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1. Introdu
tionIn a re
ent paper, Bal�azs Szegedy [8℄ 
hara
terized the `edge model' of graph parameters.His proof is based on a highly original 
ombination of methods from invariant theory andreal algebrai
 geometry.In this paper we widen s
ope of appli
ations of Szegedy's method by using a re
enttheorem in [7℄ that 
hara
terizes those tensor subalgebras that arise as invariant ring of thea
tion of some subgroup of the unitary group on the full tensor algebra.Our key result is Theorem 1. It 
on
erns a 
ontra
tion-
losed graded �-subalgebra A ofthe mixed tensor algebra T , and it gives ne
essary and suÆ
ient 
onditions for an algebra�-homomorphism f : A! R to be extendible to T ! R . The majority of the results beforeare preparations to prove this theorem, and most of the results after are appli
ations of itto 
ombinatorial parameters.In this paper, we use the notation(1) [n℄ := f1; : : : ; ngfor any n 2 N . Moreover, N = f0; 1; 2; : : :g.
2. Extending algebra homomorphismsWe prove a theorem on tensors. We �rst re
all some standard notions of tensor theory.Let V be a (�nite- or in�nite-dimensional) real inner produ
t spa
e. Denote
(2) T := T (V ) := 1Mk=0 V 
k.
This is the tensor algebra over V (
f. [3℄).We denote, for k � 0 and A � T ,(3) Ak := A \ V 
k.A subalgebra A of T is graded if A =Lk Ak.For any k 2 N and � 2 Sk, let x 7! x� be the linear fun
tion Tk ! Tk determined by1CWI and University of Amsterdam. Mailing address: CWI, Kruislaan 413, 1098 SJ Amsterdam, TheNetherlands. Email: lex�
wi.nl.
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(4) (x1 
 � � � 
 xk)� = x�(1) 
 � � � 
 x�(k)for x1; : : : ; xk 2 V . A graded subalgebra A is 
alled symmetri
 if x� 2 A for all k 2 N ,x 2 Ak, and � 2 Sk. If A is symmetri
, a fun
tion f : A ! R is 
alled symmetri
 iff(x�) = f(x) for all su
h k; x; �. Note that ea
h algebra homomorphism f : T ! R issymmetri
.Let k 2 N and 1 � i < j � k. The 
ontra
tion operator Ci;j : Ak ! Ak�2 is the linearoperator determined by(5) Ci;j(x1 
 � � � 
 xk) = hxi; xjix1 
 � � � bxi � � � bxj � � � 
 xk;for x1; : : : ; xk 2 V . (As usual, bxi means that fa
tor xi is left out from the tensor produ
t.)A graded subalgebra is 
ontra
tion-
losed if it is 
losed under the 
ontra
tion operators.A subalgebra A is nondegenerate if there is no proper subspa
eW of V su
h that A � T (W ).It was proved in [7℄ that, if V is n-dimensional, then the nondegenerate 
ontra
tion-
losed graded subalgebras of T (V ) are pre
isely the sets that are the invariant ring of somesubgroup of the orthogonal group O(n). This is a basis in our proof. This result impliesthat ea
h 
ontra
tion-
losed graded subalgebra of T is symmetri
.We de�ne a bilinear fun
tion (:; :) : T � T ! T by
(6) (y; z) := kXi=1 lXj=1Ci;k+j(y 
 z);
for k; l 2 N and y 2 Tk, z 2 Tl.Theorem 1. Let V be a (�nite- or in�nite-dimensional) real inner produ
t spa
e. Let Abe a 
ontra
tion-
losed graded subalgebra of T := T (V ) and let f : A ! R be an algebrahomomorphism. Then f 
an be extended to an algebra homomorphism T ! R if and onlyif f is symmetri
 and f((x; x)) � 0 for ea
h x 2 A.Proof. Ne
essity follows dire
tly from the fa
t that any algebra homomorphism f : T ! Ris symmetri
 and satis�es f((x; x)) � 0 for ea
h x 2 T . We prove suÆ
ien
y.I. We �rst assume that V is �nite-dimensional, say V = R n , and that A is nondegenerate.Then, by [7℄, A = TG for some 
ompa
t subgroup G of the orthogonal group O(n).Here, for any U 2 GL(n; R ), the fun
tion x 7! xU is the unique algebra homomorphismT ! T satisfying xU = Ux for x 2 V . Then for any subgroup G of GL(n; R ):(7) TG := fx 2 T j xU = x for ea
h U 2 Gg:Let � : T ! T be the linear fun
tion determined by(8) �(z) := k!�1 X�2Sk z�

2



for k 2 N and z 2 Tk. Sin
e f is symmetri
, we know f Æ � = f .Introdu
e variables x1; : : : ; xn. We 
an identify the set �(T ) of all symmetri
 tensors withthe polynomial algebra R [x1 ; : : : ; xn℄, by identifying ef(1) 
 � � � 
 ef(k) with the monomialxf(1) � � �xf(k), for all k and all f : [k℄! [n℄.Using this identi�
ation, the produ
t pq of polynomials p; q 2 R [x1 ; : : : ; xn℄ satis�espq = �(p
 q). Then(9) �(TG) = R [x1 ; : : : ; xn℄G =: R:Also, f(pq) = f(p)f(q) for all p; q 2 R, sin
e f(pq) = f(�(p
 q)) = f(p
 q) = f(p)f(q).Moreover, we have that for any
(10) �((y; z)) = nXt=1 d�(y)dxi d�(z)dxi :So by the theorem of Pro
esi and S
hwarz [6℄, f jR 
an be extended to an algebra homo-morphism R [x1 ; : : : ; xn℄ ! R . Then f Æ � gives the required algebra homomorphism onT .II. We now 
onsider the general 
ase where V is not ne
essarily �nite-dimensional. Thefollowing is easy but useful (where C1;2 : X 
X 
 Y ! Y is given by C1;2(x0 
 x00 
 y) =hx; x00iy):Claim 1. Let X and Y be �nite-dimensional real spa
es, where X is an inner produ
tspa
e, and let a 2 X 
 Y . De�ne(11) Z := fC1;2(x
 a) j x 2 Xg:Then a 2 X 
 Z.Proof. Let m = dimZ. Let e1; : : : ; en form a basis of Y su
h that e1; : : : ; em form a basisof Z. We 
an write a = Pni=1 xi 
 ei for some x1; : : : ; xn 2 X. Suppose xj 6= 0 for somej > m. Then
(12) C1;2(xj 
 a) = nXi=1hxj ; xiieibelongs to Z. As hxj ; xji 6= 0, this 
ontradi
ts the 
ondition on e1; : : : ; en. �

