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DATA UNCERTAINTY IN OPTIMIZATION

& Consider a generic optimization problem of the form

min{ f(z;¢) : F(z;() € K}

e v € R": decision vector e ( € R": data ¢ K C R™: closed convex set

® More often than not the data ( is uncertain — not known exactly when
problem is solved.
Sources of data uncertainty:

e part of the data is measured/estimated = estimation errors

e part of the data (e.g., future demands/prices) does not exist when
problem is solved = prediction errors

e some components of a solution cannot be implemented exactly as
computed = implementation errors which in many models can be mim-
icked by appropriate data uncertainty



Example

Effect of Implementation errors



Antenna Design (continued)
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Dream: no implementation errors
Sidelobe level 0.018

Reality: z; — (1+¢€j)x;
le; ~ Uniform[—0.001,0.001]]
100-diagram sample: Sidelobe level € [97, 536]
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Reality: z; — (1+¢€j)z;
le; ~ Uniform[—0.02, 0.02]]
100-diagram sample: Sidelobe level € [2469, 11552]
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Example

Effect of data inaccuracy



Data Uncertainty in Optimization

&% Consider a real-world LP program PILOT4 from the NETLIB library
(1,000 variables, 410 constraints). The constraint # 372 is:

a7z = —15.79081 2505 — 8.598819z 507 — 188789505 — 1.36241Txgpg — 1.526049g5,
—0.031883 849 — 28.725500x850 — 10.792065x851 — 0.190042850 — 2.7571 76853
—12.29{]832}3‘354 + 71 T.56225ﬁ:}3355 — {].{}51-'855:}3355 - 3.4’—'8541':-';'}3357 — T&Zﬁ{]ﬁﬁl:}?gﬁg
—122.163{]55:}3359 — ﬁ.*’lﬁﬁ{m:}i‘gm — {].483T1;'}3351 — U.ﬁl5264ﬂfgﬁg — 1.353'?83:}33&3
—84.64425 'I-';'Egm — 122—15{]{]—15}“3{;5 — 43.15593:}33(}6 — 1.?125925}337{} — (.40159 T."J'?g?l

+x &g{}—{}.g'—lﬁ{]'—lgiﬂggg — 0 {]4{7{]4{}17"@16

> b = 23.387405

# Most of the coefficients are ‘“ugly reals” (like -15.79081 or -84.644257).
It is highly unlikely that the corresponding real-life parameters are
known to high accuracy, so that the ugly coeflicients can be thought
of as uncertain — not known exactly.

The only exception is the coefficient 1 at xg5; — it perhaps reflects the
structure of the problem and might be exact.



[ﬂ“]T:E = —15.?9“81:}332{3 — 8.5988193335 — 1.88?89:}3323 — 1.362417':}3329 — 1.526{]49:}3331]
—{].{]31883:}3349 — 28.?255555}335{} — 1{].ﬁ]2{}ﬁ5;'ﬂgﬁl — {].19““'—15}3352 — 2.7571 Tﬁ:}fgﬁ;@.
—12.29{]832’}3354 + 71 T.56225ﬁ;'}3355 — {].{]57'8655}335{3 - 3.'?8541]'-':}335? - m.g{]ﬁﬁli}?gﬁg
—122.153{]55:13359 — ﬁ.'—'lﬁﬁ{]f]:}fgm — U.483T1.‘I‘3ﬁ1 — {].515254:}3‘3{32 — 1.3537'83:}33.%
—8-1{‘1—1—}2571‘3(}4 — 12245{]{]45}“3{,5 — 43.15593:}33(}5 — 1.?125925}33?1] — {].4{]159?:}33?1

+I ggﬂ—“.g'—'lﬁ{]'—ﬁ]:}? a8 — {].9'—15{]'—19:}391{;

> b = 23.387405

(?) What happens with the constraint, evaluated at the nominal solu-
tion r" as reported by CPLEX, when the accuracy in the uncertain data

is 0.1%:
lat™e — o] < 0.001|a )

]
e In the worst case, the constraint can be violated by as much as 450%:

min {[a""] 2" a*™¢ satisfies (x)} — b < —128.2 ~ 4.5[b|.

ﬂr ruwe



e Assuming “random uncertainty”:
a™ =al' 4+ ¢la}|l, e ~ Uniform[—0.001,0.001]
and running 1,000 simulations, we come to the results as follows:

Prob{V > 0} |Prob{V > 150%} |Mean(V')
0.50 0.18 125%

b—l[u“"“']]..r;“ 1
Sl LN
/]

V = umx[
= The nominal solution is highly “unreliable” — small perturbations
of (clearly uncertain!) data entries can make the solution heavily in-
feasible...

