
Tensor subalgebras and FirstFundamental Theorems in invarianttheoryAlexander S
hrijver1Abstra
t. Let V be an n-dimensional 
omplex inner produ
t spa
e and let T :=T (V )
T (V �) be the mixed tensor algebra over V . We 
hara
terize those subsets Aof T for whi
h there is a subgroup G of the unitary group U(n) su
h that A = TG.They are pre
isely the nondegenerate 
ontra
tion-
losed graded �-subalgebras of T .While the proof makes use of the First Fundamental Theorem for GL(n; C ) (in thesense of Weyl), the 
hara
terization has as dire
t 
onsequen
es First FundamentalTheorems for several subgroups of GL(n; C ). Moreover, a Galois 
orresponden
ebetween linear algebrai
 �-subgroups of GL(n; C ) and nondegenerate 
ontra
tion-
losed graded �-subalgebras of T is derived. We also 
onsider some 
ombinatorialappli
ations, viz. to self-dual 
odes and to 
ombinatorial parameters.
1 Introdu
tionLet V be an n-dimensional 
omplex inner produ
t spa
e, with inner produ
th:; :i and with dual spa
e V �. (The inner produ
t is C -linear in the �rstvariable, and 
onjugate linear in the se
ond variable.) Denote, as usual,
(1) T (V ) := 1Mk=0 V 
k and T (V �) := 1Mk=0 V �
k,where V 
k and V �
k denote the tensor produ
t of k 
opies of V and V �respe
tively. Set
(2) T := T (V )
 T (V �) �= 1Mk;l=0V 
k 
 V �
l:
This is the mixed tensor algebra over V (
f. [5℄). (The multipli
ation is theusual tensor produ
t of the rings T (V ) and T (V �), governed by the rule(x
 y)
 (x0 
 y0) = (x
 x0)
 (y 
 y0) for x; x0 2 T (V ) and y; y0 2 T (V �).)Fixing an orthonormal basis e1; : : : ; en of V , we 
an identify V with C n(with the inner produ
t ha; bi = bTa). For any U 2 GL(n; C ), let z 7! zU be1CWI and University of Amsterdam. Mailing address: CWI, Kruislaan 413, 1098 SJAmsterdam, The Netherlands. Email: lex�
wi.nl.1



the linear right a
tion of U on T , whi
h is the unique algebra endomorphismon T satisfying xU = U�1x and yU (x) = y(Ux) for x 2 V and y 2 V �. Forany G � GL(n; C ) and A � T , denote(3) AG := fz 2 A j zU = z for all U 2 Gg and GA := fU 2 G j zU =z for all z 2 Ag.In this paper we 
hara
terize those subsets A of T for whi
h there existsa subgroup G of the unitary group U(n) su
h that A = TG. They turn outto be pre
isely the graded �-subalgebras of T that are nondegenerate and
ontra
tion-
losed (for de�nitions, see Se
tion 2). Our proof is based on theStone-Weierstrass theorem, the First Fundamental Theorem (in the sense ofWeyl [12℄) for GL(n; C ), and the existen
e of a Haar measure on U(n).As 
onsequen
es we derive the First Fundamental Theorem for a numberof subgroups of GL(n; C ). Indeed, our theorem dire
tly implies that if somesubgroup G of GL(n; C ) satis�es G = GS for some subset S of T withS = S�, then TG is equal to the smallest nondegenerate 
ontra
tion-
losedgraded subalgebra of T 
ontaining S. This often dire
tly yields a spanningset for (V 
k 
 V �
l)G for all k; l. That is, it implies a First FundamentalTheorem for G (the tensor version, whi
h is equivalent to the polynomialversion | 
f. Goodman and Walla
h [4℄ Se
tion 4.2.3). We des
ribe this inSe
tion 5.A subgroup G of GL(n; C ) is 
alled a �-subgroup if G = G� := fU� jU 2 Gg (where U� is the 
onjugate transpose of U). The following 
har-a
terization is well-known: A linear algebrai
 subgroup G � GL(n; C ) is a�-subgroup if and only if G is redu
tive and G\U(n) is a maximal 
ompa
tand hen
e Zariski-dense subgroup. In Se
tion 4 we show that if G is any�-subgroup of GL(n; C ) and we set A := TG, then GL(n; C )A is equal to thesmallest linear algebrai
 subgroup of GL(n; C ) 
ontaining G. Together withthe 
hara
terization above, this implies a Galois 
orresponden
e between lin-ear algebrai
 �-subgroups of GL(n; C ) and nondegenerate 
ontra
tion-
losedgraded �-subalgebras of T .In Se
tions 6 and 7 we give 
ombinatorial appli
ations of our theorem,viz. to self-dual 
odes and to 
ombinatorial parameters. For the sake ofexposition, we restri
t ourselves to des
ribing the most elementary of theseappli
ations. The appli
ation to 
ombinatorial parameters in fa
t was ourmain motivation to prove Theorem 1.