We have to show that there exists h 2 V � su
h that for ea
h k 2 N and ea
h y 2 Ak:(13) f(y) = h
k(y);where the linear fun
tion h
k : Tk ! R is determined by
3



(14) h
k(x1 
 � � � 
 xk) := h(x1) � � �h(xk)for x1; : : : ; xk 2 V .For ea
h y 2 T2, let Cy be the 
olumn spa
e of y, 
onsidering y as matrix in End(V ).So(15) Cy := fyv j v 2 V g;where yv denotes the produ
t of matrix y and ve
tor v. Now for ea
h y; z 2 T2, we haveCy = CyyT and Cy + Cz = CyyT+zzT. Hen
e the union of the Cy over y 2 A2 is a subspa
eW of V . Then(16) A � T (W ):To see this, 
hoose y 2 Ak for some k. It suÆ
es to show by symmetry that(17) y 2 V 
k�1 
W:(This follows from the fa
t (
f. [3℄ Se
tion 1.14) that (X 0 
 Y ) \ (X 
 Y 0) = X 0 
 Y 0 forany linear spa
es X 0 � X and Y 0 � Y .)Let U be a �nite-dimensional subspa
e of V su
h that y 2 U
k. Now let X := V 
k�1and Y := U . By Claim 1, it suÆ
es to show that C1;2(w 
 y) 2 W for ea
h w 2 X. Butthis follows from the fa
t that C1;2(w
 y) belongs to the 
olumn spa
e of C1;2(y
 y) 2 A2.This proves (16).Sin
e any h 2 W � 
an be extended to ~h 2 V � su
h that h = ~hjW , (16) implies that we
an assume that W = V .Choose a (not ne
essarily orthonormal) basis B of V . Consider any b 2 B. By de�nitionof W , there exists a yb 2 A2 and vb 2 V su
h that b = ybvb. We 
an normalize b su
h thatf(ybyTb )vTb vb � 1.For any �nite subset B0 of B, de�ne(18) HB0 := fhjB j h 2 V �;�kh
k(y) = f(y) for ea
h y 2 A \ T (lin.hull(B0)) andjh(b)j � 1 for ea
h b 2 Bg.Then(19) HB0 6= ;:For let U be a �nite-dimensional subspa
e of V su
h that yb 2 U 
 U for ea
h b 2 B0 (thisimplies B0 � U). By part I of this proof, there exists an h 2 U� su
h that �nh
k(y) = f(y)for ea
h y 2 A \ T (U). Then for any b 2 B0, by Cau
hy-S
hwarz:
(20) jh(b)j = jh(ybvb)j �q(h
 h)(ybyTb )pv�bvb =qf(ybyTb )qvTb vb � 1:
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Therefore, de�ne ~h 2 V � by: ~h(b) := h(b) if b 2 B0 and ~h(b) := 0 if b 2 B n B0. Then~h 2 HB0 , proving (19).Sin
eHB0[B00 � HB0\HB00 , the interse
tion of any �nite number of setsHB0 is nonempty.Hen
e, as H; is 
ompa
t by Ty
hono�'s theorem, the interse
tion of all HB0 is nonempty.Any h in this interse
tion is as required by the theorem.
3. Stru
tured hypergraphsLet S be a (�nite or in�nite) 
olle
tion of �nite sets. For ea
h S 2 S, let �S be a group ofpermutations of S. Call fun
tions �;  de�ned on S equivalent if  = �Æ� for some � 2 �S.Let [�℄ denote the equivalen
e 
lass of �.Let V be a �nite set. A stru
tured subset of V (of type S) is an equivalen
e 
lass offun
tions � : S ! V for some S 2 S.A stru
tured hypergraph is a pair H = (V H;EH), where V H is a �nite set and EH isa �nite multiset of stru
tured subsets of V H. The elements of V H and EH are 
alled theverti
es and edges of H respe
tively. The set of edges in EH of type S is denoted by ESH.Let H be the 
olle
tion of isomorphism 
lasses of stru
tured hypergraphs. Then H isa semigroup, taking disjoint union as multipli
ation. A quantum stru
tured hypergraph isa formal R -linear 
ombination of stru
tured hypergraphs. The quantum stru
tured hyper-graphs then form the semigroup algebra QH of the semigroup H.Let H be a stru
tured hypergraph and let � and 	 be two distin
t edges of H of thesame type, S say. For any � 2 � and  2 	, letH�; be the stru
tured hypergraph obtainedfrom H by deleting edges � and 	 and identifying �(s) and  (s) for ea
h s 2 S. De�ne,for any �;	 2 EH, the quantum stru
tured hypergraph H�;jpsi by
(21) H�;	 := 8><>:j�j�1j	j�1

X�2�; 2	H�; if � and 	 are of the same type,0 otherwise.We denote(22) H�1;	1;:::;�k;	k := (� � � (H�1;	1) � � � )�k;	k :For any H;J 2 H and k 2 N , de�ne(23) �k(H;J) = X�1;:::;�k2EH	1;:::;	k2EJ (HJ)�1;	l;:::;�k;	k ;
where �1; : : : ;�k range over distin
t edges of H and 	1; : : : ;	k range over distin
t edgesof J . This 
an be extended to a bilinear form �k : QH�QH ! QH.Let n 2 N , and let a : SS [n℄S ! R be su
h that aj[n℄S is �S-invariant, for ea
h S 2 S.De�ne a fun
tion fa : QH ! R by
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(24) fa(H) = X�:V H![n℄ Y�2EH a�Æ�:Here a�Æ� is the 
ommon value of a(� Æ �) for � 2 �. (As a is �-invariant, a(� Æ �) isindependent of the 
hoi
e of � 2 �.)Let K0 and K1 be the hypergraphs with no edges and 0 and 1 vertex, respe
tively. We
all a 
olle
tion H of stru
tured hypergraphs 
losed if it 
ontains K0 is 
losed under takingdisjoint unions and under the operation H ! H�; for H 2 H and � 2 � 2 ESH and 2 	 2 ESH, for any S 2 S.We 
all a fun
tion f : H ! R multipli
ative if f(K0) = 1 and f(HJ) = f(H)f(J) forall H;J 2 H. We 
all f re
e
tion positive if f(�k(H;H)) � 0 for ea
h k 2 N and ea
hH 2 QH.For ea
h S 2 S, let DS be the stru
tured hypergraph with V DS = S and EDS :=f�S;�Sg.Theorem 2. Let H be a 
losed 
olle
tion of stru
tured hypergraphs 
ontaining K1 andDS for ea
h S 2 S. Let f : H ! R and n 2 N . Then f = fa for some �-invarianta : SS [n℄S ! R if and only if f(K1) = n and f is multipli
ative and re
e
tion positive.Proof. Let U denote the 
olle
tion of equivalen
e 
lasses of fun
tions in SS2S [n℄S. Forea
h u 2 U , introdu
e a varable xu. For ea
h H 2 H, de�ne pn(H) 2 R [xu j u 2 U ℄ by(25) pn(H) := X�:V H![n℄ Y�2EH x�Æ�:So fa(H) = pn(H)(a) (the evaluation of the polynomial pn(H) at a).We �rst observe that for any H 2 H and u1; : : : ; uk 2 U :
(26) ddu1 � � � dduk pn(H) = X�:V H![n℄ X�1;:::;�k2EH8i:�Æ�i=ui

