:::;b g with b < bp < < by
sud that for eadh i = 1;:::;r all elemeris s < Iy belongto span(fbs;:::;b 1g9). Rado
derived that for any independert setfaj;:::;axg with a; < < a one hasb a; for

[1956].

6. Shortest path

Compared with other combinatorial optimization problems, like shortest spanning tree,
assignmen and transportation, mathematical researd in the shortest path problem started
relatively late. This might be due to the fact that the problem is elemenary and relatively
easy which is alsoillustrated by the fact that at the momen that the problem cameinto
the focus of interest, seweral researders independertly dewveloped similar methods.

Yet, the problem haso ered somesubstartial di culties. For someconsiderableperiod
heuristical, nonoptimal approaceshave beeninvestigated(cf. for instance Rosenfeld[1956],
who gave a heuristic approac for determining an optimal trucking route through a given
trac congestionpattern).

Path nding, in particular searding in a maze,belongsto the classicalgraph problems,
and the classicalreferencesare Wiener [1873], Lucas [1882] (describing a method due to
C.P. Tremaux), and Tarry [1895]| seeBiggs, Lloyd, and Wilson [1976]. They form the
basisfor depth-rst seard techniques.

Path problemswerealsostudied at the beginning of the 1950'sin the context of "alternate
routing', that is, nding a secondshortest route if the shortest route is blocked. This
applies to freeway usage(Trueblood [1952]), but also to telephone call routing. At that
time making long-distance calls in the U.S.A. was automatized, and alternate routes for
telephonecalls over the U.S. telephonenetwork nation-wide should be found automatically.
Quoting Jacobitti [1955]:

When a telephone customer makesa long-distance call, the major problem facing the operator
is how to get the call to its destination. In somecases,ead toll operator has two main routes
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by which the call can be started towards this destination. The rst-c hoice route, of course,is
the most direct route. If this is busy, the second choice is made, followed by other available
choicesat the operator's discretion. When telephone operators are concernedwith such a call,
they can exercisechoice betweenalternate routes. But when operator or customer toll dialing
is considered, the choice of routes has to be left to a machine. Since the \in telligence" of
a machine is limited to previously \programmed" operations, the choice of routes has to be
decided upon, and incorporated in, an automatic alternate routing arrangemert.

Matrix metho ds for unit-length shortest path 1946-1953

Matrix methods were developed to study relations in networks, like nding the transitiv e
closure of a relation; that is, identifying in a directed graph the pairs of points s;t suc
that t is reachable from s. Sudh methods were studied becauseof their application to
communication nets (including neural nets) and to animal sociology (e.g. ped rights).

The matrix methods consist of represerting the directed graph by a matrix, and then
taking iterative matrix products to calculate the transitiv e closure. This was studied by
Landahl and Runge[1946],Landahl [1947],Luce and Perry [1949],Luce [1950],Lunts [1950,
1952],and by A. Shimbel.

Shimbel's interest in matrix methods was motivated by their applications to neural
networks. He analyzed with matrices which sites in a network can communicate to ead
other, and how much time it takes. To this end, let S be the 0;1 matrix indicating that
if Sij = 1 then there is direct communication from i to j (including i = j). Shimbel
[1951] obsened that the positive ertries in St correspond to pairs between which there
exists communication in t steps. An adeguate communication systemis one for which the
matrix S' is positive for somet. One of the other obsenations of Shimbel [1951]is that
in an adequatecommunication system,the time it takesthat all sites have all information,
is equal to the minimum value of t for which S! is positive. (A related phenomenonwas
obsened by Luce [1950].)

Shimbel [1953]mertioned that the distancefrom i to j is equalto the number of zerosin

to nd all distancesin a directed graph with unit lengths

Shortest-length  paths

If a directed graph D = (V;A) and a length function | : A'! R are given, one may ask for
the distancesand shortest-length paths from a given vertex s.

For this, there are two well-known methods: the "Bellman-Ford method' and "Dijkstra's
method'. The latter one is faster but is restricted to nonnegative length functions. The
former method only requiresthat there is no directed circuit of negative length.

The general framework for both methods is the following scheme, described in this
generalform by Ford [1956]. Keep a provisional distance function d. Initially , setd(s) := 0
and d(v) ;= 1 for eadh v 6 s. Next, iterativ ely,

(20) choosean arc (u;v) with d(v) > d(u) + I(u;v) and resetd(v) := d(u) + I(u; V).

If no such arc exists, d is the distance function.
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The di erence in the methods s the rule by which the arc (u; v) with d(v) > d(u)+ I(u; V)
is chosen. The Bellman-Ford method consists of considering all arcs consecutiwely and
applying (10) where possible,and repeating this (at most jVj rounds su ce). This is the
method described by Shimbel [1955], Bellman [1958],and Moore [1959].

Dijkstra's method prescribesto choosean arc (u; v) with d(u) smallest(then ead arc is
chosenat most once,if the lengths are nonnegative). This wasdescribed by Leyzorek, Gray,
Johnson, Ladew, Meaker, Petry, and Seitz [1957]and Dijkstra [1959]. A related method,
but slightly slower than Dijkstra's method whenimplemented, was given by Dantzig [1958],
and choosesan arc (u; v) with d(u) + I(u;v) smallest.

