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1. Introduction. This survey focuses on the following polynomial op-

timization problem: Given polynomials p, g1, ..., gm € R[x], find
pmin = inﬂ{ p(z) subject to g1(z) >0,...,gm(x) >0, (1.1)
TER™

the infimum of p over the basic closed semialgebraic set

K:={zeR"|qi(z) >0,...,9m(x) > 0}. (1.2)
Here R[x] = R[xy,...,X,] denotes the ring of multivariate polynomials in
the n-tuple of variables x = (x1,...,X;,). This is a hard, in general non-

convex, optimization problem. The objective of this paper is to survey
relaxation methods for this problem, that are based on relaxing positiv-
ity over K by sums of squares decompositions, and the dual theory of
moments. The polynomial optimization problem arises in numerous appli-
cations. In the rest of the Introduction, we present several instances of this
problem, discuss the scope of the paper, and give some preliminaries about
polynomials and semidefinite programming.
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1.1. The polynomial optimization problem. We introduce sev-
eral instances of problem (1.1).

The unconstrained polynomial minimization problem. This is
the problem

p™ = i p(a), (1.3)

of minimizing a polynomial p over the full space K = R"”. We now men-
tion several problems which can be cast as instances of the unconstrained
polynomial minimization problem.

Testing matrix copositivity. An n X n symmetric matrix M is said
to be copositive if 2T Mz > 0 for all z € R”; equivalently, M is copositive
if and only if p™* = 0 in (1.3) for the polynomial p := Y7 | x7x7M;;.
Testing whether a matrix is not copositive is an NP-complete problem [111].

The partition problem. The partition problem asks whether a given
sequence aq,...,a, of positive integer numbers can be partitioned, i.e.,
whether 27a = 0 for some x € {+1}". Equivalently, the sequence can be
partitioned if p™ = 0 in (1.3) for the polynomial p := (31—, a;x;)* +
> (x? — 1)% The partition problem is an NP-complete problem [45].

The distance realization problem. Let d = (d;;)ijer € RF be

a given set of scalars (distances) where E is a given set of pairs ij with
1 <4 < j <n. Given an integer k& > 1 one says that d is realizable

in R¥ if there exist vectors vy,...,v, € R¥ such that di; = |lv; — vj|
for all ij € E. Equivalently, d is realizable in R* if p™™ = 0 for the
polynomial p := ZijeE(dzzj - Zﬁzl(xih — x;,)?)? in the variables x;,

(i=1,...,n,h = 1,...,k). Checking whether d is realizable in R* is an
NP-complete problem, already for dimension k = 1 (Saxe [142]).

Note that the polynomials involved in the above three instances have
degree 4. Hence the unconstrained polynomial minimization problem is a
hard problem, already for degree 4 polynomials, while it is polynomial time
solvable for degree 2 polynomials (cf. Section 3.2). The problem (1.1) also
contains (0/1) linear programming.

(0/1) Linear programming. Given a matrix A € R™*" and vectors
b € R™, ¢ € R™, the linear programming problem can be formulated as

min ¢’z st. Az < b,

thus it is of the form (1.1) where the objective function and the constraints
are all linear (degree at most 1) polynomials. As is well known it can
be solved in polynomial time (cf. e.g. [146]). If we add the quadratic
constraints 2 = x; (i = 1,...,n) we obtain the 0/1 linear programming
problem:

min ¢’z s.t. Az <b, xf:xi Vi=1,...,n,

well known to be NP-hard.
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The stable set problem. Given a graph G = (V,E), aset S C V
is said to be stable if ij ¢ E for all 4,5 € S. The stable set problem asks
for the maximum cardinality «(G) of a stable set in G. Thus it can be
formulated as

a(G)=max » =z st.oxi+a; <1(ijEE), af=x €V) (14)
TERV 4
eV
=max » z; s.t. 2z =0 (1j € E), P —x;=03GeV). (L5)
vERT eV
Alternatively, using the theorem of Motzkin-Straus [109], the stability num-
ber a(G) can be formulated via the program

% =min 27 (I + Ag)r s.t. E =1 2,>0(eV). (1.6)
a
eV

Using the characterization mentioned above for copositive matrices, one
can derive the following further formulation for a(G)

a(G) =inf t s.t. t(I 4+ Ag)— J is copositive, (1.7)

which was introduced in [37] and further studied e.g. in [51] and references
therein. Here, J is the all ones matrix, and Ag is the adjacency matrix
of G, defined as the V x V' 0/1 symmetric matrix whose (¢, j)th entry is
1 precisely when i # j € V and ij € E. As computing «(G) is an NP-
hard problem (see, e.g., [45]), we see that problem (1.1) is NP-hard already
in the following two instances: the objective function is linear and the
constraints are quadratic polynomials (cf. (1.5)), or the objective function
is quadratic and the constraints are linear polynomials (cf. (1.6)). We will
use the stable set problem and the following max-cut problem in Section
8.2 to illustrate the relaxations methods for polynomial problems in the
0/1 (or £1) case.

The max-cut problem. Let G = (V,E) be a graph and w;; € R
(ij € E) be weights assigned to its edges. A cut in G is the set of edges
{ije E|ie€SjeV\S} for some S CV and its weight is the sum
of the weights of its edges. The max-cut problem, which asks for a cut
of maximum weight, is NP-hard [45]. Note that a cut can be encoded
by z € {£1}V by assigning z; = 1 to nodes i € S and ; = —1 to
nodes ¢ € V' \ S and the weight of the cut is encoded by the function
>ijer(wij/2)(1—z;x;). Therefore the max-cut problem can be formulated
as the polynomial optimization problem

mc(G, w) 1= max Z (wi;/2)(1 — zi2j) st i =1,...,22 =1. (1.8)

n
ijEE
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1.2. The scope of this paper. As the polynomial optimization
problem (1.1) is NP-hard, several authors, in particular Lasserre [78, 79,
80], Nesterov [112], Parrilo [121, 122], Parrilo and Sturmfels [125], Shor
[155, 156, 157, 158], have proposed to approximate the problem (1.1) by a
hierarchy of convex (in fact, semidefinite) relaxations. Such relaxations can
be constructed using representations of nonnegative polynomials as sums
of squares of polynomials and the dual theory of moments. The paradigm
underlying this approach is that, while testing whether a polynomial is
nonnegative is a hard problem, testing whether a polynomial is a sum of
squares of polynomials can be formulated as a semidefinite programming
problem. Now, efficient algorithms exist for solving semidefinite programs
(to any arbitrary precision). Thus approximations for the infimum of p over
a semialgebraic set K can be computed efficiently. Moreover, under some
assumptions on the set K, asymptotic (sometimes even finite) convergence
to p™in can be proved and one may be able to compute global minimizers
of p over K. For these tasks the interplay between positive polynomials
and sums of squares of polynomials on the one hand, and the dual objects,
moment sequences and matrices on the other hand, plays a significant role.
The above is a rough sketch of the theme of this survey paper. Our ob-
jective is to introduce the main theoretical tools and results needed for
proving the various properties of the approximation scheme, in particular
about convergence and extraction of global minimizers. Whenever possible
we try to provide detailed proofs and background.

The link between positive (nonnegative) polynomials and sums of
squares of polynomials is a classic question which goes back to work of
Hilbert at the end of the nineteenth century. As Hilbert himself already re-
alized not every nonnegative polynomial can be written as a sum of squares
of polynomials; he in fact characterized the cases when this happens (cf.
Theorem 3.4). This was the motivation for Hilbert’s 17th problem, posed
in 1900 at the International Congress of Mathematicians in Paris, asking
whether every nonnegative polynomial can be written as a sum of squares
of rational functions. This was later in 1927 answered in the affirmative
by E. Artin whose work lay the foundations for the field of real algebraic
geometry. Some of the milestone results include the Real Nullstellensatz
which is the real analogue of Hilbert’s Nullstellensatz for the complex field,
the Positivstellensatz and its refinements by Schmiidgen and by Putinar,
which are most relevant to our optimization problem. We will present a
brief exposition on this topic in Section 3.

The study of positive polynomials is intimately linked to the theory of
moments, via the following duality relation: A sequence y € RN" is the se-
quence of moments of a nonnegative measure 1 on R” (i.e. yo = [2%u(dz)
Va € N") if and only if y"p = Y v¥apa > 0 for any polynomial
P =Y ,PaXx® € R[x] which is nonnegative over R™. Characterizing mo-
ment sequences is a classical problem, relevant to operator theory and
several other areas in mathematics (see e.g. [1, 77] and references therein).
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Indeed, sequences of moments of nonnegative measures correspond to pos-
itive linear functionals on R[x]; moreover, the linear functionals that are
positive on the cone of sums of squares correspond to the sequences y whose
moment matrix M(y) := (Ya+8)a,senn is positive semidefinite. Curto and
Fialkow have accomplished a systematic study of the truncated moment
problem, dealing with sequences of moments up to a given order. We will
discuss some of their results that are most relevant to polynomial opti-
mization in Section 5 and refer to [28, 29, 30, 31, 41] and further references
therein for detailed information.

Our goal in this survey is to provide a tutorial on the real algebraic
tools and the results from moment theory needed to understand their appli-
cation to polynomial optimization, mostly on an elementary level to make
the topic accessible to non-specialists. We obviously do not pretend to offer
a comprehensive treatment of these areas for which excellent accounts can
be found in the literature and we apologize for all omissions and impreci-
sions. For a more advanced exposition on positivity and sums of squares
and links to the moment problem, we refer in particular to the article by
Scheiderer [144], to the survey article by Helton and Putinar [58], and to
the monographs by Prestel and Delzell [133] and by Marshall [103, 106].

1.3. Preliminaries on polynomials and semidefinite programs.
We introduce here some notation and preliminaries about polynomials,
matrices and semidefinite programs. We will introduce further notation
and preliminaries later on in the text when needed.

1.3.1. Polynomials. Throughout, N denotes the set of nonnegative
integers and we set N} := {a € N" | |a| :== Y1 ja; < t} for t € N.
R[x1,...,Xy,] denotes the ring of multivariate polynomials in n variables,
often abbreviated as R[x| where x stands for the n-tuple (x1,...,x,).
Throughout we use the boldfaced letters x;,x,y,z, etc., to denote vari-
ables, while the letters z;,z,y, z,... stand for real valued scalars or vec-
tors. For a@ € N, x* denotes the monomial x7" ---x% whose degree is
laf :== >0 ;. T™ := {x* | @ € N"} is the set of all monomials and,
for t € N, TP := {x“ | @« € N7} is the set of monomials of degree < t.
Consider a polynomial p € R[x|, p = > cnn PaX®, where there are only
finitely many nonzero p,’s. When p, # 0, pox® is called a term of p. The
degree of p is deg(p) := max(t | po # 0 for some v € N}') and throughout
we set

d, := [deg(p)/2] for p € R[x]. (1.9)
For the set K = {x € R" | g1(z) > 0,...,gm(x) > 0} from (1.2), we set
dg = max(dg, ,...,dqg,,). (1.10)

We let R[x]; denote the set of polynomials of degree < t.
A polynomial p € R[x] is said to be homogeneous (or a form) if all
its terms have the same degree. For a polynomial p € R[x] of degree d,
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p = E\a|§dpaxav its homogenization is the polynomial p € R[x,x;,+1]

||

defined by p := Em‘gdpaxaxill .

For a polynomial p € R[x], p = > pax?®, vec(p) := (Pa)aenn denotes
its sequence of coefficients in the monomial basis of R[x]; thus vec(p) € R,
the subspace of RN" consisting of the sequences with finitely many nonzero
coordinates. Throughout the paper we often identify a polynomial p with
its coordinate sequence vec(p) and, for the sake of compactness in the
notation, we often use the letter p instead of vec(p); that is, we use the same
letter p to denote the polynomial p € R[x] and its sequence of coefficients
(Pa)a- We will often deal with matrices indexed by N™ or N'. If M is
such a matrix, indexed say by N", and f,g € R[x], the notation f7 Mg
stands for vec(f)T Mvec(g) = > o fagsMa,p. In particular, we say that
a polynomial f lies in the kernel of M if M f := Mvec(f) =0, and Ker M
can thus be seen as a subset of R[x]. When deg(p) < ¢, vec(p) can also be
seen as a vector of RYY | as p, = 0 whenever |a| >t + 1.

For a subset A C R", Spang(A) := {371, Nja; | a; € A, \; € R}
denotes the linear span of A, and conv(A) := {3772, Nja; | a; € A,); €
Ry, Zj Aj = 1} denotes the convex hull of A. Throughout eq, ..., e, denote
the standard unit vectors in R, i.e. ¢; = (0,...,0,1,0,...,0) with 1 at
the ith position. Moreover Z denotes the complex conjugate of z € C.

1.3.2. Positive semidefinite matrices. For an n x n real symmet-
ric matrix M, the notation M = 0 means that M is positive semidefinite,
ie. 2T Mz > 0 for all x € R”. Here are several further equivalent charac-
terizations: M > 0 if and only if any of the equivalent properties (1)-(3)
holds.

(1) M = VVT for some V € R™ "; such a decomposition is sometimes
known as a Gram decomposition of M. Here V can be chosen in R™*"
where r = rank M.

(2) M = (viij)ijl for some vectors vy, ...,v, € R". Here the v;’s may
be chosen in R” where r = rank M.

(3) All eigenvalues of M are nonnegative.

The notation M > 0 means that M is positive definite, i.e. M > 0 and
rank M = n (equivalently, all eigenvalues are positive). When M is an
infinite matrix, the notation M > 0 means that every finite principal sub-
matrix of M is positive semidefinite. Sym,, denotes the set of symmetric
nxn matrices and PSD,, the subset of positive semidefinite matrices; PSD,,
is a convex cone in Sym,,. R"*" is endowed with the usual inner product

<A,B> = TI‘(ATB) = Z aijbij
ij=1
for two matrices A = (a;;), B = (b;j) € R**™. As is well known, the cone

PSD,, is self-dual, since PSD,, coincides with its dual cone (PSD,)* :=
{A€Sym, | (A,B) >0VB € PSD,,}.
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1.3.3. Flat extensions of matrices. The following notion of flat ex-
tension of a matrix will play a central role in the study of moment matrices
with finite atomic measures, in particular, in Section 5.

DEFINITION 1.1. Let X be a symmetric matriz with block form

X = <;T 2) . (1.11)

One says that X is a flat extension of A if rank X = rank A or, equivalently,
if B= AW and C = BTW = WTAW for some matrizc W. Obuviously, if
X is a flat extension of A, then X = 0 <= A = 0.

We recall for further reference the following basic properties for pos-
itive semidefinite matrices. Recall first that, for M € PSD,, and =z € R",
z € Ker M (i.e. Mz =0) < 2T Mz =0.

LEMMA 1.2. Let X be a symmetric matriz with block form (1.11),
where A is p X p and B is p X q.

(i) If X = 0 or if rank X = rank A, then z € Ker A =

(i1) If rank X = rank A, then Ker X = Ker (A B).

T

(0> € Ker X.

)
(iil) If X = 0, A is nonsingular if and only if (;T> is nonsingular.
)

(iv) If X = 0, then each column b of B belongs to the range R(A) of A,
where R(A) := {Au | u € RP}.

Proof. (i) Az =0 = 0 =2"Az = (27 0) X (g), which implies

X (g) =0if X = 0. If rank X = rank A, then B = AW for some matrix

W and thus BTz = 0, giving X (gé) =0.

(ii) Obviously, rank X > rank (A B) > rank A. If rank X = rank A, equal-
ity holds throughout, which implies Ker X = Ker (A B).

(iii) follows directly from (i).

(iv) As A = 0, R(A) = (Ker A)*; hence it suffices to show b € (Ker A)*,
which follows easily using (i). |

1.3.4. Semidefinite programs. Consider the program

p = sup (C,X) st. X =0, (4;,X)=0b; j=1,....,m) (1.12)
XeSym,,

in the matrix variable X, where we are given C, Ay,..., A, € Sym,, and

b € R™. This is the standard (primal) form of a semidefinite program; its
dual semidefinite program reads:

d* = inf by s.t. A —C =0 1.13
nf by s ;yg j = (1.13)
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in the variable y € R™. Obviously,
p"<d, (1.14)

known as weak duality. Indeed, if X is feasible for (1.12) and y is feasible
for (1.13), then 0 < (X, > 7", y;4; — C) = bTy — (C, X). One crucial issue
in duality theory is to identify sufficient conditions that ensure equality in
(1.14), i.e. a zero duality gap, in which case one speaks of strong duality.
We say that (1.12) is strictly feasible when there exists X > 0 which is
feasible for (1.12); analogously (1.13) is strictly feasible when there exists
y feasible for (1.13) with 37", y;4; — C = 0.

THEOREM 1.3. If the primal program (1.12) is strictly feasible and
its dual (1.13) is feasible, then p* = d* and (1.18) attains its supremum.
Analogously, if (1.13) is strictly feasible and (1.12) is feasible, then p* = d*
and (1.12) attains its infimum.

Semidefinite programs are convex programs. As one can test in poly-
nomial time whether a given rational matrix is positive semidefinite (using
e.g. Gaussian elimination), semidefinite programs can be solved in poly-
nomial time to any fixed precision using the ellipsoid method (cf. [50]).
Algorithms based on the ellipsoid method are however not practical since
their running time is prohibitively high. Interior-point methods turn out
to be the method of choice for solving semidefinite programs in practice;
they can find an approximate solution (to any given precision) in polyno-
mially many iterations and their running time is efficient in practice for
medium sized problems. There is a vast literature devoted to semidefi-
nite programming and interior-point algorithms; cf. e.g. [113], [136], [164],
[167], [176].

We will use (later in Section 6.6) the following geometric property of
semidefinite programs. We formulate the property for the program (1.12),
but the analogous property holds for (1.13) as well.

LEMMA 1.4. Let R :=={X € PSD,, | (4;,X) =b; (j =1,...,m)}
denote the feasible region of the semidefinite program (1.12). If X* € R
has mazimum rank, i.e. rank X* = maxxer rank X, then Ker X* C Ker X
for all X € R. In particular, if X* is an optimum solution to (1.12) for
which rank X* is mazimum, then Ker X* C Ker X for any other optimum
solution X.

Proof. Let X* € R for which rank X* is maximum and let X € R.
Then X' := 4(X* + X) € R, with Ker X’ = Ker X* N Ker X C Ker X*.
Thus equality Ker X’ = Ker X* holds by the maximality assumption on
rank X*, which implies Ker X* C Ker X. The last statement follows simply
by adding the constraint (C, X) = p* to the description of the set R. O

Geometrically, what the above lemma says is that the maximum rank
matrices in R correspond to the matrices lying in the relative interior of the
convex set R. And the maximum rank optimum solutions to the program



SUMS OF SQUARES, MOMENT MATRICES AND POLYNOMIAL OPTIMIZATION 11

(1.12) are those lying in the relative interior of the optimum face defined
by the equation (C,X) = p*, of the feasible region R. As a matter of
fact primal-dual interior-point algorithms that follow the so-called central
path to solve a semidefinite program return a solution lying in the relative
interior of the optimum face (cf. [176] for details). Thus (under certain
conditions) it is easy to return an optimum solution of maximum rank; this
feature will be useful for the extraction of global minimizers to polynomial
optimization problems (cf. Section 6.6). In contrast it is hard to find
optimum solutions of minimum rank. Indeed it is easy to formulate hard
problems as semidefinite programs with a rank condition. For instance,
given a sequence a € N, the program

p* :=min (aa’,X) st. X =0, Xjy=1(i=1,...,n),rank X =1

solves the partition problem introduced in Section 1.1. Indeed any X = 0
with diagonal entries all equal to 1 and with rank 1 is of the form X = zzT
for some & € {£1}"™. Therefore, the sequence a = (as,...,a,) can be
partitioned precisely when p* = 0, in which case any optimum solution
X = zaT gives a partition of a, as a2 = " | a;z; = 0.

1.4. Contents of the paper. We provide in Section 2 more detailed
algebraic preliminaries about polynomial ideals and varieties and the reso-
lution of systems of polynomial equations. This is relevant to the problem
of extracting global minimizers for the polynomial optimization problem
(1.1) and can be read separately. Then the rest of the paper is divided into
two parts. Part 1 contains some background results about positive poly-
nomials and sums of squares (Section 3) and about the theory of moments
(Section 4), and more detailed results about (truncated) moment matri-
ces, in particular, from Curto and Fialkow (Section 5). Part 2 presents
the application to polynomial optimization; namely, the main properties
of the moment/SOS relaxations (Section 6), some further selected topics
dealing in particular with approximations of positive polynomials by sums
of squares and various approaches to unconstrained polynomial minimiza-
tion (Section 7), and exploiting algebraic structure to reduce the problem
size (Section 8).

2. Algebraic preliminaries. We group here some preliminaries on
polynomial ideals and varieties, and on the eigenvalue method for solving
systems of polynomial equations. For more information, see, e.g., [8, 23,
25, 26, 161].

2.1. Polynomial ideals and varieties. Let Z be an ideal in R[x];
that is, Z is an additive subgroup of R[x] satisfying fg € Z whenever f € T
and g € R[x]. Given hq, ..., h, € R[x],

(h1,. .. h) o= {Zujhj . GR[x]}
j=1
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denotes the ideal generated by hi, ..., hy,. By the finite basis theorem, any
ideal in R[x] admits a finite set of generators. Given an ideal Z C R[x],
define

Ve(Z)={xeC"| f(z)=0Vf eI}, WEI) :=Vc(Z)NRY
Ve (Z) is the (complex) variety associated to Z and V() is its real variety.
Thus, if 7 is generated by hq, ..., hy,, then Ve(Z) (resp., VrR(Z)) is the set
of common complex (resp., real) zeros of hq,..., hy,. Observe that V¢ (7)
is closed under complex conjugation, i.e., T € V¢(Z) for all v € Vi(Z), since

7 consists of polynomials with real coefficients. When Vi(Z) is finite, the
ideal 7 is said to be zero-dimensional. Given V C C™,

(V) ={f eRX | f(v) =0 Vv eV}
is the vanishing ideal of V. Moreover,
VT :={f € R[x] | f¥ € T for some integer k > 1}
is the radical of 7 and

VI :={feR[x]| f%—l—Zp?EI for some k > 1, p1,...,pm € Rx|}

j=1

is the real radical of Z. The sets Z(V'), v/Z and V/T are again ideals in R[x].
Obviously, for an ideal Z C R[x],

I C VI CI(Ve(2)), T < VI CI(Va(D)).