Y�2EHnf�1;:::;�kgx�Æ�;where �1; : : : ;�k range over distin
t elements of EH. Moreover, for any H 2 H and distin
t�1;	1; : : : ;�k;	k 2 EH:
(27) pn(H�1;	1;:::;�k;	k) = X�:V H![n℄8i:�Æ�i=�Æ	i

 kYi=1 j� Æ �ij�1
! Y�2EHnf�1;	1;:::;�k;	kgx�Æ�:Indeed, we may assume that for ea
h i, �i;	i : Si ! V H for some Si 2 S. Now �x some�i 2 �i and  i 2 	i, for ea
h i. Then

(28) H�1;	1;:::;�k;	k =  kYi=1 j�Si j�1
! X�i2�SH�0Æ�;�00 ::::::
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Hen
e(29) pn(H�0;�00) = j�Sj�1 X�2�S pn(H�0Æ�;�00) =j�Sj�1 X�2�S X�:V H![n℄�Æ�0Æ�=�Æ�00
Y�2EHnf�0;�00gx�Æ� =

j�Sj�1 X�:V H![n℄ X�2�S�Æ�0Æ�=�Æ�00
Y�2EHnf�0;�00gx�Æ� =X�:V H![n℄�Æ�0=�Æ�00 j� Æ �0j�1

Y�2EHnf�0;�00gx�Æ�:
The latter follows from the fa
t that for ea
h � : V H ! [n℄, the number of � 2 �S with� Æ �0 Æ � = � Æ �00 is equal to j�Sjj� Æ �0j�1. This proves (27).It implies for any H;J 2 H:(30) pn(�k(H;J)) = X�1;:::;�k2EH	1;:::;	k2EJ pn((HJ)�1;	1;:::;�k;	k) =

X�1;:::;�k2EH	1;:::;	k2EJ
X�:V H![n℄�:V J![n℄8i:�Æ�i=�Æ	i

 kYi=1 j� Æ �ij�1
!0� Y�2EHnf�1;:::;�kgx�Æ�

1A0� Y	2EJnf	1;:::;	kgx�Æ	
1A =

Xu1;:::;uk2U
 kYi=1 juij�1

!� ddu1 � � � dduk pn(H)�� ddu1 � � � dduk pn(J)� :Now ne
essity in the theorem follows dire
tly. Trivially, fa is multipli
ative. Moreover,re
e
tion positivity of fa follows from (30), as fa(H) is the evaluation of the polynomialpn(H) at a.We next show suÆ
ien
y. We 
an trivially extend pn to an algebra homomorphismQH ! R [xu j u 2 U ℄. Next we 
an `pull ba
k' f :Claim 1. There is an algebra homomorphism f̂ : pn(QH)! R su
h that f = f̂ Æ pn.Proof. For this we must show that for any H 2 QH: if pn(H) = 0 then f(H) = 0. By (30),we know that for any H 2 QH:(31) if pn(H) = 0 then pn(�k(H;J)) = 0 for ea
h k 2 N and J 2 QH.For any H 2 H, with edges of types S1; : : : ; Sk say, ea
h monomial o

urring in pn(H) is aprodu
t(32) x[�1℄ � � �x[�k℄where �i 2 [n℄Si for i = 1; : : : ; k. So in proving that pn(H) = 0 implies f(H) = 0, we7




an assume that all hypergraphs o

urring in H have edges of the same series of types,S1; : : : ; Sk say. Now we prove pn(H) = 0 =) f(H) = 0 by indu
tion on k, the 
ase k = 0being trivial, as f(K1) = n = pn(1).As �k(H;H) has no edges, it is a linear 
ombination of hypergraphs with no edges, i.e.,of powers of K1. Sin
e f(K1) = n = pn(K1), it follows that(33) f(�k(H;H)) = pn(�k(H;H)) = 0;by (31), as pn(H) = 0. Hen
e, by the re
e
tion positivity of f , f(�k(H;J)) = 0 for ea
hJ 2 QH. Now de�ne
(34) J := kYi=1DSi :
Now the sum making �k(H;J) 
an be de
omposed a

ording to the set I of fa
tors DSi forwhi
h both edges are linked with H and the set L of fa
tors DSi for whi
h no edges arelinked with H (ne
essarily jIj = jLj). This gives(35) �k(H;J) = XI;L�[k℄I\L=;;jIj=jLj �I;LHI Yj2LDSj ;
where �I;L is a natural number, with �I;L 6= 0 if I = L = ;, and where(36) HI := �2jIj(H;Yi2I DSi):
So �0(H;K0) is a linear 
ombination of �k(H;J) and HIQj2LDSj with I; L nonemptydisjoint subsets of [k℄ with jIj = jLj. Note that �0(H;K0) = H. By re
e
tion positivity,f(�k(H;J)) = 0.Moreover, f(HI) = 0 for ea
h nonempty I. This follows by the indu
tion hypothesison k, sin
e ea
h stru
tured hypergraph o

uring in the quantum stru
tured hypergraph HIhas k � 2jIj < k edges, and sin
e pn(HI) = 0, by (31), as pn(H) = 0. So f(H) = 0. �

Let V be a linear spa
e spanned by the linearly independent ve
tors bu for u 2 U . LetT = T (V ). For ea
h H 2 H and for ea
h linear order �1; : : : ;�k of the edges of H, let�H;�1;:::;�k be the following tensor in V 
k:
(37) �H;�1;:::;�k := X�:V H![n℄ kOi=1 x�Æ�i :Let A be the linear spa
e spanned by these tensors. Then A is a 
ontra
tion-
losed gradedsubalgebra of T . Let � : T ! R [xu j u 2 U ℄ be the symmetrization operator. As f is
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re
e
tion positive, we know that f̂ Æ �((x; x)) � 0 for ea
h x 2 A.Hen
e by Theorem 1, f̂ Æ� 
an be extended to an algebra homomorphism T ! R . De�ne(38) a� := f̂(x[�℄)for ea
h � 2 ST [n℄T . This gives the required fun
tion a.We 
annot delete the 
ondition that ea
h DS belongs to H: Let S := f[2℄g and let�[2℄ := fid[2℄g. Let H be the 
olle
tion of stru
tured hypergraphs H su
h that V H is splitinto two sets U and W , su
h that ea
h � 2 � 2 EH has �(1) 2 U and su
h that for ea
hw 2 W there is pre
isely one � 2 EH su
h that �(2) = w for � 2 �. De�ne f(H) := 2jW j.Then f is multipli
ative and re
e
tion positive and f(K1) = 1, but there is no a : [1℄2 ! Rsu
h that f = fa.Let Ck and ~Ck be the undire
ted and dire
ted 
ir
uit, respe
tively, with k verti
es.Theorem 3. Let H be a 
losed 
olle
tion of stru
tured hypergraphs 
ontaining Ck for allk � 1, or ~Ck for all k � 1. Let f : H ! R be multipli
ative and re
e
tion positive. ThenK1 2 H and f(K1) is a nonnegative integer.Proof. First assume that H 
ontains Ck for all k. Then K1 2 H, as K1 = (C1)�; for some�;  . We prove that f(K1) is a nonnegative integer. Suppose not. Then there exists anm 2 N su
h that �f(K1)m � < 0.For ea
h � 2 Sm, let G� be the graph with vertex set [m℄ and edges fi; �(i)g fori = 1; : : : ;m. Then(39) X�;�2Sm sgn(�)sgn(�)G�G� =X�;�2Sm sgn(�)sgn(�) X�1;:::;�m2EG�	1;:::;	m2EG�
X�12�1;:::;�m2�m 12	1;:::; m2	m (G�G�)�1; 1;:::;�k; k =X�;�2Sm sgn(�)sgn(�) X�1;:::;�m2EG�	1;:::;	m2EG�
X�12�1;:::;�m2�m 12	1;:::; m2	m K�(�1; 1;:::;�k; k)1

for some �(�1;  1; : : : ; �m;  m) 2 N . Now for ea
h x 2 R one has(40) X�;�2Sm sgn(�)sgn(�) X�1;:::;�m2EG�	1;:::;	m2EG�
X�12�1;:::;�m2�m 12	1;:::; m2	m x�(�1; 1;:::;�k; k) = 
�xm�

for some positive 
onstant 
 (independent of x).To see this we 
an assume x 2 N (as both sides are polynomials). Then(41) X�;�2Sm sgn(�)sgn(�) X�1;:::;�m2EG�	1;:::;	m2EG�
X�12�1;:::;�m2�m 12	1;:::; m2	m x�(�1; 1;:::;�k; k) =
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X�;�2Sm sgn(�)sgn(�) X�1;:::;�m2EG�	1;:::;	m2EG�
X�12�1;:::;�m2�m 12	1;:::; m2	m jf� : [m℄! [x℄ j 8i 2 [m℄ and j 2

[2℄ : �(�i(j)) = �( i(j))gj =X�:[m℄![x℄ X�;�2Sm sgn(�)sgn(�) X�1;:::;�m2EG�	1;:::;	m2EG� jf(�1;  1; : : : ; �m;  k) 2�1 �	1 � � � � � �m �	m j 8i 2 [m℄ and j 2 [2℄ : �(�i(j)) = �( i(j))gj:Consider now some � : [m℄! [x℄ su
h that �(i) = �(j) for two distin
t i; j 2 [m℄. Let � bethe permutation (i; j). Then for � and � Æ �, the third summations have the same value,but sgn(� Æ�) = �sgn(�). So then the sum is 0. Hen
e we 
an restri
t ourselves to inje
tivefun
tions � : [m℄ ! [x℄. Then the sum is �xm�m! times the value for taking � : [m℄ ! [m℄being the identity. Then �i and  i 
an be restri
ted to those with �i =  i. Hen
e G� = G�.So (41) is equal to(42) �xm�m! X�;�2SmG�=G� sgn(�)sgn(�)m!2m = �xm�m!22mXG ( X�2SmG�=G sgn(�))2 = 
�xm�:
This proves (40).It follows with (39) that(43) 0 � f( X�;�2Sm sgn(�)sgn(�)G�G�) = 
�f(K1)m � < 0;
a 
ontradi
tion.The 
ase that ~Ck 2 H for all k is proved similarly.
4. HypergraphsWe now start with deriving more spe
i�
 
ombinatorial appli
ations of Theorems 2 and 3.A hypergraph is a pair H = (V H;EH), where V H is a �nite set and EH is a �nite multisetsof submultisets of V H. Let H denote the 
olle
tion of hypergraphs.Consider any n 2 N and any symmetri
 