Parallel to this, a number of further results were obtained on the shortest path problem,
including a linear programming approach and ‘good characterizations'. We review the
articles in a more or lesschronological order.

Shim bel 1955

The paper of Shimbel [1955]was presened in April 1954at the Symposium on Information
Networks in New York. Extending his matrix methods for unit-length shortest paths, he
intro duced the following “min-sum algebra':

Arithmetic
For any arbitrary real or in nite numbersx and y

X+y min(x;y) and
xy  the algebraic sum of x and y.

He transferred this arithmetic to the matrix product. Calling the distance matrix assaiated
with a given length matrix S the “dispersion’, he stated:

It follows trivially that S* k 1 is a matrix giving the shortest paths from site to site in S
giventhat k 1 other sites may be traversedin the process.It alsofollows that for any S there
exists an integer k such that S* = S**1 | Clearly, the dispersion of S (let us label it D(S)) will
be the matrix S* such that Sk = sk*1,

This is equivalent to the Bellman-Ford method.
Although Shimbel did not mention it, one trivially cantake k jVj, and hencethe
method yields an O(n*) algorithm to nd the distancesbetweenall pairs of points.

Shortest path as linear programming problem 1955-1957

Orden [1955]obsened that the shortest path problem is a special caseof a transshipment
problem (= uncapacitated minimum-cost o w problem), and hencecan be solved by linear
programming. Dantzig [1957]described the following graphical procedure for the simplex

if uyj  u + dy for all i;j, then for eadh i, the 1 i path in T is a shortest path. If
uj > uj + d;j, replacethe arc of T entering j by the arc (i; j), and iterate with the new
tree.
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Trivially , this processterminates (as P jr‘:l uj decreasesat ead iteration, and asthere
are only nitely many rooted trees). Dantzig illustrated his method by an example of
sendinga padcage from Los Angelesto Boston. (Edmonds [1970]showed that this method
may take exponertial time.)

In areaction to the paper of Dantzig [1957],Minty [1957]proposedan “analogcomputer'
for the shortest path problem:

Build a string model of the travel network, where knots represert cities and string lengths
represert distances (or costs). Seizethe knot "Los Angeles' in your left hand and the knot
‘Boston' in your right and pull them apart. If the model becomesentangled, have an assistart
untie and re-tie knots until the entanglement is resolved. Eventually one or more paths will
stretch tight | they then are alternativ e shortest routes.

Dantzig's “shortest-route tree' can be found in this model by weighting the knots and picking
up the model by the knot “Los Angeles'.

It is well to label the knots since after one or two usesof the model their identities are easily
confused.

A similar method was proposedby Bock and Cameron[1958].

Ford 1956

In a RAND report dated 14 August 1956, Ford [1956]described a method to nd a shortest

an arc from i to j. We quote:

Assign initially xo = Oand x; = 1 for i 6 0. Scanthe network for a pair P; and P; with
the property that x; x; > I;;. For this pair replace x; by x; + I;;. Continue this process.
Evertually no such pairs can be found, and xy is now minimal and represerts the minimal
distance from Py to Py .

Sothis is the generalstchemedescribed above ((10)). No selectionrule for the arc (u;v) in
(10) is prescribed by Ford.

Ford showved that the method terminates. It was shovn however by Johnson [1973a,
1973b,1977that Ford's liberal rule can take exponertial time.

The correctnessof Ford's method also follows from a result given in the book Studies
in the Economics of Transportation by Bedkmann, McGuire, and Winsten [1956]: given a
length matrix (li; ), the distance matrix is the unique matrix (d;;j ) satisfying

(1) dii = Ofor all i;
dix = min; (lij + djx ) for all i; k with i 6 k.

Good characterizations for shortest path 1956-1958

It was noticed by Robadker [1956]that shortest paths allow a theorem dual to Menger's
theorem: the minimum length of an Po P, path in a graph N is equal to the maximum
number of pairwise disjoint Po P, cuts. In Robader's words:

the maximum number of mutually disjunct cuts of N is equal to the length of the shortest
chain of N from Pg to Py.
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A related "good characterization' wasfound by Gallai [1958]: A length function| : A! Z
on the arcs of a directed graph (V; A) doesnot give negative-length directed circuits, if and
only if there is a function (‘potential’) p:V ! Z sudc that I(u;v) p(v) p(u) for eath
arc (u; v).

Case Institute of Technology 1957

The shortest path problem wasalsoinvestigatedby a group of researtiersat the Caselnsti-
tute of Tednology in Cleveland, Ohio, in the project Investigation of Model Techniques per-
formed for the Combat Developmert Department of the Army Electronic Proving Ground.
In their First Annual Report, Leyzorek, Gray, Johnson, Ladew, Meaker, Petry, and Seitz
[1957]preseried their results.

First, they noted that Shimbel's method can be speededup by calculating S by itera-
tiv ely raising the current matrix to the square(in the min-sum matrix algebra). This solves
the all-pairs shortest path problem in time O(n®logn).