The following celebrated results relate (real) radical and vanishing ideals.

THEOREM 2.1. Let Z be an ideal in R[x].
(i) (Hilbert’s Nullstellensatz) (see, e.g., [25, §4.1]) VI = T(Ve(T)).
(ii) (The Real Nullstellensatz) (see, e.g., [13, §4.1]) VI = T(V(T)).
The ideal 7 is said to be radical when 7T = /T , and real radical when
T = V/Z. Roughly speaking, the ideal 7 is radical if all points of V¢(Z) have
single multiplicity. For instance, the ideal Z := (x2) is not radical since
Ve(Z) = {0} and x € Z(Vi(Z)) \ Z. Obviously, Z C Z(Ve(Z)) C Z(Vr(2)).
Hence, 7 real radical = 7 radical. Moreover,

7 real radical with |Vr(Z)| < co = V¢ (Z) = Wr(Z) C R™. (2.1)

Indeed, Z(Ve(Z)) = Z(Vr(Z)) implies Ve (Z(Ve(Z))) = Ve(Z(Vk(Z))). Now,
Ve(Z(Ve(T))) = Ve(Z), and Ve (Z(VR(Z))) = Vr(Z) since Vg(Z) is an al-
gebraic subset of C™ as it is finite. We will often use the following char-
acterization of (real) radical ideals which follows directly from the (Real)
Nullstellensatz:

T is radical (resp., real radical)
—
The only polynomials vanishing at all points of V()
(resp., all points of Vg(Z)) are the polynomials in Z.

(2.2)
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The following lemma gives a useful criterion for checking whether an ideal
is (real) radical.

LEMMA 2.2. Let T be an ideal in R[x].
(i) Z is radical if and only if

VfeRx] ffel= feT. (2.3)

(i1) Z is real radical if and only if

m

VD1, Pm € R[X] Zp?EI:M?l,...,pmeI. (2.4)
j=1

Proof. The ‘only if’ part is obvious in (i), (ii); we prove the ‘if part’.

(i) Assume that (2.3) holds. Let f € R[x]. Weshow f* € T = f €T
using induction on k > 1. Let k > 2. Using (2.3), we deduce fI*/21 ¢ 7.
As [k/2] < k — 1, we deduce f € 7 using the induction assumption.

(ii) Assume that (2.4) holds. Let f,p1,...,pm € R[x] such that
2+ Z;nzl pf € Z; we show that f € Z. First we deduce from (2.4)
that f* p1,...,pm € Z. As (2.4) implies (2.3), we next deduce from the
case (i) that f € Z. a0

We now recall the following simple fact about interpolation polynomi-
als, which we will need at several occasions in the paper.

LEMMA 2.3. Let V C C™ with |V| < oo. There exist polynomials
py € Clx] (for v € V') satisfying p,(v) = 1 and p,(u) = 0 for allu € V\{v};
they are known as Lagrange interpolation polynomials at the points of
V. Assume moreover that V is closed under complex conjugation, i.e.,
V =V :={v|veV}. Then we may choose the interpolation polynomials
in such a way that they satisfy py = Dy for all v € V' and, given scalars a,
(v € V) satisfying az = @ for all v € V, there exists p € R[x]| taking the
prescribed values p(v) = a, at the points v € V.

Proof. Fix v € V. For u € V, u # v, pick an index i, € {1,...,n}

for which w;, # v;, and define the polynomial p, := H M.
weVi\fuy VT i
Then the polynomials p, (v € V) satisfy the lemma. If V = V, then we
can choose the interpolation polynomials in such a way that pz = p,, for all
v € V. Indeed, for v € V NR", simply replace p, by its real part and, for
v € V\ R", pick p, as before and choose py := p,. Finally, if az = @, for
all v € V, then the polynomial p := ZUEV ayPy has real coefficients and
satisfies p(v) = a, for v € V. |

The algebraic tools just introduced here permit to show the following
result of Parrilo [123], giving a sum of squares decomposition for every poly-

nomial nonnegative on a finite variety assuming radicality of the associated
ideal.
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THEOREM 2.4. [123] Consider the semialgebraic set

K:={zeR"|hi(z)=0,...,hm,(x) =0,91(x) >0,...,gm(x) > 0},

(2.5)
where Ry ...y Rmgs 91y« -+ gm € R[X] and mg > 1, m > 0. Assume that
the ideal T := (hy,...,hm,) is zero-dimensional and radical. Then every
nonnegative polynomial on K is of the form ug + E;’;l u;g; + q, where

UQ, ULy - - -, Uy GTE SUMS Of Squares of polynomials and q € I.

Proof. Partition V := V¢(Z) into SUT UT, where S = V N R,
TUT =V \R" Let p, (v € Vc(Z)) be interpolation polynomials at the
points of V, satisfying pz = P, for v € T (as in Lemma 2.3). We first
show the following fact: If f € R[x] is nonnegative on the set S, then
f = o0 + q where o is a sum of squares of polynomials and g € Z. For this,
for v € SUT, let 7, = /f(v) be a square root of f(v) (thus, 7, € R if
v € S) and define the polynomials ¢, € R[x] by ¢, := Yup, for v € S and
Qv := YoPv +ToPv for v € T. The polynomial f — > _ (qv)? vanishes at
all points of V; hence it belongs to Z, since Z is radical. This shows that
f =0+ q, where ¢ is a sum of squares and q € 7.

Suppose now that f € R[x] is nonnegative on the set K. In view of
Lemma 2.3, we can construct polynomials sg, $1, ..., s, € R[x| taking the
following prescribed values at the points in V: If v € V\ S, orif v € S and
f(v) >0, so(v) := f(v) and s;(v) :=0 (j =1,...,m). Otherwise, v € K
and thus g;, (v) < 0 for some j, € {1,...,m}; then s, (v) := qj_‘v(l(?})
so(v) = s;(v) :=0for j € {1,...,m} \ {jv}. By construction, each of the
polynomials sg, s1, ..., Sy is nonnegative on S. Using the above result, we
can conclude that s; = 0 +¢q;, where 0; is a sum of squares and ¢; € Z, for
7 =0,1,...,m. Now the polynomial q := f — sg — Z;n:l 5;g; vanishes at
all points of V' and thus belongs to Z. Therefore, f = so+ E;n:l 5;9;+q=
o0 + >.5L, 0595 + ¢, where ¢’ := q+qo + )", ¢;g; € T and 0,0, are
sums of squares of polynomials. a

and

2.2. The quotient algebra R[x]/Z. Given an ideal 7 in R[x], the
elements of the quotient space R[x]|/Z are the cosets [f] :== f+Z = {f+q/|
q € T}. R[x]/Z is a R-vector space with addition [f]+[g] = [f+g] and scalar
multiplication A[f] = [Af], and an algebra with multiplication [f][g] = [fg],
for A € R, f,g € R[x]. Given h € R[x], the ‘multiplication by h operator’

mp: Rx|/I — R[x]/T

f+T — fh+T (2:6)

is well defined. As we see later in Section 2.4, multiplication operators
play a central role in the computation of the variety Vo(Z). In what
follows we often identify a subset of R[x] with the corresponding subset
of R[x]/Z consisting of the cosets of its elements. For instance, given
B ={by,...,by} C R[x], if the cosets [b1],..., [bn] generate R[x]/Z, i.e., if
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any f € R[x] can be written as Zjvzl Ajbj + q for some A € RY and ¢ € Z,
then we also say by abuse of language that the set B itself is generating in
R[x]/Z. Analogously, if the cosets [b1],...,[bn] are pairwise distinct and
form a linearly independent subset of R[x]/Z, i.e., if Ejvzl Ajb; € T implies
A = 0, then we say that B is linearly independent in R[x]/Z.

Theorem 2.6 below relates the cardinality of V¢ (Z) and the dimension
of the quotient vector space R[x]/Z. This is a classical result (see, e.g.,
[25]), which we will use repeatedly in our treatment. The following simple
fact will be used in the proof.

LEMMA 2.5. Let T C R[x] with |Vc(Z)| < co. Partition Ve(Z) into
Ve(Z) = SUT UT where S = Ve(Z) NR™, and let p, be interpolation
polynomials at the points of Ve (Z) satisfying py = Py for all v € Ve (T).
The set L := {p, (v € S),Re(py),Im(p,) (v € T)} is linearly independent
in R[x]/Z and generates R[x]/Z(Ve(Z)).

Proof. Assume Y ¢ APy + D, cr A Re(py) + A, Im(p,,) € Z. Eval-
uating this polynomial at v € V¢ (Z) yields that all scalars A,, A, are 0.
Thus £ is linearly independent in R[x]/Z. Given f € R[x], the poly-
nomial f — 3 oy (z) f(v)py lies in Z(Ve(Z)). Now, >, vz f(v)py =
> wes fW)Po + > cr 2Re(f(v)py) can be written as a linear combination
of Re(p,) and Im(p,). This implies that £ generates R[x]|/Z(Vc(7)). a

THEOREM 2.6. An ideal T C R[x] is zero-dimensional (i.e., |Vo(Z)| <
o0) if and only if the vector space R[x]/Z is finite dimensional. Moreover,
[Ve(Z)| < dim R[x]/Z, with equality if and only if the ideal T is radical.

Proof. Assume k := dimR[x]/Z < co. Then, the set {1,x1,...,x}}
is linearly dependent in R[x]/Z. Thus there exist scalars Ag,...,A\; (not
all zero) for which the polynomial f := ZZ:O Anx? belongs to Z. Thus,
for v € Ve (Z), f(v) = 0, which implies that v; takes only finitely many
values. Applying the same reasoning to the other coordinates, we deduce
that V¢ (Z) is finite.

Assume now |V (Z)] < co. Say, {v1 | v € Ve(Z)} = {a1,...,ar}. Then
the polynomial f := Hﬁzl(xl — ap) belongs to Z(Ve(Z)). By Theorem
2.1, f € VI, ie., f™ € T for some integer m; > 1. Hence the set

{[1],[x1]; - - ., [x¥™ ]} is linearly dependent in R[x]/Z and thus, for some
integer ny > 1, [x}"] lies in Spang([1],. .., [x}*~!]). Similarly, for any other
coordinate x;, [x!"'] € Spang([1], ..., [x!]) for some integer n; > 1. From

this one can easily derive that the set {[x*] |0 < a; <n; —1 (1 <i<n)}
generates R[x]/Z, which shows that dim R[x]/Z < oo.

Assume V¢ (Z) is finite and let £ be as in Lemma 2.5. As £ is linearly
independent in R[x]/Z with |£| = |Vc(Z)| we deduce that dimR[x]/Z >
|[Ve(Z)|. Moreover, if 7 is radical then Z = Z(V¢(Z)) and thus £ is also
generating in R[x]/Z, which implies dim R[x|/Z = |V(Z)|. Finally, if 7 is
not radical, there exists a polynomial f € Z(Vc(Z)) \ Z and it is easy to
verify that the set £U {f} is linearly independent in R[x]/Z. a0
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For instance, the ideal Z := (x? —x; | i = 1,...,n) is radical and zero-
dimensional, since V¢ (Z) = {0,1}", and the set {[[,c, x| L € {1,...,n}}
is a linear basis of R[x]/Z.

Assume N := dimR[x]/Z < oo and let B = {b1,...,bn} C R[x] be
a basis of R[x]/Z; that is, any polynomial f € R[x] can be written in a
unique way as

N
f= Z)\jbj—l-q, where ¢ € 7 and X € RY;
=1
—
resp(f)

in short, f = Y-'; A;b; mod Z. The polynomial resg(f) := Y3 | A;b; is
called the residue of f modulo T with respect to the basis B. In other words,
the vector space Spang(B) := {Zjvzl Ajbj | A € RN} is isomorphic to
R[x]/Z. As recalled in the next section, the set By of standard monomials
with respect to any monomial ordering is a basis of R[x]/Z; then the residue
of a polynomial f w.r.t. By is also known as the normal form of f w.r.t.
the given monomial ordering. Let us mention for further reference the
following variation of Lemma 2.3.

LEMMA 2.7. Let T be a zero-dimensional ideal in R[x] and let B be a
basis of R[x]/Z. There exist interpolation polynomials p, at the points of
Ve(Z), where each py, is a linear combination of members of B.

Proof. Given a set of interpolation polynomials p,, replace p, by its
residue modulo Z with respect to B. d

2.3. Grobner bases and standard monomial bases. A classi-
cal method for constructing a linear basis of the quotient vector space
R[x]/Z is to determine a Grobner basis of the ideal 7 with respect to some
given monomial ordering; then the corresponding set of standard monomi-
als provides a basis of R[x]/Z. We recall here a few basic definitions about
monomial orderings, Grébner bases, and standard monomials. A monomial
ordering ‘>’ is a total ordering of the set T,, = {x* | & € N"} of monomials,
which is a well-ordering and satisfies the condition: x* = x” = x**7 »~
XA We also write ax® = bx? if x* = x% and a,b € R\ {0}. Examples
of monomial orderings are the lexicographic order ‘>~ie;’, where X% =, X
if @ > B for a lexicographic order on N”, or the graded lexicographic order
“griex’, where X = gppep X7 if |a| > |8, or |a] = |3] and x* =c; x”. The
latter is an example of a total degree monomial ordering, i.e., a monomial
ordering = such that x* = x” whenever |a| > |].

Fix a monomial ordering > on R[x]. For a nonzero polynomial f =
Do fax®, its terms are the quantities f,x® with f, # 0 and its leading
term LT(f) is defined as the maximum f,x* with respect to the given
ordering for which f, # 0. Let Z be an ideal in R[x]. Its leading term ideal
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is LT(Z) := (LT(f) | f € Z) and the set
By :=T, \LT(Z) = {x“ | LT(f) does not divide x* Vf € T}

is the set of standard monomials. A finite subset G C 7 is called a Grébner
basis of 7 if LT(Z) = LT(G); that is, if the leading term of every nonzero
polynomial in Z is divisible by the leading term of some polynomial in G.
Hence x* € By if and only if x® is not divisible by the leading term of any
polynomial in G. A Grobner basis always exists and it can be constructed,
e.g., using the algorithm of Buchberger.

Once a monomial ordering > is fixed, one can apply the division algo-
rithm. Given nonzero polynomials f, g1,. .., gm, the division algorithm ap-
plied to dividing f by g1, . . ., gm produces polynomials u, . .., u,, and r sat-
isfying f = Z;n:l ujg;+1, no term of r is divisible by LT(g;) (j = 1,...,m)
if r # 0, and LT(f) > LT(u;g,) if u; # 0. Hence deg(f) > deg(u;g;)
if u; # 0, when the monomial ordering is a graded lexicographic or-
der. When the polynomials g1, ..., gm form a Grobner basis of the ideal
Z:=(g1,---,9m), the remainder r is uniquely determined and r is a linear
combination of the set of standard monomials, i.e., r € Spang (B ); in par-
ticular, f € 7 if and only if r = 0. In other words, the set By of standard
monomials is a basis of the quotient vector space R[x]/Z.

EXAMPLE 2.8. Consider the polynomial f = x%y + xy? + y? to be
divided by the polynomials hy = xy —1, ho = y? — 1. Fiz the lex order with
x >y. Then LT(f) = x%y, LT(h1) = xy, LT(h2) = y2. AsLT(h1)|LT(f),
we write

=Xy +xy’+y° = (xy - 1)(x+y) +x+y° +y.
SN—— ——
h1 q

Now LT(q) = x is not divisible by LT (hy),LT(hg), but LT (ha) divides the
term y? of q. Thus write

=’ -1)+x+y+1
N——
ha
This gives
f=hx+y) +hs+x+y+1. (2.7)

No term of the polynomial v := x +y + 1 is divisible by LT (h1), LT (h2),
thus r is the remainder of the division of f by h1, ha (in that order). If we
do the division by ha, hy then we get the following decomposition:

f=&x+1)hy+xh) +2x+ 1. (2.8)
Thus (2.7), (2.8) are two disctinct decompositions of f of the form

2
f = Zulhz +7r
=1
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where no term of r is divisible by LT (hy),LT(he). Hence the remainder
is not uniquely defined. This is because the set {h1,ha} is not a Grébner
basis of the ideal T := (hy,hs). Indeed the polynomial

hy :=yhi —xhy =y(xy = 1) = x(y* - 1) =x~y €T

and LT (hs) = x is not divisible by LT (hy), LT (hg). For the given monomial
ordering, the set of standard monomials is B = {1,y}, the set {ha, h3}
is a Grobner basis of T, and dimR[x]/Z = 2 = |Ve(Z)| with Ve(Z) =

2.4. Solving systems of polynomial equations. One of the at-
tractive features of Lasserre’s method for minimizing a polynomial over
a semialgebraic set is that, when some technical rank condition holds for
the optimum solution of the given relaxation, then this relaxation is in fact
exact and moreover one can extract global minimizers for the original prob-
lem. This extraction procedure requires to solve a system of polynomial
equations

hi(z) =0,..., hpm,(z) =0,

where the ideal Z := (hy, ..., hm,) is zero-dimensional (and in fact radical).
This problem has received considerable attention in the literature. We
present the so-called eigenvalue method (also known as the Stetter-Moller
method [108]) which relates the points of Vi (Z) to the eigenvalues of the
multiplication operators in the quotient space R[x]/Z. See, e.g., [23, 40,
161] for a detailed account on this method and various other methods for
solving systems of polynomial equations.

Fix a basis B = {b1,...,bn} of R[x]/Z and let M}, denote the matrix
of the multiplication operator operator my, from (2.6) with respect to the
basis B. Namely, for j = 1,..., N, let resg(hb;) = Zil a;;b; denote the
residue of hb; modulo Z w.r.t. B, i.e.,

N

hbj — Zaijbi el (29)
i=1

then the jth column of My}, is equal to the vector (aij)ij\il. When h = x;, the
multiplication matrices My, (i = 1,...,n) are also known as the companion
matrices of the ideal Z. Theorem 2.9 below shows that the coordinates of
the points v € V can be obtained from the eigenvalues of the companion
matrices. As a motivation we first treat the univariate case.

2.4.1. Motivation: The univariate case. Given a univariate poly-
nomial

p=x'—pix¥—. . —po
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consider the ideal Z = (p) (obviously zero-dimensional). The set B =
{1,%,...,x%71} is a basis of R[x]/(p). With respect to B, the multiplication
matrix My has the form

0O ... 0 Po
b1
My = .
Pa—1
where I is the identity matrix of size (d — 1) x (d — 1). One can verify that
det(My — tI) = (—1)%p(t). Therefore, the eigenvalues of the companion

matrix My are precisely the roots of the polynomial p. We now see how
this fact extends to the multivariate case.

2.4.2. The multivariate case. The multiplication operators
Mxy, - ., Mx, commute pairwise. Therefore the set {M; | f € R[x]} is
a commutative algebra of N x N matrices. For a polynomial h € R[x],
h =3, hax®, note that

My, = h(Mxla . .,Mxn) = Zha(Mxl)al e (Mxn)(ln = h’(M)a

M, =0« hel.

Based on this, one can easily find the minimal polynomial of My, (i.e. the
monic polynomial p € R[t] of smallest degree for which p(My) = 0). In-
deed, for p = Z'Z:Opiti € R[t], p(Mp) = >, pi(Mp)" = My, = 0 if and
only if p(h) € Z. Thus one can find the minimal polynomial of M), by com-
puting the smallest integer d for which the set {[1], [h], ..., [h9]} is linearly
dependent in R[x]/Z. In particular, the minimal polynomial of My, is the
monic generator of the elimination ideal Z N R[x;].

Let p, € R[x] be Lagrange interpolation polynomials at the points of
Ve(Z). As observed in Lemma 2.7, we may assume that p, € Spang(B)
for all v € V(Z). For a polynomial p € Spang(B), p = Zi\il a;b; with
a; € R, let vecg(p) := (a;)Y; denote the vector of its coefficients in B. Set
(B = (bi(v)Y, € CN, the vector of evaluations at v of the polynomials
in the basis B. Observe that

{Cs.v | v € V&(T)} is linearly independent, in C* . (2.10)

Indeed assume Zvevc(z) MCBoy = 0, ie, Zvevc(z) Apbi(v) = 0 for ¢ =
1,...,N. As B is a basis of R[x]/Z, this implies that }>, .. 7 Avf(v) =0
for any f € R[x]. Applying this to f := Re(p,),Im(p,) we find A\, =0 Yo.

THEOREM 2.9. (Stickelberger eigenvalue theorem) Let h € R[x].
The set {h(v) | v € Ve (Z)} is the set of eigenvalues of My,. More precisely,

M ¢s0 = h(v)(s0 Vo € Ve(T) (2.11)
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and, if T is radical, then

Mpvecp(py) = h(v)vecs(p,) Vv € Ve(Z). (2.12)

Proof. We first show (2.11). Indeed, (M[(g,); = Ef\il bj(v)a;; is
equal to h(v)b;(v) (using (2.9)). Thus h(v) is an eigenvalue of M| with
eigenvector (g,,,. Note that (g, # 0 by (2.10).

We now show (2.12) assuming that Z is radical. Say, p, = Ejvzl c;bj,
i.e., vecs(py) = (¢;)iL,. The i-th component of g := Mjvecs(p,) is ¢; =
Z?f:l a;jc;. In order to show g; = h(v)e; for all 4, it suffices to show that
the polynomial f := Zfil(qi — h(v)c;)b; belongs to Z; as 7 is radical, this
holds if we can show that f vanishes on V¢(Z). Now,

N

Z Za”cj—h v)c;)b; —ZCJ Zau h(v Zcibi

1131 7j=1 =1 =1

= Z Z aijbi — hbj + hbj) — h(v)p,

cjhb; — h(v)p, = (h — h(v))p, mod T

Il
H'Mz \

(using (2.9)). Thus, f vanishes V¢ (Z) and thus f € 7.