 : St2N [n℄t ! R . De�ne a hypergraph param-eter f
 by(44) f
(H) := X�:V H![n℄ Ye2EH 
(�(e)):Here we take for �(e) the multiset f�(v) j v 2 eg, ordered arbitrarily. We 
hara
terize whi
hfun
tions f are equal to f
 for some 
.The disjoint union of hypergraphs H and H 0 is obtained by �rst making V H and V H 0disjoint (by renaming the verti
es) and then taking (V H[V H 0; EH[EH 0), where EH[EH 0is multiset union (taking multipli
ities into a

ount).For H1;H2 2 H and k 2 N , we make a multiset J kH1;H2 of hypergraphs as follows.
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Let H be the disjoint union of H1 and H2. For distin
t e1; : : : ; ek 2 EH1 and distin
tf1; : : : ; fk 2 EH2 su
h that jeij = jfij for i = 1; : : : ; k and for bije
tions �i : ei ! fi, letH(e1; f1; �1; : : : ; ek; fk; �k) be the hypergraph obtained from H by, for ea
h i = 1; : : : ; k,deleting ei and fi and for ea
h u 2 ei identifying u and �i(u). (This might mean repeatedidenti�
ation if e or f has multiple elements.) Then(45) J kH1;H2 := fH(e1; f1; �1; : : : ; ek; fk; �k) j distin
t e1; : : : ; ek 2 EH1, distin
t f1; : : : ; fk 2EH2, bije
tions �i : ei ! fig.De�ne the H�H matrix Mf;k by(46) (Mf;k)H1;H2 := XH2J kH1;H2 f(H)
for H1;H2 2 H.We also de�ne a matrix Nf;k. A k-labeled hypergraph is a pair (H;u) of a hypergraphH and an element u of V Hk. Let Hk be the 
olle
tion of k-labeled hypergraphs. For twok-labeled hypergraphs (H;u) and (J;w), the hypergraph (H;u) �(J;w) is obtained by takingthe disjoint union of H and J , and next identifying ui and wi, for i = 1; : : : ; k. Then Nf;kis the Hk �Hk matrix de�ned by(47) (Nf;k)(H;u);(J;w) := f((H;u) � (J;w))for (H;u); (J;w) 2 Hk.Call f : H ! R multipli
ative if f(K0) = 1 and f(H) = f(H1)f(H2) if H is the disjointunion of H1 and H2.Theorem 4. Let f : H ! R . Then the following are equivalent:(48) (i) f = f
 for some n 2 N and some symmetri
 fun
tion 
 : St2N [n℄t ! R ,(ii) f is multipli
ative and Mf;k is positive semide�nite for ea
h k 2 N ,(iii) f is multipli
ative and Nf;k is positive semide�nite for ea
h k 2 N .
Proof. The impli
ations (i)=)(iii)=)(ii) are dire
t. Note that H(e1; f1; �1; : : : ek; fk; �k)is a spe
ial 
ase of the K vertex identifying operation for K =Pki=1 jeij where jeij denotesthe 
ardinality of the hyperedge ei. So Mf;k is a sum of matri
es Nf;K whi
h is positivesemide�nite be
ause ea
h Nf;K is positive semide�nite.The impli
ation (ii)=)(i) follows from Theorems 2 and 3, by taking(49) S := f[m℄ j m 2 N gand setting �[m℄ to be the symmetri
 group on [m℄.We next 
onsider the uniqueness of 
. We note that the algebra A is equal to T (V )G

11



where G is the group of transformations of R [x1 ; : : : ; xd℄ permuting the variables. (SojGj = d!.)For any symmetri
 
 : St[n℄t ! R and any � 2 Sn, de�ne 
� : St[n℄t ! R by(50) 
�(�) := 
(� Æ �)for any � 2 St[d℄t.Theorem 5. Let 
; b : Sk[d℄k ! R be symmetri
 fun
tions. Then f
 = fb if and only ifb = 
� for some � 2 Sd.Proof. SuÆ
ien
y being dire
t, we show ne
essity. For ea
h t 2 N , let At be the 
ontra
tion-
losed tensor subalgebra spanned by the zP for partitions P of Xn for those n with ni � tfor all i. So(51) At � T (V t);where V t is the set of polynomials in R [x1 ; : : : ; xd℄ of total degree t. Let m := Pn�t dn.Then At = T (V t)Sd , where Sd a
ts on V by permuting variables.Sin
e f
 = fd, we know that for ea
h p 2 P[V t℄Sd one has p(
) = p(d). Hen
e bjV t =
�jV t for some � 2 Sd. As G is �nite, this implies that b = 
� for some � 2 Sd.
5. Undire
ted graphs | vertex modelSimilar results hold for graphs instead of hypergraphs. A graph is a pair G = (V G;EG),where V G is a �nite set and EG is a �nite multisets of unordered pairs fu; vg from V G,possible taken as multiset, where u = v (a loop). The pair fu; vg we sometimes denote byuv. Let G denote the 
olle
tion of graphs. As graphs are hypergraphs, terminology andnotation introdu
ed for hypergraphs in Se
tion 4 applies also to graphs.Consider any n 2 N and a symmetri
 fun
tion 
 : [n℄2 ! R . (So 
 
an be 
onsidered assymmetri
 matrix.) De�ne a graph parameter f
 by(52) f
(G) := X�:V G![n℄ Yuv2EG 
(�(u); �(v)):We 
hara
terize whi
h graph fun
tions f are equal to f
 for some 
.For f : G ! R and k 2 N , de�ne the G � G matrix Mf;k by(53) (Mf;k)G1;G2 :=PG2J kG1;G2 f(G)for G1; G2 2 G.We also de�ne a matrix Nf;k. A k-labeled graph is a pair (G;u) of a graph G and anelement u of V Gk. Let Gk be the 
olle
tion of k-labeled graphs. For two k-labeled graphs(G;u) and (J;w), the graph (G;u) � (J;w) is obtained by taking the disjoint union of G and
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J , and next identifying ui and wi, for i = 1; : : : ; k. Then Nf;k is the Gk �Gk matrix de�nedby(54) (Nf;k)(G;u);(J;w) := f((G;u) � (J;w))for (G;u); (J;w) 2 Gk.Call f : G ! R multipli
ative if f(K0) = 1 and f(G) = f(G1)f(G2) if G is the disjointunion of G1 and G2.Theorem 6. Let f : G ! R . Then the following are equivalent:(55) (i) f = f
 for some n 2 N and some symmetri
 fun
tion 
 : [n℄2 ! R ,(ii) f is multipli
ative and Mf;k is positive semide�nite for ea
h k 2 N ,(iii) f is multipli
ative and Nf;k is positive semide�nite for ea
h k 2 N .
Proof. Similar to Theorem 4, by taking S = ff1; 2gg with jSj = 2 and �S the symmetri
group on S.An interesting question is how this theorem relates to the following theorem of Freedman,Lov�asz, and S
hrijver [2℄. For any fun
tion a : [n℄ ! R+ and any symmetri
 fun
tion
 : [n℄2 ! R , de�ne a fun
tion fa;
 : G ! R by
(56) fa;
(G) := X�:V G![n℄