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2 PreliminariesFor any A � T and k; l � 0, denote(4) Akl := A \ (V 
k 
 V �
l):A subalgebra A of T is 
alled graded if A =L1k;l=0Akl .For any x 2 V , let x� 2 V � be de�ned by x�(z) = hz; xi for all z 2V . This extends to a unique fun
tion x 7! x� on T satisfying (x�)� = x,(�x)� = �x�, (x+ y)� = x�+ y�, and (x
 y)� = y�
 x� for all x; y 2 T and� 2 C . A subalgebra A of T is 
alled a �-subalgebra if A� = A.e�1; : : : ; e�n is equal to the usual dual basis of e1; : : : ; en. The inner produ
th:; :i on V extends uniquely to an inner produ
t on T for whi
h all produ
ts
(5) ei1 
 � � � eik 
 e�j1 
 � � � e�jlform an orthonormal basis, where k; l range over all nonnegative integersand where i1; : : : ; ik and j1; : : : ; jl range over 1; : : : ; n. (The inner produ
tis independent of the 
hoi
e of e1; : : : ; en.) For all x; y 2 T ,(6) hx�; y�i = hy; xi = hx; yi:Moreover, (zU )� = (z�)U��1 for z 2 T and U 2 GL(n; C ). If we identifyV 
 V � with End(V ) and with the n � n matri
es, then U� = UT. ForU 2 U(n) we have U��1 = U , hen
e(7) (z�)U = (zU )� for all U 2 U(n) and z 2 T .Also,(8) hx; yU i = hxU� ; yi for all U 2 GL(n; C ) and x; y 2 T .The identity matrix I in V 
 V � is equal to
(9) I := nXi=1 ei 
 e�i :
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For k; l 2 N and 1 � i � k and 1 � j � l, the 
ontra
tion Ck;li;j is theunique linear transformation V 
k 
 V �
l ! V 
k�1 
 V �
l�1 satisfying(10) Ck;li;j (x1 
 � � � 
 xk 
 y1 
 � � � 
 yl) =yj(xi)(x1
� � �
xi�1
xi+1
� � �
xk
y1
� � �
yj�1
yj+1
� � �
yl)for all x1; : : : ; xk 2 V and y1; : : : ; yl 2 V �. It is useful to observe that, forany k; l 2 N , the fun
tion (x; y) 7! hx; yi on T kl � T kl is equal to a series ofk + l 
ontra
tions applied to the tensor x
 y� (whi
h belongs to T k+lk+l ).A graded subalgebra A of T is 
alled 
ontra
tion-
losed if Ck;li;j (Akl ) �Ak�1l�1 for all k; l 2 N and 1 � i � k and 1 � j � l. The following is basi
,and follows from the fa
t that yU (xU ) = y(x) for x 2 V , y 2 V �:(11) if z 2 T and U 2 GL(n; C ) satisfy zU = z, then wU = w for any
ontra
tion w of z.So TG is 
ontra
tion-
losed for any G � GL(n; C ).We 
all A � T nondegenerate if there is no proper subspa
eW of V su
hthat A � T (W )
T (W �). (Here T (W �) is taken as subspa
e of T (V �) withrespe
t to the 
hosen inner produ
t, whi
h gives an orthogonal 
omplementto W : it yields a natural isomorphism between W � and fw� j w 2 Wg,hen
e a natural embedding W � ,! V �.) It follows from the proof of (13)below that a 
ontra
tion-
losed graded �-subalgebra A of T is nondegenerateif and only if I 2 A.We 
all a tensor z 2 T kl a mutation of a tensor y 2 T kl if z arises fromy by permuting 
ontravariant fa
tors and permuting 
ovariant fa
tors. Auseful observation is:(12) Any 
ontra
tion-
losed graded �-subalgebra of T 
ontaining I is
losed under taking mutations.Indeed, any mutation of a tensor z 2 T kl 
an be obtained by applying aseries of m 
ontra
tions to z 
 I
m (for some m).Most ba
kground on tensors, invariant theory, and linear algebrai
 groups
an be found in the books of Goodman and Walla
h [4℄ and Kraft [6℄ andin the survey arti
le of Springer [10℄.