Next, they gave a rudimentary description of a method equivalert to Dijkstra's method.
We quote:

(1) All the links joined to the origin, a, may be given an outward orientation. :::

(2) Pick out the link or links radiating from a, a, , with the smallest delay. ::: Then it is
impossible to passfrom the origin to any other node in the network by any \shorter" path
than a, . Consequerly, the minimal path to the generalnode is a, .

(3) All of the other links joining may now be directed outward. Sincea, must necessarily
be the minimal path to , there is no advantage to be gained by directing any other links
toward

(4) Once has been evaluated, it is possible to evaluate immediately all other nodesin the
network whose minimal values do not exceedthe value of the second-smallestlink radiating
from the origin. Sincethe minimal values of these nodesare lessthan the values of the second-
smallest, third-smallest, and all other links radiating directly from the origin, only the smallest
link, a, , canform a part of the minimal path to these nodes. Once a minimal value has been
assignedto these nodes, it is possibleto orient all other links except the incoming link in an
outward direction.

(5) Supposethat all those nodeswhose minimal valuesdo not exceedthe value of the second-
smallest link radiating from the origin have beenevaluated. Now it is possibleto evaluate the
node on which the second-smallestlink terminates. At this point, it can be obsened that if
conicting directions are assignedto a link, in accordancewith the rules which have beengiven
for direction assignmen, that link may be ignored. It will not be a part of the minimal path
to either of the two nodesit joins. :::

Following theserules, it is now possibleto expand from the second-smallestlink aswell asthe
smallest link so long as the value of the third-smallest link radiating from the origin is not
exceeded. It is possibleto proceedin this way until the ertire network has been solved.

(In this quotation we have deleted sertencesreferring to gures.)

Bellman 1958
After having published se\eral papers on dynamic programming (which is, in somesensea

generalization of shortest path methods), Bellman [1958]everntually focusedon the shortest
path problem by itself, in a paper in the Quarterly of Applied Mathematics. He described
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the following “functional equation approad’' for the shortest path problem, which is the
sameasthat of Shimbel [1955].

A matrix T = (tj; ) is given, wheret;; is time requiredto travel from i to j (not necessarily
symmetric). Find a path between1 and N which consumesminimum time.
Bellman remarked:

Since there are only a nite number of paths available, the problem reducesto choosing the
smallest from a nite set of numbers. This direct, or enumerative, approach is impossible to
execute, however, for values of N of the order of magnitude of 20.

He gave a “functional equation approac"

The basic method is that of successie approximations. We choose an initial sequenceffi(o) g
and then proceediterativ ely, setting

fOY = Min (4 + 19 =12 N
i6i
f’E‘k+1) =0
fork=0;1,2 ..

As initial function fi(o) Bellman proposed(upon a suggestionof F. Haight) to takefi(o) = tiN
for all i. Bellman noticed that, for eadh xed i, starting with this choice offi(()) givesthat
fi(k) is monotonically nonincreasingin k, and stated:

It is clear from the physical interpretation of this iterativ e schemethat at most (N 1) iterations
are required for the sequenceto convergeto the solution.

Since ead iteration can be donein time O(N 2), the algorithm takestime O(N3). As for
the complexity, Bellman said:

It is easily seenthat the iterativ e scheme discussedabove is a feasible method for either hand
or machine computation for values of N of the order of magnitude of 50 or 100.

In a footnote, Bellman mentioned:

Addead in proof (Decemter 1957): After this paper was written, the author was informed by
Max Woodbury and George Dantzig that the particular iterativ e scheme discussedin Sec.5
had beenobtained by them from rst principles.

Dantzig 1958

The paper of Dantzig [1958] givesan O(n?logn) algorithm for the shortest path problem
with nonnegative length function. It consistsof choosingin (10) an arc with d(u) + I(u; V)
as small as possible. Dantzig assumed

(a) that one can write down without e ort for each node the arcs leading to other nodes in

increasing order of length and (b) that it is no e ort to ignore an arc of the list if it leadsto a
node that has beenreached earlier.

He mentioned that, beside Bellman, Moore, Ford, and himself, also D. Gale and D.R.
Fulkersonproposedshortest path methods, “in informal corversations'.
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Dijkstra 1959

Dijkstra [1959] gave a concise and clean description of "Dijkstra’s method', yielding an
O(n?)-time implementation. Dijkstra stated:

The solution given above is to be preferred to the solution by L.R. Ford [3] as described by
C. Ber ge [4], for, irrespective of the number of branches, we need not store the data for all
branches simultaneously but only those for the branchesin sets| and Il, and this number is
always lessthan n. Furthermore, the amount of work to be done seemsto be considerably
less.

(Dijkstra's referenced3] and [4] are Ford [1956]and Berge [1958].)

Dijkstra's method is easierto implemert (as an O(n?) algorithm) than Dantzig's, since
we do not needto store the information in lists: in orderto nd a next vertex v minimizing
d(v), we can just scanall vertices.