 Yv2V G a(�(v))
! Yuv2EG 
(�(u); �(v))

!
for any undire
ted graph G. (So f
 = f1;
, where 1 denotes the all-one ve
tor.)Consider any fun
tion f : G ! R . Let ~Nf;k be the submatrix of Nf;k indu
ed by thek-labeled graphs (G;u) where the verti
es in u are distin
t. Then Freedman, Lov�asz, andS
hrijver [2℄ proved that for ea
h n 2 N :(57) f = fa;
 for some a : [n℄ ! R+ and some symmetri
 
 : [n℄2 ! R if and only iff(K0) = 1 and ~Nf;k is positive semide�nite and has rank at most nk, for ea
hk 2 N .The uniqueness of 
 in Theorem 6 
an be dealt with in a way similar to Theorem 5. Forany symmetri
 
 : [d℄2 ! R and any � 2 Sd, de�ne 
� : [d℄2 ! R by(58) 
�(�) := 
(� Æ �)for any k and � 2 [d℄2. In other words, 
�(�) = 
(NT� �N�), if we 
onsider � as d�d matrix,where N� is the permutation matrix 
orresponding to �.Theorem 7. Let 
; b : [d℄2 ! R be symmetri
 fun
tions. Then f
 = fb if and only if b = 
�for some � 2 Sd. 13



Proof. Similar to the proof of Theorem 5 (in fa
t easier, sin
e the underlying spa
e V is�nite-dimensional).
6. Undire
ted graphs | edge modelWe now derive the theorem of Szegedy [8℄. Again, let G denote the 
olle
tion of (undire
ted)graphs, where a graph may 
ontain loops and multiple edges, and also `pointless' loops (loopswithout a vertex). The `duals' are the hypergraphs H = (V H;EH) su
h that ea
h vertexv 2 V H is in pre
isely two edges. This gives a redu
tion to the results of Se
tion 4, butthere are some 
ompli
ations.Let 
 : Sk2N [d℄k ! R be a symmetri
 fun
tion, for some d 2 N . De�ne f
 : G ! R by
(59) f
(G) := X�:EG![d℄ Yv2V G 
(�(Æ(v)));where Æ(v) takes multipli
ities into a

ount, and where �(Æ(v)) is arbitrarily ordered. We
hara
terize whi
h fun
tions f : G ! R are equal to f
 for some 
.For G1; G2 2 G and k 2 N , we make a multiset K(k)G1;G2 of graphs as follows. Let G be thedisjoint union of G1 and G2. Choose distin
t u1; : : : ; uk 2 V G and distin
t v1; : : : ; vk 2 V Hand 
hoose for ea
h i a bije
tion �i : ÆG(ui)! ÆH(vi) (if any). Let J be the graph obtainedfrom GH by deleting u1; : : : ; uk making for ea
h i and ea
h e = uui 2 ÆG(ui) a new edge
onne
ting u and v, where vvi = �i(e). Then K(t)G;H is the multiset of all graphs J obtainedin this way (taking multipli
ities into a

ount). De�ne the G � G matrix Mf;k by(60) (Mf;k)G;H :=PJ2KG;H f(J)for G;H 2 G.Consider some k 2 N . A k-exit graph is a pair (G;u) of an undire
ted graph G and anelement u 2 V Gk su
h that the ui are distin
t verti
es, ea
h of degree 1. Let Gk denote the
olle
tion of k-exit graphs.If (G;u) and (J;w) are k-exit graphs, then the undire
ted graph (G;u)�(J;w) is obtainedby taking the disjoint union of G and J , and, for ea
h i = 1; : : : ; k, deleting with ui and wiand the edges in
ident with them, and adding a new edge 
onne
ting the neighbours of uiand wi.For f : G ! R , de�ne the Gk � Gk matrix Nf;k by(61) (Nf;k)(G;u);(J;w) := f((G;u) � (J;w))for (G;v); (G0;v0) 2 Gk. A fun
tion f : G ! R is 
alled multipli
ative if f(K0) = 1 andf(G [G0) = f(G)f(G0) for disjoint graphs G and G0.The equivalen
e of (i) and (iii) in the following theorem is the theorem of Szegedy [8℄.Theorem 8. For any f : G ! R , the following are equivalent:
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(62) (i) f = f
 for some n 2 N and 
 : St2N [n℄t ! R ,(ii) f is multipli
ative and Mf;k is positive semide�nite for ea
h k 2 N .(iii) f is multipli
ative and Nf;k is positive semide�nite for ea
h n 2 N .
Proof. Similar to Theorem 4. We take S as in Theorem 4, and restri
t H to the 
lassof hypergraphs su
h that ea
h vertex is in pre
isely two edges. This gives a 
olle
tion ofstru
tured hypergraphs satisfying the 
onditions of Theorem 3. Inter
hanging the roles ofverti
es and edges gives the embedded graphs.We �nally 
onsider the uniqueness of 
. We note that (by Weyl's First FundamentalTheorem) the algebra A de�ned in the proof of Theorem 2 is equal to T (V )G, where G isthe orthogonal group O(d).For any U 2 O(d), de�ne 
U : [d℄2 ! R by(63) 
U (�) := 
(UT�U);
onsidering � as symmetri
 matrix in R d�d . The following theorem extends a theorem ofSzegedy [8℄.Theorem 9. Let 
; b : Sk[d℄k ! R be symmetri
 fun
tions. Then f
 = fb if and only ifb = 
U for some U 2 O(d).Proof. SuÆ
ien
y being dire
t, we show ne
essity. Sin
e f
 = fd, we know that for ea
hp 2 P[V ℄G one has p(
) = p(d). This implies that b = 
U for some U 2 O(d).
7. Dire
ted graphsA dire
ted graph is a pair D = (V D;ED), where V D is a �nite set and ED is a �nitemultisets of ordered pairs (u; v) from V D, possible with u = v (a loop). Let D denote the
olle
tion of dire
ted graphs.For any fun
tion 
 : [d℄2 ! R (for some d), de�ne f
 : D ! R by(64) f
(D) := X�:V D![d℄ Ye=(u;v)2ED 
(�(u); �(v))for D 2 D. We 
hara
terize the fun
tions f : D ! R for whi
h f = f
 for some real-valued
. For D1;D2 2 D and k 2 N , we make a multiset J kD1;D2 of hypergraphs as follows.Let D be the disjoint union of D1 and D2. For distin
t e1; : : : ; ek 2 ED1 and distin
tf1; : : : ; fk 2 ED2, let D(e1; f1; : : : ; ek; fk) be the hypergraph obtained from D by, for ea
hi = 1; : : : ; k, deleting ei and fi and identifying the tails of ei and fi, and identifying theheads of ei and fi. Then(65) J kD1;D2 := fD(e1; f1; : : : ; ek; fk) j for distin
t e1; : : : ; ek 2 ED1 and distin
t
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f1; : : : ; fk 2 ED2g.For f : D ! R and k 2 N , de�ne the D �D matrix Mf;k by(66) (Mf;k)D1;D2 :=PD2J kD1;D2 f(D)
for G1; G2 2 G.We also de�ne a matrix Nf;k. A k-labeled dire
ted graph is a pair (D;u) of a graph Dand an element u of V Dk. Let Dk be the 
olle
tion of k-labeled dire
ted graphs. For twok-labeled dire
ted graphs (D;u) and (J;w), the dire
ted graph (D;u) � (J;w) is obtained bytaking the disjoint union of D and J , and next identifying ui and wi, for i = 1; : : : ; k. ThenNf;k is the Dk �Dk matrix de�ned by(67) (Nf;k)(D;u);(J;w) := f((D;u) � (J;w))for (D;u); (J;w) 2 Dk.Call f : D ! R multipli
ative if f(K0) = 1 and f(D) = f(D1)f(D2) if D is the disjointunion of D1 and D2.Theorem 10. Let f : D ! R . Then the following are equivalent:(68) (i) f = f
 for some d 2 N and some fun
tion 
 : [n℄2 ! R ,(ii) f is multipli
ative and Mf;k is positive semide�nite for ea
h k 2 N ,(iii) f is multipli
ative and Nf;k is positive semide�nite for ea
h k 2 N .
Proof. The proof is similar to that of Theorem 4. In this 
ase, S := ff1; 2gg and �f1;2g
onsists only of the identity permutation on f1; 2g.The uniqueness of 
 in Theorem 10 
an be dealt with in a way similar to Theorem 5.For any 
 : [d℄2 ! R and any � 2 Sd, de�ne 
� : [d℄2 ! R by(69) 
�(�) := 
(� Æ �)for any k and � 2 [d℄2. In other words, 
�(�) = 
(MT� �M�), if we 
onsider � as d � dmatrix, where M� is the permutation matrix 
orresponding to �.Theorem 11. Let 
; b : [d℄2 ! R . Then f
 = fb if and only if b = 
� for some � 2 Sd.Proof. Similar to the proof of Theorem 5 (in fa
t easier, sin
e the underlying spa
e V is�nite-dimensional).Theorem 10 relate to a result of Lov�asz and S
hrijver [5℄, although the pre
ise relationis un
lear. For any fun
tion a : [d℄! R+ and any fun
tion 
 : [d℄2 ! R , let fa;
 : D ! R bede�ned by
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(70) fa;
(D) := X�:V D![d℄
 Yv2V D a(�(v))