Remains to show that any eigenvalue A\ of M) belongs to the set
h(Ve(Z)) == {h(v) | v € Ve(T)}. If T is radical, this is clear since we
have already found |V¢(Z)| = N linearly independent eigenvectors (s,
(v € Ve(2)) (by (2.10)). Otherwise, assume A & h(Vc(Z)). Then the
system hi(z) = 0,...,hm,(z) = 0,h(z) — A = 0 has no solution. By
Hilbert’s Nullstellensatz (Theorem 2.1), 1 € (hq,...,hmy, b — A). That is,
1=37"" fihj + f(h — A) for some polynomials f;, f. Hence,

I=M=Mgmo g1 nen) ZMM + My(My, = NI) = My(Mj, — \)
Jj=1
since My, = 0 as fjh; € Z. Thus My, — Al is nonsingular which means
that A is not an eigenvalue of Mj,. d
EXAMPLE 2.10. Consider the ideal T = (hq, hz, hg) C R[x,y] where
hy = x2 + 2y% — 2y
he = xy? — xy
hs =y3 —2y? +y.

Obviously, Ve (Z) = {(0,0),(0,1)}. One can show that, with respect to the
lexicographic order with x >y, the set {h1,ha, hs} is a Gréobner basis of
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TI. As the leading terms of h1, ho, hs are x2,xy2,y>, the corresponding set
of standard monomials is B = {1,y,y? x,xy} and dimR[x,y|/Z = 5. As
x%y = —2y2 + 2y mod Z, the multiplication matrices read:

0 00 O 0 00 0 0O
0 0 0 2 2 10 -1 0 0
My=|(0 0 0 -2 2|, My=]01 2 00
10 0 O 0 00 0 0O
0 1.1 0 0 00 0 11

and their characteristic polynomials are det(Mx —tI) = t°, det(My —tI) =
t2(t —1)3.

EXAMPLE 2.11. Consider now the ideal T = (x2,y?) in R[x,y]. Ob-
viously, Ve (Z) = {(0,0)}, {x2,y?} is a Grobner basis w.r.t. any monomial

ordering, with corresponding set B = {1,x,y,xy} of standard monomials.
Thus dimR[x,y]/Z = 4,

0 0 0O 0 0 0O

1 0 0 0 0 0 0O
My = 0 0 0O » My = 10 0 0f”

0 01O 01 0 0

both with characteristic polynomial t*.

By Theorem 2.9, the eigenvalues of the companion matrices My, are
the coordinates v; of the points v € V(7). It is however not clear how to
put these coordinates together for recovering the full vectors v. For this it is
better to use the eigenvectors (g, of the transpose multiplication matrices.
Recall that a square matrix M is non-derogatory if all its eigenspaces have
dimension 1; that is, if dim Ker(M — AI) = 1 for each eigenvalue A of M.
The next result follows directly from Theorem 2.9.

LEMMA 2.12. The following holds for a multiplication matriz My,.
(i) If M is non-derogatory then h(v) (v € Vc(Z)) are pairwise distinct.
(ii) IfZ is radical and h(v) (v € V(Z)) are pairwise distinct, then ML is
non-derogatory.

2.4.3. Computing V¢(Z) with a non-derogatory multiplication
matrix. Assume we can find h € R[x| for which the matrix M/l is non-
derogatory. We can assume without loss of generality that the chosen
basis B of R[x]/Z contains the constant polynomial by = 1. Let A\ be an
eigenvalue of M, with eigenvector u. By Theorem 2.9, A = h(v) and u is
a scalar multiple of (3, for some v € V¢ (Z); by rescaling (i.e. replace u by
u/uy where u is the component of u indexed by b = 1), we may assume
u=(gy. Ifx1,...,X, € B, one can read the coordinates of v directly from
the eigenvector u. Otherwise, express x; as a linear combination modulo Z
of the members of B, say, x; = Zjvzl ¢;b; mod Z. Then, v; = Zjvzl ¢;bj(v)
can be computed from the coordinates of the eigenvector w.
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One can show that if there exists some h € R[x] for which M is
non-derogatory, then there exists a linear such polynomial h = > | ¢;x;.
Following the strategy of Corless, Gianni and Trager [24], one can find
such h by choosing the ¢;’s at random. Then, with high probability, h(v)
(v € Vc(Z)) are pairwise distinct. If 7 is radical then M} is non-derogatory
(by Lemma 2.12). If we succeed to find a non-derogatory matrix after a few
trials, we can proceed to compute V¢ (Z); otherwise we are either unlucky or
there exists no non-derogatory matrix. Then one possibility is to compute
the radical v/Z of T using, for instance, the following characterization:

\/f = (hl, R hm; (pl)red, ceey (pn)red)

where p; is the monic generator of Z N R[x;] and (p;)req is its square-free
part. The polynomial p; can be found in the following way: Let k; be the
smallest integer for which the set {[1],[x,], ..., [x"]} is linearly dependent
in Rx]/Z. Then the polynomial x¥ 4 Z;c::)l ¢;x! lies in Z for some scalars
¢; and, by the minimality of k;, it generates 7 N R[x;].

EXAMPLE 2.10 (continued). None of M}, M is non-derogatory. In-
deed, 0 is the only eigenvalue of M whose corresponding eigenspace is
KerMI = {u € R® | us = ug,us = us = 0} with dimension 2 and
spanned by (5 0,0y and (z,(0,1)- The eigenspace of M;;F for eigenvalue 0
is KerM] = {u € R® | up = ug = us = 0} with dimension 2 and
spanned by (3 (0,0) and (0,0,0, 1,0)T. The eigenspace with eigenvalue 1
is Ker(My —I) = {u € R® | uy = ug = u3,us = us} also with dimension 2
and spanned by (3 (o,1) and (0,0,0,1, 1)T. Thus, for h =y, this gives an
example where h(v) (v € Vc(Z)) are pairwise distinct, yet the matrix M
is not non-derogatory. On the other hand, for h = 2x + 3y,

00 0 0 0
30 -3 4 4
My, =2My+3My =0 3 6 —4 —4
20 0 0 0
02 2 3 3

and MhT is non-derogatory. Indeed, MhT has two eigenvalues 0, 3. The
eigenspace for the eigenvalue 0 is spanned by (5 (9,0), permitting to extract
the root v = (0,0), and the eigenspace for the eigenvalue 3 is spanned by
(B,(0,1), permitting to extract the root v = (0,1). d

EXAMPLE 2.11 (continued). In this example every matrix M is
derogatory. Indeed, say h = a + bx + cy + dx? + exy + .... Then,

My, =

OO O
oo o
o OO0
Q "o ®
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Thus a is the only eigenvalue of M, with eigenvector space of dimension
at least 2. O

2.4.4. Root counting with Hermite’s quadratic form. We recall
here how to use the multiplication matrices in R[x]/Z for counting the
complex/real roots of Z. (See e.g. [8] for details.)

Multiplicity of roots. We first recall some basic facts about mul-
tiplicities of roots. Let Z be a zero-dimensional ideal in R[x]. When 7 is
radical, |V (Z)| = dim R[x]/Z and each root v € V¢ (Z) has single multiplic-
ity. When 7 is not radical, we have |V (Z)| < dimR[x]/Z =: N. There is
a well defined notion of multiplicity mult(v) for each root v € V¢ (Z) such
that N = 3"y, 7y mult(v). We just sketch the idea and refer e.g. to [40,
Chap. 2] or [26] for details.

One can verify that Z can be written as 7 = ﬂ Zy,, where
veV(T)

T, :={f € R[x] | fg € T for some g € R[x] with g(v) # 0}
are (primary) ideals with V¢ (Z,) = {v} for all v € Vi(Z). Moreover,

Rx]/Z~ [ Rx/Z. (2.13)

veVe(T)

Then, mult(v) := dimR[x]/Z, is called the multiplicity of v € V(Z), and
we have N =37y () mult(v).

Let us briefly compare this notion of multiplicity to the classical al-
gebraic and geometric multiplicities of eigenvalues. Let A1,..., A\r be the
distinct eigenvalues of an NV x N matrix A and say its characteristic poly-
nomial reads det(A — tI) = Hi-c:l(t — X;)™i. Then m; is the algebraic
multiplicity of \; while m} := dimKer(A — \;I) is its geometric multiplic-
ity. Then, Zle m; = N. Moreover, m;, < m; for all i. Thus the sum of
the geometric multiplicities is equal to N precisely when A has a full set of
N linearly independent eigenvectors. In fact, the algebraic multiplicity of
A; is equal to the dimension of its associated generalized eigenspace, i.e.,
m; = dim{u € RN | (A - X\;])"u=0 for some r > 1}.

Given a polynomial h € R[x], consider the multiplication matrix Mp.
The characteristic polynomial of M}, is equal to

det(My —tI) = [ (t—h(w)™"),
veVe(T)

which follows using (2.13), the fact that h(v) is the only eigenvalue of
the multiplication operator by h in R[x|/I,, and mult(v) = dim R[x]/T,.
Therefore,

Tr(Mp) = > mult(v)h(v). (2.14)
veVe(Z)
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Summarizing, for v € V¢(Z), we have three notions of multiplicity:

e the multiplicity mult(v) of v as a root of Z,

e the algebraic multiplicity of h(v) as eigenvalue of M, i.e., the exponent
of t — h(v) in the characteristic polynomial of M,

e and the geometric multiplicity of h(v), i.e., the dimension of the (usual)
eigenspace corresponding to the eigenvalue h(v) of M.

LEMMA 2.13. Assume the values h(v) (v € Ve(Z)) are pairwise dis-
tinct. Then, mult(v) is equal to the algebraic multiplicity of h(v). Moreover,
if T is radical, then mult(v) = 1 and is equal to both the algebraic and the
geometric multiplicities of h(v) as eigenvalue of M.

EXAMPLE 2.10 (continued). One may show that Z o) = (z2,y),
Zio1) = (22 +2(y — 1),2(y — 1), (y — 1)?), so that dimR[x]/Z(g,0) = 2 =
mult(0,0), dimR[x]/Z(o,1) = 3 = mult(0,1). The polynomial h := y takes
distinct values at v = (0,0) and v = (0, 1) and its characteristic polynomial
is t2(t — 1)3. a

Root counting. Given a polynomial h € R[x], consider the following
symmetric bilinear form:

Sk R[x]/I xR[x]/T — R
(f modZ,g modZ)w— Tr(Mysgn)

sometimes called the Hermite form, since Hermite investigated it in the
univariate case. In view of (2.14),

Tr(Mygn) = Z mult(v) f(v)g(v)h(v).

veV(T)

The matrix of Sy, with respect to a given basis B = {b1,...,bn} of R[x]/Z is
the B x B matrix with entries Tr(My,p,n) = ZUEVC(I) mult(v)b; (v)b; (v)h(v)
(for i,7 =1,...,n); that is,

Sp = Z mult(v)h(v)g}g,vggyv. (2.15)
veVe(T)

Recall that (g, = (b(v))pen- As Sp is an N x N real symmetric matrix, it
has N real eigenvalues. Denote by o (Sy) (resp., o_(Sp)) the number of
positive (resp., negative) eigenvalues of Sj,.

THEOREM 2.14. If 7 C R[x] is a 0-dimensional ideal and h € R[x],
then

rank(Sy) = {v € Ve(Z) | h(v) # 0},

0 (Sh) = o—(Sh) = {v € VR(Z) | h(v) > 0}] — [{v € Va(Z) | h(v) < 0}



SUMS OF SQUARES, MOMENT MATRICES AND POLYNOMIAL OPTIMIZATION 25

Va(Z)UT UT, where Ve(Z) = Ve(Z) NR", T:={o |v €T}, and TUT
Ve(Z) \ Va(Z). Set

Proof. As T C R[x], its set of roots can be partitioned into V¢ (Z) =

pi 1= |{v € V(@) | h(v) > 0}, p_ = {v € Va(T) | h(v) < 0},

pr = {v e T |h(v) # 0}

We now prove that rank(Sy) = p4 + p— + 2p7, 04 := 04 (Sh) = p+ + pr,
and o_ :=0_(Sh) = p— + pr.

Let U denote the N x |V¢(Z)| matrix whose columns are the vectors
(8w (v € V(Z)) and let D be the diagonal matrix with diagonal entries
mult(v)h(v) (v € Ve(Z)). As U has full column rank, one can complete
it to a nonsingular N x N complex matrix V. Similarly complete D to a
N x N diagonal matrix Dy by adding zeros. Then, S, = UT DU = VDoVT
by (2.15). As V is nonsingular, we deduce that the rank of S}, is equal to
the rank of Dy and thus to the number of v € V(Z) with h(v) # 0. This
shows rank(Sy) = p4 + p— + 2pr.

Using the above partition of V¢ (Z), we can write

U= (A B B), D=diag(abb)

where A is real valued, A is N x|Vk(Z)|, B is N x|T|, a € RIV*@I p ¢ CI71,
Hence,

Sy, = Adiag(a)A” + Bdiag(b)B” + B diag(b)BT .

AL AT —A_AT EET-FFT

Here, A;,A_,E,F are real valued, A (res. A_) has py (resp. p_)
columns and FE, F' have pp columns. Therefore, we can write

Sp=(AyAT + EET) — (A_AT + FFT) =P - Q
P Q

where P, Q b 0. On the other hand, let
{ui,...,ug,,v1,...,05_,w1,...,w,} be an orthonormal basis of RY,
where {ui,...,us, } are the eigenvectors for the positive eigenvalues \;
of Sp, {v1,...,v,_} are the eigenvectors for the negative eigenvalues p;
of Sy, and {wy,...,w,} form a basis of Ker(Sy). Then, S = S; — S_,
where Sy = S04 Nuwul = 0, S_ = Y7 (—pi)vivl = 0. We have:
Sy —S_. = P — Q. Therefore, Sy = (S- + P) — Q, which implies
Ker(S_ + P) € Ker S; and thus Span(uy, ..., us, ) N Ker P = {0}, giving

oy <rank(P) < pi + pr.
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Similarly, S_ = (5S4 + @) — P, implying Span(v1,...,v,_) N Ker@ = {0}
and thus

o_ <rank(Q) < p_ + pr.

This gives: rank(Sy) = o4 +0_ < py + p— + 2pp. Hence equality holds,
implying 04 = p4 + pr and o_ = p_ + pr. d

Using the Hermite form S; for the constant polynomial h = 1, we can
count V¢(Z) and Vg(Z).

COROLLARY 2.15. For the polynomial h =1,

rank($1) = [Ve(D), o4(S1) — o (S1) = [Va(D)|.

2.5. Border bases and commuting multiplication matrices. As
we saw in the previous sections, the multiplication operators my, in the
quotient space R[x]/Z play a central role to compute the variety V(7). We
now present a result of Mourrain [110] which relates commuting (abstract)
multiplication matrices to border bases of polynomial ideals. We need some
definitions.

Let B C T™ be a finite set of monomials. Then B is said to be connected
to 1 if 1 € B and any non-constant monomial m € B can be written
m = X;, -+ X;,, where X;,,X;, Xi,,...,Xi, - Xi, € B. Any monomial of
the form x;b, where b € B and x;b & B, is called a border monomial of B;
their set forms the border of B, denoted as 9B and defined by

oB={xb|beB,i=1,...,n}\B.

Say B := {b1,...,bn}. Assume that, for each border monomial x;b; € 95,
we are given a polynomial of the form

N
g(ij) =x;b; — Z agjj)bh where aﬁjj) € R.
h=1

Thus, ¢%) permits to express the border monomial x;b; linearly in terms
of the monomials in the set B. The set

F={¢"|i=1,....n, j=1,...,N with x;b; € 9B} (2.16)

is called a rewriting family for B [110] (or as a border prebasis [70]). Indeed,
it permits to ‘rewrite’ in Span(B) and modulo the ideal (F'), all monomials
in the border set 9B, then inductively all monomials in 9(9B), 9(0(9B)),
etc. When 1 € B, one can easily verify that B is a generating set for
the quotient space R[x]/(F), i.e. all monomials of T™ can be rewritten
in Span(B) modulo (F'). In general such rewriting might not be unique.
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When B is connected to 1, Theorem 2.16 below characterizes unicity of
rewriting, i.e. the case when B is a basis of R[x]/(F); in that case, the set
F is said to be a border basis of the ideal (F').

For this, for each i = 1,...,n, consider the linear operator:

i Span(B) — Span(B)
- Xibj if Xibj S B, (217)
b, — xilby) —{ SN Gy, i xiby € OB

extended to Span(B) by linearity. When B is a basis of R[x]/(F), x; corre-
sponds to the “multiplication operator by x;” from R[x|/(F) to R[x]/(F)
and thus the operators xi, ..., xn» commute pairwise. The next result of
[110] shows that the converse implication holds when B is connected to 1;
this was also proved in [70] when B is closed under taking divisors.

THEOREM 2.16. [110] Let B C T™ be a finite set of monomials which
is connected to 1, let F be a rewriting family for B as in (2.16), and let
X1,-- -5 Xn e defined as in (2.17). The set B is a basis of the quotient space
R[x]|/(F) if and only if the operators x1,...,Xn commute pairwise.

As we will see in Section 5.3.2, this result will be useful to prove results
about flat extensions of moment matrices. We now give a proof of Theorem
2.16, following the treatment in [70].

Proof. Let B = {b1,...,by} C T" be connected to 1 with, say, by := 1;
let F' be a rewriting family for B as in (2.16), and let x1,...,xn be the
linear operators from Span(B) to Span(B) defined in (2.17). Assume that
X1, - - -y Xn commute pairwise. We show that B is a linear basis of R[x]/(F).
As B is generating for R[x]/(F), it suffices to show that dimR[x]/(F) > |B].

As the x;’s commute, the operator f(x) := f(x1,-..,Xn) is well de-
fined for any polynomial f € R[x]. Then R[x] acts on Span(B) by

(f,p) € R[x] x Span(B) — f(x)(p) € Span(B).
We can define the mapping

¢: R[x] — Span(B)
f = f0O)(b1)

(Recall that by = 1). Note that ¢(fg) = f(x)(g(x)(b1)) = F(x)(¢(9)) for
all f,¢g € R[x]. Hence Kery is an ideal in R[x]. We collect some further

properties of .

LEMMA 2.17. @(bg) = bg for all by, € B.

Proof. The proof is by induction on the degree of b, € B. For b; =1,
b1(x) is the identity and thus ¢(b1) = by. Consider by € B. As B is
connected to 1, by = x;b; for some b; € B. By the induction assumption,
@(b;) = bj. Then, (b)) = xi(p(b;)) = x:i(b;) is equal to x;b; = by, by the
definition of ;. O
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LEMMA 2.18. (F) C Ker ¢.

Proof. Tt suffices to show that ¢(g(*)) = 0 whenever x;b; € 9B.
We have ¢(g0) = p(xib;) — S a}”p(bn), where p(xib;) = xi(b;) =
SN @b, (by the definition of ;) and ¢(by) = by, for all b (by Lemma
2.17). This implies p(g(¥)) = 0. a

As (F) C Kerp, we obtain dimR[x]|/(F) > dimR[x]/Ker ¢ = |B|,
where the last equality follows from the fact that ¢ is onto (by Lemma
2.17). This gives the desired inequality dim R[x]/(F) > |B|, thus showing
that B is a linear basis of R[x]/(F), which concludes the proof. a
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Part 1: Sums of Squares and Moments
3. Positive polynomials and sums of squares.

3.1. Some basic facts. A concept which will play a central role in
the paper is the following notion of sum of squares. A polynomial p is
said to be a sum of squares of polynomials, sometimes abbreviated as p
is SOS’, if p can be written as p = Y7 w3 for some uy, ..., um € Rx].
Given p € R[x] and S C R", the notation ‘p > 0 on S’ means ‘p(x) > 0 for
all z € S°, in which case we say that p is nonnegative on S; analogously,
p > 0 on S means that p is positive on S. We begin with some simple
properties of sums of squares.

LEMMA 3.1. If p € R[] is a sum of squares, then deg(p) is even
and any decomposition p = 377 | u? where u; € R[X] satisfies deg(u;) <
deg(p)/2 for all j.

Proof. Assume p is SOS. Then p(z) > 0 for all x € R™ and thus
deg(p) must be even, say deg(p) = 2d. Write p = 2721 uf and let k :=
max; deg(u;). Assume k > d+1. Write each uj = )" ujoX* as uj = a; +
bj, where b; := 3, Wj,aX” and a; := u;—b;. Thenp—3_, a?—2a;b; =
>, b5 Here 3, b7 is a homogeneous polynomial of degree 2k > 2d + 2,
while p — Zj a? — 2a;b; is a polynomial of degree < 2k — 1, which yields a
contradiction. This shows deg(u;) < d for all j. a

LEMMA 3.2. Let p be a homogeneous polynomial of degree 2d. If p
is SOS, then p is a sum of squares of homogeneous polynomials (each of

degree d).

Proof. Assume p = 37" uy where u; € R[x]. Write u; = a; + b;
where a; is the sum of the terms of degree d of u; and thus deg(b;) < d—1.
Then, p — 7" a3 = >0, b7 4 2a;b; is equal to 0, since otherwise the
right hand side has degree < 2d — 1 and the left hand side is homogeneous
of degree 2d. O

LEMMA 3.3. Consider a polynomial p € R[x] and its homogenization
p € R[x,%x,41]. Then, p > 0 on R™ (resp., p SOS) <= p > 0 on R*?
(resp., p SOS).