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3 The 
hara
terization
Theorem 1. Let n � 1 and A � T . Then there is a subgroup G of U(n)with A = TG if and only if A is a nondegenerate 
ontra
tion-
losed graded�-subalgebra of T .Proof. Ne
essity being dire
t, we show suÆ
ien
y. Let A be a nondegen-erate 
ontra
tion-
losed graded �-subalgebra of T .Consider again the elements of V 
 V � as elements of End(V ), or as the
orresponding n� n matri
es. Then A11 is a subalgebra of End(V ), sin
e ify; z 2 A11 then the matrix produ
t yz belongs to A11, as it is a 
ontra
tion ofy 
 z. We �rst show:(13) I 2 A.As A11 is a �nite-dimensional C�-algebra, it 
ontains an identity element e.In order to prove that e = I, it suÆ
es to show that A11 is nondegenerateas an operator algebra, that is, that A11V = V , sin
e then ev = v for ea
hv 2 V , as v = av = eav = ev for some a 2 A11.De�ne W := A11V . Then for (13) it suÆ
es to show:(14) A � T (W )
 T (W �);sin
e it implies W = V as A is nondegenerate.To prove (14), we 
an assume that W \ fe1; : : : ; eng is a basis of W , sayit is fe1; : : : ; emg. Express any x 2 Akl in the basis (5). If x 62W
k 
W �
l,then we may assume (by the fa
t that A = A�) that x uses a basis element(5) with it > m for some t 2 f1; : : : ; kg; say it = m + 1. Then there is a
ontra
tion of x
 x� to an element y of A11 whi
h uses em+1
 e�m+1. Hen
eA11em+1 uses em+1, 
ontradi
ting the fa
t that A11em+1 2W .This proves (14), and hen
e (13). It implies:(15) TU(n) � A:Indeed, the First Fundamental Theorem for U(n) (
f. [4℄) states that, forea
h k; l 2 N , if k 6= l then (T kl )U(n) is equal to f0g, and if k = l then it isspanned by all mutations of I
k. By (12), A 
ontains all mutations of I
k,hen
e (T kl )U(n) � A, and we have (15).
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De�ne G := U(n)A. To prove the theorem, it suÆ
es to show A = TG,where A � TG is dire
t.Let X := U(n)=G be the set of right 
osets of G, with the quotienttopology. As U(n) is 
ompa
t, X is 
ompa
t. For a 2 A and b 2 T , de�nea 
ontinuous fun
tion �a;b : X ! C by(16) �a;b(GU) := haU ; bifor U 2 U(n). This is well-de�ned, sin
e if GU 0 = GU , then U 0U�1 2 G,hen
e aU 0U�1 = a, and therefore aU 0 = aU .Let F be the linear spa
e spanned by the fun
tions �a;b with a 2 A andb 2 T . So F is in fa
t spanned by those �a;b with a 2 Akl and b 2 T kl forsome k; l. We show(17) F = C(X)(with respe
t to the sup-norm topology on C(X)), using the Stone-Weierstrasstheorem (
f. for instan
e [1℄ Corollary 18.10). To this end, we 
he
k the 
on-ditions of the Stone-Weierstrass theorem.First, F is a subalgebra of C(X) (with respe
t to pointwise multipli
a-tion). For let a; b 2 T kl and a0; b0 2 T k0l0 with a; a0 2 A. Then for ea
hU 2 U(n):(18) �a;b(GU)�a0;b0(GU) = �a
a0;b
b0(GU):So �a;b�a0;b0 = �a
a0;b
b0 . Moreover, F is self-
onjugate: if � 2 F , also � 2 F(as �a;b = �a�;b� , by (6) and (7)).Finally, F is strongly separating. Indeed, for U;U 0 2 U(n) with GU 6=GU 0 there exists a 2 A with aU 0U�1 6= a (as U 0U�1 62 G). So aU 0 6= aU , andtherefore haU 0 ; bi 6= haU ; bi for some b 2 T . Hen
e �a;b(GU 0) 6= �a;b(GU). IfU 2 U(n), let a be a nonzero element in A (for instan
e, a = I | here weuse n � 1). Then haU ; bi 6= 0 for some b 2 T , hen
e �a;b(GU) 6= 0. Thisproves (17).Now suppose that TG 6� A. So there exist k; l su
h that (T kl )G 6� Akl .Hen
e there exists a nonzero z 2 (T kl )G orthogonal to Akl . As z is nonzeroand hzU ; zi = hz; zUi,
(19) ZU(n)hzU ; zihz; zUid�(U) > 0;
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where � is a U(n)-invariant Haar measure on U(n).The fun
tion  : X ! C de�ned by  (GU) := hzU ; zi for U 2 U(n)is 
ontinuous (and well-de�ned, as if GU 0 = GU , then U 0U�1 2 G, hen
ezU 0U�1 = z (as z 2 TG), therefore zU 0 = zU ). So by (17), F 
ontainsfun
tions arbitrarily 
lose to  (in the sup-norm topology). With (19) thisimplies that there exist k0; l0 and a 2 Ak0l0 and b 2 T k0l0 su
h that
(20) ZU(n) �a;b(GU)hz; zUid�(U) > 0:
Hen
e, by de�nition of �a;b, and using (8),
(21) 0 6= ZU(n)haU ; bihz; zUid�(U) = ZU(n)ha; bU�ihzU�; zid�(U) =ZU(n)ha; bU ihzU ; zid�(U) = *ZU(n)ha; bU izUd�(U); z+ :We will show that however(22) ZU(n)ha; bU izUd�(U) 2 A;whi
h implies that (21) gives a 
ontradi
tion, as z is orthogonal to A.To show (22), note that (as observed above) ha; bU i 
an be obtained byan appropriate series of k0 + l0 
ontra
tions from a
 (bU )� (this last tensorbelongs to T k0+l0k0+l0 ). Hen
e(23) ha; bU izU = C(a
 (bU )� 
 zU );where C : T k0+l0+kk0+l0+l ! T kl 
onsists of a series of k0 + l0 
ontra
tions. De�ne
(24) w := ZU(n)((bU )� 
 zU )d�(U):
Then w belongs to TU(n) (as (bU )� = (b�)U by (7)), and hen
e, by (15), toA. Therefore,
(25) ZU(n)ha; bU izUd�(U) = ZU(n)C(a
 (bU )�
zU )d�(U) = C(a
w)
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belongs to A, as a;w 2 A and as A is 
ontra
tion-
losed. This proves (22),and hen
e the theorem.