! Yuv2ED 
(�(u); �(v))
!

for any dire
ted graph D. (So f
 = f1;
.)Consider any fun
tion f : D ! R . For any n, let fMf;n be the submatrix of Mf;nindu
ed by the rows and 
olumns indexed by n-vertex-labeled dire
ted graphs (G;v) whereall verti
es in v are distin
t. Then Lov�asz and S
hrijver [5℄ proved that for ea
h d 2 N :(71) Let f : D ! R . Then f = fa;
 for some a : [d℄ ! R+ and some 
 : [d℄2 ! R ifand only if f(K0) = 1 and fMf;n is positive semide�nite and has rank at most dn,for ea
h n 2 N .
8. Graphs embedded on surfa
esWe next derive a 
hara
terization for parameters of graphs embedded on an oriented surfa
e.Consider pairs (G; ), where G is an undire
ted graph and  is an embedding of G onto anoriented surfa
e. (Here a surfa
e may be a disjoint union of 
onne
ted surfa
es.)Call two embeddings equivalent if for ea
h vertex v, the edges in
ident with v leavev in the same 
lo
kwise 
y
li
 order in the two embeddings. So an equivalen
e 
lass isdetermined by the 
lo
kwise 
y
li
 orders of the edges leaving the verti
es. Ea
h equivalen
e
lass 
ontains a unique 
ellularly embedded graph | unique op to homeomorphisms.Therefore, we de�ne an 
ellularly embedded graph as a pair (G; 
), where 
 assigns toea
h vertex v of G a 
y
li
 order of the edges in
ident with v. Let Gemb denote the 
olle
tionof 
ellularly embedded graphs.Choose d 2 N . Call 
 : Sk2N [d℄k ! R 
y
li
, if for ea
h k, one has 
(� Æ (1; 2; : : : ; k)) =
(�) for ea
h k and ea
h � 2 [d℄k. Here (1; 2; : : : ; k) denotes, as usual, the 
y
li
 permutationof [k℄ bringing i to i+ 1 mod k, for ea
h i.De�ne f
 : Gemb ! R by(72) f
(G; 
) := X�:EG![d℄ Yv2V G 
(�(Æ(v)));where we take any linear order on Æ(v) whi
h indu
es the 
y
li
 order 
v. We 
hara
terizewhi
h fun
tions f : Gemb ! R are equal to f
 for some real-valued 
y
li
 