Proof. The ‘if part’ follows from the fact that p(z) = p(x,1) for all z €
R™. Conversely, if p > 0 on R™ then d := deg(p) is even and p(x, 2,11) =
2l p(x/zny1,1) = 28 p(x/zny1) > 0 whenever z,41 # 0. Thus p > 0
by continuity. An analogous argument shows that, if p = > y u? with
uj € Rlx], then p =}, ﬁ?, where @; is the homogenization of w;. a

3.2. Sums of squares and positive polynomials: Hilbert’s re-
sult. Throughout the paper,

Pn:={p € R[x] | p(z) > 0 Vz € R"} (3.1)
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denotes the set of nonnegative polynomials on R™ (also called positive
semidefinite polynomials in the literature) and

¥, :={p e R[x] | p SOS} (3.2)

is the set of polynomials that are sums of squares; we sometimes omit the
index n and simply write P = P,, and ¥ = ¥,, when there is no danger of
confusion on the number of variables. We also set

Pn,d =P N R[X]d, En,d =2, N R[X]d.
Obviously any polynomial which is SOS is nonnegative on R"”; that is,
En g Pna En,d g Pn,d- (33)

As is well known (cf. Lemma 3.5), equality holds in (3.3) for n = 1 (i.e.
for univariate polynomials), but the inclusion ¥, C P, is strict for n > 2.
The following celebrated result of Hilbert [64] classifies the pairs (n,d) for
which equality ¥,, 4 = P, q holds.

THEOREM 3.4. Hilbert’s theorem. %, ; = Ppq < n =1, or
d=2, or (n,d) = (2,4).

We give below the arguments for the equality ¥, 4 = Py q in the two
cases n = 1, or d = 2, which are simple and which were already well
known in the late 19th century. In his paper [64] David Hilbert proved
that P4 = 3a4; moreover he proved that any nonnegative polynomial
in n = 2 variables with degree 4 is a sum of three squares; equivalently,
any nonnegative ternary quartic form is a sum of three squares. Choi
and Lam [20] gave a relatively simple proof for the equality P2 g4 = ¥ 4,
based on geometric arguments about the cone X5 4; their proof shows a
decomposition into five squares. Powers et al. [129] found a new approach
to Hilbert’s theorem and gave a proof of the three squares result in the
nonsingular case.

LEMMA 3.5. Any nonnegative univariate polynomial is a sum of two
squares.

Proof. Assume p is a univariate polynomial and p > 0 on R. Then
the roots of p are either real with even multiplicity, or appear in complex
conjugate pairs. Thus p = c[]j_; (x —a;)*" - [}, ((x — b;)? 4 ¢3)* for
some scalars a;,b;j,cj,¢c € R, ¢ > 0, and r,s,r;,s; € N. This shows that
p is SOS. To see that p can be written as a sum of two squares, use the
identity (a® + b%)(c? + d?) = (ac + bd)? + (ad — bc)? (for a,b,c,d € R). 0O

LEMMA 3.6. Any nonnegative quadratic polynomial is a sum of
squares.

Proof. Let p € R[x]s of the form p = xTQx + 2¢'x + b, where Q
is a symmetric n X n matrix, ¢ € R" and b € R. Its homogenization is
P =x7Qx + 2xp41¢"x + bx2 |, thus of the form p = X7 Qx, after setting
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X = < x > and Q := <C??T c) . By Lemma 3.3, 5 > 0 on R™*! and thus
Xn+1 ¢t b

the matrix Q is positive semidefinite. Therefore, Q = > u@) (uNT for

some 1) € R™! which gives p = Zj(zzljll uPx;)? is SOS and thus p

too is SOS (by Lemma 3.3 again). a0

According to Hilbert’s result (Theorem 3.4), for any pair (n, d) # (2,4)
with n > 2, d > 4 even, there exists a polynomial in P, 4 \ £,,,4. Some
well known such examples include the Motzkin and Robinson polynomials
described below.

EXAMPLE 3.7. The polynomial p := x3x3(x3 + x3 — 3) + 1, known
as the Motzkin polynomial, belongs to P2 g\ Xa,6. Indeed, p(x1,x2) > 0
if 22 + 23 > 3. Otherwise, set ¥3 := 3 — a3 — x3. By the arithmetic
geometric mean inequality, we have oty tay > {/x3x3zd, giving again
p(x1,22) > 0. One can verify directly that p cannot be written as a sum
of squares of polynomials. Indeed, assume p =7, u?, where u, = apX; +
ka%XQ + ckxlxg + dkx% + ekx% + frx1Xg + gkx% + hpx1 + kX2 + ji for
some scalars ag, . ..,jx € R. Looking at the coefficient of x$ in p, we find
0 =>",a}, gwing ap = 0 for all k; analogously d = 0 for all k. Next,
looking at the coefficient of x} and x5 yields e, = gr = 0 for all k; then
looking at the coefficient of x3,x3 yields hy, = iy, = 0 for all k; finally the
coefficient of x3x3 in p is equal to —3 = Y, fZ, yielding a contradiction.
Note that this argument shows in fact that p — p is not a sum of squares

for any scalar p € R.
Therefore the homogeneous Motzkin form M := x3x3(x? + x3 —

3x§) + xg 18 monnegative but not a sum of squares.

The polynomial p := X?+Xg+Xg_E1<i<g‘<3(X%X§ (X%+X§))+3X%X%X§7
known as the Robinson form, is nonnegatie but not a sum of squares.

See e.g. [139] for details.

We refer to Reznick [139] for a nice overview and historic discussion of
Hilbert’s results. More examples of positive polynomials that are not sums
of squares can be found e.g. in the recent papers [19], [140] and references
therein.

3.3. Recognizing sums of squares of polynomials. We now in-
dicate how to recognize whether a polynomial can be written as a sum
of squares via semidefinite programming. The next result was discovered
independently by several authors; cf. e.g. [22], [131].

LEMMA 3.8. Recognizing sums of squares.
Let p € R[x|, p = ZaeN”d PaX®, be a polynomial of degree < 2d. The
2
following assertions are equivalent.

(i) p is a sum of squares.
(ii) The following system in the matriz variable X = (Xa,8)a,peny 48



32 MONIQUE LAURENT

feasible:

X>0

Y Xpy=pa (lof <24). (3.4)
B, 7ENG|B+y=a

Proof. Let zg := (x* | |a] < d) denote the vector containing all mono-
mials of degree at most d. Then for polynomials u; € R[x]s, we have
u; = vec(u;)Tzy and thus ju? = z:;lr(zj vec(uj)vec(u;)T)zy. There-
fore, p is a sum of squares of polynomials if and only if p = ng zq for
some positive semidefinite matrix X. Equating the coefficients of the two

polynomials p and z} Xz4, we find the system (3.4). d

Thus to decide whether the polynomial p can be written as a sum
of squares one has to verify existence of a positive semidefinite matrix X
satisfying the linear equations in (3.4) and any Gram decomposition of X
gives a sum of square decomposition for p. For this reason this method
is often called the Gram-matriz method in the literature (e.g. [22]). The
system (3.4) is a system in the matrix variable X, which is indexed by NI
and thus has size (”;d), and with (";r;d) equations. Therefore, this system
has polynomial size if either n is fixed, or d is fixed. The system (3.4) is
a semidefinite program. Thus finding a sum of square decomposition of a
polynomial can be done using semidefinite programming. Note also that
if p has a sum of squares decomposition then it has one involving at most
IN%| = ("jl'd) squares.

We now illustrate the method on a small example.

ExaMPLE 3.9. Suppose we want to find a sum of squares decomposi-
tion for the polynomial p = x* + 2x3y + 3x%y? + 2xy® + 2y* € R[x, y|4.
As p is a form of degree 4, we want to find X = 0 indexed by x2,xy,y>
satisfying

a b ¢ X
p=xyy’)|b d el |xy
c e f y?
X
Equating coefficients:
xt=x%.x2 l=a
Xy =x2 - xy 2=2b
Xyl =xy -xy=x>-y2 3=d+2c
xy? = xy - y? 2=2e
yt=y*y’ 2=f
1 1 c

we find X = |1 3—2c 1. Therefore X = 0 < —1<c¢<1. Eg.
c 1 2
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for c=—1, ¢ =0, we find, respectively, the matriz
1 1 1
Lo 1 1 -1 03 01 3 03
X=11 2 : 3 \/; 0 /3 \/;
-1 1 02 1 3 1 1 1
0 \/; —Vz/ \0 V2 3

giving, respectively, the decompositions p = (x* +xy —y?)? + (y? + 2xy)?
and p = (x* +xy)? + 2(xy +y*)? + 1 (xy — y*)%

3.4. SOS relaxations for polynomial optimization. Although we
will come back to it in detail in Section 6, we already introduce here the
SOS relaxations for the polynomial optimization problem (1.1) as this will
motivate our exposition later in this section of several representation results
for positive polynomials. Note first that problem (1.1) can obviously be
reformulated as

p™r  =gsupp st. p—p>0on K

=supp st.p—p>0on K. (3.5)

That is, computing p™™ amounts to finding the supremum of the scalars p
for which p—p is nonnegative (or positive) on the set K. To tackle this hard
problem it is a natural idea (going back to work of Shor [155, 156, 157],
Nesterov [112], Lasserre [78], Parrilo [121, 122]) to replace the nonnegativity
condition by some simpler condition, involving sums of squares, which can
then be tackled using semidefinite programming.

For instance, in the unconstrained case when K = R"™, consider the
parameter

p**® :=supp s.t. p—pis SOS. (3.6)
As explained in the previous section, the parameter p** can be computed
via a semidefinite program involving a matrix of size |N7| if p has degree
2d. Obviously, p*** < p™in, but as follows from Hilbert’s result (Theorem
3.4), the inequality may be strict. For instance, when p is the Motzkin
polynomial considered in Example 3.7, then p*® = —oco < p™» = 0 as p
vanishes at (+1,+£1).
In the constrained case, one way to relax the condition ‘p — p > 0 on
K’ is by considering a sum of square decomposition of the form p — p =
50 + Z;nzl 5jg; where sg, s; are SOS. This yields the parameter:

m
P’ :=supp st. p—p=s9+ Z sjg; with sg, s; SOS. (3.7)
j=1
Again p* < p™n and, under certain assumption on the polynomials g;
describing the set K (cf. Theorem 3.20 below), equality holds. The above
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formulation does not lead yet to a semidefinite program, since it is not
obvious how to bound the degrees of the polynomials s, s; as cancellation
of terms may occur in s + Zj 5;g;. To get a semidefinite program one
may consider for any integer ¢ with 2¢ > max(degp, deg(g1), ..., deg(gm))
the parameter

SOS

P i=supp st. p—p=so+ Z;n:l sjg; with sg, s; € 3,

deg(so), deg(s;g;) < 2t.

Hence each pi®® can be computed via a semidefinite program involving

matrices of size |N}'[, pi®® < pj9%) < p™ < p™itand limy o p3o° = p°s.

(3.8)

3.5. Convex quadratic optimization. Here we consider problem
(1.1) in the convex quadratic case, i.e. when p, g1,..., g are quadratic
polynomials and p, —g1,..., —gm are convex. Then the semialgebraic set
K defined by the g;’s is convex; we also assume that K is compact so
that p attains its minimum over K at some z* € K. Let J(z*) := {j €
{1,...,m} | gj(z*) = 0} for * € K, and consider the following (MFCQ)
constraint qualification:

Jw € R™  for which w’ Vg;(z*) > 0Vj € J(z*); (3.9)
equivalently, EjEJ(w*) A;jVg;(x*) =0 with A\; > 0 Vj implies A\; = 0 Vj.
LEMMA 3.10. [78] Consider problem (1.1) where p,—g1,..., —gm are

quadratic (or linear) convex polynomials and assume that the set K from
(1.2) is compact. If there exists a local (thus global) minimizer x* satisfying
(3.9), then p3°s = p™n,

Proof. By assumption, p = x7Qx + 2¢'x, g; = xTQ;x + 20;*-Fx + b,
where @, @; are symmmetric n X n matrices, @, —Q1,...,—Qm = 0, ¢,¢; €
R™, b; € R. The bound pi®® is defined by

SOS

P1 :supp,)\jGRp s.t. p—P_Z;n:1 )\Jgj 627 )\17"'7)\77120

=sSup,,erp St p—p— Z;nzl Ajgi €P, My, A >0,
where the last equality follows using Lemma 3.6, It suffices now to show
that p™in is feasible for the program defining p5°. For this let 2* € K
be a local minimizer of p over the set K satisfying (3.9). Then there
exist scalars A1,..., A\, > 0 for which the first order Karush-Kuhn-Tucker
conditions hold (cf. e.g. [118, §12.5]). That is, A;gj(z*) = 0 Vj and
Vp(a*) = >2; A;Vg;(2*), implying

Q" +c=Y N(Qa" +¢j). (3.10)
j=1

We claim that

PP =Y Ngi = (x = 2)T(Q = Y \Qy)(x — ") (8:11)
j=1 Jj=1
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Indeed, p — p™in — Z;n:l A\jg; = p—p™in + > Ailgi (@) — g;) is equal
to x"(Q — X2, MQj)x + 2(c — X2, Njej)'x — (2)1(Q — X2, NQ))x* +
2032, Mg — c)T2* which, using (3.10), gives the desired identity (3.11).
As Q@ —>2;AjQ; = 0, (3.11) implies that p — pmin — E;n:l Ajg; is nonneg-
ative over R™, which concludes the proof. O

We will see in Section 4.3 (cf. Corollary 4.6) a related result, showing
that the moment relaxation of order 1 is exact when assuming that p, —g;
are quadratic convex polynomials (thus with no regularity condition).

3.6. Some representation results for positive polynomials.

3.6.1. Positivity certificates via the Positivstellensatz. A clas-
sical result about polynomials is Hilbert’s Nullstellensatz which character-
izes when a system of polynomials in C[x] has a common root in C™. The
next result is sometimes called the weak Nullstellensatz, while the result of
Theorem 2.1 (i) is Hilbert’s strong Nullstellensatz.

THEOREM 3.11. (¢f. e.g. [25]) Hilbert’s (weak) Nullstellensatz.
Given polynomials h, ..., hy € C[x], the system hi(x) =0,..., hy(z) =0
does not have a common root in C" if and only if 1 € (h1,...,hy), i.e.
1= Z;nzl ujh; for some polynomials u; € C[x].

As a trivial example, the system hy :=x+1=0, hy :=x?>+1 =0 has
no common root, which is certified by the identity 1 = hy (1 —x)/2+ ha/2.
The above result works only in the case of an algebraically closed field
(like C). For instance, x> + 1 = 0 has no solution in R, but 1 does not
belong to the ideal generated by x% 4+ 1. A basic property of the real field
R is that 2?21(%2 =0=—a; =...=a, =0, i.e. —1 is not a sum of
squares in R. These properties are formalized in the theory of formally real
fields (cf. [17, 133]) and one of the objectives of real algebraic geometry is
to understand when systems of real polynomial equations and inequalities
have solutions in R™. An answer is given in Theorem 3.12 below, known as
the Positivstellensatz, often attributed to Stengle [159], although the main
ideas were already known to Krivine [74]. A detailed exposition can be
found e.g. in [103], [133]. We need some definitions. Given polynomials
g1,---.9m € R[x], set g5 :=[];c;g; for J C{1,...,m}, gy := 1. The set

T(g15--- 1 9m) == { > uggsluse 2}7 (3.12)
JCA{1,...,m}

is called the preordering on R[x] generated by g1,...,¢m. As in (1.2), let
K={zeR"|gi(z) >0,...,9m(z) >0}
THEOREM 3.12. Positivstellensatz. Given a polynomial p € R[x],
(i) p>0on K < pf=1+4g for some f,g € T(g1,--,9m)-
(ii) p > 0 on K <= pf = p** + g for some f,g € T(g1,...,9m) and
k e N.
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(iii) p=0 on K <= —p** € T(g1,...,gm) for some k € N.
(v) K=0<= —-1€T(g91,-..,9m)-

CoOROLLARY 3.13. Real Nullstellensatz. Given p,hy,..., h, €
R[x], p vanishes on {x € R™ | hj(z) =0 (j = 1,...,m)} if and only if
p* +s =" ujh; for some u; € R[x], s € ¥, k € N.

COROLLARY 3.14. Solution to Hilbert’s 17th problem. Given
2
p € Rx], if p>0 on R"™, then p = Zj (Z—j) for some a;,b; € R[x].

Following Parrilo [121, 122], one may interpret the above results in
terms of certificates of infeasiblity of certain systems of polynomial systems
of equations and inequalities. First, observe that Hilbert’s Nullstellensatz
can be interpreted as follows: Either a system of polynomial equations is
feasible, which can be certified by giving a common solution x; or it is
infeasible, which can be certified by giving a Nullstellensatz certificate of
the form 1 = Z;n:l ujh;. Parrilo makes the analogy with Farkas’ lemma
for linear programming; indeed, given A € R™*" b € R™, Farkas’ lemma
asserts that, either the linear system Ax < b,z > 0 has a solution, or it is
infeasible, which can be certified by giving a solution y to the alternative
system ATy >0,y >0, yTb < 0. (Cf. e.g. [146, §7.3]). This paradigm
extends to the real solutions of systems of polynomial inequalities and
equations, as the following reformulation of the Positivstellensatz (cf e.g.
[17]) shows.

THEOREM 3.15. Let f, (r =1,...,8), ¢ (1 = 1,...,t), h; (j =
1,...,m) be polynomials in Rx]. Then one of the following holds.

(i) Either the system fr(x) 20 (r=1,...,8), gi(x) >0 (1 =1,...,t),
hj(z) =0 (j=1,...,m) has a solution in R™.
sy €L, u; € R[x].

Thus the Positivstellensatz can be seen as a generalization of Hilbert’s
Nullstellensatz and of Farkas’ lemma (for linear programming) and one can
search for bounded degree certificates that the system in Theorem 3.15 (i)
has no real solution, using semidefinite programming. See [121, 122] for
further discussion and references.

One may try to use the Positivstellensatz to approximate the optimiza-
tion problem (1.1). Namely, in view of Theorem 3.12 (i), one can replace
the condition ‘p—p > 0 on K’ in (3.5) by the condition ‘(p—p)f = 1+¢ for
some f,g € T(g1,-..,9m) and this remains a formulation for p™*. How-
ever, although membership in T'(g1,. .., gm) with bounded degrees can be
formulated via a semidefinite program, this does not lead to a semidefinite
programming formulation for p™® because of the presence of the product
pf where both p and f are variables. In the case when the semialgebraic
set K is compact one may instead use the following refinement of the Pos-
itivstellensatz of Schmiidgen. (See [148] for a more elementary exposition
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of Schmiidgen’s result and [149] for degree bounds.)

THEOREM 3.16. [14/5] (Schmiidgen’s theorem) Assume the semi-
algebraic set K in (1.2) is compact. Given p € R[x|, if p > 0 on K, then
PET(g1,---: 9m)-

If we replace the condition ‘p > 0 on K’ by ‘p > 0 on K, the above
result of Schmiidgen does not remain true in general, although it does in
the univariate case as we see in Section 3.6.3. Indeed, for most instances
of K, there exists a polynomial p > 0 on R"™ for which p & T'(g1,- .., gm)-
This is the case e.g. when n > 3 and K has a nonempty interior or, more
generally, when the dimension of K (defined as the Krull dimension of
R[x]|/Z(K)) is at least 3. This is also the case when n = 2 and K contains
a 2-dimensional affine cone. (See e.g. [106, Sec.2.6,2.7] for details.)

Schmiidgen’s theorem naturally leads to a hierarchy of semidefinite
relaxations for p™", as the programs

supp s.t. p—p = Z uygy with uy € ¥, deg(uygs) <t
JC{1,...m}

are semidefinite programs whose optimum values converge to p™" as t goes
to co. However, a drawback is that Schmiidgen’s representation involves
2™ sums of squares, thus leading to possibly quite large semidefinite pro-
grams. As proposed by Lasserre [78], one may use the further refinement
of Schmiidgen’s Positivstellensatz proposed by Putinar [134], which holds
under some condition on the compact set K.

3.6.2. Putinar’s Positivstellensatz. Given polynomials
915 -5 gm € R[x], the set

M(gl, . 7gm) = {UQ + Zujgj | U, Uj € E}, (313)

Jj=1

is called the quadratic module generated by g1, . .., gm. (We use the boldface
letter M for a quadratic module M(gs, ..., gm) to avoid confusion with a
moment matrix M (y).) Consider the condition

If € M(g1,...,9m) s.t. {z € R" | f(z) > 0} is a compact set.  (3.14)

Obviously, (3.14) implies that K is compact, since K C {z | f(z) > 0}
for any f € M(g1,...,9m). Note also that (3.14) is an assumption on the
description of K, rather than on the set K itself. Condition (3.14) holds,
e.g., if the set {x € R" | g;(x) > 0} is compact for one of the constraints
defining K. It also holds when the description of K contains a set of
polynomial equations h; =0, ..., hy, = 0 with a compact set of common
real roots. If an explicit ball of radius R is known containing K, then it

n

suffices to add the (redundant) constraint R* — " | x? > 0 in order to



38 MONIQUE LAURENT

obtain a description of K satisfying (3.14). More detailed information can
be found in [65, 133]; e.g. it is shown there that condition (3.14) holds
when m < 2.

As we now see, the condition (3.14) admits in fact several equivalent
reformulations. Consider the following conditions

IN €N for which N =Y "x} € M(g1,....gm),  (3.15)
i=1
Vp € R[x] 3N € N for which N £p € M(g1,...,9m), (3.16)

3?1,---,135 ER[X] s.t. pI GM(gla'-'agm) VIg {17"'58}

and {z € R" | p1(z) > 0,...,ps(x) > 0} is compact. (3.17)

Here we set pr := [[,c;ps for I C {1,...,s}. Schmiidgen [145] proved
equivalence of the above conditions (3.14)-(3.17) (see [150] for a discussion
and further references).

THEOREM 3.17. The conditions (3.14), (3.15), (3.16), (5.17) are all
equivalent.