4 A Galois 
orresponden
e and other 
orollariesWe formulate a few 
onsequen
es of Theorem 1. The �rst 
onsequen
e isimpli
it in the proof of Theorem 1, but it is 
onvenient to state it expli
itly.Corollary 1a. Let A be a nondegenerate 
ontra
tion-
losed graded �-subalgebraof T . Then(26) TU(n)A = A:
Proof. Here � is dire
t, while � follows from the fa
t that if A = TG forsome �-subgroup G, then G � U(n)A, hen
e TU(n)A � TG � A.For any G � GL(n; C ), let G be the Zariski 
losure of G.Corollary 1b. For any �-subgroup G of GL(n; C ):(27) GL(n; C )TG = G:
Proof. Set A := TG. Then A is a nondegenerate 
ontra
tion-
losed graded�-subalgebra of T . So by (26), TU(n)A = A = TG.Now, for any two groups G;H � GL(n; C ), TG = TH implies G = H(
f. [6℄ or [10℄). Hen
e(28) G = U(n)A = GL(n; C )A \ U(n) = GL(n; C )A :The latter equality follows from the fa
t that for any Zariski-
losed �-subgroup H of GL(n; C ) one has H \ U(n) = H. Now (28) gives (27).
Theorem 1 and Corollary 1b imply that the relation G $ TG gives a one-to-one 
orresponden
e between the latti
e of linear algebrai
 �-subgroupsG of GL(n; C ) and the latti
e of nondegenerate 
ontra
tion-
losed graded�-subalgebras of T . It is a Galois 
orresponden
e: it reverses in
lusion.
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The following 
orollary is useful in deriving First Fundamental Theorems(as we do in Se
tion 5).Corollary 1
. Let S � T and let G be a �-subgroup of GL(n; C ) withU(n)S � G � GL(n; C )S . Then TG is equal to the smallest 
ontra
tion-
losed graded �-subalgebra of T 
ontaining S [ fIg.Proof. Let A be the smallest 
ontra
tion-
losed graded �-subalgebra ofT 
ontaining S [ fIg. So A 
onsists of those elements of T obtainablefrom S [ S� [ fIg by a series of linear 
ombinations, tensor produ
ts, and
ontra
tions. Hen
e U(n)S = U(n)A =: H. Now TG is a 
ontra
tion-
losedgraded �-subalgebra 
ontaining S [ fIg (TG is a �-subalgebra as G is a�-subgroup). So A � TG. As G � H this implies(29) A � TG � TH = A;by Corollary 1a. (A is nondegenerate as I 2 A.) Therefore, we have equalitythroughout in (29), whi
h proves the 
orollary.In
identally, this 
orollary implies that ea
h 
ontra
tion-
losed graded �-subalgebra A of T is �nitely generated as a 
ontra
tion-
losed algebra. Thatis, there is a �nite subset S of A su
h that ea
h element of A 
an be obtainedfrom S by a series of linear 
ombinations, tensor produ
ts, and 
ontra
tions:Corollary 1d. Ea
h 
ontra
tion-
losed graded �-subalgebra A of T is �nitelygenerated as a 
ontra
tion-
losed algebra.Proof. We may assume that A is nondegenerate. Let G := U(n)A, and forea
h z 2 A, let Gz := U(n)fzg. So G = Tz2AGz. As ea
h Gz is determinedby polynomial equations, by Hilbert's �nite basis theorem we know thatG = Tz2S Gz for some �nite subset S of A. So G = U(n)S. Hen
e
(30) A = TG = TU(n)S :We 
an assume that S� = S (otherwise add S� to S). Therefore, by Corol-lary 1
, A is the smallest 
ontra
tion-
losed graded subalgebra of T 
ontain-ing S [ fIg.