.For G1; G2 2 Gemb and t 2 N , we make a multiset KkG1;G2 of 
ellularly embedded graphsas follows. Let G be the disjoint union of G1 and G2. For any distin
t u1; : : : ; uk 2 V G1 andw1; : : : ; wk 2 V G2 and bije
tions �i : Æ(ui) ! Æ(wi) for i = 1; : : : ; k, ea
h maintaining the
y
li
 order, let G(u1; w1; �1; : : : ; uk; wk; �k) be the graph obtained by for ea
h i = 1; : : : ; kand ea
h e 2 Æ(ui), making a new edge 
onne
ting the vertex in
ident with e unequal to uiand the vertex in
ident with �(e) unequal to wi. Then(73) KG1;G2 := fG(u1; w1; �1; : : : ; uk; wk; �k) j distin
t u1; : : : ; uk 2 V G1; distin
tw1; : : : ; wk 2 V G2, bije
tions �i : Æ(ui)! Æ(wi) maintaining the 
y
li
 orderg.
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De�ne the Gemb � Gemb matrix Mf by(74) (Mf;k)G1;G2 :=PG2KG1;G2 f(G)for G1; G2 2 G.Consider some k 2 N . A k-exit 
ellularly embedded graph is a pair (G;u) of 
ellularllyembedded graph G and an element u 2 V Gk su
h that the ui are distin
t verti
es, ea
h ofdegree 1. Let Gembk denote the 
olle
tion of k-exit 
ellularly embedded graphs.If (G;u) and (J;w) are k-exit 
ellularly embedded graphs, then the 
ellularly embeddedgraph (G;u) � (J;w) is obtained by taking the disjoint union of G and J , and, for ea
hi = 1; : : : ; k, deleting ui and wi and the edges in
ident with them, and adding a new edge
onne
ting the neighbours of ui and wi.For f : G ! R , de�ne the Gembk � Gembk matrix Mf;k by(75) (Mf;k)(G;u);(J;w) := f((G;u) � (J;w))for (G;u); (G0; w) 2 Gembk .A fun
tion f : Gemb ! R is 
alled multipli
ative if f(K0) = 1 and f(G[G0) = f(G)f(G0)for disjoint 
ellularly embedded graphs G and G0.Theorem 12. For any f : Gemb ! R , the following are equivalent:(76) (i) f = f
 for some d 2 N and some 
y
li
 
 : Sk2N [d℄k ! R ,(ii) f is multipli
ative and Mf;n is positive semide�nite for ea
h n 2 N ,(iii) f is multipli
ative and Nf;n is positive semide�nite for ea
h n 2 N .
Proof. Similar to Theorem 8. We take for S := f[m℄ j m 2 N g and for m 2 N , �[m℄ 
onsistsof all 
y
li
 permutations of [m℄. Moreover, H 
onsists of all stru
tured hypergraphs su
hthat ea
h vertex is in pre
isely two edges. Inter
hanging the roles of verti
es and edgesgives the embedded graphs.One may show, similar to above:Theorem 13. Let 
; b : Sn2N [d℄n ! R be 
y
li
. Then f
(G) = fb(G) for ea
h 
ellularlyembedded graph G if and only b = 
U for some U 2 O(d).Proof. Similar to above.
9. Rooted forestsAnother appli
ation of the theorem is inspired by the work of Kreimer [4℄ and Connes andKreimer [1℄ on the Hopf algebra of rooted trees as applied to renormalization in quantum�eld theory.
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A rooted forest F is a dire
ted graph with 
y
les su
h that ea
h vertex is entered by atmost one edge. The verti
es not entered by any edges are 
alled the roots of F . The set ofverti
es entered by one edge and not left by any edge are 
alled the tails of F . The sets ofroots and tails of F are denoted by F and TF , respe
tively. For any tail t, let Pt be thesequen
e of verti
es of the unique path starting in a root and ending in t, while deleting tfrom Pt. (The physi
al interpretation is that the tails are verti
es of a Feynman graph, andthe nontail verti
es are renormalization fragments of the Feynman graph. Then Pt givesthe sequen
e of fragments 
ontaining t.)Consider any n 2 N and a symmetri
 fun
tion 
 : St[n℄t ! R . De�ne a rooted forestparameter f
 by(77) f
(F ) := X�:V FnTF![n℄ Yt2TF 
(�(Pt)):We 
hara
terize whi
h graph fun
tions f are equal to f
 for some 
.If t and u are distin
t tails of a rooted forest F with jPtj = jPuj, let Ft;u be rooted forestobtained as follows. Write Pt = (v1; : : : ; vm) and Pu = (w1; : : : ; wm). Identify the pathsPt [ ftg and Pu [ fug. Delete t and u, and delete all ar
s that are not on any other pathfrom root to tail than Pt (= Pu). (this might mean that some verti
es on this path nowbe
ome roots, without outgoing edges.)For forests F and J and k 2 N , let(78) J kF;J := f(FJ)t1;u1;:::;tk;uk j distin
t t1; : : : ; tk 2 TF , distin
t u1; : : : ; uk 2 TJg.Let F denote the 
olle
tion of rooted forests. For f : F ! R and k 2 N , de�ne theF �F matrix Mf;k by(79) (Mf;k)F;J :=PG2J kF;J f(G)for F; J 2 F .We also de�ne a matrix Nf;k. A k-labeled rooted forest is a pair (F; u) of a rooted forestF and an element u of TF k. Let Fk be the 
olle
tion of k-labeled rooted forests. Then Nf;kis the Fk �Fk matrix de�ned by(80) (Nf;k)(F;u);(J;w) := f((FJ)u1;w1;:::;uk;wk)for (F; u); (J;w) 2 Fk.Call f : F ! R multipli
ative if f(K0) = 1 and f(F ) = f(F1)f(F2) if F is the disjointunion of F1 and F2.Theorem 14. Let f : F ! R . Then the following are equivalent:(81) (i) f = f
 for some n 2 N and some symmetri
 fun
tion 
 : St[n℄t ! R ,(ii) f is multipli
ative and Mf;k is positive semide�nite for ea
h k 2 N ,(iii) f is multipli
ative and Nf;k is positive semide�nite for ea
h k 2 N .
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Proof. Similar to Theorem 4. We take S := f[m℄ j m 2 N g and let �[m℄ 
onsist only of theidentity permutation. Moreover, H 
onsists of all stru
tured hypergraphs H su
h that forany two edges �;	 of H and � 2 �,  2 	, say of types [m℄ and [p℄ respe
tively, one hasthat if �(i) =  (j) for some i 2 [m℄ and j 2 [p℄, then i = j and �(i0) =  (i0) for i0 = 1; : : : ; i.Any rooted forest F gives su
h a stru
tured hypergraph H, as follows. Let V H :=V F n TF . For ea
h t 2 TF , we make an edge of H: let m be the length (= numberof edges) of the (unique) path from a root to t. De�ne �t : [m℄ ! V H by setting, fori = 1; : : : ;m, �t(i) to be the ith vertex along this path. (So �t(1) is a root and R�t(m) isthe one but last vertex of the path.) Let �t := f�tg. Finally de�ne EH := f�t j t 2 TFg.The hypergraph 
onstru
ted this way belongs to H, and 
onversely, ea
h H 2 H 
omesin this way from a rooted forest.
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