% Among 90 NETLIB LP problems,

e In 19 problems 0.01%-perturbations of “clearly uncertain” data
result in more than 5%-violations of (some of) the constraints as
evaluated at the nominal optimal solution;

e In 13 of these 19 problems, 0.01%-perturbations of “clearly
uncertain” data result in more than 50%-violations of the con-
straints!



Example

Effect of uncertain predictions
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Example: Assume we are designing a planar truss — a
cantilever; the 9 x 9 nodal structure and the only load
of interest f* are as shown on the picture:

® (e} (e} o o (e} (e} o o
® o o o o o o o o

® [¢] [¢] O ¢} [¢] [¢] O ¢}

9 x 9 ground structure and the load of interest

The optimal single-load design yields a nice truss as
follows:

Optimal cantilever (single-load design)
the compliance is 1.000
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e Passing from the single-load to the robust design, we
modify the result as follows:

Optimal cantilever (single-load design)

4

“Robust” cantilever

Compliances Design
Single-load | Robust
Compliance w.r.t. f* 1.000 1.0024
max compliance w.r.t. 32000 1.03
loads f: || f[I<O.L]| f*] |




& With traditional modelling methodology,
e “large” data uncertainty is modelled in a stochastic fashion and
then processed via Stochastic Programming techniques

Fact: In many cases, it is difficult to specify reliably the distribution of
uncertain data and/or to process the resulting Stochastic Programming
program.

® The ultimate goal of Robust Optimization is to take into account data
uncertainty already at the modelling stage in order to “immunize”
solutions against uncertainty.

e In contrast to Stochastic Programming, Robust Optimization does
not assume stochastic nature of the uncertain data (although can uti-
lize, to some extent, this nature, if any).



“NON-ADJUSTABLE” ROBUST OPTIMIZATION:
Robust Counterpart of Uncertain Problem

win {(f(x,¢) - F(x,¢) € K U)

& The initial (“Non-Adjustable”) Robust Optimization paradigm (Soys-
ter ’73, B-T&N 97—, El Ghaoui et al. 97—, Bertsimas&Sim ’03—,...) is
based on the following tacitly accepted assumptions:

A.1. All decision variables in (U) represent “here and now” decisions
which should get specific numerical values as a result of solving the
problem and before the actual data “reveals itself”.

A.2. The uncertain data are “unknown but bounded”: one can spec-
ify an appropriate (typically, bounded) uncertainty set Y C R of pos-
sible values of the data. The decision maker is fully responsible for
consequences of the decisions to be made when, and only when, the
actual data is within this set.

A.3. The constraints in (U) are “hard” — we cannot tolerate violations
of constraints, even small ones, when the data is in U.



min {f(z,¢) : F(z,¢) € K}
cel

(U)

& Conclusions:

e The only meaningful candidate solutions are the robust ones — those
which remain feasible whatever be a realization of the data from the
uncertainty set:

r robust feasible < F(x, () e K V(e U

e “Robust optimal” solution to be used is a robust solution with the
smallest possible guaranteed value of the objective, that is, the optimal
solution of the optimization problem

r{tlitn{t flx, () <t, Fx,() e K V(e U} (RC)

called the Robust Counterpart of (U).



Optimization Problems with Uncertain Data
% A generic optimization problem is of the form

min{ f(z;¢) | F(z:¢) <0} (P¢)

e ¢ is the design vector
e {. I’ are specified by the description of the problem
e ( is a finite-dimensional vector specifying the data.

Example 1. Linear Programming:
min [CT:L‘ | Az < b I =(c, A, b)]
Example 2. Convex Quadratic Programming:
min{c'z | oy Af Aimi — 22 +¢; <0, i =1,...,m} [ =(c, {4i,bi,ci}y)]

Example 3. Conic Quadratic Programming:
min 'z ||| Ax —bi o< iz —di, i=1,...m}  [¢=(c, {4 bi,c;,di}™))

Example 4. Semidefinite Programming:

dim

[
1111:111 icr:ﬂ | Ay + jgl z;A; = 0 [C = (C: Agy ooy Agim .'r;)]

G



Semi-Infinite Conic Programs

& Conic Program:

min {'z: Az — b € K]} (C)
e (¢, A,b) — problem’s data
e closed pointed convex cone K, int K # (), in a Euclidean space —
problem’s structure
Examples:

e Linear Programming: K = R"

e Conic Quadratic Programming: K is a direct product of Lorentz
cones

L' ={yeR": y, > @%-F =T

e Semidefinite Programming: K = 8" is the cone of positive semidef-
inite matrices in the space S” of n x n symmetric matrices

& Semi-Infinite Conic Program:
min {"e: Ax — b e KV[A, 1] € U}

where U is a given “uncertainty set” (assumed to be convex and com-
pact).



min "y Ax — b e KV[A,b] € U} (S)

¢ The main mathematical question associated with semi-infinite prob-
lem (S) is:

(?) When and how (S) can be reformulated as a “computation-
ally tractable” optimization problem?