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5 Appli
ations to FFT'sWe now apply Theorem 1 (more pre
isely, Corollary 1
) to derive a FirstFundamental Theorem (FFT) in the sense of Weyl [12℄ for a number ofsubgroups of GL(n; C ). The following lemma, whi
h is straightforward toprove, will turn out to be useful. (An element z of T is homogeneous ifz 2 T kl for some k; l 2 N .)Lemma 1. Let S � T be a set of homogeneous elements and let A bethe linear spa
e spanned by all mutations of tensor produ
ts of elements ofS [ fIg. Then A is a graded subalgebra of T , and A is 
ontra
tion-
losed ifea
h 
ontra
tion of any element of S and of the tensor produ
t of any twoelements of S belongs to A.Proof. Easy. Note that any 
ontra
tion of z 
 I is equal to z0 
 I for some
ontra
tion z0 of z, or is n � z, or is a mutation of z. Similarly for I 
 z.FFT for SL(n; C ) = fU 2 GL(n; C ) j detU = 1g (the spe
ial linear group).De�ne det 2 V �
n by(31) det := X�2Sn sgn(�)e��(1) 
 � � � 
 e��(n):
(We 
an 
onsider det as element of (V 
n)�, and then det(x1 
 � � � 
 xn) isequal to the usual determinant of the matrix with 
olumns x1; : : : ; xn.)One straighforwardly 
he
ks that detU = det(U) � det for any U 2GL(n; C ). So GL(n; C )fdetg = SL(n; C ). Hen
e by Corollary 1
, T SL(n;C )is equal to the smallest 
ontra
tion-
losed subalgebra of T 
ontaining det,det�, and I. Lemma 1 then implies that T SL(n;C ) is equal to the linear spa
eA spanned by all mutations of tensor produ
ts of det, det�, and I.Indeed, set S := fdet;det�g. As det and det� have only 
ovariant oronly 
ontravariant fa
tors, they 
annot be 
ontra
ted. Moreover, det
det�is a linear 
ombination of mutations of I
n, as it belongs to TGL(n;C ) (sin
edetU = det(U) � det and (det�)U = det(U)�1 � det�). So any 
ontra
tion ofdet
det� belongs to A.FFT for SLk(n; C ) = fU 2 GL(n; C ) j detUk = 1g. The proof s
heme isthe same as for the FFT for SL(n; C ) above. Sin
e (det
k)U = (detU)k �det
k, we know GL(n; C )fdet
kg = SLk(n; C ). So by Corollary 1
, T SLk(n;C )is equal to the smallest 
ontra
tion-
losed subalgebra of T 
ontaining det
k,
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det�
k, and I. With Lemma 1 applied to S := fdet
k;det�
kg, this againgives that T SLk(n;C ) is spanned by mutations of tensor produ
ts of det
k,det�
k, and I.FFT for Sn(C ) = set of matri
es in GL(n; C ) with pre
isely one nonzeroin ea
h 
olumn (hen
e also in ea
h row). For ea
h k, let
(32) jk := nXi=1(ei 
 e�i )
k
and de�ne(33) J := fjk j k � 1g:Then GL(n; C )fj2g = Sn(C ). Indeed, let U = (ui;j) satisfy jU2 = j2. Choosea 
olumn index t and row indi
es k 6= l. Then, as hei 
 ei; ek 
 eli = 0 forea
h i, we have
(34) 0 = nXi=1hei 
 ei 
 e�i 
 e�i ; ek 
 el 
 e�U��1t 
 e�U��1t i =nXi=1heUi 
 eUi 
 e�Ui 
 e�Ui ; ek 
 el 
 e�U��1t 
 e�U��1t i =nXi=1 uk;iul;iÆi;t = uk;tul;t:
So U 2 Sn(C ). The reverse impli
ation follows more dire
tly.Consequently, TSn(C ) is the smallest 
ontra
tion-
losed graded subalge-bra of T 
ontaining j2 and I (= j1). Now the 
ontra
tions of tensor powersof j2 are pre
isely the mutations of tensor produ
ts of elements of J . Hen
eGL(n; C )J = Sn(C ), and by taking S := J in Lemma 1 it follows that TSn(C )is spanned by mutations of tensor produ
ts of elements of J .FFT for Sp(n; C ) = set of matri
es U 2 GL(n; C ) with UPUT = P , where
(35) P = � 0 Im�Im 0 � ;for m := 12n (assuming n to be even) (the symple
ti
 group). Here Im

11



denotes the m�m identity matrix. De�ne
(36) p := mXi=1(ei 
 em+i � em+i 
 ei):
Then GL(n; C )fpg = Sp(n; C ) (by de�nition of Sp(n; C )). Any 
ontra
tionof p
 p� is equal to �I. Hen
e T Sp(n;C ) is spanned by mutations of tensorprodu
ts of p, p�, and I.FFT for O(n; C ) = fU 2 GL(n; C ) j UUT = Ig (the orthogonal group).De�ne
(37) f := nXi=1 ei 
 ei:
Then GL(n; C )ffg = O(n; C ). So TO(n;C ) is equal to the smallest 
ontra
tion-
losed algebra 
ontaining f , f�, and I. Taking S := ff; f�g in Lemma 1, andobserving that any 
ontra
tion of f 
 f� is equal to I, we see that TO(n;C )is spanned by mutations of tensor produ
ts of f , f�, and I.Note that this implies that T (V )O(n;C ) is spanned by mutations of tensorpowers of f . Sin
e O(n; C ) \ U(n) = O(n; R ) (the real orthogonal group),we have as in Corollary 1
 TO(n;R) = TO(n;C ) .In des
ribing the FFT for subgroups of O(n; C ), it is 