Mo ore 1959

At the International Symposium on the Theory of Switching at Harvard University in April
1957, Moore [1959] of Bell Laboratories, preseried a paper \The shortest path through a
maze":

The methods givenin this paper require no foresight or ingenuity, and hencedeseneto be called
algorithms. They would be especially suited for usein a machine, either a special-purpose or
a general-purposedigital computer.

The motivation of Moore was the routing of toll telephonetrac. He gave algorithms A,
B, C, and D.

First, Moore consideredthe caseof an undirected graph G = (V;E) with no length
function, in which a path from vertex A to vertex B should be found with a minimum
number of edges.Algorithm A is: rst give A label 0. Next do the following for k = 0;1;::::
give label k + 1 to all unlabeled vertices that are adjacert to somevertex labeled k. Stop
assoon asvertex B is labeled.

If it were done asa program on a digital computer, the steps given as single steps above would
be done serially, with a few operations of the computer for eac city of the maze; but, in the
caseof complicated mazes,the algorithm would still be quite fast comparedwith trial-and-error
methods.

In fact, a direct implementation of the method would yield an algorithm with running time
O(m). Algorithms B and C dier from A in a more economicallabeling (by fewer bits).

Moore'salgorithm D nds a shortestroute for the casewhere eat edgeof the graph has
a nonnegative length. This method is a re nement of Bellman's method described above:
(i) it extendsto the casethat not all pairs of vertices have a direct connection; that is, if
there is an underlying graph G = (V;E) with length function; (ii) at ead iteration only
those d;; are consideredfor which u; has beendecreasedat the previous iteration.

The method has running time O(nm). Moore obsened that the algorithm is suitable
for parallel implementation, yielding a decreasen running time boundto O(n ( G)), where
( G) is the maximum degreeof G. Moore concluded:

37



The origin of the presert methods provides an interesting illustration of the value of basic re-
seard on puzzlesand games. Although sucd researd is often frowned upon as being friv olous,
it seemsplausible that these algorithms might eventually lead to savings of very large sums
of money by permitting more e cien t use of congestedtransportation or communication sys-
tems. The actual problems in communication and transportation are so much complicated by
timetables, safety requirements, signal-to-noise ratios, and economic requirements that in the
past those seekingto solve them have not seenthe basic simplicity of the problem, and have
contin ued to use trial-and-error procedureswhich do not always give the true shortest path.
However, in the caseof a simple geometric maze, the absenceof these confusing factors per-
mitted algorithms A, B, and C to be obtained, and from them a large number of extensions,
elaborations, and modi cations are obvious.

The problem was rst solved in connection with Claude Shannon's maze-solving machine.
When this machine was used with a maze which had more than one solution, a visitor asked
why it had not been built to always nd the shortest path. Shannon and | eath attempted
to nd economical methods of doing this by machine. He found sewral methods suitable for
analog computation, and | obtained these algorithms. Months later the applicabilit y of these
ideasto practical problems in communication and transportation systemswas suggested.

Among the further applications of his method, Moore described the example of nding
the fastest connectionsfrom one station to another in a givenrailroad timetable. A similar
method was given by Minty [1958].

In May 1958, Ho man and Pavley [1959] reported, at the Western Joint Computer
Conferencein Los Angeles,the following computing time for nding the distancesbetween
all pairs of vertices by Moore's algorithm (with nonnegative lengths):

It took approximately three hours to obtain the minimum paths for a network of 265 vertices
on an IBM 704

7. The traveling salesman problem

The traveling salesmanproblem (TSP) is: given n cities and their intermediate distances,
nd a shortest route traversing ead city exactly once. Mathematically, the traveling sales-
man problem is related to, in fact generalizes,the question for a Hamiltonian circuit in a
graph. This question goesbad to Kirkman [1856]and Hamilton [1856,1858Jand was also
studied by Kowalewski[1917b,1917a] seeBiggs, Lloyd, and Wilson [1976]. We restrict
our survey to the traveling salesmanproblem in its generalform.

The mathematical roots of the traveling salesmanproblem are obscure. Dantzig, Fulk-
erson,and Johnson [1954] say:

It appearsto have beendiscussedinformally among mathematicians at mathematics meetings

for many years.

A 1832 manual

The traveling salesmanproblem has a natural interpretation, and Muller-Merbach [1983]
detected that the problem was formulated in a 1832 manual for the successfultraveling
salesman,Der Handlungsreisende| wie er sein soll und was er zu thun hat, um Auftrage
zu erhalten und eines glucklichen Erfolgs in seinen Gesclaften gewi zu sein| von einem
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alten Commis-Voyageur® [1832]. (Whereasthe politically correct nowadays preferto speak
of the traveling salegperson problem, the manual presumesthat the "Handlungsreisendeis
male, and it warns about the risks of womenin or out of business.)