The answer to (?7) clearly depends on the interplay between the ge-
ometries of the cone K and of the uncertainty set /.



Robust Linear Programming



Focus on a single uncertainty-affected linear inequality—a family

{CLTCU = b}[a;b]eu

of linear inequalities with the data varying in the uncertainty set

U= {[a;b] = [a% %] + ) ¢ [a%0]; C € Z}

(=1

and on “tractable representation” of the RC

alz <b¥ ([a; bl = [ao;bo] -+ Z@ [aﬁ;be] . (€ Z) (2)

(=1

of this uncertain inequality



Theorem Let the perturbation set Z be given by
Z={CcR"|JuecR" : PC+Qu+pc K}

where K is a closed convex pointed cone in RN which is either

polyhedral, or is such that

3¢, u: PC+Qu+pc€int K.

Consider the robust counterpart of a linear inequality:

atxz <b V(Z) eu

where



Then a vector = € IR™ is robust feasible if and only if Jy € RE,
which together with = satisfies the following linear/conic inequalities:
ply+ (a®)" < b
Q'y =0
(PTy)e+ (aDTz =0 ¢=1,2,...,L
y € K,

where K, = {y | y'v >0, Vv € K} is the dual cone of K.



EXAMPLE

(1) a'zr<b  (3) €U
u={ )G+t ()

¢ € Z} Ball-Box
uncertainty

/
Z={¢eR" ||l <1, [[¢ll2 < p}

RESULT:
x solves the semi-infinite linear system

IFF (x,z,w) solves the SOCQ system

(
L L

; Z|2g| —I—Q\ Zw% <by—aix
=1

(=1

\Zg—ng:bg—agZE ¢{=1...L



Illustration: Single-Period Portfolio Selection

There are 200 assets. Asset #200 (“money in the bank”) has yearly
return ropg = 1.05 and zero variability. The yearly returns ry,
¢=1,...,199 of the remaining assets are independent random variables
taking values in the segments |uy — oy, e + o] with expected values py;
here

(200—¢) (200 — )
199 , 0g—0.05—|—0.6 199

The goal is to distribute $1 between the assets in order to maximize the

e = 1.054+ 0.3 ,0=1,...,199.
return of the resulting portfolio, the required risk level being ¢ = 0.5%.

We want to solve the uncertain LO problem

199 200
max{t ; Zreye + r200Y200 — T > Oazy€ =1,y > OVK} :

,t
Y t=1 ¢=0

where 1, is the capital to be invested into asset #/.



The uncertain data are the returns rp, £ = 1,...,199; their natural

parameterization is
= e + 0eCe,
where (p, £ =1,...,199, are independent random perturbations with

zero mean varying in the segments [—1,1]. Setting x = [y; —t] € IR*"*,
the problem becomes

( minimize 201
subject to
: (@) [a@ + zégi Gat] x0TI Gv] <0 (@)
| (¢) :r;gZO,le,...,QOO
where
0o _ ) . . . . WA 1. _
a’ = |—p1;—p2;. .. —H199; —T200; — 150" = 0p - [0p—1,151; 0201—¢,1), £=1,...

¥ = 0,¢=0,1,...,199.

, 199;



The only uncertain constraint in the problem is the linear inequality
(a). We consider 3 perturbation sets along with the associated robust

counterparts of problem (4).

1. Boxr RC which ignores the information on the stochastic nature of
the perturbations affecting the uncertain inequality and uses the
only fact that these perturbations vary in [—1,1]. The underlying
perturbation set Z for (a) is {( : ||(||cc < 1};

2. Ball-Box with the safety parameter Q = \/21In(1/¢e) = 3.255, which
ensures that the optimal solution of the associated RC (a CQ prob.)
satisfies (a) with probability at least 1 — e = 0.995. The underlying
perturbation set Z for (a) is {C: [|(||c < 1}, [[C|]2 < 3.255};

3. Budgeted uncertainties with the uncertainty budget
v =+/2In(1/¢)v/199 = 45.921, which results in the same
probabilistic guarantees as for the Ball-Box RC. The underlying
perturbation set Z for (a) is {( :||(||cc < 1}, ||C||1 < 45.921};




Results

Box RC. The associated RC is the LLP

( 199 )

Z(W — 0¢)ye + 1.05y200 > 1

(=1
I%%X< t: 200 &

Zy€:17 ?JZO
(=1

\ /

as it should be expected, this is nothing but the instance of our
uncertain problem corresponding to the worst possible values

re =y —op, £=1,...,199, of the uncertain returns. Since these
values are less than the guaranteed return for money, the robust
optimal solution prescribes to keep our initial capital in the bank with

guaranteed yearly return 1.05.