Proof. Obviously, (3.16) = (3.15) = (3.14) = (3.17). One can de-
rive the implication (3.17) = (3.16) from Schmiidgen’s theorem (Theorem
3.16). Indeed, if (3.17) holds, then Ky := {x € R™ | p1(z) > 0,...,ps(z) >
0} is compact and thus there exists N > 0 for which N £ p > 0 on Kj.
By Theorem 3.16, N £ p = Zlg{l VVVVV s} SIPI for some sy € ¥ and thus
N +peMlgi,...,gm) since each p;y € M(g1,...,9m).

Finally we give an elementary proof for (3.15) = (3.16), following [106,
§5.2]. Assume Ny — > 1 x7 € M(g1,...,gm). We show that the set

P:={peR[x]|IN >0 st. N£peM(g1,...,9m)}

coincides with R[x]. Obviously, R C P and P is closed by addition. More-
over, P is closed by multiplication which follows from the identity

NN+ epg = 5 (N + p)(Na + ) + (N — en)(N: — )

for ¢ = £1. Finally, P contains each variable x;, which follows from the
identity

No+1 1 -
5 Texi = 5((&' +6)? + No _ZX?+ZX?)
=1 i
for e = £1. The above facts imply P = R[x] and thus (3.16) holds. a
DEFINITION 3.18. Given ¢1,...,9m € R[x|, the quadratic module

M(g1,---,9m) is said to be Archimedean when the condition (8.16) holds.
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EXAMPLE 3.19. For the polynomials g; :=x;,—1/2 (i=1,...,n) and
Gnt1:=1—T1", xi, the module M(gu,...,gn+1) is not Archimedean [133,
Ez. 6.3.1]. To see it, consider a lexicographic monomial ordering on R[X]
and define the set M of polynomials p € R[x] satisfying p =0, orp #0
whose leading term p,x* satisfies either po, > 0 and a # (1,...,1) mod 2,
or po < 0 and a = (1,...,1) mod 2. Then M is a quadratic module
(cf. Definition 3.43) and g1,...,gn+1 € M, implying M(g1,...,gnt+1) C
M. For any N € R, the polynomial N — Y7 | x? does not lie in M,
which implies that it also does not lie in M(g1,...,gn+1). This shows that
M(g1,. .., gn+1) is not Archimedean.

THEOREM 3.20. (Putinar [134]; see also Jacobi and Prestel [65]). Let
K be as in (1.2) and assume that the quadratic module M(g1, ..., gm) is
Archimedean. For p € R[x], if p >0 on K thenp € M(g1,...,9m)-

As noted by Lasserre [78], this implies directly the asymptotic conver-
gence to p™ of the hierarchy of bounds from (3.8). We will come back
to this hierarchy in Section 6. We refer to Nie and Schweighofer [117] for
degree bounds on representations in M(gi, ..., gm). We present a proof for
Theorem 3.20 in Section 3.7, which uses the condition (3.16) as definition
for M(g1,- .., gm) Archimedean.

3.6.3. Representation results in the univariate case. We review
here some of the main representation results for positive polynomials in
the univariate case. We refer to Powers and Reznick [127] for a detailed
treatment as well as historic remarks. As we saw earlier any polynomial
nonnegative on R is a sum of (two) squares. We now consider nonnegative
polynomials on a closed interval K. Up to a change of variables, there
are two cases to consider: K = [-1,1] and K = [0,00). In the case
K = [0,00) = {z € R | x > 0}, the next classical result shows that
Pr = T(x). Throughout the paper

Pk :={p e R[x] | plx) >0 Ve € K}

denotes the set of polynomials nonnegative on a set K C R"; thus, for
K =R", Pk coincides with P,, introduced earlier in (3.1).

THEOREM 3.21. (Pdlya-Szegd) Letn =1 andp € R[x]. Ifp >0 on
K =1[0,00), thenp = f+xg, where f,g € ¥ and deg(f), deg(xg) < deg(p).
Therefore, Px = T(x).

Proof. As p >0 on [0,00), every positive root of p has an even degree
and complex roots come in conjugate pairs with the same multiplicities.

Thus p factors as p = sox?(x+a1)--- (x+a¢), where ay,...,a; >0, 59 € ¥
and d € {0,1}. The result now follows as [[._, (x4 a;) = fo + xgo for some
fo,90 € Z. |

One can then derive results for the case K = [—1, 1] using the following

Goursat transform. Given a polynomial f € R[x] with deg(f) = m, its
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Goursat transform is the polynomial f defined by

fo = (107 (1):

One can easily verify that the Goursat transform of f satisfies: f(x) =
L+xmf(52) = a+xm (14 52) fix) =27 f(x).
LEMMA 3.22. (Goursat’s lemma) Let f € R[x| with deg(f) = m
and f € R[x] its Goursat transform.
(i) f >0 on[~1,1] <= f >0 on [0,00). ~
(i) f>0o0n[-1,1] < f >0 on[0,00) and f(=1) > 0 (i.e., deg(f) =
m).
Proof. Easy verification, noting that deg( f ) < m and the coefficient
of x™ in f is equal to f(—1). a
THEOREM 3.23. (Fekete, Markov-Lukacz) Let n = 1, p € R[x]
and m := deg(p). Assume p >0 on K =[—1,1]. Then,
(i) p = so+s1(1—x2), where s, 51 € X, and deg(so), deg(s1(1—%x2)) <m
(resp., m + 1) if m is even (resp., odd).
(i) If m is odd, then p = s1(1 + x) + s2(1 — x), where s1,s2 € ¥ and
deg(s1(1 4+ x)),deg(s2(1 —x)) < m.
In particular, Px = T(1 —x?)=T(1 —x,1 + x).
Proof. As p > 0 on [—1,1], its Goursat transform p satisfies p > 0
n [0,00) (by Lemma 3.22). Thus, by Theorem 3.21, p = >, , f? +
XY ;1597 where fi, g; € R[x] with r; := deg(f;) < 2 and s; := deg(g;) <

m—1
2

. Replacing x by };—;‘, we get:
2=y L+ ()P +(1=%) Y (L+x)" (g

i=1,2 i=1,2

=:f =:g

If m is even, the first term f is a sum of squares with degree at most m,
and the second term g can be written as g = (1 + x)s; where s; is a sum
of squares and deg(s;) < m — 2. This shows (i) in the case m even.
If m is odd, then g is a sum of squares and f = (1+x)s; where s; is a sum
of squares, and deg(g),deg(s1) < m — 1. Thus (ii) holds. Moreover, using
the identities:
1+x)? 1 9 1-x)?2 1 9
1 =—+—-(1- l—-x=——""—+-(1—
+x 5 + 2( x°), X 5 + 2( x°),
we get a decomposition as in (i) with summands of degree at most m + 1.
Then, Pk = T(1 — x?) = T(1 — x,1 + x) follow directly from (i), (ii). 0O
Consider the general case when K is an arbitrary closed semialgebraic
subset of R. That is, K is a finite union of intervals, of the form K =
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[a1,b1] U [ag,ba] U ... U [ak,bk], where —co < a1 < b1 < as < by < ... <
ar < by, <o0o. Then K ={x € R| g(z) >0 (9 € G)}, where G consists of
the polynomials (x — b;)(x — a;41) (i =1,...,k — 1) together with x — a;
if a1 > —oo and with by — x if by < 0o; G is called the natural description
of K. E.g. the natural description of [-1,1] is G = {x+ 1,1 — x}, and the
natural description of [0, 00) is G = {x}.

THEOREM 3.24. (c¢f. [106, Prop. 2.7.3]) Let K be a finite closed
semialgebraic set in R and let G be its natural description. Then Px =

T(G).

3.6.4. Other representation results. Several other representation
results for positive polynomials exist in the literature. Let us just briefly
mention a few.

THEOREM 3.25. (Pdlya [126]; see [128] for a proof). Letp € R[x] be a
homogeneous polynomial. If p >0 on the simplex {x € R" | Y7 | x; = 1},
then there exists r € N for which the polynomial (3 ;_, x;)"p has all its
coefficients nonnegative.

THEOREM 3.26. (Reznick [138]) Let p € R[x] be a homogeneous poly-
nomial. If p > 0 on R™\ {0}, then there exists r € N for which the
polynomial (31, x3)"p is a sum of squares.

EXAMPLE 3.27. Consider the 5 x 5 symmetric matriz whose entries
are all equal to 1 except M1 o = Moz = Mgy = Mys = Ms1 = —1 and
let par = Z?,j:l M; jx3x3. Recall from Section 1.1 that M is copositive
precisely when pyy is nonnegative. Parrilo [121] proved that, while pyr is
not a SOS, (Zi’:l x2)pa is a SOS, which shows that pys is nonnegative
and thus M 1is copositive.

As an illustration let us briefly sketch how Pdlya’s theorem can be used
to derive a hierarchy of SOS approximations for the stable set problem. See
e.g. [36] for further applications, and [35] for a comparison of the hierarchies
based on Putinar’s and Pélya’s theorems.

ExampLE 3.28. Consider the stable set problem introduced in Section
1.1 and the formulation (1.7) for a(G). For t € R define the polynomial
PGt =D jev xix3(t(I + Ag) — J)ij. Forr €N, the parameters

inf ¢ s.t. (fo) pa s SOS (3.18)
eV

provide a hierarchy of upper bounds for «(G). Based on an analysis of
Pdélya’s theorem, de Klerk and Pasechnik [37] proved that the bound from
(3.18), after being rounded down to the nearest integer, coincides with a(G)
when v > (a(G))?. Moreover they conjecture that finite convergence takes
place at r = a(G)—1. (See [51] for partial results, also for a comparison of
the above parameter with the approximation of a(G) derived via Putinar’s
theorem, mentioned in Example 8.16).
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One can also search for a different type of certificate for positivity of a
polynomial p over K defined by polynomial inequalities g1 > 0,..., gm > 0;
namely of the form

m
p= Z c H gfj with finitely many nonzero ¢z € Ry. (3.19)
geN™  j=1

On the moment side this corresponds to Hausdorff-type moment conditions,
and this yields hierarchies of linear programming relaxations for polynomial
optimization. Sherali and Adams [154] use this type of representation for
0/1 polynomial optimization problems. As an example let us mention Han-
delman’s characterization for positivity over a polytope.

THEOREM 3.29. (Handelman [54]) let p € R[x| and let K = {x € R™ |
g1(x) >0,...,gm(z) > 0} be a polytope, i.e. the g;’s are linear polynomials
and K is bounded. If p > 0 on K then p has a decomposition (3.19).

The following result holds for a general compact semialgebraic set K,
leading to a hierarchy of LP relaxations for problem (1.1). We refer to
Lasserre [81, 83] for a detailed discussion and comparison with the SDP
based approach.

THEOREM 3.30. [74, 75] Assume K is compact and the polynomials
91,---,9m satisfy 0 < g; < 1 on K Vj and, together with the constant
polynomial 1, they generate the algebra R[x], i.e. R[x] = R[1,g1,...,Gm]-
Then any p € R[x] positive on K has a representation of the form

m

p=Y cas ]9 [0 —9)"
j=1

a,BEN™ Jj=1
for finitely many nonnegative scalars cog.

3.6.5. Sums of squares and convexity. A natural question is what
can be said about SOS representations of convex positive polynomials. We
present here some results in this direction. We first introduce SOS polyno-
mial matrices and SOS-convexity.

Consider a polynomial matrix P(x) € R[x]"*", i.e. arXr matrix whose
entries are polynomials of R[x]. We say that P(x) is positive semidefinite
if P(z) > 0 for all z € R™. Thus, for r = 1, P(x) is a usual (scalar) poly-
nomial and being positive semidefinite means (as usual) being nonnegative
on R™. Hence, P(x) is positive semidefinite if and only if the (scalar) poly-
nomial y7 P(x)y € R[x, y] is nonnegative on R"*", where y = (y1,...,¥y:)
are r new variables. The polynomial matrix P(x) is said to be a SOS-matriz
if P(x) = A(x)T A(x) for some polynomial matrix A(x); equivalently, if the
(scalar) polynomial y? P(x)y is a sum of squares in R[x,y]. Obviously, if
P(x) is a SOS-matrix then P(x) is positive semidefinite. The converse im-
plication does not hold for n > 2, but it does hold in the univariate case.



SUMS OF SQUARES, MOMENT MATRICES AND POLYNOMIAL OPTIMIZATION 43

This result appears in particular in [66]; we will present a proof at the end
of this section following the treatment in [21].

THEOREM 3.31. (c¢f. [66, 21]) Let n =1 and let P(x) be a symmetric
matriz polynomial. Then P(X) is positive semidefinite if and only if P(x)
is a SOS-matrix.

The next lemma mentions some nice properties of SOS-matrices.

LEMMA 3.32. [2] If P(x) is a SOS-matriz, then its determinant is a
SOS polynomial and any principal submatriz of P(x) is a SOS matriz.

Proof. The second property is obvious. We now check that det(P(x))
is a SOS polynomial. The proof relies on the Cauchy-Binet formula, which
states that, for matrices A (rxs) and B (sxr), det(AB) = 4 det(AsBs),
where S runs over all subsets of size r of [1, s], Ag is the column submatrix
of A with columns indexed by S, and B is the row submatrix of B with rows
indexed by S. We can write P(x) = A(x)? A(x); then, by Cauchy-Binet,
det P(x) = ) g det(A(x)g)? is a sum of squares of polynomials. Similary
the determinant of a principal submatrix of P(x) is a sum of squares. [

We now turn to examining some properties of convex polynomials in
terms of SOS-matrices. Let C' be a convex subset of R™. A function
f:C — Risconvex on C if f(Az 4+ (1 — Ay)) < Af(x) + (1 —N)f(y)
for all z,y € C and X € [0,1]. Recall that, if C' is open and f is twice
differentiable on C, then f is convex on C' if and only if its Hessian matrix

o%f \"
- ()
8:171'8117j ij=1

is positive semidefinite on C, i.e. V2f(z) = 0 for all z € C. If V2f(z) = 0
for all z € C, then f is strictly convex on C. The complexity of testing
whether a polynomial (in n variables of degree 4) defines a convex func-
tion is not known (cf. [120]). Helton and Nie [57] propose to replace the
positivity condition on the Hessian by a SOS-matrix condition, leading to
SOS-convexity, a sufficient condition for convexity, which can be tested
efficiently.

DEFINITION 3.33. [57] A polynomial f € R[x] is said to be SOS-
convex if its Hessian V2 f(x) is a SOS-matriz.

Obviously, for a polynomial f € R[x], SOS-convexity implies convexity.
The converse implication holds in the univariate case (n = 1, by Theorem
3.31) but not in general for n > 2. Recently Ahmadi and Parrilo [2] give an
example of a polynomial in n = 2 variables with degree 8, which is convex
but not SOS-convex.

Helton and Nie [57] show the following sufficient condition for a SOS-
convex polynomial to be a sum of squares.

THEOREM 3.34. Let p € R[x|. If p is SOS-convexr and there exists
u € R™ such that p(u) = 0 and Vp(u) = 0, then p is a sum of squares of
polynomials.
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The proof relies on the following lemmas.

LEMMA 3.35. Let g € R[t] be a univariate polynomial. Then,

q(1) —q(0 / / ) ds dt.

Proof. Direct verification. a

LEMMA 3.36. Let P(x) be ar X r polynomial matriz, let u € R™, and
define the polynomial matriz

P(x) —/Ol/OtP(u—l—s(x—u))dsdt.

If P(x) is a SOS-matriz then P(x) too is a SOS-matriz.

Proof. Let 'y = (y1,-..,yr) be new variables. Say P(x) has de-
gree 2d and define z[x,y] = (y;x*)i=1....r. By assumption, the poly-

ENZ
nomial y?P(x)y is a sum of squares in R[x,y]. That is, y' P(x)y =
z[x, y]T AT Az[x,y] for some matrix A. If we replace x by u + s(x — u) in

z[x,y], we can write z[u + s(x — u),y] = C(s,u)z[x,y] for some matrix
C(s,u). Thus,
yT —fofO(TPu—l—s(x—u)) ) dsdt

= fo fo z[x yTC (s,u)TATAC (s, u)z[x,y]) dsdt
=z[x,y]” / / (s,u) TATAC'( )dsdt)z[x,y]

—ofx,y|"B Balxy],

where we use the~fact that M = BT B for some matrix B since M > 0.
This shows that P(x) is a SOS-matrix. a

LEMMA 3.37. Let p € R[x]| and u € R™. Then,

p(x) = p(u)—i—Vp(u)T(x—u)—i-(x—u)T(/01 /Ot V2p(u+s(x—u))dsdt) (x—u).l

Proof. Fix x,u € R™ and consider the univariate polynomial ¢(t) :=
p(u+t(x —u)) in t € R. Then, ¢'(t) = Vp(u + t(x — u))T(z — u), and
2(t) = (2 — ) TVp(u+ H(z — w)) (@ — u), 5o that q(1) = p(z), 4(0) = p(u),
q'(0) = Vp(u)? (z — u). The result now follows using Lemma 3.35 applied
to q. d

Proof. (of Theorem 3.34) Assume p € R[x] is SOS-convex, p(u) = 0,
and Vp(u) = 0 for some v € R™. Lemma 3.37 gives the decomposition
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p(x) = (x — u)TP(x)(x — u), where P(x) := V?p(x) and P is defined as
in Lemma 3.36. As p is SOS-convex, P(x) is a SOS-matrix and thus P(x)
too (by Lemma 3.36). The above decomposition of p gives thus a sum of
squares decomposition. |

We can now state the convex Positivstellensatz of Lasserre [89], which
gives a simpler sum of squares representation for nonnegative polynomials
on a convex semialgebraic set - under some convexity and regularity condi-
tions. Consider the semialgebraic set K from (1.2), defined by polynomial
inequalities g; > 0 (j = 1,...,m), and the following subset of the quadratic
module M(g1, ..., gm):

m
Mc(gla---agm) = {SO+Z)\jgj | So € E, Ala---;/\m (S R+}
j=1
So the multipliers of the g;’s are now restricted to be nonnegative scalars
instead of being sums of squares of polynomials.

THEOREM 3.38. [89] Let p € R[x]. Assume that p attains its infimum
on K, i.e. p(x*) = infyex p(x) for some x* € K. Assume moreover that
int(K) # 0 (i.e. there exists x € K for which g;(xz) > 0 Vj) and that

—31,--,—9gm are SOS-conver. Then, p — p™® € M.(g1,...,9m). In
particular, p € M¢(g1,...,9m) ifp >0 on K.

Proof. As int(K) # (0 and f, —g, are convex, the Karush-Kuhn-Tucker

optimality conditions tell us that there exists A € R satisfying

Z/\ Vg;(x*) =0, Ajg;(z") =0 V.

Consider the Lagrangian function L,(x) := p(x) — p™i* — Z 1 ANjgj(x )
Then, L,(z*) = 0, VL,(z*) = 0, and L, is SOS-convex, since V2 L, =
V2p — Zj A\;V2g; is a SOS-matrix. Applying Theorem 3.34, we deduce
that L, is a sum of squares of polynomials. Hence the decomposition
p=p "+ L,+ Z;n:l A;jg; shows that p — p™® € M.(g1,...,gm) and
p=(p—p™n) +p™i® € Mc(g1,...,gm) if p™® > 0. O

Proof of Theorem 3.31. We now give a proof for Theorem 3.31,
following the treatment in [21], which uses some nice tricks. Let P(x) €
Rlx|™™ := (a;j(x))} ;=1 be a symmetric polynomial matrix which is pos-
itive semidefinite, i.e. f(x,y) := y? P(x)y is nonnegative on R"*!. The
proof uses induction on n. If n = 1, then f(x,y) = y3a11(x) > 0 on R?;
this implies a11(x) > 0 on R and thus P(x) = a11(x) is SOS. Assume now
n > 2 and the theorem holds for n — 1. Write f(x,y) as

f(x,y) = yian (x) + 2y ( Z aii(x z) Z ai; (X)y:y; -

i>2 i,j>2

9(x,y)
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As this expression is > 0 for all y1, by computing the discrimant, we deduce
that A := a11(x)g9(x,y) — (3,55 a1:(x)y;)*> > 0 on R™. The induction
assumption implies that A is a sum of squares. Now, as

(9 (x,y) = (man )+ antxm) +A,

i>2

we deduce that a11(x)f(x,y) is a sum of squares, i.e. a11(x)P(x) is a SOS-
matrix. Note that a;;(x) is nonnegative on R (as it is a diagonal entry
of P(x)). Thus the proof will be completed if we can show the following
result:

PROPOSITION 3.39. Let R[x| be the ring of univariate polynomials,
a(x) € R[x] be a nonzero nonnegative polynomial and P(x) € R[x|™*™. If
a(x)P(x) is a SOS-matriz, then P(x) too is a SOS-matriz.

The proof of this result relies on the following lemmas.

LEMMA 3.40. Let the vectors D;, E; € R?? (i = 1,...,n) satisfy the
condition:

DYE;, +DTE;, =0, DI'D. = ETE; Vi,i=1,...,n. 3.20
1 ] J [ J 1 J

There exists an orthogonal matrix U of order 2d such that UD;,UE; have
the following form:

UD,; = (Sihtih c ey Sids tid)7 UE; = (_tih i1y« -y —tid, Sid) (321>

for some scalars sy, ti;.

Proof. The proof is by induction on n > 1. By (3.20), Dy, E; are or-
thogonal and have the same length s. Thus, up to an orthogonal transfor-
mation, we can assume that D; = (s,0,0,...,0) and F; = (0,s,0,...,0).
Using again (3.20), we see that D;, E; (i > 2) have the form: D,; =
(84, ts, [)1) and E; = (—t;, si,E~i); thus the first two coordinates of D;, E;
have the desired shape. As D;, E; (i > 2) satisfy again (3.20), we get the
final result applying induction. a

LEMMA 3.41. If a(x)P(x) is a SOS-matriz with a(x) = (x — a)?
(o € R), then P(x) is a SOS-matriz.