The booklet contains no mathematics, and formulates the problem as follows:

Die Gesdefte fuhren die Handlungsreisendenbald hier, bald dort hin, und eslassensich nicht
fuglich Reisetouren angeben, die fur alle vorkommende Felle passendsind; aber eskann durch
eine zwedkme ige Wahl und Eintheilung der Tour, manchmal so viel Zeit gewonnen werden,
da wir esnicht glauben umgehen zu derfen, auch hieruber einige Vorsdhriften zu geben. Ein
Jeder mege so viel davon benutzen, als er es seinem Zwedke fur dienlich halt; so viel glauben
wir aber davon versichern zu derfen, da esnicht wohl thunlich sein wird, die Touren durch
Deutschland in Absicht der Entfernungen und, worauf der Reisendehauptseachlich zu sehenhat,
des Hin- und Herreisens, mit mehr Oekonomie einzurichten. Die Hauptsache bestelt immer
darin: soviele Orte wie meglich mitzunehmen, ohne den namlichen Ort zweimal berehren zu
mussen?!
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Sondershausen
Merseburg

M whlhausen ¢ _*Greuen

Naum urg - Mei en

‘Langensalza

Eisenac h ¢

Freib erg

Salzungen Arnstadt Chemnitz
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Rudolstadt

Meiningen

. Gersfeld

. Plauen
Meolric hstadt

Schlic htern

Neustadt

Br uckenau Hof

Frankfurt
— Culm bach

Schweinfurt

s\ Aschaen burg

Baireuth
Bam berg

W wrzburg

Figure 3
A tour along 45 German cities, as described in the 1832traveling salesmanmanual, is given by
the unbroken (bold and thin) lines (1285km). A shortesttour is given by the unbroken bold and
by the dashedlines (1248 km). We have taken gealesicdistances| taking local conditions into
accourt, the 1832tour might be optimum.

The manual suggestsv e tours through Germany (one of them partly through Switzerland).

2\The traveling salesman| how he should be and what he hasto do, to obtain orders and to be sure of
a happy successin his business| by an old traveling salesman"

2l Business brings the traveling salesman now here, then there, and no travel routes can be properly
indicated that are suitable for all casesoccurring; but sometimes, by an appropriate choice and arrangemert
of the tour, so much time can be gained, that we don't think we may avoid giving somerules also on this.
Everybody may usethat much of it, ashe takesit for useful for his goal; so much of it however we think we
may assure, that it will not be well feasible to arrange the tours through Germany with more econony in
view of the distances and, which the traveler mainly hasto consider, of the trip back and forth. The main
point always consists of visiting as many places as possible, without having to touch the same place twice.
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In Figure 3 we compareone of the tours with a shortesttour, found with "'modern’ methods.
(Most other tours given in the manual do not qualify for “die Hauptsache' as they cortain
subtours, sothat someplacesare visited twice.)

Menger's Botenproblem 1930

K. Mengerseemdo bethe rst mathematician to have written about the traveling salesman
problem. The root of his interest is given in his paper Menger [1928b]. In this, he studies
the length I(C) of a simple curve C in a metric spaceS, which is, by de nition,

K 1
(12) I(C) := sup  dist(Xi; Xj+1);
i=1

What Menger shaved is that we may relax this to nite subsetsX of C and minimize over
all possibleorderingsof X . To this end he de ned, for any nite subsetX of a metric space,
(X) to be the shortest length of a path through X (in graph terminology: a Hamitonian

path), and he shaved that

(13) I(C) = sup (X);
X

where the supremum rangesover all nite subsetsX of C. It amounts to showing that for
eat " > Othereis a nite subsetX of C suchthat (X) I(C) ".
Menger [1929a]sharpenedthis to:

(14) I(C) = sup (X);
X

where again the suprenmum rangesover all nite subsetsX of C, and where (X) denotes
the minimum length of a spanning tree on X ..

Theseresults werereported alsoin Menger[1930]. In a number of other papers, Menger
[1928a,1929b,1929ajave related results on these new characterizations of the length func-
tion.

The parameter (X)) clearly is closeto the practical application of the traveling salesman
problem. This relation wasmentioned explicitly by Mengerin the sessiorof 5 February 1930
of his mathematischesKolloquium in Vienna (organized at the desire of some studerts).
According to the report in Menger [1931a,1932],he rst asked if a further relaxation is
possibleby replacing (X) by the minimum length of an (in current terminology) Steiner
tree connecting X | a spanningtree on a supersetof X in S. (So Menger toured along
somebasic combinatorial optimization problems.) This problem was solved for Euclidean
spacesby Mimura [1933].

Next Menger posedthe traveling salesmanproblem, as follows:

Wir bezeidinen als Botenproblem (weil dieseFrage in der Praxis von jedem Postboten, mbrigens
auch von vielen Reisendenzu losenist) die Aufgabe, fur endlichviele Punkte, deren paarweise
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Abstande bekannt sind, den kerzestendie Punkte verbindenden Wegzu nden. DiesesProblem
ist naterlich stets durch endlichviele Versudhe lesbar. Regeln, welche die Anzahl der Versuce
unter die Anzahl der Permutationen der gegelenenPunkte herunterdr eicken weirden, sind nicht
bekannt. Die Regel, man solle vom Ausgangspunkt erst zum nachstgelegenenPunkt, dann zu
dem diesem nachstgelegenenPunkt gehen usw., liefert im allgemeinen nicht den kerzesten
Weg?2

So Menger asked for a shortest Hamiltonian path through the given points. He was aware
of the complexity issuein the traveling salesmanproblem, and he knew that the now well-
known nearestneighbour heuristic might not give an optimum solution.