Ball-Box RC. The associated RC is the conic quadratic problem

’

199 199 199
Z(Meye + 1.09y200 — Z |ze| — 3.255 Zwﬁ >t
max  t: =1 t=1 \521 > .
Y,2,w,t 200
Zp + Wy = Yy, 621,...,199,Zyg:1,y20
\ (=1 y

The robust optimal value is 1.1200, meaning 12.0% profit with risk as

low as ¢ = 0.5%.




Semi-Infinite Convex Quadratic Programming

& Tractability of a semi-infinite convex quadratically constrained pro-
gram

min (o 2’ AfAw +2b) x4+, <0, V(i=1,...,m,{A;,b,c}", €U}

0

2A¢I
1+C¢—|—2[?;TZC e L
1 —¢; —2blx

reduces to tractability of a single semi-infinite convex quadratic con-
straint

' ATAr + 20"+ <0 V(A bc) €V (%)

& Fact: (x) can be NP-hard already for a simple polyhedral set V.
= We need to look for tight tractable approximations of (x).

e What is “an approximation” 7

e How to measure the quality of an approximation?

13



The RC of a Quadratically Constrained Problem

m11[1{1n (V'w:a" A" Az <20"x+c¢, V(A bc)eU}, (UQ)
re

with single ellipsoid uncertainty, namely

L{:{(A,b,c) (AY, 8%, c +Zu (A% b°, ¢ |u||2§1}. (1)

Theorem 1 A robust counterpart of (UQ) with the uncertainty set U
given by (1) is equivalent to the SDP problem

T

(x,,\)gllll%m”><IR7 v
( O+ 2210 — ) %cl + x1pt %CL + x1pL (AO:IJ)T \
st + 2Tp! A (Alx)t
s.t. =0, (RUQ)
1oL 4 Tl A\ (ALaz)T
\ AV Alx e Al 1, )



user
Note


Approximations of Semi-Infinite Conic Constraints

Az +be K VA b €U (SC)

&% Assume (as it is usually is the case in applications) that the uncer-
tainty set U is given as

U — {[AO, bY] + ,0;)1 GIALH] ¢ e z}

o [AY 1"]: nominal data
e Z: set of data perturbations ( “of magnitude < 1”
e p > 0: level of perturbations

® With this assumption, (SC) becomes a member of a family of semi-
infinite conic constraints

(SC)
0

Az + 00 + ,o§(A% +)eK VY(eZz (SC[p])

14



Az +0° + p%(A% +YeK VY(eZz (SC[p])

Definition: A Linear Matrix Inequality

A(x,u)+ B, = 0

[A(z,y) € S" is linear in (z,u) (LMI[p])
is called an approximation of (SC|p|) tight within factor ¢, if

(i) whenever x can be extended to a feasible solution (z, u) of (LMI|p]),
x is feasible for (SC|[p|), and

(ii) whenever = cannot be extended to a feasible solution of (LMI|[p]),
x is not feasible for (SC[Jp]).

15



Approximating Quadratic Constraints
Basic Fact

& Consider a nonconvex problem of quadratic maximization

OPT(p) = max {xTAx 'z 2t Qi < p*i=1,.. Jb Q= 0,2Q; = 0]
J

along with the standard semidefinite relaxation of this problem:
plo b
b |§A]~Qj — A

=0, \>0!.

SDP(p) = max

TR WY
J

Then SDP(p) > OPT(p) (trivial) and
e SDP(p) = OPT(p) when J =1 (trivial),

e SDP(p) < 7 -OPT(p) when A = 0, b = 0 and the matrices @1, ...,Q;
commute with each other (Nesterov ’97),

e SDP(p) < OPT(¥p) < ¥?’OPT(p) with v < O(1),/In(J) (Ben-Tal, Nem.,
Roos 02, Nem. 03).

17



Approximating Semi-Infinite Convex Quadratic Constraint with
Ellipsoidal Uncertainty

Theorem. [Ben-Tal, Nem., Roos ’02] Consider semi-infinite convex
quadratic inequality

tTATAx + 2672 +¢ <0 V ((A, b,c) = (A, by, c)+p il G(AS B ) Ce z)
(SClp])

where the perturbation set Z is an intersection of ellipsoids centered
at the origin:

Z={C:{"'Qi¢<1,j=1,..,N|
=032,
(SC|p]) admits an explicit J-approximation, where ¥ is as follows:
® In the case N =1 of simple ellipsoidal uncertainty, ¥ = 1;
# In the case of box uncertainty (N = dim ¢, (1Q;( = Cjz), V= 7;
& In the general case, ¥ < O(1)y/In N. For example,

LN < 100,000,000 = 9 < 6.36.

21



Semi-Infinite Semidefinite Programming
& A semi-infinite LMI
Alx] = %‘:ceAg +B>=0 VA[lelU

can be NP-hard already in the simplest cases where I/ is a box or an
ellipsoid.