Proof. By assumption, a(x)-y? P(x)y is a SOS polynomial, of the form
SO0 yibki(x))? for some by;(x) € R[x]. This polynomial vanishes at
2 = «, which implies by;(a) = 0 for all i,k. Thus x — a divides each
bri(x), i.e. bri(x) = (x — a)cgi(x) for some ¢ (x) € R[x]. This gives the
decomposition yT P(x)y = >, (31, yicki(x))?, thus showing that P(x) is
a SOS-matrix. O

LEMMA 3.42. If a(x)P(x) is a SOS-matriz with a(x) = (x +a)? + 32
(o, B € R), then P(x) is a SOS-matriz.

Proof. Up to a change of variables we can assume that a(x) = x? + 1.
By assumption, (x? + 1)P(x) = (A;(x)T4;(x)) for some vectors

n
ij=1
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A;(x) € R[x)?? (for some d). Taking residues modulo the ideal (x% + 1),
we can write 4;(x) = (x2 + 1)Ci(x) + xD; + E;, where C;(x) € R[x]??
D;, E; € R??, This implies

(x2+1)P(x)= (x2+1)2Ci(x )TC (%)
+ (x2+1) (C;(x)TE; + s(x)TE; + DI'D;)
+x(x* +1) ( 1x>T i+ Ci(x)"D;)

+ X (DlTEJ + D] El)
+ EIE; — DI'D;.

Therefore, the vectors D;, F; satisfy (3.20). Hence, by Lemma 3.40, we can
assume without loss of generality that they also satisfy (3.21) (replacing
accordingly C;(x) by UC;(x).) Write the components of C;(x) as C;(x)T =
(Ci1(%x),...,Ci24(x)). Then we define the new the polynomial vectors
F;(x) obtained by recombining pairs of coordinates of C;(x) in the following
way:

Fi(X)T = ( Cig (X) + XC“ (X),XCiQ (X) — Cil (X), .
, Ci24(x) + xCj 24-1(%), XCj 24(X) — Ci 24-1(%)).

One can verify that F;(x)T Fj(x) = (x? + 1)Ci(x)TCj(x). Next define the
polynomial vectors B;(x) := F;(x)+D;. Then, P(x) = (Bi(x)" B; (X))},
thus showing that P(x) is a SOS-matrix. To see it, it suffices to verify that
F,(x)TD; = C;(x)T(xD; + Ej;), which can be verified using the fact that
D;, E; have the form (3.21). o

We can now conclude the proof of Proposition 3.39 (and thus of The-
orem 3.31). As a(x) > 0 on R, a(x) is a product of powers of factors of the
form (x — a)? or (x + a)? + 3%. So the result follows by ‘peeling off the
factors’ of a(x) and using Lemmas 3.41 and 3.42.

3.7. Proof of Putinar’s theorem. Schweighofer [150] gave a proof
for Theorem 3.20 which is more elementary than Putinar’s original proof
and uses only Pélya’s theorem (Theorem 3.25). Later he communicated to
us the following shorter and simpler proof which combines some classical
ideas from real algebraic geometry with an ingeneous argument of Marshall
(in Claim 3.48).

DEFINITION 3.43. Call a set M C R[x] a quadratic module if it
contains 1 and is closed under addition and multiplication with squares,
e, leM, M+M C M and XM C M. Call a quadratic module M
proper if —1 ¢ M (i.e. M # R[x]).

Given g1,...,9m € R[x| the set M(gi,...,9m) introduced in (3.13)
is obviously a quadratic module. We begin with some preliminary results
about quadratic modules.

LEMMA 3.44. If M C R[x] is a quadratic module, then T := M N—M

1s an ideal.
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12 12
Proof. For f € R[x] and g € Z, fg:(f%) g—(f%) gel. a

LEMMA 3.45. Let M C R[x] be a maximal proper quadratic module.
Then M U—-M = R[x].

Proof. Assume f € R[x|\ (M U —M). By maximality of M, the
quadratic modules M + fX and M — fX are not proper, i.e., we find
g1,92 € M and s1,82 € ¥ such that —1 = g1 + s1f and —1 = g5 — sof.
Multiplying the first equation by so and the second one by si, we get
$1 + s2 + s192 + s2g1 = 0. This implies s1,s2 € Z := M N —M. Since
7 is an ideal, we get s1f € T C M and therefore —1 = g1 +s1f € M, a
contradiction. d

LEMMA 3.46. Let M C R[x] be a maximal proper quadratic module
which is Archimedean, set T := M N —M and let f € R[x]. Then there is
exactly one a € R such that f —a € 7.

Proof. Consider the sets
A={aeR|f—-aec M} and B:={beR|b—fe M}

As M is Archimedean, the sets A and B are not empty. We have to show
that ANB is a singleton. Since M is proper, it does not contain any negative
real number. Therefore a < b for all a € A, b € B. Set ag := sup A and
bo := inf B. Thus ag < bg. Moreover, ag = bg. Indeed if ag < ¢ < by,
then f —c¢ & M U—M, which contradicts the fact that R[x] = M U —-M
(by Lemma 3.45). It suffices now to show that ap € A and by € B, since
this will imply that AN B = {ae} and thus conclude the proof. We show
that ag = sup A € A. For this assume that ag ¢ A, ie., f —ap ¢ M. Then
M’ := M+ (f — ap)X is a quadratic module that cannot be proper by the
maximality of M; that is, —1 = g + (f — ag)s for some g € M and s € X.
As M is Archimedean we can choose N € N such that N —s € M and
e € Rsuch that 0 < € < %. Asag—e € A, we have f —(ap—€) € M. Then
we have —1+es =g+ (f —ap+¢€)s € M and eN — es € M. Adding these
two equations, we get eN — 1 € M which is impossible since eN —1 < 0
and M is proper. One can prove that by € B in the same way. d

We now prove Theorem 3.20. Assume p € R[x] is positive on K; we
show that p € M(g1,...,gm). We state two intermediary results.

CrLAM 3.47. There exists s € X such that sp € 1 +M(g1,...,gm)-

Proof. We have to prove that the quadratic module M, :=
M(g1,-.-,9m) — pX is not proper. For this assume that My is proper;
we show the existence of a € K for which p(a) < 0, thus contradicting
the assumption p > 0 on K. By Zorn’s lemma, we can extend My to a
maximal proper quadratic module M D My. As M 2 M(g1,...,9m), M
is Archimedean. Applying Lemma 3.46, there exists a € R™ such that
X, —a; €L :=MnN-M for all i € {1,...,n}. Since Z is an ideal (by
Lemma 3.44), f — f(a) € Z for any f € R[x]. In particular, for f = g;, we
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find that g;(a) = g; — (9; — g;(a)) € M since g; € M(g1,...,9m) € M and
—(g; — g;(a)) € M, which implies g;(a) > 0. Therefore, a € K. Finally,
—p(a) = (p —p(a)) —p € M since p—p(a) € Z C M and —p € My C M,
which implies —p(a) > 0. o

Cramm 3.48. There exist g € M(g1,...,9m) and N € N such that
N-geXandgpel+M(gi,...,gm)-

Proof. (Marshall [106, 5.4.4]). Choose s as in Claim 3.47, i.e. s € ¥
and sp —1 € M(g1,...,9m). Using (3.16), there exists k¥ € N such that
2k — s, 2k — s’p —1 € M(g1,...,9m). Set g := s(2k —s) and N := k2.
Then g € M(g1,...,9m), N —g =k*—2ks+ s> = (k—s)? € &. Moreover,
gp—1=3502k—s)p—1=2k(sp—1)+ (2k — s’p — 1) € M(g1,.--,9m),
since sp — 1,2k — s?p— 1 € M(g1,.- ., Gm)- O

We can now conclude the proof. Choose g, N as in Claim 3.48 and
k € N such that k+p € M(g1,...,9m). We may assume N > 0. Note that

(k—i)ﬂo: i((1\7—9)(k+19)+(9p—1)+k9) € M(g1,---,9m)

N N
Applying this iteratively we can make k = (kN )% smaller and smaller
until reaching 0 and thus obtain p € M(g,...,gm). This concludes the
proof of Theorem 3.20.

3.8. The cone of sums of squares is closed. As we saw earlier,
for d even, the inclusion ¥, 4 C P, 4 is strict except in the three special
cases (n,d) = (1,d), (n,2), (2,4). One may wonder how much the two
cones differ in the other cases. This question will be addressed in Section
7.1, where we will mention a result of Blekherman (Theorem 7.1) showing
that, when the degree d is fixed and the number n of variables grows,
there are much more nonnegative polynomials than sums of squares. On
the other hand, one can show that any nonnegative polynomial is the limit
(coordinate-wise) of a sequence of SOS polynomials (cf. Theorem 7.3); note
that the degrees of the polynomials occurring in such a sequence cannot be
bounded, since the cone ¥, 4 is a closed set.

We now prove a more general result (Theorem 3.49), which implies
directly that X, q is closed (for the case K = R™). Given polynomials
g1,---,9m € R[x] and an integer ¢, set go := 1 and define the set

Mi(g1,---s9m) = {Zsjgj | s; € ,deg(s;g;) <t (0<j<m)}, (3.22)

Jj=0

which can be seen as the “truncation at degree t” of the quadratic module
M(g1,---,9m). Let K be as in (1.2). Its interior int(K') (for the Euclidean
topology) consists of the points € K for which there exists a (full dimen-
sional) ball centered at = and contained in K. Obviously

K :={zeR"|g;(z) >0Vj=1,...,m} Cint(K).
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The inclusion may be strict (e.g. 0 € int(K)\K' for K = {x € R | 22 > 0}).
However,

int(K) # 0 <= K’ # 0 (3.23)

assuming no g; is the zero polynomial. Indeed if K’ = () and B is a ball
contained in K, then the polynomial H;nzl g; vanishes on K and thus on
B, hence it must be the zero polynomial, a contradiction. The next result
will also be used later in Section 6 to show the absence of a duality gap
between the moment/SOS relaxations.

THEOREM 3.49. [180, 150] If K has a nonempty interior then
M, (g1,---,9m) is closed in R[x]; for any t € N.

Proof. Note that deg(s;g;) < t is equivalent to degs; < 2k;, setting
kj = [(t—deg(g;))/2]. Set A; := dimR[x]y, = [N} |. Then any polynomial

f € Mg, 9m) is of the form f = 377" s;g; with s; = 22]:1(%(]]))2

for some ugj),...,ug\]} € Rix],.

- In other words, My(g1,...,9gm) is the
image of the following map

p: D= (Rx,)" x ... x (R[], ) " — Rlx]; N
w= (), (™)) () = S S ()2,

We may identify the domain D of ¢ with the space R (of suitable dimen-
sion A); choose a norm on this space and let S denote the unit sphere in D.
Then V := ¢(9) is a compact set in the space R[x]:, which is also equipped
with a norm. Note that any f € M(g1, ..., gm) is of the form f = v for
some A\ € Ry and v € V. We claim that 0 ¢ V. Indeed, by assumption,
int(K') # 0 and thus, by (3.23), there exists a full dimensional ball B C K
such that each polynomial g; (j = 1,...,m) is positive on B. Hence, for
any u € S, if p(u) vanishes on B then each polynomial arising as compo-
nent of u vanishes on B, implying u = 0. This shows that ¢(u) # 0ifu € S,
ie. 0 ¢ V. We now show that My(g1,...,gm) is closed. For this consider
a sequence fr € My(g1,...,9m) (k > 0) converging to a polynomial f;
we show that f € My(g1,...,9m). Write fr = A\yur where vy € V and
A € Ry. As V is compact there exists a subsequence of (vg)x>0, again de-
noted as (vg)k>o for simplicity, converging say tov € V. As0 ¢ V, v # 0

and thus A\, = ”1’::“ converges to H as k — oo. Therefore, fr = Apvk

converges to %’U as k — oo, which implies f = %’U € Mi(g1,...,9m)- O

COROLLARY 3.50. The cone X, 4 is a closed cone.
Proof. Apply Theorem 3.49 to My(g1) = X4 for g1 := 1. d

When the set K has an empty interior one can prove an analogue of
Theorem 3.49 after factoring out through the vanishing ideal of K. More
precisely, let Z(K) = {f € R[x] | f(z) =0 Vz € K} be the vanishing ideal
of K, and consider the mapping p € R[x] — p' :=p+IZ(K) € Rx|/Z(K)
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mapping any polynomial to its coset in R[x]/Z(K). Define the image under
this mapping of the quadratic module My(g1, ..., gm) as

Mi(g1,---,9m) = {0 =p+IT(K) | p € Mi(g1, .., 9m)} € R[x]:/Z(K).
(3.24)

When K has a nonempty interior, Z(K) = {0} and thus M}(g1,...,gm) =
M:(g1, - - -, 9m). Marshall [104] proved the following result, extending The-
orem 3.49. (See [106, Lemma 4.1.4] for an analogous result where the ideal
Z(K) is replaced by its subideal \/M(g1,...,gm) N —M(g1,-- -, gm)-)

THEOREM 3.51. [104] The set Mj(g1,...,9m) is closed in
Rlx:/Z(K).

Proof. The proof is along the same lines as that of Theorem 3.49,
except one must now factor out through the ideal Z(K). Set gy := 1,
Ji={j € {0,1,...,m} | g; & T(K)}, Ann(g) := {p € Rx] | pg € T(K)}
for g € R[x]. For j = 0,...,m, set k; := |(t — deg(g;))/2] (as in the
proof of Theorem 3.49), A; := R[x]x, N Ann(g;). Let B; C R[x]x, be
a set of monomials forming a basis of R[x]x,/A;; that is, any polynomial
[ € R[x]g, can be written in a unique way as p = r+q where r € Spang (B;)
and g € A;. Let Aj := |B;| = dimR[x]y, /A;. Consider the mapping

p: D= [[Rx, /A)Y — Rxl/I(K)

JjeJ
A] .
u= (( (J) +A )l 71)JEJ — SD(U) = Z Z(ul(j))ng —l—I(K)
jed 1;=1

Note first that ¢ is well defined; indeed, u—v € A; implies (u—v)g; € Z(K)
and thus u?g; —v?g; = (u +v)(u — v)g; € Z(K). Next we claim that the
image of the domain D under ¢ is precisely the set M}(g1,...,9m). That
is,

VfeM(g1,....0m), JUED st. f— ZZ (U)2¢. € T(K). (3.25)
jeJlj=1
For this write f = > s;g; where s; € X and dég(sj) < t—dgg(gj). Thus
f =2 ,es519;5 mod I(K). Say sj = 2, (agf))Q where a(J) € R[x]x,
Write agf) = Té) + q,(l)7 where rh € Spang(B;) and qh € A;. Then,
$jg; = ZjeJ(Zh (T‘h)) )g; mod Z(K), since q,(f)g] € I(K) as q() €
A; C Ann(g;). Moreover, as each Té) lies in Spang(B;) with |B;]| = A, by

the Gram-matrix method (recall Section 3.3), we deduce that Eh (rh )2
can be written as another sum of Squares involving only A; squares, i.e.

Eh (r (J)> Z?j_l( (J)) with ul ) e Spang (B;); this shows (3.25).
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We now show that ¢ =1(0) = 0. For this assume that p(u) = 0 for some
ueD, ie fi=3; Eﬁ;l(ul(j))zgj € I(K); we show that ul(f) € A; for
all j,l;. Fix x € K. Then f(z) = 0 and, as g;(z) > 0 Vj, (ul(]])(x))QgJ(x) =
0, i.e. ul(j)(x)gj (x) =0 Vj,l;. This shows that each polynomial ul(j)gj lies
in Z(K), that is, ul(]]) € A;. We can now proceed as in the proof of Theorem
3.49 to conclude that M/(g1,...,gm) is a closed set in R[x];/Z(K). a

4. Moment sequences and moment matrices.

4.1. Some basic facts. We introduce here some basic definitions and
facts about measures, moment sequences and moment matrices.

4.1.1. Measures. Let X be a Hausdorff locally compact topological
space. Being Hausdorff means that for distinct points x, 2’ € X there exist
disjoint open sets U and U’ with z € U and 2’ € U’; being locally compact
means that for each x € X there is an open set U containing x whose
closure U is compact. Then B(X) denotes the Borel o-algebra, defined as
the smallest collection of subsets of X which contains all open sets and is
closed under taking set differences, and countable unions and intersections;
sets in B(X) are called Borel sets. A Borel measure is any measure p
on B(X), i.e. a function from B(X) to Ry U {oco} satisfying: u(0) = 0,
and p(UienA;) = ;o #(A;i) for any pairwise disjoint A; € B(X). Thus
measures are implicitly assumed to be positive. A probability measure is a
measure with total mass pu(X) = 1.

Throughout we will consider Borel measures on R™. Thus when speak-
ing of ‘a measure’ on R™ we mean a (positive) Borel measure on R".

Given a measure p on R™, its support supp(u) is the smallest closed
set S C R™ for which pu(R™\ S) = 0. We say that u is a measure on K or
a measure supported by K C R™ if supp(u) C K.

Given z € R", ¢, denotes the Dirac measure at x, with support {z}
and having mass 1 at z and mass 0 elsewhere.

When the support of a measure  is finite, say, supp(p) = {x1,..., 2.},
then p is of the form p = Y, X\idy, for some Ai,..., A, > 0; the z; are
called the atoms of p and one also says that u is a r-atomic measure.

4.1.2. Moment sequences. Given a measure u on R", the quantity
Yo = [x*u(dx) is called its moment of order o. Then, the sequence
(Ya)aenn is called the sequence of moments of the measure p and, given
t € N, the (truncated) sequence (Yo )aeny is called the sequence of moments
of p up to order t. When y is the sequence of moments of a measure we also
say that p is a representing measure for y. The sequence of moments of the
Dirac measure ¢, is the vector (, := (%)aenn, called the Zeta vector of x
(see the footnote on page 131 for a motivation). Given an integer ¢ > 1,
Gtz = (7%)aeny denotes the truncated Zeta vector.
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A basic problem in the theory of moments concerns the characteriza-
tion of (infinite or truncated) moment sequences, i.e., the characterization
of those sequences y = (ya)q that are the sequences of moments of some
measure. Given a subset K C R", the K-moment problem asks for the
characterization of those sequences that are sequences of moments of some
measure supported by the set K. This problem has received considerable
attention in the literature, especially in the case when K = R" (the basic
moment problem) or when K is a compact semialgebraic set, and it turns
out to be related to our polynomial optimization problem, as we see be-
low in this section. For more information on the moment problem see e.g.
[11, 12, 28, 29, 30, 31, 42, 76, 77, 134, 145] and references therein.

4.1.3. Moment matrices. The following notions of moment matrix
and shift operator play a central role in the moment problem. Given a
sequence y = (Yo )aens € RV its moment matriz is the (infinite) matrix
M (y) indexed by N™, with («, 8)th entry yo4g, for o, 8 € N™. Similarly,
given an integer ¢ > 1 and a (truncated) sequence y = (Yo )aeny, € RNzt | its
moment matriz of order t is the matrix M;(y) indexed by NI, with (o, 6)th
entry yo+g, for a, 8 € Np.

Given g € R[x] and y € RY" | define the new sequence

gy = M(y)g € RY", (4.1)

called shifted vector, with ath entry (gy)a = 35 gsya+ps for a € N*. The
notation gy will also be used for denoting the truncated vector ((gy)a)aen:
of RN? for an integer ¢ > 1. The moment matrices of gy are also known as
the localizing matrices, since they can be used to “localize” the support of
a representing measure for y.

4.1.4. Moment matrices and (bi)linear forms on R[x]. Given
y € RY", define the linear form L, € (R[x])* by

Ly(f) =y vec(f) = yafa for f= fox* € R[x]. (4.2)

We will often use the following simple ‘calculus’ involving moment matrices.

LEMMA 4.1. Let y € RN, L, € (R[x])* the associated linear form
from (4.2), and let f,g,h € R[x]

(i) Ly(fg) = vec(f ) M(y)vec(g); in particular, L,(f*) =
veel /)T M{yvec(f), Ly (f) = vee(1)T M (y)vec( ).
(ii) L(fgh) = vee(f)!Mly)vec(gh) = vec(fg)"M(y)vec(h) =

vec(f)T M (hy)vec(g).
Proof. (i) Setting f = >, fax¥, g = >4 gsxP, we have fg =
2 (e plat sy fags)x?.  Then Ly(fg) = Z Y7 ( L0 Blatp=ry fa98);

while vec(f)T M (y)vec(g) =, 25 fagsya+s, thus equal to Ly(fg). The
last part of (i) follows directly.
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(i) By (i) vec(f)"M(y)vec(gh) = vec(fg)" M(y)vec(h) = Ly(fgh), in
turn equal to >_, 5 fa9shyYa+pty- Finally, vec(f)T M (hy)vec(g) =
> s(hy)s(fg)s = Za( o Py +6) (3 lats=s fags) which, by exchanging
the summations, is equal t0 > 4 5. fagshyYatpiy = Ly(fgh). a

Given y € RY" | we can also define the bilinear form on R[x]

(f.9) € Rlx] x R[x] = Ly(fg) = vec(f)" M (y)vec(g),

whose associated quadratic form

f € R[] = Ly (f?) = vec(f)" M (y)vec(f)

is positive semidefinite, i.e. Ly(f?) > 0 for all f € R[x], precisely when the
moment matrix M (y) is positive semidefinite.

4.1.5. Necessary conditions for moment sequences. The next
lemma gives some easy well known necessary conditions for moment se-
quences.

LEMMA 4.2. Let g € R[x] and d, = [deg(g)/2].

(i) Ify € RNt is the sequence of moments (up to order 2t) of a measure
w, then Mi(y) = 0 and rank M;(y) < |supp(u)|. Moreover, for p €
R[x]¢, Mi(y)p = 0 implies supp(p) € Ve(p) = {z € R" | p(z) = 0}.
Therefore, supp(u) C Vr(Ker My(y)).

(i) If y € RNt (¢t > d,) is the sequence of moments of a measure u
supported by the set K := {x € R" | g(x) > 0}, then M;_q,(gy) = 0.