Harv ard, Princeton 1930-1934

Menger spernt the period Septenber 1930-February 1931 as visiting lecturer at Harvard
University. In one of his seminartalks at Harvard, Menger presenied his results on lengths
of arcs and shortest paths through nite setsof points quoted above. According to Menger
[1931b], a suggestionrelated to this was given by Hassler Whitney, who at that time did
his Ph.D. researt in graph theory at Harvard. This paper however doesnot mertion if the
practical interpretation was given in the seminar talk.

The yearafter, 1931-1932Whitney wasa National Researt Council Fellow at Princeton
University, where he gave a number of seminar talks. In a seminartalk, he mentioned the
problem of nding the shortest route along the 48 States of America.

There are some uncertainties in this story. It is not sure if Whitney spoke about the
48 States problem during his 1931-1932seminartalks (which talks he did give), or later, in
1934, asis said by Flood [1956]in his article on the traveling salesmanproblem:

This problem was posed, in 1934, by Hassler Whitney in a seminar talk at Princeton Univer-
sity.

That memory can be shaky might be indicated by the following two quotes. Dantzig,
Fulkerson,and Johnson [1954]remark:

Both Flood and A.W. Tucker (Princeton University) recall that they heard about the problem
rst in a seminar talk by Hassler Whitney at Princeton in 1934 (although Whitney, recertly
queried, doesnot seemto recall the problem).

However, when asked by David Shmoys, Tucker replied in a letter of 17 February 1983 (see
Ho man and Wolfe [1985]):

I cannot con rm or deny the story that | heard of the TSP from Hassler Whitney. If | did (as
Flood says), it would have occurred in 1931-32,the rst year of the old Fine Hall (now Jones
Hall). That year Whitney was a postdoctoral fellow at Fine Hall working on Graph Theory,
especially planarity and other o sho ots of the 4-color problem. ... | was nishing my thesis
with Lefschetz on n-manifolds and Merrill Flood was a rst year graduate student. The Fine
Hall Common Room was a very lively place| 24 hours a day.

22\We denote by messengerproblem (since in practice this question should be solved by each postman,
anyway also by many travelers) the task to nd, for nitely many points whose pairwise distances are
known, the shortest route connecting the points. Of course, this problem is solvable by nitely many trials.
Rules which would push the number of trials below the number of permutations of the given points, are
not known. The rule that one rst should go from the starting point to the closestpoint, then to the point
closestto this, etc., in general doesnot yield the shortest route.
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(Whitney nished his Ph.D. at Harvard University in 1932.)

Another uncertainty is in which form Whitney has posedthe problem. That he might
have focusedon nding a shortest route along the 48 statesin the U.S.A., is suggestedby
the referenceby Flood, in an interview on 14 May 1984 with Tucker [1984],to the problem
asthe \48 States Problem of HasslerWhitney". In this respect Flood also remarked:

I don't know who coined the peppier name “Traveling SalesmanProblem' for Whitney's prob-
lem, but that name certainly has caught on, and the problem has turned out to be of very
fundamental importance.

TSP, Hamiltonian paths, and school bus routing

Flood [1956] menrtioned a number of connectionsof the TSP with Hamiltonian gamesand
Hamiltonian paths in graphs, and cortinues:

I am indebted to A\W. Tucker for calling these connections to my attention, in 1937, when |
was struggling with the problem in connection with a schoolbus routing study in New Jersey.

In the following quote from the interview by Tucker [1984], Flood referred to sdhool bus
routing in a di erent state (West Virginia), and he mentioned the involvemert in the TSP
of Koopmans,who spent 1940-1941at the Local Government Surveys Section of Princeton
University (\the Princeton Surveys"):

Koopmans rst becameinterested in the \48 States Problem” of Hassler Whitney when he was
with me in the Princeton Surveys, as| tried to solve the problem in connection with the work
by Bob Singleton and me on school bus routing for the State of West Virginia.

1940

In 1940, some papers appearedthat study the traveling salesmanproblem, in a dierent
context. They seemto be the rst corntaining mathematical results on the problem.

In the American cortinuation of Menger's mathematischesKol loquium, Menger [1940]
returned to the question of the shortest path through a given set of points in a metric
space followed by investigations of Milgram [1940]on the shortest Jordan curve that covers
a given, not necessarily nite, set of points in a metric space.As the set may be in nite, a
shortest curve neednot exist.

Fejes[1940]investigated the problem of a shortest curve through n points in the unit
quare. In consequenceof this, Verblunsky [1951] showed that its length is lessthan 2 +
2:8n. Later work in this direction includes Few [1955] and Beardwood, Halton, and

Hammersley[1959].