& The strongest generic result on tight tractable approximations of
Semi-Infinite LMIs deals with the case of structured norm-bounded
perturbations:

. Aé - Rdgxdg
U= Alz] = Afz] + X [L] [2]ARe + Ry AL L[] = [|A < p
= Ay = (Sg[dg, (e I’

e A,[x]: symmetric m x m matrix affinely depending on z
e [yz]: dy x m matrix affinely depending on x

23



. AE - Rdgxdg
Afa] + = [Li[2] AR+ Ry Ay Lla]] = 0V [({Ady s A < p
=l Ay = (Sg[dg, (el
(SLMI)

& Theorem: [Ben-Tal, Nem., Roos ’02] (SLMI) admits a J-tight com-
putationally tractable approximation, where ¥ depends solely on the
maximum of sizes d; of scalar perturbation blocks

p=max{dy: ¢ € I’}

specifically,
-

S

U <

2
If there are no scalar perturbation blocks, or all scalar perturbation
blocks are of size 1, then
7
V= —.
2

In the case of a single perturbation block, ¥ = 1.



& When processing well-structured convex programs (e.g., Lin-
ear/Conic Quadratic/Semidefinite ones) with uncertain and sto-
chastic data, the entity of primary interest is a chance con-
Strained conic inequality

PFOb{AC:C -+ bC S K} >1—e€
x. decision vector
(. random perturbation
Ay ber affine in ¢
K: simple cone (R_|_/R"}|_/Lorentz/5emidefinite)
e < 1: a given tolerance

® Chance constraints (primarily with K = Ry, K = IR{Q_) were
introduced by A. Charnes, W. Cooper, G. Symonds (1958) and
intensively studied by many authors (T. Badics, D. Dentcheva,
A. Dupacova, L. Miller, A. Prékopa, A. Ruszczynski, B. Vizvari,
H. Wagner,...)



p(w) = Prob {sz wo + ijlggwg ¢ K} <€ (C)

& In general, (C) can be difficult to process:

e The feasible set X of (C) can be nonconvex, which
makes it problematic to optimize under the constraint
e Even when convex, X can be “computationally in-
tractable”
Let K = Ry and ¢ ~ Uniform([0,1]9). 1In this case, X is
convex (Lagoa et al, 2005); however, unless P=NP, there is
no algorithm capable to compute p(w) within accuracy § in
time polynomial in the size of the (rational) data w and in
In(1/6) (L. Khachiyan, 1989).

& When (C) is difficult to process “as it is”, one can look for a
safe tractable approximation of (C') —a computationally tractable
convex set We such that We C X = {w : p(w) < €}.



Probabilistic guaranties via RO

d
iy fo(y)+121§zfz(y)so
Assumption &, &, ..., & independent rv’s

&E~Pe® *compact all prob. dist. in @, has
common support = [-1,1].

Def. A vector y satisfying, foragiven 0 < £<1:

2 Prif0)+ZGf0)<0}21-¢

provides a safe approximation of (1).

Challenge Find uncertainty set for &, U s.t. the RC of (1):

@) S+ gfn)<0V el

IS a safe approximation of (1), i.e. satisfies (2).



Theorem
U=Bn(M+E)
= e end|g <1f
M= {é\u,—<§z<ull 1...d)
E={xe? o <2log(le)
My ,ul and oy are such that

0.2
AZ(Z)S max(yl_z,,ul )—|—7122 Vi=1...d

(4) where

where 4;(z)= max log([exp(zs)dP;(s))

Pre®

Also E can be replaced by a scaled

=\EX15|/oy < \J2d log(I/€).|



Values of -“f’ oy are explicitly known for various families &,
e.qg.

supp(®) = [-11] uf =0
P unimodal and symmetric) o; = ,/1/6

supp(®) < [—1,1]};7 =12, uf =1/2
P unimodal o =/1/24

Moreover, for the LP case (f,(v) affine) the RC of (3), with U as In
the Theorem, iIs conic quadratic or LP.




(1) a(¢)" 'z < b(¢)
a(() =a’+ > G, b)) =b"+) (b
=1 /=1

C1,...,Cp iid., E(() =0, |[{| <1

(CC)_ | Probe (a(()Tz <b(¢)) >1—¢

Let Ug = {¢ € R* | ||¢]]2 < ©}.
Consider the RC of (1) w.r.t. Uq:

a(¢)'z <b(¢) Vel

which we already know is equivalent to

(RC)g | ()7 + \/SE, ((a))Ta — by)* < 10

Theorem 1 If z solves (RC),, with Q > /21og(1/¢),
then x solves (CC),

OR - z solves (RC), then x solves
| (CC), with € < e~/

e.g, Q=744,1—ec=1-10"12



Example (one of many): Range and mean a priori information
on (y. Consider a chance constraint