onvenient to in-trodu
e the 
on
ept of a `
ip'. A 
ip of an element z 2 T kl is obtainedby applying the C -linear transformation ei 7! e�i (i = 1; : : : ; n) to some (ornone) of the 
ontravariant fa
tors of z, and the reverse transformation tosome (or none) of the 
ovariant fa
tors of z. (So z is also 
ip of itself.)Then f and f� are 
ips of I. Hen
e another way of stating the FFT forO(n; C ) is that TO(n;C ) is spanned by mutations of tensor produ
ts of 
ipsof I. Note that for any G � GL(n; C ),(38) G � O(n; C ) () TG is invariant under taking 
ips,sin
e G � O(n; C ) () f 2 TG. We 
an also formulate a lemma analogousto Lemma 1:Lemma 2. Let S � T be a set of homogeneous elements and let A be thelinear spa
e spanned by all mutations of tensor produ
ts of 
ips of elements
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of S[fIg. Then A is a graded �-subalgebra of T , and A is 
ontra
tion-
losedif ea
h 
ontra
tion of any 
ip of any element of S and of the tensor produ
tof 
ips of any two elements of S belongs to A.Proof. Here note that any 
ontra
tion of z 
 g where g is a 
ip of I, isequal to z0 
 g for some 
ontra
tion z0 of z, or is n � z, or is a mutation of a
ip of z. Similarly for g 
 z.FFT for SO(n; C ) = O(n; C ) \ SL(n; C ) (the spe
ial orthogonal group).Now GL(n; C )ff;detg = SO(n; C ) (as it is the interse
tion of O(n; C ) andSL(n; C )). So by Corollary 1
, T SO(n;C ) is equal to the smallest 
ontra
tion-
losed �-algebra 
ontaining f , det, and I. Taking S := fdetg in Lemma 2,we see that T SO(n;C ) is spanned by mutations of tensor produ
ts of 
ips ofdet and I.FFT for Sn = set of n � n permutation matri
es (the symmetri
 group).For ea
h k, let
(39) hk := nXi=1 e
kiand de�ne(40) H := fhk j k � 1g:Then GL(n; C )H = Sn. Hen
e (again with Corollary 1
 and Lemma 2,taking S := H) TSn is equal to the linear spa
e A spanned by mutations oftensor produ
ts of 
ips of elements of H. (Any 
ontra
tion of a 
ip of hk orof hk 
 hl belongs to A.)A se
ond (but now �nite), and more familiar, set of spanning tensors
an be derived from it. For ea
h k, de�ne(41) gk := Xi1;:::;ik ei1 
 � � � 
 eik ;
where the sum ranges over all distin
t i1; : : : ; ik 2 f1; : : : ; ng. (So gk = 0 ifk > n.) Then(42) gk = Xf :f1;:::;kg!f1;:::;ng X�2SkfÆ�=f sgn(�)ef(1) 
 � � � 
 ef(k) =
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X�2Sk sgn(�) Xf :f1;:::;kg!f1;:::;ngfÆ�=f ef(1) 
 � � � 
 ef(k):
Now, in the last expression, for ea
h �xed � 2 Sk, the inner sum is amutation of hi1 
 � � � 
 hit , where i1; : : : ; it are the orbit sizes of �. So gkbelongs to TSn .Moreover, hk itself o

urs when � has pre
isely one orbit. As this holdsfor ea
h k, it follows indu
tively that ea
h hk is spanned by mutations oftensor produ
ts of g0; : : : ; gk. This gives(43) TSn = [linear spa
e spanned by mutations of tensor produ
ts of
ips of h1; h2; : : :℄ � [linear spa
e spanned by mutations oftensor produ
ts of 
ips of g0; : : : ; gn℄ � TSn .Hen
e we have equality throughout.FFT for S�n = O(n; C )\Sn(C ) (so ea
h nonzero entry of any matrix in S�nis �1). Let(44) H 0 := fhk j k even, k � 2g.Then GL(n; C )H0 = S�n . Hen
e (as in the previous example) TS�n is spannedby mutations of tensor produ
ts of 
ips of elements of H 0.As above, one may show that equivalently TS�n is spanned by mutationsof tensor produ
ts of 
ips of(45) Xi1;:::;ik e
2i1 
 � � � 
 e
2ik
(for k = 1; : : : ; n), where the sum ranges over all distin
t i1; : : : ; ik 2f1; : : : ; ng.FFT for An = Sn \ SO(n; C ) (the alternating group). Let H be as in(40). Then GL(n; C )H[fdetg = An. Hen
e TAn is equal to the linear spa
espanned by mutations of tensor produ
ts of 
ips of elements of H and ofelements(46) X�2Sn sgn(�)e
k1�(1) 
 � � � 
 e
kn�(n);
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ranging over all k1; : : : ; kn � 0. (To apply Lemma 2, take S equal to Hjoined with all elements (46), and 
he
k that any 
ontra
tion of any 
ip ofelement of S or produ
t of two elements of S belongs to A.)FFT for A�n = S�n \SO(n; C ). LetH 0 be as in (44). Then GL(n; C )H0[fdetg =A�n . As in the previous example, TA�n is spanned by mutations of tensorprodu
ts of 
ips of elements of H 0 and of elements (46), ranging over all oddk1; : : : ; kn � 1.The examples of FFT's for subgroups of the orthogonal group 