Lower bounds on the expected value of a shortest path through n random points in the
plane were studied by Mahalanobis [1940]in order to estimate the cost of a sample survey
of the acreageunder jute in Bengal. This survey took place in 1938 and one of the major
costsin carrying out the survey was the transportation of men and equipmert from one
survey point to the next. He estimated (without proof) the minimum length of a tour along
n random points in the plane, for Euclidean distance:

It is also easyto seein a generalway how the journey time is likely to behave. Let us suppose
that n sampling units are scattered at random within any given area ; and let us assume
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that we may treat eadh such sample unit as a geometrical point. We may also assumethat
arrangemerts will usually be made to move from one sample point to another in such a way as
to keepthe total distance travelled as small as possible; that is, we may assumethat the path
traversedin going from one sample point to another will follow a straight line. In this caseit
is easyto seethat the mathematical expectation ?)f the tobal length of the path travelled in
moving from one sample point to another will be (" n 1= @._The ch)s_t of the journey from
sample to sample will therefore be roughly proportional to (" n 1= n). When n is large,
that is, when we consider a su cien tly large area, we may e>ipect that the time required for
moving from sampleto samplewill be roughly proportional to =~ n, where n is the total number
of samplesin the given area. If we consider the journey time per sg. mile, it will be roughly
proportional to =y, wherey is the density of number of sample units per sg. mile.

This researt was continued by Jessen[1942], who estimated empirically a similar result
for I;-distance (Manhattan distance), in a statistical investigation of a sample survey for
obtaining farm facts in lowa:

If aroute connecting y points located at random in a xed areais minimized, the total distance,
D, of that route is?®

where d is a constant.

This relationship is based upon the assumption that points are connected by direct routes.

In lowa the road system is a quite regular network of mile square mesh. There are very few

diagonal roads, therefore, routes between points resenble those taken on a chederboard. A

test wherein seweral sets of di erent members of points were located at random on an lowa

county road map, and the minimum distance of travel from a given point on the border of the

county through all the points and to an end point (the county border nearestthe last point on

route), revealed that

p=d"y
works well. Herey is the number of randomized points (border points not included). This is
of great aid in setting up a cost function.
q _—

Marks [1948]gave a proof of Mahalanobis' bound. In fact he shaved that %A(pﬁ 1="n)

is a lower bound, whereA is the areaof the region. Ghosh[1949]showvedthat asymptotically
this bound is closeto the expected value, by giving a heuristic for nding a tour, yielding
an upper bound of 1:27 An. He also obsened the complexity of the problem:

p

After locating the n random points in a map of the region, it isvery dicult to nd out actually
the shortest path connecting the points, unlessthe number n is very small, which is seldom
the casefor a large-scalesurvey.

TSP, transp ortation, and assignmen t

As is the casefor many other combinatorial optimization problems,the RAND Corporation
in Sarta Monica, California, played an important role in the researt on the TSP. Ho man
and Wolfe [1985]write that

John Williams urged Flood in 1948to popularize the TSP at the RAND Corporation, at least
partly motivated by the purp oseof creating intellectual challengesfor models outside the theory
of games. In fact, a prize was o ered for a signi cant theorem bearing on the TSP. There is
no doubt that the reputation and authority of RAND, which quickly becamethe intellectual
center of much of operations researd theory, amplied Flood's advertizing.

Zat this point, Jessenreferred in a footnote to Mahalanobis [1940].
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At RAND, researters consideredthe idea of transferring the successfulmethods for the
transportation problem to the traveling salesmanproblem. Flood [1956] mertioned that
this idea was brought to his attention by Koopmansin 1948. In the interview with Tucker
[1984],Flood remenbered:

George Dantzig and Tjallings Koopmans met with me in 1948 in Washington, D.C., at the
meeting of the International Statistical Institute, to tell me excitedly of their work on what is
now known asthe linear programming problem and with Tjallings speculating that there was
a signi cant connection with the Traveling SalesmanProblem.

(This meeting was in fact held 6{18 Septenber 1947.)

The issuewastaken up in a RAND Report by Julia Robinson [1949],who, in an "unsuc-
cessfulattempt’ to solve the traveling salesmanproblem, considered,as a relaxation, the
assignmen problem, for which she found a cycle reduction method. The relation is that
the assignmen problem asksfor an optimum permutation, and the TSP for an optimum
cyclic permutation.

Robinson's RAND report might be the earliest mathematical referenceusing the term
“traveling salesmanproblem’:

The purpose of this note is to give a method for solving a problem related to the
traveling salesman problem. Oneformulation is to find the shortest route for a
salesman starting from Washington, visiting all the state capitals and then

returning to Washington. More generally, to find the shortest closed curve containing
n given points in the plane.

Flood wrote (in a letter of 17 May 1983to E.L. Lawler) that Robinson'sreport stimulated
seweral discussionson the TSP of him with his researd assistart at RAND, D.R. Fulkerson,
during 1950-19534.

It was noted by Bedkmann and Koopmans[1952]that the TSP can be formulated as a
guadratic assignmem problem, for which howewver no fast methods are known.