Prob{wg(xz) + Zgzl Cowy(x) > 0} <€ (©)
e (y; € [-1,1]: independent e E{(,} € [,ue_,uz_]

The Bernstein approximation of (CO) is

V(e Z={(: zg 1 60(C) <2In(1/e)} rwolx) + 94 Cuwe(x) <0,

(1—|—s)|n<1+s>—|—(1—s)|n( M) ,—1<s<upu,
de(s) =4 O oy < s <y
| (L+s)n ( 1+8)+(1 s)In (11_—;+) uF<s<1

14
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Robust Optimization of
Uncertainty Affected Linear
Dynamic Problems



e In dynamical decision-making, some of the decisions z; should
be made when the actual data becomes partially known and thus
can depend on the corresponding portions of the data

Example: In the Inventory problem with uncertain demand,
replenishment orders v; of day ¢ usually can depend on the
actual demands at days 1,...,¢ — 1.



P

Istael Institute of

Technion
W iz The Supply chain Problem
o T——

Erternal Erternal
supply IE.-:.h.EIur |Ec'.h.2£r:.|ﬂ o E[:heiﬂr demand
1 2 m

& x/=amount echelon j orders from j-1 at the beginning of period t
® Y/=inventory level in echelon j at the end of period ¢

@ 7 =initial inventory level at echelon j

@ d, =external demand at period ¢

@ /(j)= Information delay, M(j)= manufacturing delay, L(j)= Lead time

@ TM(j) =I(j) tM(j-1) +L(j) the delay between the time an order is placed
and received in echelon j

@ TM(j) =I(j+1) +M(j) the delay between the time an order is placed and
shipped from echelon |

2




\=y Technion
g Istael Institute of

e The Supply chain Problem
o TIS—S——S—S

@ Main objective : minimizing cost

. Sllb Objective: minZ[ctjxtj +wtj J
oq o . X,y it
stabilizing the system ot
4 o y=yl +x) , —x Vjie{l,m-1}
@ Problem Characteristics: 0 TV T X ey T X

m

m __ _.m _
Ve =Vt X g1y dt—TM(m)
. . . 3
J J 3yJ
w2 hy,
j Jyi
W, 2 —P:):

@ Finite horizon
® Multi echelon

® Delays ylza
e Backlogging vl 5‘_’]: Vi€ {1,..,m)}
® Demand must be satisfied i‘j il(;]
and is uncertain Wtf_Z 0
@ Eliminating the equalities yo=2

recursively yields a LP
with only inequalities



T = Ay + By + Ridy
open loop dynamics: vy = Ciay
Xy — <2
control law: up = & + éo =t Yr
Y
w = (Ug, ..., U, Tq, ..., T711) = W(E: d, 2)

]
uin {f(V(€d,2)): DW(&d 2] b € Q. i=1,.om}  (U)

Note: Due to presence of uncertain input trajectory d and possible
uncertainty in the initial state, (U) is an uncertain problem.
Difficulty: While linearity of the dynamics and the control law make
W(&;d, z) linear in (d, z), the dependence of W(-,:) on the parameters
¢ = {&0, Ztr o<r<t<r Of the control law is highly nonlinear

= (U) is not a bi-affine problem, which makes inapplicable the theory
we have developed. In fact, (U) seems to be intractable already when
there is no uncertainty in d, 2!
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— Dynamic Control Problems

@ Example: X, =X +u+d

Yy =&,
X, =0
ut:KtJ;t

@ Control wanted: when |d,|<I then |u,|<3 for t=0,1,2
@ Since: u, =K,X, = k,(X, +K,d, +d )=, |1+ ,)d, +d, |
1s not bi-affine

the control coefficients have a
highly non convex domain.

S o
\//




Remedy: suitable re-parameterization of affine control laws.

& Consider a closed loop system along with its model:

closed loop system: model:

Ti1 = Ay + B+ Rydy | T = ATy + By
yr = Chay gy = CiTy
o = <2 .7?\0 =0
ur = U(yo, - Y1)

® Observation: We can run the model in an on-line fashion, so that
at time ¢, before the decision on u; should be made, we have in our
disposal purified outputs

U = Yt — Yt
# Fact I [Equivalence]: Every transformation (d, z) — w which can be
obtained from an affine control law based on outputs:

t —
ur = o + Zo StrYr (%)
can be obtained from an affine control law based on purified outputs:
t
Up = Mo + E—:O Hy v, (**)

and vice versa.
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system: model:
T = Ay + By +Redy |0y = ATy + By
v = Cixy v = Ci1y
rg = 2 o = 0 (S)
control law:
Uy = Yt — Yt
U = 77t0+éOHtTUT (**)

