A proof of Razmyslov’s theorem
Notes for our seminar

Lex Schrijver
Let d,n € N. Let p be the representation S,, — End(C%)®" given by
(1) p(m)(z1® - @ an) =Tr(1) @ @ Tr(p)

for m € S, and x1,...,x, € C? Note that

||

(2) tr(p(m)(X1® ... @ Xn)) = [ te(J] Xnigms,))

WEN i=1

for 7 € S, and X1,..., X, € End(C%), where ©, is the set of orbits of 7 and where for any
w € Qr, my, is the smallest (equivalently: an arbitrary) element of w.

For each A\ - n, let Ky be the isotypical component of CS,, corresponding to the irre-
ducible representation r). Define

(3) Lgd = @ K)\ and L>d = @ K)V
AFn AFn
height(\)<d height(A)>d

Then (cf., e.g., [1]):
(4) Ker(p) = L>a.
This implies for any two subspaces U,V of CS,,:
(5) p(U)Cp(V)ifand only if Lug+U C Log+ V.
Let A, be the alternating subgroup of S, and let AS := S, \ A,. Consider the linear
function ¢ : CS,, — CS,, determined by
(6) p(m) := sgn(m)m
for m € S,,. So ¢? =id.

Lemma 1. For each A\Fn: p(K)) = Ky~.

Proof. Let Y and Y* be the Young shapes corresponding to A and \*, respectively, let
T:Y — Y* be defined by T(i,j) = (j,¢) for (i,j) € Y, let ¢ : Sy — Sy be defined by
@(m) = sgu(m)m for m € Sy, let Hy and Vy be the subgroups of Sy of row-stable and column-
stable permutations of Y, respectively, and let hy =3,y h and vy 1= 37z sgn(v)v.
Then

(7) P(vyhy) = Z Z sgn(v)g(vh) = Z Z sgn(v)sgn(vh)vh =

vEVy heHy vEVy he Hy

sgn(h)vh = sgn(v)T hoT = T hy-vy-T.
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veVy heHy h€EHyx veVy«

Hence for y, z : [n] — Y, one has



(8) ga(y_lvyhyz) = sgn(y_lz)y_lcp(vyhy)z = Sgn(y_lz)y_lT_lhy*vy*Tz € Ky«.

1

As K is spanned by all y~ vy hy z with bijections y, z : [n] = Y, we have the lemma. |

Lemma 2. For each subspace U of CS,: UNp(U) = (UNCA,) + (UNCAS).

Proof. If 2 € UNp(U), then ¢(z) € U, hence z = 1 (z+¢(z)) + 1 (z—p(z)) € (UNCA,)+

(UNCAS).
Conversely, if z € UNCA,, then = ¢(x), hence z € UNp(U). Similarly, if € UNCAS,
then x = —p(z), hence z € U N p(U). |

Theorem 1. p(CA,,) = p(CS,,) = p(CAS) if and only if n > d>.
Proof. p(CA,) = p(CS,) = p(CAS) L.q+ CA, = CS,, = Lyg+ CA;, —
LegNCAS = {0} = Leg N CA, 2228 11 p(Ley) = {0} "2 06 ) F n satisfies
height(\) < d and height(\*) < d <= n > d2. |

This implies the result of Razmyslov [2]:

Corollary la. Ifn > d?, then tr(Xy--- X,,) is a linear combination of products of traces
of products of fewer than n of the X;, where X1, ..., X, are variable d x d matrices.

Note that in fact if n > d?, then tr(X;---X,,) is a linear combination of products of an
even number of traces of products of the X;.

By the above, the conclusion of Corollary [Lal holds for some fixed n and d if and only
if Lvq+ U = CS,, where U is the subspace of CS,, spanned by the permutations with at
least two orbits. Note that L-q+ U = CS), is equivalent to L<4 NV = {0}, where V is the
subspace of CS,, spanned by the permutations with only one orbit.
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