Dantzig, Fulk erson, Johnson 1954

Fundamertal progresson the traveling salesmarnwasmadein a seminal paper by the RAND
researters Dantzig, Fulkerson, and Johnson [1954]| according to Ho man and Wolfe
[1985] oneof the principal everts in the history of combinatorial optimization'. The paper
intro duced seweral new methods for solving the traveling salesmanproblem that are now
basicin combinatorial optimization. In particular, it shavsthe importance of cutting planes
for combinatorial optimization.

By a theorem of Birkho [1946],the convex hull of the n n permutation matrices is
precisely the set of doubly stochastic matrices | nonnegative matrices with all row and
column sums equal to 1. In other words, the convex hull of the permutation matrices is
determined by:

. . X] - X] -
(15) Xij Oforallij; Xij = 1for all i; Xij = L1forallj.
j:l i=1
2 Fulkerson started at RAND only in March 1951.
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This makesit possibleto solve the assignmemn problem as a linear programming problem.
It is tempting to try the sameapproad to the traveling salesmanproblem. For this, one
needsa description in linear inequalities of the traveling salesmanpolytope | the corvex
hull of the cyclic permutation matrices. To this end, one may add to (15) the following
subtour elimination constraints:

X
(16) Xi;j lforeath | fl;:::;ngwith ; 616 fl;:::;ng.
i21;62

However, while theseinequalities are enoughto cut o the noncyclic permutation matrices
from the polytope of doubly stochastic matrices, they yet do not yield all facets of the
traveling salesmanpolytope (if n 5), as was obsened by Heller [1953a]: there exist
doubly stochastic matrices, of any order n 5, that satisfy (16) but are not a convex
combination of cyclic permutation matrices.

The inequalities (16) can neverthelessbe useful for the TSP, since we obtain a lower
bound for the optimum tour length if we minimize over the constraints (15) and (16). This
lower bound can be calculated with the simplex method, taking the (exponertially many)
constraints (16) as cutting planesthat can be added during the processwhen needed. In
this way, Dantzig, Fulkerson,and Johnsonwere able to nd the shortest tour along cities
chosenin the 48 U.S. states and Washington, D.C. Incidentally, this is closeto the problem
mentioned by Julia Robinsonin 1949 (and maybe also by Whitney in the 1930's).

The Dantzig-Fulkerson-Johnsonpaper does not give an algorithm, but rather givesa
tour and provesits optimality with the help of the subtour elimination constraints. This
work forms the basisfor most of the later work on large-scaletraveling salesmanproblems.

Early studies of the traveling salesmanpolytope were made by Heller [1953a,1953b,
19554a,1956b,1955b,1956akuhn [1955a], Norman [1955], and Robadker [1955b], who also
made computational studies of the probability that a random instance of the traveling
salesmanproblem needsthe constraints (16) (cf. Kuhn [1991]). This made Flood [1956]
remark on the intrinsic complexity of the traveling salesmanproblem:

Very recert mathematical work on the traveling-salesmanproblem by I. Heller, H.W. Kuhn,
and others indicates that the problem is fundamentally complex. It seemsvery likely that quite
adi erent approach from any yet usedmay be required for succesfultreatment of the problem.
In fact, there may well be no general method for treating the problem and imp ossibility results
would also be valuable.

Flood mentioned a number of other applications of the traveling salesmanproblem, in
particular in machine scheduling, brought to his attention in a seminar talk at Columbia
University in 1954by GeorgeFeeney.

Other work on the traveling salesmanproblem in the 1950'swas done by Morton and
Land [1955](a linear programming approad with a 3-exdangeheuristic), Barachet [1957]
(a graphic solution method), Bock [1958], Croes [1958] (a heuristic), and Rossmanand
Twery [1958]. In a reaction to Barachet's paper, Dantzig, Fulkerson, and Johnson [1959]
shaved that their method yields the optimalit y of Barachet's (heuristically found) solution.

Ac knowledgemen ts. | thank SashaKarzanov for his e cien t helpin nding Tolsto's and seweral
other papersin the (former) Lenin Library in Moscaw, Irina V. Karzanova for accurately providing
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me with an English translation of Tolsto's 1930 paper, Alexander Rosa for sending me a copy of
Kotzig's thesis and for providing me with translations of excerpts of it, Andras Frank and Tib or
Jordan for translating parts of Hungarian articles, Adri Steerbeek and Bill Cook for nding the
shortest traveling salesmantour along the 45 German towns from the 1832 manual, Karin van
Gemert and Wouter Mettrop at CWI's Library for providing me with bibliographic information and
copiesof numerouspapers, Alfred B. Lehman for giving me copiesof old reports of the Caselnstitute
of Technology, Jan Karel Lenstra for giving me copiesof letters of Albert Tucker to David Shmoys
and of Merrill M. Flood to EugeneL. Lawler on TSP history, Alan Ho man and David Williamson
for helping me to understand Gleyzal's paper on transportation, Stewe Brady (RAND) and Dick
Cottle for their helpin obtaining classicalRAND Reports, Kim H. Campbell and JoanneMcLean at
Air Force Pentagon for declassifyingthe Harris-Rossreport, Richard Bancroft and Gustave Shubert
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from the diary of Tj.C. Koopmans.
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