(iii) Ify € RY" is the sequence of moments of a measure i, then M(y) = 0.
Moreover, if supp(u) C {x € R™ | g(z) > 0}, then M(gy) > 0 and, if
w is r-atomic, then rank M(y) =r.

Proof. (i) For p € R[x]+, we have:

M= Y papsvars = z pos [ 4 (o)

«o,BEN} « ﬁGN"
= fp > 0.

This shows that My(y) = 0. If My(y)p = 0, then 0 = p" M;(y)p =
J p(z)?pn(dz). This implies that the support of x is contained in the set
Vr(p ) of real zeros of p. [To see it, note that, as Vr(p) is a closed set,
supp(t) € Vr(p) holds if we can show that p(R™ \ Vg(p)) = 0. Indeed,
R™ \ Ve(p) = Uiso Uk, setting Uy, := {z € R | p(z)? > 1} for positive
keN As 0= [p)u(dr) = [y, P@)uldr) > [y, pa)’p(dr) >
+1(Uy), this implies p(Uy) = 0 for all k and thus p(R™ \ Ve(p)) = 0.] The
inequality rank My (y) < |supp(p)| is trivial if © has an infinite support. So
assume that p is r-atomic, say, p = Z:Zl Aibg, where Ag,..., A, > 0 and
z1,...,2, € R". Then, My(y) = > i_; NiCtz: (Ctw;)T, which shows that
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rank My (y) <r.
(ii) For p € R[x];_q,, we have:

P"Mia,(99)p =D  Daps(gy)ass
OZ,BEN;LCLQ

= > > PaPsgyYarpty = / g9(x)p(x)*pu(dz) > 0.
a,BEN;_, yEN" K

This shows that M; q,(gy) = 0.
(iii) The first two claims follow directly from (i), (ii). Assume now pu =
>y Aidy, where \; > 0 and z1,...,2, are distinct points of R™. One

can easily verify that the vectors (,, (i = 1,...,r) are linearly independent
(using, e.g., the existence of interpolation polynomials at z1,...,z,; see
Lemma 2.3). Then, as M (y) = >°7_; NiCz, (L, rank M (y) = r. o

Note that the inclusion supp(p) C Vkr(Ker Mi(y)) from Lemma 4.2
(i) may be strict in general; see Fialkow [41] for such an example. On
the other hand, we will show in Theorem 5.29 that when M;(y) > 0 with
rank My (y) = rank M;_1(y), then equality supp(u) = Vr(Ker M;(y)) holds.
The next result follows directly from Lemma 4.2; dx was defined in (1.10).

COROLLARY 4.3. Ify € RN2t is the sequence of moments (up to order
2t) of a measure supported by the set K then, for any t > dg,

M (y) = 0, Mt,dgj (i) =0 (j=1,...,m). (4.3)

We will discuss in Section 5 several results of Curto and Fialkow show-
ing that, under certain restrictions on the rank of the matrix M;(y), the
condition (4.3) is sufficient for ensuring that y is the sequence of moments
of a measure supported by K. Next we indicate how the above results lead
to the moment relaxations for the polynomial optimization problem.

4.2. Moment relaxations for polynomial optimization.
Lasserre [78] proposed the following strategy to approximate the problem
(1.1). First observe that

p™ = inf p(z) = inf/ p(zr)p(dx)
zeEK moJ i

where the second infimum is taken over all probability measures p on R™
supported by the set K. Indeed, for any zo € K, p(xo) = [ p(x)u(dz) for
the Dirac measure y := d,,, showing p™* > inf,, [ p(z)u(dz). Conversely,
as p(x) > p™® for all z € K, [, p(x)p(dz) > [ p™"p(dz) = p™», since p
is a probability measure. Next note that [ p(z)u(dz) =Y, pa [ 2*p(dz) =
pTy, where y = ([ 2®u(dz)), denotes the sequence of moments of 4. There-
fore, p™™ can be reformulated as

p™ = inf pTy s.t. yo =1, y has a representing measure on K. (4.4)
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Following Lemma 4.2 one may instead require in (4.4) the weaker conditions
M(y) = 0 and M(g,;y) = 0 V7, which leads to the following lower bound
for pmin

prem = inf) ply stoyo=1,M(y) = 0,M(gjy) =0 (L <j<m)
ye
= inf L(p) st. L(1)=1,L(f) >0Vf € M(g1,---,9m)-
Le(Rx])*

(4.5)
Here M(g1,...,gm) is the quadratic module generated by the g;’s, intro-
duced in in (3.13). The equivalence between the two formulations in (4.5)
follows directly using the correspondence (4.2) between RN and linear
functionals on R[x], and Lemma 4.1 which implies

M(y) = 0,M(gjy) = 0Vj <m <= L,(f) >0Vf ¢ M(gl,---,gm)(- :
4.6

It is not clear how to compute the bound p™°™ since the program (4.5)
involves infinite matrices. To obtain a semidefinite program we consider
instead truncated moment matrices in (4.5), which leads to the following
hierarchy of lower bounds for p™i»

Py Le(ng[l)g%)* L(p) st. L(1)=1,
L(f)>0VYf € Mal(gi,---,9m)
(4.7)
= inf ply s.t. Yo =1, M(y) = 0,
yeRNZ:

for t > max(dp, dx). Here Mo(g1, ..., gm) is the truncated quadratic mod-
ule, introduced in (3.22). The equivalence between the two formulations in
(4.7) follows from the truncated analogue of (4.6):

Mt(y) E Oth—dj(gjy) t 0 Vj S m <— Ly(f) 2 0 vf € M2t(gla cee 7gm)

Thus p*°™ can be computed via a semidefinite program involving matrices
of size [N}|. Obviously, pj*°™ < piief™ < pmom < p™™. Moreover,

P < P (4.8)
indeed if p—p € Moy (g1, - - -, gm) and L is feasible for (4.7) then L(p) —p =

L(p — p) > 0. Therefore, p¥% < pmem™,

LEMMA 4.4. If the set K has a nonempty interior, then the program
(4.7) is strictly feasible.

Proof. Let p be a measure with supp(u) = B where B is a ball
contained in K. (For instance, define p by u(A) := A(A N B) for any
Borel set A, where A() is the Lebesgue measure on R™.) Let y be the
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sequence of moments of p. Then, M(g;y) > 0 for all j =0,...,m, setting
go = 1. Positive semidefiniteness is obvious. If p € Ker M(g;y) then
fB p(z)2gj(x)p(dxr) = 0, which implies B = supp(u) C Vr(g;p) and thus

p = 0, D
In the next section we consider the quadratic case, when all
P, 91, - - -, gm are quadratic polynomials and we show that in the convex case

the moment relaxation of order 1 is exact. Then in later sections we discuss
in more detail the duality relationship between sums of squares of polyno-
mials and moment sequences. We will come back to both SOS/moment
hierarchies and their application to the optimization problem (1.1) in Sec-
tion 6.

4.3. Convex quadratic optimization (revisited). We consider
here problem (1.1) in the case when the polynomials p, g; are quadratic, of
the form p = xT Ax +2aTx+a, g; = xT A;jx + 2aij + «j, where A, A; are
given symmetric n X n matrices, a,a; € R", and a, a; € R.

Define the (n+1) x (n+1) matrices P := L a? P, = 1 af
C\e AT ey A5)

so that p(z) = (P, <1 xTT> ) and g;(z) = (P, <1 ‘TTT) ). The mo-

T xx T xx
2T

X) for some x € R™ and some

symmetric n x n matrix X, and the localizing constraint My(g,;y) reads

T
<Pj glc * > > Therefore, the moment relaxation of order 1 can be re-

ment matrix M (y) is of the form (i

X
formulated as

mom __ : 1 27 1 27
P1 _alcl,l)f;<P’<x X>> 5.8 <x X>t0

<Pj, <glc x;) > >0(G=1,...,m)
(4.9)

Let K denote the set of all x € R™ for which there exists a symmetric
n X n matrix X satisfying the constraints in (4.9). Define also the set

Ky :={z eR"| thgj(:v) >0 for all £; > 0 for which thAj =< 0}.
j=1 j=1
Obviously, K C Kj. The next result of Fujie and Kojima [43] shows
equality K1 = K.
PROPOSITION 4.5. [/3] K1 = K. In particular, if g1,...,gm are
concave quadratic polynomials, then K = K1 = Ko.

Proof. First we check the inclusion Ky C Ky. Let x € Ky and X so
that the constraints in (4.9) hold. Then, X —zz” = 0. Assume > itiA; 20
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with all £; > 0. Then <ZJ tjA;, X — r2zT) <0 and thus
1 a7 T
0<y, tj<Pj, Ly > =30, t;({45, X) +2aTe + ay)
<30 t((Ay, 22T + 2a] @ + o)

=2, t9i(@).

We now show K; = Ks. Suppose for contradiction that there exists z €
K>\ K;. Then AN B =, after setting

A={X|(4;,X)+2alz+0; >0Vj=1,...,m},

B:={X|X—zz" =0}, By:={X|X —zz" 0}

The set A is an affine subspace and B is a convex subset of the space of
symmetric n X n matrices. Therefore there exists a hyperplane (U, X)+v =
0 such that (i) (U, X) 4+~ > 0for all X € A, (ii) (U, X) +~ < 0 for all
X € B, and (iii) (U, X)+v < 0 for all X € By. (Here we use the separation
theorem; cf. e.g. Barvinok [7, §11].) Using Farkas’ lemma, (i) implies that
U =3, t;A; for some scalars t; > 0 satisfying v > >~ (2a] x + ;). Using
(i) we deduce that U < 0. As z € K, this implies > ,t;g;(z) > 0.
On the other hand, pick X € By, so that (U, X) + v < 0 by (iii), and
(U, X —2z”)y<0as U <0 and X —zz” = 0. Then,

> tigi(w) = (U,za" - X)+ (U, X)+ > t;(2a] v+ ;) < (U, X) +7 <0,
J J

yielding a contradiction. When all g; are concave, i.e. A; < 0 for all j,

then Ky = K clearly holds. d
COROLLARY 4.6.  Consider problem (1.1) where all polynomials
Py —31,- .-, —9gm are quadratic and convex. Then, p™™ = plom,

Proof. Pick (z,X) feasible for (4.9). Thus x € Ky = K by Proposition
4.5. Therefore,

s ({1 2))viner (e )

mnom

which implies p™in < p§ and thus equality holds. d

In the case m = 1 of just one quadratic constraint, the corollary re-
mains valid without the convexity assumption, which follows from the well
known S-lemma. (For a detailed treatment see e.g. [10, §4.3.5])

THEOREM 4.7. (The S-lemma) Let p, g1 be two quadratic polynomi-
als and assume that there exists xg € R™ with g1(x9) > 0. The following
assertions are equivalent:

(i) g1(z) > 0= p(x) >0 (that is, pmin > 0).
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(i) There exists A > 0 satisfying f(x) > Ag1(x) for all z € R™.
(iii) There exists A > 0 satisfying P = APy (where P, Py are the matrices
as defined at the beginning of the section).

PROPOSITION 4.8. Consider problem (1.1) where m =1 and p, g1 are
quadratic polynomials and assume that there exists xo € R™ with g1(xg) >
0. Then, pmin = p7*°™.

Proof. Consider the semidefinite program (4.9) defining p°™ (with
m = 1) which reads:

P =min (PY) s.t. (P,Y) >0, (Eo,Y)=1,Y =0,

where Eyg is the matrix with all zero entries except 1 at its north-west
corner. The dual semidefinite program reads:

pw*i=suppst. P— APy — uFy =0, A >0.

By weak duality, pi*®™ > p*. (In fact strong duality holds by the as-
sumption on g;.) We now verify that u* > ppin. Indeed, by definition
of Pmin, g(x) > 0 implies p(x) > pmin. Applying the S-lemma we deduce
that there exists A > 0 for which Ag(z) < p(x) — pmin for all z or, equiv-
alently, P — pminEoo — AP1 = 0. The latter shows that (A, g := pmin) is
dual feasible and thus pmin < p*. Therefore, equality holds throughout:

Pmin = PO = p*. a

4.4. The moment problem. The moment problem asks for the
characterization of the sequences y € RN having a representing measure;
the analogous problem can be posed for truncated sequences y € RN (t>1
integer). This problem is intimately linked to the characterization of the
duals of the cone P of nonnegative polynomials (from (3.1)) and of the
cone ¥ of sums of squares (from (3.2)).

4.4.1. Duality between sums of squares and moment se-
quences. For an R-vector space A, A* denotes its dual vector space
consisting of all linear maps L : A — R. Any a € A induces an el-
ement A, € (A*)* by setting A,(L) := L(a) for L € A*; hence there
is a natural homomorphism from A to (A*)*, which is an isomorphism
when A is finite dimensional. Given a cone B C A, its dual cone is
B* := {L € A* | L(b) > 0 Vb € B}. There is again a natural homo-
morphism from B to (B*)*, which is an isomorphism when A is finite
dimensional and B is a closed convex cone. Here we consider A = R[x] and
the convex cones P, ¥ C R[x], with dual cones

P ={Le (R[x])" [ L(p) > 0 Vp € P},
3 ={L e (R[x])* | L(p*) > 0 Vp € R[x]}.

As mentioned earlier, we may identify a polynomial p = > pox® with
its sequence of coefficients vec(p) = (pa)a € R, the set of sequences in
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RY" with finitely many nonzero components; analogously we may identify
a linear form L € (R[x])* with the sequence y := (L(x*))s € RY", so that
L =L, (recall (4.2)),i.e. L(p) =, PaYa =y vec(p). In other words, we
identify R[x] with R> via p + vec(p) and RY" with (R[x])* via y + L.

We now describe the duals of the cones P, ¥ C R[x]. For this consider
the following cones in RN

M :={y € RY" | y has a representing measure}, (4.10)
My = {y e RY" | M(y) = 0}. (4.11)

PROPOSITION 4.9. The cones M and P (resp., My and ¥) are duals
of each other. That is, P = M*, My =3* M =P* = (Mx-)*

Proof. The first two equalities are easy. Indeed, if p € P and
y € M has a representing measure y, then y’vec(p) = > paya =
Yo Pa [ 2*pu(dr) = [ p(x)u(dz) > 0, which shows the inclusions P € M*
and M C P*. The inclusion M* C P follows from the fact that, if p € M*
then, for any z € R", p(x) = vec(p)T'¢, > 0 (since (, = (%) € M as it ad-
mits the Dirac measure ¢, as representing measure) and thus p € P. Given
y € RN M(y) = 0 if and only if vec(p)” M (y)vec(p) = yTvec(p?) > 0
for all p € R[x] (use Lemma 4.1), i.e. yTvec(f) > 0 for all f € 3; this
shows My = ¥* and thus the inclusion ¥ C (My)*. The remaining two
inclusions P* C M and (M3 )* C ¥ are proved, respectively, by Haviland
[56] and by Berg, Christensen and Jensen [12]. (Cf. Section 4.6 below for
a proof of Haviland’s result.) a

Obviously, M C My (by Lemma 4.2) and ¥ C P. As we saw earlier,
the inclusion ¥ C P holds with equality when n = 1 and it is strict for
n > 2. Therefore, M = My when n = 1; this result is due to Hamburger
and is recorded below for further reference.

THEOREM 4.10. (Hamburger) Letn = 1. Then M = M. That is,
for L € R[x]*, L(p) > 0 for all p € ¥ if and only if there exists a measure
 on R such that L(p) = [ p(x)p(dx) for all p € R[x].

Proof. By Lemma 3.5, P = ¥ when n = 1, which implies P* = ¥*
and thus M = My, using Proposition 4.9. d

The inclusion M C M, is strict when n > 2. There are however some
classes of sequences y for which the reverse implication

yeMt:>y€M (4.12)
holds. Curto and Fialkow [28] show that this is the case when the matrix

M (y) has finite rank.
THEOREM 4.11. [28] If M (y) *= 0 and M (y) has finite rank r, then y

has a (unique) r-atomic representing measure.

We will come back to this result in Section 5.1 (cf. Theorem 5.1)
below. This result plays in fact a crucial role in the application to polyno-
mial optimization, since it permits to give an optimality certificate for the
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semidefinite hierarchy based on moment matrices; see Section 6 for details.
We next discuss another class of sequences for which the implication (4.12)
holds, namely for bounded sequences.

4.4.2. Bounded moment sequences. Berg, Christensen, and Res-
sel [13] show that the implication (4.12) holds when the sequence y is
bounded, i.e., when there is a constant C' > 0 for which |y,| < C for all
a € N™. More generally, Berg and Maserick [14] show that (4.12) holds
when y is ezponentially bounded", i.e. when |y| < CoCl?l for all a € N”,
for some constants Cp,C > 0. The next result shows that a sequence
y € RY" has a representing measure supported by a compact set if and
only if it is exponentially bounded with M (y) = 0.

THEOREM 4.12. [14] Let y € RN" | let C > 0 and let K := [-C, C]™.
Then y has a representing measure supported by the set K if and only if
M(y) = 0 and there is a constant Co > 0 such that |y,| < CoC!®l for all
o e N,

The proof uses the following intermediary results.

LEMMA 4.13. Assume M(y) = 0 and |yo| < CoC'®l for all a € N,
for some constants Cy, C' > 0. Then |ya| < yoC!®! for all a € N™.

Proof. If yo = 0 then y = 0 since M(y) > 0 and the lemma holds.
Assume 39 > 0. Rescaling y we may assume 39 = 1; we show |y, | < C1*
for all . As M(y) = 0, we have y2 < s, for all .. Then, |ya| < (yorg)'/2"
for any integer k > 1 (easy induction) and thus |ya| < (CoC2'1eN1/2" =
Oé/2k0|o“. Letting k go to oo, we find |yq| < C1°l. a

LEMMA 4.14. Given C > 0 and K = [-C,C|", the set

S={yeR" |y =1 My) =0, lya| <C'* Ya eN"}
is a convex set whose extreme points are the Zeta vectors (; = (x*)qenn

forx e K.

Proof. S is obviously convex. Let y be an extreme point of S. Fix
ag € N™. Our first goal is to show

Yatao = YaYa, Yo € N™. (4.13)

For this, define the sequence y(© € RN" by y((f) = Clooly, + eyara, for

a € N, for e € {£1}. Therefore, |y((f)| < Cleol(1 4+ e)Clel Ya. We now
show that M (y()) = 0. Fix p € R[x]; we have to show that

P"M (@ )p =" pypyyll >0, (4.14)

el

LOur definition is equivalent to that of Berg and Maserick [14] who say that y is
exponentially bounded when |yo| < Cho(a) Ve, for some Cy > 0 and some function,
called an absolute value, o : N* — Ry satisfying ¢(0) = 1 and o(a + 3) < o(a)o(B)
Vo, 3 € N, Indeed, setting C' := max;—1_... n o(e;) we have o(a) < clel and, conversely,
the function a +— o(a) := C1?l is an absolute value.

,,,,,
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For this, define the new sequence z := M(y)vec(p?) € RY" with z, =
2y PyPy Yoty for oo € N Then, [z0] < (32, |p7p7/|o|’y\+|’yl|)c\a|
Va. Moreover, M (z) = 0. Indeed, using the fact that z = M (y)vec(p?) =
gy for g := p? (recall (4.1)) combined with Lemma 4.1, we find that
q' M (2)q = ¢¥ M (gy)q = vec(pq)T M (y)vec(pg) > 0 for all ¢ € R[x]. Hence
Lemma 4.13 implies —zoC!? < 2z, < z0Cl®l Va; applying this to o = a,
we get immediately relation (4.14). Therefore, M(y(®)) = 0. Applying
again Lemma 4.13, we deduce that |y{| < y(()e)C"O“ V.

If y((f) = 0 for some € € {£1}, then y(9 = 0, which implies directly
(4.13). Assume now y((f) > 0 for both € = 1, —1. Then each % belongs to
Yo

(1) (1) U((fl) (-1)

yo y . . . .
YoICT) —yél) 20Tl —y[(),l) is a convex combination of two points

S and y =

. . 1) (=1) . . . .
of §. As y is an extreme point of S, y € {y(—l), %}, which implies again
Yo Yo

(4.13).

As relation (4.13) holds for all ag € N”, setting x := (y,, )i, we find
that x € K and y, = z® for all o, i.e. y =(,. a

Proof of Theorem 4.12. Assume that M(y) = 0 and |y,| < CoCl®l
for all «; we show that y has a representing measure supported by K. By
Lemma 4.13, |ya| < 0C'® Ya. If yo = 0, y = 0 and we are done. Assume
yo = 1 (else rescale y). Then y belongs to the convex set S introduced in
Lemma 4.14, whose set of extreme points is Sp := {(, | z € [-C,C|"}.
We can now apply the Krein-Milman theorem? to the convex compact set
S and conclude that y belongs to the closure of the convex hull of Sj.
That is, y = lim;_s y? (coordinate-wise convergence), where each y(@
belongs to the convex hull of Sy and thus has a (finite atomic) representing
measure p(Y on [-C,C]". Using Haviland’s theorem (Theorem 4.15), we
can conclude that y too has a representing measure on [—C, C]".

Conversely, assume that y has a representing measure p supported by
K. Then, as |z;] < C for all i, |ya| < [, [2®|u(dz) < p(K)C1*!, which
concludes the proof of Theorem 4.12. a

4.5. The K-moment problem. We now consider the K-moment
problem where, as in (1.2), K = {x € R" | ¢1(z) > 0,...,9m(z) > 0} is a

2Let X be a locally convex topological vector space (i.e., whose topology is defined
by a family of seminorms) which is Hausdorff. The Krein-Milman theorem claims that
any convex compact subset S of X is equal to the closure of the convex hull of its set of
extreme points.
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semialgebraic set. Define the cones

Mg :={ye RrRY" | ¥ has a representing measure supported by K}

(4.15)

MM (g1, gm) ={y € RV | M(gsy) = 0VJ C{1,...,m}},
(4.16)

ME g1, gm) = {y € RV | M(y) = 0, M(gjy) = 0 (1 <j <m)},
(4.17)

setting gp == 1, gy := [[;c; 95 for J C {1,...,m}. (The indices ‘sch’ and
‘put’ refer respectively to Schmiidgen and to Putinar; see Theorems 4.16
and 4.17 below.) Consider also the cone

Prx ={peR[x||px) >0Vx e K}

and recall the definition of T'(¢1,...,gm) from (3.12) and M(g1,...,9m)
from (3.13). Obviously,

Mg C M5 (gr, .- gm) € ME (g1, -, gm),
M(g1, ..., 9m) € T(91,---,9m) € Pxk.
One can verify that

PK - (MK)*u MSECh(glu .. 7gm) = (T(gl7 cee 7gm))*7
ME (g1, gm) = (M(g1, - -, gm))"-

(The details are analogous to those for Proposition 4.9, using Lemma 4.1.)