an infa
t also be derived from the following 
onsequen
e of Theorem 1. Let Vbe an n-dimensional real inner produ
t spa
e. For 1 � i < j � k, letCki;j : V 
k ! V 
k�2 be the operator 
ontra
ting the ith and jth fa
tor inV 
k. (So Cki;j(a
 b
 

 d
 e) = hb; di(a
 

 e) for a 2 V 
i�1, b; d 2 V ,
 2 V 
j�i�1, e 2 V 
k�j, where h:; :i is the inner produ
t.) Call A � T (V )
ontra
tion-
losed if Cki;j(A \ V 
k) � A for all k and 1 � i < j � k. Call Anondegenerate if A is not a subset of T (W ) for some proper subspa
e W ofV .Corollary 1e. Let n � 1 and A � T (V ). Then there is a subgroup G ofO(n; R ) with A = T (V )G if and only if A is a nondegenerate 
ontra
tion-
losed graded subalgebra of T (V ).Proof. This follows by applying Theorem 1 to the set of all 
ips of elementsof A+ iiA, seen as subset of T (V + iiV )
T ((V + iiV )�). Here we need thatA is 
losed under mutations, whi
h follows (
f. (12)) from the fa
t that theidentity matrix I in V 
2 belongs to A. This 
an be derived similarly as(13) from the nondegenera
y of A and from the fa
t if M 2 A \ V 
2 thenMTM 2 A \ V 
2, as MTM = C41;3(M 
M).
6 Appli
ation to self-dual 
odesThe results above also apply to the study of weight enumerators of self-dual
odes, as initiated by Gleason [3℄ (
f. Ma
Williams and Sloane [7℄ Chapter19 for ba
kground). To give the idea, we just des
ribe the most elementaryappli
ation.Let F be a �nite �eld, with q elements. For k; l � 0 and C � Fk � F l ,de�ne C? by(47) C? := f(z; w) 2 Fk 
 F l j zTx = wT y for ea
h (x; y) 2 Cg.15



Here zTx := Pki=1 zixi, taking addition and multipli
ation in the �eld F ;wT y is de�ned similarly. Call C self-dual if C? = C. In that 
ase, C is alinear subspa
e of Fk � F l .Let V := C q , and en
ode the 
oordinates of C q by the elements of F .For k; l � 0 and C � Fk � F l , de�ne the following tensor �C in V 
k 
 V �
l:
(48) �C := X(x;y)2C kOi=1 exi 
 lOj=1 e�yj :Let A be the linear spa
e spanned by all �C , taken over all k; l and all self-dual 
odes C � Fk � F l . Then one easily 
he
ks that A is a nondegenerate
ontra
tion-
losed graded �-subalgebra of T = T (V ) 
 T (V �). Hen
e, byTheorem 1, A = TG for some subgroup G of U(q).This applies to self-dual 
odes, as follows. Let � : T (V )! R [xi j i 2 F ℄ bethe symmetrization operator (bringing ei to xi). Set wC := �(�C), the weightenumerator of C. So �(A\T (V )) is spanned by the weight enumerators of allself-dual 
odes over F . Moreover, �(A \ T (V )) = R [xi j i 2 F ℄G . Hen
e, theweight enumerators of the self-dual 
odes over F span an invariant subringof R [xi j i 2 F ℄.We illustrate the use of this with the very simple 
ase F = f0; 1g. Let Jbe the trivial 
ode f(0; 0); (1; 1)g and let H be the [8; 4; 4℄ Hamming 
ode.Then wJ = x20 + x21 and wH = x80 + 14x40x41 + x81. One may 
he
k thatthe group G of unitary matri
es U with (wJ)U = wJ and (wH)U = wH isgenerated by � 1 00 �1 � and 2� 12 � 1 11 �1 �. Moreover, for ea
h self-dual
ode C we have �UC = �C for ea
h U 2 G. So A as de�ned above is equal tothe smallest 
ontra
tion-
losed graded �-subalgebra of T = T (V ) 
 T (V �)that 
ontains �J and �H . It implies that A is equal to the smallest gradedsubalgebra of T 
ontaining I, �H , and ��H . Therefore, we obtain the resultof Gleason [3℄ that the G-invariant subring of R [x0 ; x1℄ is spanned by theweight enumerators of self-dual 
odes, and is generated by wJ and wH .One may next apply Molien's theorem to derive that wH and wJ arealgebrai
ally independent. Conversely, the algebrai
 independen
e of wHand wJ gives Molien's theorem for this invariant ring.A generalization is obtained as follows. Consider again a �nite �eld Fand moreover some m 2 N . Now let A be the linear spa
e spanned byall �C , taken over all k; l and those self-dual 
odes C � Fk � F l for whi
hweight(x) � weight(y) is a multiple of m for ea
h (x; y) 2 C. Here theweight weight(x) of x is the number of nonzero 
omponents of x. Then A is
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a nondegenerate 
ontra
tion-
losed graded �-subalgebra of T , hen
e A = TGfor some subgroup G of U(q) (for q := jF j). Similarly to above, it yields forinstan
e the 
hara
terization of Gleason [3℄ of the weight enumerators ofeven self-dual binary 
odes. Here even means that the weight of ea
h wordis a multiple of 4.