# Fact II [bi-affinity]: The state-control trajectory w = W (n;d, z) of (S)
is affine in (d, z) when the parameters n = {n, H;: }o<r<t<7 of the control
law (xx) are fixed, and is affine in n when (d, z) is fixed.
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& Corollary: With parameterization (xx) of affine control laws, the problem

Find an affine control law (%) which ensures that the resulting state-control
trajectory w satisfies the system of convex inclusions

Dw—0b€9;, 1=1,....m
and minimizes, under this restriction, a given linear objective f(w).

becomes an uncertain bi-affine optimization problem and as such can be processed

via the CRC approach.
In particular, in the case when Q,; are one-dimensional, the CRC of the problem

is computationally tractable, provided that the normal range U of (d, z) and the
associated cone L are so. If U, L and the norms used to measure distances are

polyhedral, CRC' is just an explicit LP program.
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Erternal Erternal
supply IE.-:.h.EIur |Ec'.h.2£r:.|ﬂ o E[:heiﬂr demand
1 2 m

& x/=amount echelon j orders from j-1 at the beginning of period t
® Y/=inventory level in echelon j at the end of period ¢

@ 7 =initial inventory level at echelon j

@ d, =external demand at period ¢

@ /(j)= Information delay, M(j)= manufacturing delay, L(j)= Lead time

@ TM(j) =I(j) tM(j-1) +L(j) the delay between the time an order is placed
and received in echelon j

@ TM(j) =I(j+1) +M(j) the delay between the time an order is placed and
shipped from echelon |

2
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e The Supply chain Problem
o TIS—S——S—S

@ Main objective : minimizing cost

. Sllb Objective: minZ[ctjxtj +wtj J
oq o . X,y it
stabilizing the system ot
4 o y=yl +x) , —x Vjie{l,m-1}
@ Problem Characteristics: 0 TV T X ey T X

m

m __ _.m _
Ve =Vt X g1y dt—TM(m)
. . . 3
J J 3yJ
w2 hy,
j Jyi
W, 2 —P:):

@ Finite horizon
® Multi echelon

® Delays ylza
e Backlogging vl 5‘_’]: Vi€ {1,..,m)}
® Demand must be satisfied i‘j il(;]
and is uncertain Wtf_Z 0
@ Eliminating the equalities yo=2

recursively yields a LP
with only inequalities
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Tcolony The Bullwhip effect
o ———

@ This problem has a well known phenomenon associated with it
called “Bullwhip effect”

@ The Bullwhip effect is described as “amplification of oscillation
from down stream demands to upstream echelons”

@ Such amplification can occur both in orders and inventory levels.

@ Large variations in these measures are disruptive to the system and
generates high cost.

@ One of the aims of good control is to reduce the Bullwhip effect.
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LYV control

@ Let’s assume we take the control
suggested by Love [Love,1979] using
target inventory:

@ Resulting in the LP problem :

mln Z|_C x +W J

X, X,V W Tt

s.z.

R A Nl

yt = yt—l +xt_TL(j)
J J 5,
w! 2 hly]

Jj+1

—d

Vj € {1,ym —1}

t—=TY (m)
3

Vje{l,.,m}

_ j+1
=X, +-///

.th

@ We can further improve this
method by making the
reference inventory a
decision variable rather than
a constant. — ILV control
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Technalogy Example

o ——
@ [Love, 1979], Oscillating demand:

tl1l(2(3|4|5(6]|7|8|9|10)11 1213|1415 |16 |17 18] 149 |20
d, |6 |6|6|6|6|6|6|6|7]|8 |8 |09 |8 | T|6 5|45 |6

@ Horizon: n=20

@ Echelons: m=3

@ Cost: ¢c=2, p=3,h=1

@ Initial inventory: z=12
@ Lead time: L=2

@ No other delays
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¥ 55 The importance of good control

@ The Bullwhip effect —

LV ILV
OFV: 4795 OFV: 3140
150 . : 150 : .
196} 100} ; -
— — 'F!
£ s 2 s 2 |
E e ¥
L] 2 _— it
E il E i x@w =
£ E o
-5t -5 1
10 5 1o 15 20 10 5 10 Is 20
fime fime

@ These are deterministic methods which do not work well with
varying demand > a more robust method is needed



Purified output-based
AARC control
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as a control ﬂroblem

@ The dynamics of the supply chain problem 1s given by:

J— i j j+l :
Vi =Vt X =X Vje{l,.,m—1}
m _ ..m m _
Ve =Y+ X o =4 g,
with initial state: vy =7

whose form matches the classical dynamic control problem

13



The purified outputs corresponding to the dynamic system
(1) — (3) are here

t—TM(m) _
zpb— X dp It j=m
: t=1
v =
Zé J<m




Inventory Behavior — “amplification of
oscillation”

inventory level

= - - - 1500 :
N @ LV |
_-i' /] E:-E
sof _
0 3 10 I 20 1% ; 10 13 20
fime fime
i3 . . . 150 . . . 150 . .
.f{.ln'}-. RC 4 Il’j'{.'-. RC 4 Tk . GRC
@ OFV: 1207 = |@® OFV: 1165 " .
s ¥ { & s ;g R ® OFV: 1065 _1-':\
,_._F-—__—'_—._‘_._'d_'—r:r\‘ E ,—r—"-/fﬁ:,_\%&; § ,;,I'r
0 = ——— " ﬂ%_"\"‘f E 0 <
M s - : k%’i v
sof 1 st ] L1/ T
1oy 3 i 5 TR 3 0 15 20 o 5 10 & 20

fime fime e



The Price(?) of Robustness



Problem definition

Single-product finite horizon T production

planning problem with discrete periods and
uncertain demand

Expected (nominal) demand follows a typical
life-cycle pattern:

TN

Introduction Growth Maturity Retiremen t




Problem definition

In each period t=1....T :

= holding (shortage) costs incur for each unit
surplus (shortage)

= Income is realized through sales

In period T:

= salvage value incur for surplus units
= Unsatisfied demand is lost

In each period t=1,...,T-1:

= Unsatisfied demand is backlogged



Mathematical model (1)

T | planning horizon

T
g, | production quantity in units C, production cost per unit qt = (ql, (0 P qt)
d, | demand in units m, | selling price per unit
d_t nominal demand in units s; | salvage value per unit t T
l, | inventory level h, holding cost per unit d" = (dl’ d2 P dt)
k | initial inventory p, | shortage cost per unit
N t
denote I, =1(q',d")=> (q,
=1
The model: Sales Salvage

: l l |

KF(q’d Z[m i, tl(qt_l’dt—l)Jrqt)}rsT max (1, (q7,d"),0)-
M;’:cl)x< . = > (1)
- _;[tht+htmax(lt(qt,dt),0)+ P, max(_lt(qt’dt)’o)}

Production Holding Shortage



LP model (2)

The piecewise linear model (1) can be written as

the following LP model:
Max F

qallylg
S.t.

]
> [9.-ca-v]=F

=
ytzhtlt(q d )
Y, z-p,l(a'.d")
g, <md, - t=1..T (2)
g, < mt(lt_1<qt‘1,dt‘1)+qt)
0,9 Y, 20




Uncertainty set

Ubox={dT| d,—d|<4, Vt=1,---,T}where 6, is the

uncertainty level

et N
N

14
— 12
2
g 10 4 —a— Nominal
§ 8 4 —a— Lower limit
© P

6 —e— Upper limit
g AN
B 4

2| AN

1 2 3 9 10 11 12

Period

U, ={deR"| d =d, +6¢ t=1..T where |¢],<p}
where £ is the ellipsoid radius |

|
N
\:/




Simulations

For several ellipsoid radius a set of L demand
vectors was generated

Each vector consisting of T =12 entries

The entries of the demand vectors were
generated from a uniform distribution supported
by the uncertainty set for the demand.

denote the average "actual” profit of method A
by AP(a,)= ZF(qA d') where F(q.d) is the objective
function (total profit) given in (1)




Simulations

For several uncertainty levels three sets of e
L=100 demand vectc.2 were generated

T=12. :
Each vector consists of entries e

The demand vectors entries of each set were o
generated from a Beta distribution with sp e ific

Beta distribution DZE)O rte d bv th € unce rtal ntv
Set Set shape parameters ol 3
number description | « 3 el |
L 2 s, Sty
2 Uniform 1 1 gl
3 Right 5 2 od




The actual price of robustness
(APOR)

Uncertainty level (in %)
2 14 30

Flgnowm . d) 98.71 98.71  98.71

Optimal solution | F(gaarc) 05.3  T74.82 46.92

POR 3.4 23.9 51.79

AP(qnvom) | 9572 7174 5377

Set 1 - Left AP(qaarc) 06.87 85.83 71.97
I APOR 116 809 -18.20 |

AP(gnom) 97.05 87.03  73.69

Set 2 - Uniform | AP(qaarc) 07.94  93.29 87.23
| APOR 089 626 -13.54 |

AP(qnonr) 04.38  87.03 73.69

Set 3 - Right AP(qaarc) 99.06 101.15 101.59

APOR -4.69




Average profit

Simulations results

Denote the average "actual” profit of solution e
1 ,

MBthbd ATy F(ad)  where is

the objective function (total profit) given in (1)

Lncerainty level 6% Uncertainty level 10% Uncerainty level 14%

120 120 120

100 | 100 | 100 ¢

a0} { = 80} { = sof { | I RC

; ; B tonte Carlo

B0 . % B0 . % B0 1 %Egﬂc
40t | < 401 | % ) 1 =EEF

20¢ ant a0t

0 0 0

Demand realization set number
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