7 Appli
ation to 
ombinatorial parametersWe �nally des
ribe an appli
ation of Theorem 1 to 
ombinatorial parame-ters. This appli
ation was in fa
t our main motivation to prove Theorem 1.We sket
h a simple spe
ial 
ase of this appli
ation, whi
h 
ase is a variant ofa theorem of Freedman, Lov�asz, and S
hrijver [2℄. The method is inspiredby Szegedy [11℄. Full proofs and more general appli
ations are given in [9℄.Let G be the 
olle
tion of (undire
ted) graphs (loops and multiple edgesallowed). A (real-valued) graph parameter is a fun
tion f : G ! R su
h thatif G and H are isomorphi
 graphs then f(G) = f(H).For any n 2 N and any symmetri
 matrix M 2 R n�n , de�ne a graphparameter fM : G ! R by(49) fM (G) := X�:V G![n℄ Yuv2EGM�(u);�(v)
for G 2 G. Here V G and EG denote the vertex and edge set of G, respe
-tively, and [n℄ := f1; : : : ; ng. By uv we denote an edge 
onne
ting u andv. We 
hara
terize for whi
h graph parameters f : G ! R there is an n 2 Nand a symmetri
 matrix M 2 R n�n with f = fM . To this end, de�ne ak-labeled graph to be a pair (G;�) of a graph G and a fun
tion � : [k℄! V G(not ne
essarily inje
tive). Let Gk be the 
olle
tion of k-labeled graphs.For two k-labeled graphs (G;�) and (G0; �0), let (G;�) � (G0; �0) be thegraph obtained by making the disjoint union of G and G0 and identifying�(i) and �0(i) for i = 1; : : : ; k. (Sin
e � and �0 need not be inje
tive, thismight mean repeated identi�
ation.)For any graph parameter f : G ! R and any k 2 N , de�ne a fun
tionNf;k : Gk � Gk ! R by(50) Nf;k((G;�); (G0; �0)) := f((G;�) � (G0; �0)):We 
an 
onsider Nf;k as a matrix. Call f re
e
tion positive if Nf;k is positive
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semide�nite. Call f multipli
ative if f(;) = 1 and f(G [ G0) = f(G)f(G0)for disjoint graphs G and G0. (Here ; is the graph with no verti
es.)Theorem 2. Let f : G ! R be a graph parameter. Then f = fM forsome n 2 N and some symmetri
 matrix M 2 R n�n if and only if f ismultipli
ative and re
e
tion positive.The full proof of Theorem 2 is too long to give here (see [9℄), but we willgive the point where Theorem 1 is used.Let n 2 N , and introdu
e variables xij for 1 � i � j � n. For any graphG, de�ne the polynomial pG in R [x11 ; x12; : : : ; xnn℄ by(51) pG(x11; x12; : : : ; xnn) := X�:V G![n℄ Yuv2EGx�(u)�(v):(Here xij = xji if i > j.) So fM (G) = pG(M) for any symmetri
 matrixM 2 R n�n .Consider the subalgebra R of R [x11 ; x12; : : : ; xnn℄ spanned by the poly-nomials pG. Set V := C n . An easy 
onstru
tion shows that R is the setof real symmetri
 tensors in A \ T (V ) for some nondegenerate 
ontra
tion-
losed graded �-subalgebra A of T (V ) 
 T (V �). Corollary 1e then impliesthat R = R [x11 ; x12; : : : ; xnn℄H for some subgroup H of O(n; R ).To obtain a real matrix M with pG(M) = f(G) for ea
h graph G, theproof uses the Positivstellensatz. The existen
e of the group H enables toproje
t the polynomials that arise in the Positivstellensatz, onto R, by whi
hthe suÆ
ien
y in Theorem 2 follows. (A sharpening of the theorem 
an beobtained by using the theorem of Pro
esi and S
hwarz [8℄.)While in the graph 
ase the group H above 
an in fa
t be des
ribed quitedire
tly, similar theorems for more general 
ombinatorial stru
tures 
an bederived where the 
orresponding group is not expli
itly known | see [9℄.Note. Harm Derksen generalized Theorem 1 by giving a 
orresponden
e be-tween redu
tive subgroups of GL(V ) and nondegenerate 
ontra
tion-
losedgraded subalgebras of T 
ontaining the identity matrix I. In this 
ase, `non-degenerate' means that the natural C -bilinear form on T is nondegenerateon the subalgebra.A
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