(4.18)

The next result of Haviland [56] shows equality My = (Pk)*; see
Section 4.6 below for a proof.

THEOREM 4.15. [56] (Haviland’s theorem) Let K be a closed subset
in R™. The following assertions are equivalent for L € R[x]*.
(i) L(p) > 0 for any polynomial p € R[x] such that p >0 on K.
(it) There exists a measure pn on K such that L(p) = [ p(x)pu(dx) for all
p € R[x].

The following results of Schmiidgen [145] and Putinar [134] can be
seen as the counterparts (on the ‘moment side’) of Theorems 3.16 and 3.20
(on the ‘sos side’). We refer e.g. to [106, 133] for a detailed treatment
and background. As we observe in Section 4.7 below, the results on the
‘sos side’ easily imply the results on the ‘moment side’, i.e., Theorems 3.16
and 3.20 imply Theorems 4.16 and 4.17, respectively. In fact the reverse
implications also hold; [145, Cor. 3] shows how to derive Theorem 3.16
from Theorem 4.163. We also present a direct proof of Theorem 4.16 in
Section 4.7.

3Cf. the discussion of Marshall [106, §6.1] regarding the correctness of this proof.
We will sketch an alternative argument of Marshall in Proposition 4.23 below.
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THEOREM 4.16. [145] (Schmiidgen’s theorem) If K is compact,
then Mg = M;Ch(gl, e Gm)-

THEOREM 4.17. [134] (Putinar’s theorem) Assume M(g1, ..., gm)
is Archimedean, i.e. (3.16) holds. Then My = M2 (g1,. .., gm).

In the univariate case we have the following classical results for the
moment problem on an interval.

THEOREM 4.18. (Stieltjes) The following assertions are equivalent
for L € R[x]*.
(i) There exists a measure ji on Ry such that L(p) = [ p(z)pu(dx) for all
p € R[x].
(i) L(p),L(xp) > 0 for all p € X, i.e., M(y), M(xy) = 0, where y =
(L(x"))izo and xy = (L(x"*))iz0.
Proof. Directly from Theorem 3.21 combined with Theorem 4.15. 0O

THEOREM 4.19. (Hausdorff) (cf. [73]) The following assertions are
equivalent for L € R[x]*.
(i) There exists a measure p on [a,b] such that L(p) = [ p(x)u(dz) for
all p € R[x].
(i) L((x—a)p), L((b—x)p) >0 for allp € 3, i.e., M((x —a)y) = 0 and
M((b—x)y) = 0.
(i1i) L(p),L((x — a)(b —x)p) > 0 for all p € X, i.e., M(y) = 0 and
M((x — a)(b — x)y) = 0.
Here, y = (L(x"));>0, and recall that (x — a)y = (L(x'™!) — aL(x"))i>0,
(b—x)y = (L(bx") — L) )imo, and (x—a)(b—x)y = (~L(x*2) +(a+
b)L(x*T1) — abL(x%))i>o0-
Proof. Directly from Theorem 3.23 combined with Theorem 4.15. [0

4.6. Proof of Haviland’s theorem. We give here a proof of Havi-
land’s theorem (Theorem 4.15), following the treatment in [106]. The proof
uses the following version of the Riesz representation theorem.

THEOREM 4.20. (Riesz representation theorem) Let X' be a Haus-
dorff locally compact space and let C.(X,R) be the space of continuous func-
tions f : X — R with compact support, i.e. for which the closure of the set
{z € X | f(x) # 0} is compact. Let L € (C.(X,R))* be a positive linear
function, i.e. L(f) > 0 for all f € C.(X,R) such that f> 0 on X. Then
there exists a Borel measure u on X such that L(f fK w(dz) for all
f€C(X,R).

Here we consider the topological space X = K (obviously locally com-
pact). Let C'(K,R) denote the set of continuous functions f : K — R
for which there exists a € R[x] such that |f| < |a|] on K. Obviously,
R[x]|x € C'(K,R) and C.(K,R) C C'(K,R); here R[x]|x denotes the set of
polynomial functions restricted to K. Assume L € R[x]* satisfies (i), i.e.
L(p) > 0 for all p € Pk. First we extend L to a positive linear function L’
on C'(K,R).
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LEMMA 4.21. There ezists a linear map L' : C'(K,R) — R extending
L and which is positive, i.e. L'(f) > 0 for all f € C'(K,R) such that f >0
on K.

Proof. Using Zorn’s lemma®, one can prove the existence of a pair
(V,L'), where V is a vector space such that R[x]x € V C C'(K,R) and
L' € V* is positive (i.e. L'(f) > 0 for all f € V such that f > 0 on K),
which is maximal with respect to the following partial ordering:

4

(Vi,L1) < (Va, Lp) if Vi C Vs and (La)jy; = L1

It suffices now to verify that V' = C’(K,R). Suppose for contradiction that
g € C'(K,R)\ V. Let p € R[x] such that |g| < |p|] on K. As |p| < ¢q :=
%(p2 + 1), we have —¢ < g < g on K, where —¢q,q € V. The quantities

pr:=supL'(f1)st. fi €V, fi <g, p2:=infL'(f2) st. o€V, fa>yg

are well defined (as L(f1) < L(q) and L(f2) > L(—q) for any feasible
f1, f2) and p1 < pa. Fix ¢ € R such that p; < ¢ < pg and define the linear
extension L’ of L' to V" := V + Rg by setting L"(g) := ¢. Then, L" is
positive. Indeed, assume f 4+ Ag > 0 on K, where f € V and A € R. If
A =0 then L"(f + Ag) = L'(f) > 0. If A > 0, then —%f < g, implying
L'(—%+f) < p1 < c = L"(g) and thus L"(f + Ag) > 0. If A < 0, then
—+f > g, implying L'(—3f) > p2 > ¢ = L"(g) and thus L"(f + A\g) >
0. As (V,L) < (V”,L"), this contradicts the maximality assumption on
(V,L). a

In particular, L’ is a positive linear map on C.(K, R) and thus, applying
Theorem 4.20, we can find a Borel measure p on K such that

L'(f) = /K F@)u(dz) Vf € C(K,R).

To conclude the proof, it remains to show that this also holds for any
f eC'(K,R). Fix f € C'(K,R). Without loss of generality we can suppose
that f > 0 on K (else write f = fi — f_ where f; := max{f,0} and
f- := —min{f,0}). We now show how to approach f via a sequence of
functions f; € C.(K,R). For this, set g := f + Z?:l z?, and

1
Kii={oe K |g(@) < i}, Hi={oeKi|g@) zits})

Then, K; is compact, K; C K;y1, and K = U;>0K;. Using Urysohn’s
lemma®, we can construct continuous functions h; : K;y1 — [0,1] such

4Zorn’s lemma states that every partially ordered set in which every chain has an
upper bound contains at least one maximal element.

5Urysohn’s lemma states that, if A and B are disjoint closed subsets of a compact
Hausdorff (more generally, normal) space C, then there is a continuous function h on C
taking value 1 on A and 0 on B.
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that h; = 1 on K; and h; = 0 on H;. Extend h; to K by setting h; = 0
on K\Klqu. Define fz = fhl Then, 0 S fl S f, fz = f on Ki; and
fi=0 outside of K;11. In particular, f; € C.(K,R), so that L'(f;) =
fK fi(@)u(dr). Now, 0 < f— f; < %92 on K; indeed, this is obvious
on K; and on K\ K;, g > i implies g2 > g > if > i(f — fi). Thus,
0 < [ (f(x) = fi(z))p(dx) < 1 ng Yu(dx), which shows that L'(f) =
lim— oo L (fz) = lim; .o fK fZ = [ f(@)p(dx). This concludes

the proof of Theorem 4.15

4.7. Proof of Schmiidgen’s theorem. We give here a proof of The-
orem 4.16, following the treatment in [106, §6.1]. This proof is due to
Wormann [177], who proved the following characterization for K compact.
To simplify the notation we set T := T(g1,...,9m) and T** = (T*)*
stands for the double dual of T, thus consisting of the polynomials p satis-
fying L(p) > 0 for all L € T*.

THEOREM 4.22. [177] The set K is compact if and only if T is
Archimedean, i.e., for all p € R[x] there exists N € N for which N+p e T.

The following result relates the SOS/moment assertions in
Schmiidgen’s theorem.

PRrROPOSITION 4.23. Consider the following assertions:
(i) For feR[x], f>0on K = feT.

(it) Px =T**.
(iii) My = M.
Then, (i) = (ii) <= (iii). Moreover, (i) <= (ii) <= (iii) when K is
compact.

Proof. (i) = (ii): Let f € Pk and L € T*; we show that L(f) > 0
As f € Pgk, for any € > 0, f + € > 0 on K, and thus f + € € T. Hence,
L(f +¢€) > 0, implying L(f) > —eL(1) for all € > 0 and thus L(f) > 0.
This shows f € T™*.
(ii) = (iii): Px = T implies P}, = T™** = T* and thus (iii), since
P = Mg (by Haviland’s theorem) and M$" = T* (by (4.18)).
(i) = (ii): Mg = M implies Px = (Mg)* = (M) = T*.
Assuming K compact, (iii) = (i): First, note that 1 lies in the 1nter10r of
T (because, for any p € R[x], there exists N > 0 for which 1 + tp € T,
since T is Archimedean by Theorem 4.22). Let U denote the interior of T';
thus U is a non-empty open set in R[x]. Assume f € R[x] is positive on K
and f € T. Consider the cone C := Ry f in R[x]. Thus UNC = (. We can
apply the separation theorem [106, Thm 3.6.2] and deduce the existence of
L € R[x|* satisfying L(f) <0, L > 0 on U, and thus L > 0 on 7. By (iii),
L has a representing measure u on K. As K is compact there exists ¢ > 0
such that f > ¢ on K. Thus L(f) = [, f( ) > ¢L(1) > 0, and we
reach a contradiction. d

As Corollary 4.26 below shows (combined with Proposition 4.23), the
following result implies directly Theorem 4.16.



SUMS OF SQUARES, MOMENT MATRICES AND POLYNOMIAL OPTIMIZATION 67

THEOREM 4.24. Given f € Rlx] and k € Ry, if -k < f <k on K,
then k? — f2 € T**.

COROLLARY 4.25. For f e R[x] and b€ R, if 0 < f <b on K, then
fer.

Proof. Setting g := f — % and k := %, we have —k < g < k on K.
Thus k% — g2 € T** by Theorem 4.24. If k = 0, for any € > 0, €2 + 2eg =
(g4 €)? + (—g?) € T**; for all L € T*, this implies eL(1) + 2L(g) > 0 and
thus L(g) > 0 by letting € — 0, thus showing g € T**. Suppose now k > 0.
Then, for € = +1, k + eg = 5 ((k + €9)® + (k* — g?)) € T**. In both cases
we find that f =g+ k € T™". O

COROLLARY 4.26. If K is compact, then P = T**.

Proof. The inclusion Px C T** follows directly from Corollary 4.25,
since any polynomial is upper bounded on the compact set K. As the
reverse inclusion is obvious, we have equality Px = T**. O

We now proceed to prove Theorem 4.24, which uses the Positivstel-
lensatz in a crucial way. Fix [ > k so that [ — f2 > 0 on K. Thus, by
Theorem 3.12 (i), (12 — f?)p = 1 + g, for some p,q € T. We first claim:

(%= fYpeT Vix>1. (4.19)

Ifi =1, (?-f)p=1+q¢€T. Ifi> 2 then (1?2 — f2i+2)p =
P2(1% — f29p — f2(12 — f3)p € T, since (I** — f*)p € T using induction.
Next we claim:

P2y —fHeT Vix>1. (4.20)

Indeed, [?T2p— 2 = 12(1% — f2)p+ f21(I?p—1) € T, since (1% — f2)p e T
by (4.19) and ’p — 1= f?p+q€eT.

Fix L € T* and consider the linear map L; on the univariate polyno-
mial ring R[t] defined by L1 (r(t)) := L(r(f)), where we substitute variable
t by f in the polynomial » € R[t]. Obviously, L; is positive on squares and
thus, by Hamburger’ theorem (Theorem 4.10), there exists a Borel measure
v on R such that Li(r) = [, r(t)v(dt) for r € R[t]. Fix A > [ and let xx
denote the charactersitic function of the subset (—oo, —\) U (A, 00) of R.
As My, (t) < t% for all t € R, we obtain:

A\ /RXA(t)V(dt) < /Rt%(dt) = Li(t*) = L(f*) < P Lp),

using (4.20) for the latter inequality. As l < A, letting i — oo, we obtain
Je xa(t)v(dt) = 0. In turn, letting A — I, this implies [, xi(t)v(dt) = 0
and thus the support of v is contained in [—I,1]. As t? <% on [-1,]], we
obtain:

LU = L) = [

R

2 _ 2, 2,(d) = L(12).
2u(dt) = /{_mt (dt) < /[_u]z (dt) = L(12)
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This proves L(I12— f?) > 0 for all ] > k and thus, letting | — k, L(k*— f?) >
0. That is, k> — f2 € T**, which concludes the proof of Theorem 4.24.

Finally, observe that Theorem 4.17 follows easily from Theorem 3.20.
Indeed, using similar arguments as for Proposition 4.23, one can verify
that Theorem 4.17 implies P = M(g1, ..., gm)™", which in turn implies
My = MP*,

5. More about moment matrices. We group here several results
about moment matrices, mostly from Curto and Fialkow [28, 29, 30], which
will have important applications to the optimization problem (1.1).

5.1. Finite rank moment matrices. We have seen in Lemma 4.2
(iil) that, if a sequence y € RY" has a r-atomic representing measure, then
its moment matrix M (y) is positive semidefinite and its rank is equal to
r. Curto and Fialkow [28] show that the reverse implication holds. More
precisely, they show the following result, thus implying Theorem 4.11.

THEOREM 5.1. [28] Let y € RY".

(i) If M(y) = 0 and M(y) has finite rank v, then y has a unique
representing measure (. Moreover, 1 is r-atomic and supp(p) =
Ve(Ker M(y)) (C R™).

(ii) If y has a r-atomic representing measure, then M(y) = 0 and M (y)
has rank r.

Assertion (ii) is just Lemma 4.2 (iii). We now give a simple proof for
Theorem 5.1 (i) (taken from [95]), which uses an algebraic tool (the Real
Nullstellensatz) in place of the tools from functional analysis (the spectral
theorem and the Riesz representation theorem) used in the original proof
of Curto and Fialkow [28].

Recall that one says that ‘a polynomial f lies in the kernel of M(y)’
when M (y)f := M(y)vec(f) = 0, which permits to identify the kernel of
M (y) with a subset of R[x]. Making this identification enables us to claim
that ‘the kernel of M(y) is an ideal in R[x]” (as observed by Curto and
Fialkow [28]) or, when M (y) > 0, that ‘the kernel is a radical ideal’ (as
observed by Laurent [95]) or even ‘a real radical ideal’ (as observed by
Moller [107], or Scheiderer [143]). Moreover, linearly independent sets of
columns of M (y) correspond to linearly independent sets in the quotient
vector space R[x]/ Ker M(y). These properties, which play a crucial role
in the proof, are reported in the next two lemmas.

LEMMA 5.2. The kernel T := {p € R[x] | M(y)p = 0} of a moment
matriz M (y) is an ideal in R[x]. Moreover, if M(y) = 0, then T is a real
radical ideal.

Proof. We apply Lemma 4.1. Assume f € Z and let g € R[x]. For any
h € R[x], vec(h)T M (y)vec(fg) = vec(hg)T M (y)vec(f) = 0, implying that
fg € Z. Assume now M (y) = 0. We show that 7 is real radical. In view of
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Lemma 2.2, it suffices to show that, for any g1,..., gm € R[x],

Zg?éIﬁgl,...,gmGZ.

j=1
Indeed, if 37,97 € T then 0 = vec(1)"M(y)vec(3T-,97) =
Py g M(y)g;. As g/ M(y)g; > 0 since M(y) = 0, this implies 0 =
g;fFM(y)gj and thus g; € Z for all j. a

LEmMMA 5.3. Let B C T,. Then, B indexes a (mazimum) linearly
independent set of columns of M (y) if and only if B is a (mazimum) linearly
independent subset of the quotient vector space R[x]/ Ker M (y).

Proof. Immediate verification. O

Proof of Theorem 5.1(i). Assume M (y) = 0 and r :=rank M (y) < oo.
By Lemmas 5.2 and 5.3, the set Z := Ker M(y) is a real radical zero-
dimensional ideal in R[x]. Hence, using (2.1) and Theorem 2.6, V¢(Z) C R”
and |Vo(Z)| = dimR[x]/Z = r. Let p, € R[x]| (v € V(7)) be interpolation
polynomials at the points of V¢ (Z). Setting A, := pX M (y)p,, we now claim
that the measure p := ZUGVC(I) Ay0y is the unique representing measure
for y.

LEMMA 5.4. M(y) = 3 ey 1) AvGoCE

Proof. Set N =3 v (7 AoCoCT. We first show that pl M(y)p, =
pI Np, for all u,v € V¢ (Z). This identity is obvious if u = v. If u # v then
pINp, = 0; on the other hand, pX M (y)p, = vec(1)T M (y)vec(pup,) = 0
where we use Lemma 4.1 for the first equality and the fact that p,p, €
IZ(Ve(Z)) = T for the second equality. As the set {p, | v € Ve(Z)} is a
basis of R[x]/Z (by Lemma 2.5), we deduce that fZM(y)g = fT Ng for all
f,9 € R[x], implying M (y) = N. O

LEMMA 5.5. The measure y = ZUEV@(I) A0y 18 T-atomic and it is
the unique representing measure for y.

Proof. p is a representing measure for y by Lemma 5.4 and p is r-
atomic since pI M (y)p, > 0 as p, € T for v € V(Z). We now verify the
unicity of such measure. Say, p’ is another representing measure for y.
By Lemma 4.2, r = rank M (y) < 7’ := |supp(¢’)|; moreover, supp(p’') C
Ve(Z), implying v < [Vc(Z)| = 7. Thus, 7 = 1, supp(¢’) = supp(p) =
Ve(Z) and p = p'. a0

This concludes the proof of Theorem 5.1. O

We now make a simple observation about the degrees of interpolation
polynomials at the points of Vi (Ker M(y)), which will be useful for the
proof of Theorem 5.33 below.

LEMMA 5.6. Assume M(y) = 0 and r := rank M(y) < oo. Set
T :=Ker M(y). If, for some integer t > 1, rank My(y) = r, then there exist
interpolation polynomials p, (v € V(7)) having degree at most t.
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Proof. As rank M;(y) = rank M(y), one can choose a basis B of
R[x]/Z where B C T}. (Recall Lemma 5.3.) Let ¢, (v € V¢ (Z)) be in-
terpolation polynomials at the points of Vi (Z). Replacing each ¢, by its
residue p,, modulo Z w.r.t. the basis B, we obtain a new set of interpolation
polynomials p, (v € V(7)) with degp, < t. g

As we saw in Lemma 5.2, the kernel of an infinite moment matrix is
an ideal in R[x]. We now observe that, although the kernel of a truncated
moment matrix cannot be claimed to be an ideal, it yet enjoys some ‘trun-
cated ideal like’ properties. We will use the notion of flat extension of a
matrix, introduced earlier in Definition 1.1, as well as Lemma 1.2.

LEMMA 5.7. Let f,g € R[x].
(i) Ifdeg(fg) <t—1 and Mi(y) = 0, then

f € Ker M (y) = fg € Ker My(y). (5.1)

(ii) If deg(fg) <t and rank M;(y) = rank M;_4(y), then (5.1) holds.

Proof. Tt suffices to show the result for g = x; since the general result
follows from repeated applications of this special case. Then, h := fx; =
Yoo faxT =37 0se, fame,x. For a € Ni'_, we have:

(Me(y)h)a = Z hyyaty = Z Jy—eiYaty
v

vlv>e:

= Z nyO‘""’Y'i‘ez' = (Mt(y)f)oﬁ-ei =0.
~

In view of Lemma 1.2, this implies M;(y)h = 0 in both cases (i), (ii). 0O

EXAMPLE 5.8. Here is an example showing that Lemma 5.7 (i) cannot
be extended to the case when deg(fg) = t. For this, consider the sequence

y:=(1,1,1,1,2) € RN (here n =1). Thus,

1
Ms(y) = [ 1
1

(5.2)

e

(NGRS
1Y
(e

Then the polynomial 1—x belongs to the kernel of Ma(y), but the polynomial
x(1 — x) = x — x? does not belong to the kernel of Ma(y).

5.2. Finite atomic measures for truncated moment sequences.
Theorem 5.1 characterizes the infinite sequences having a finite atomic rep-
resenting measure. The next question is to characterize the truncated se-
quences y € RN2¢ having a finite atomic representing measure p. It turns
out that, for a truncated sequence, the existence of a representing mea-
sure implies the existence of another one with a finite support (this is not
true for infinite sequences). This result, due to Bayer and Teichmann [9],
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strengthens an earlier result of Putinar [135] which assumed the existence
of a measure with a compact support.

THEOREM 5.9. [9] If a truncated sequence y € RYY has a representing
measure [, then it has another representing measure v which is finitely
atomic with supp(v) C supp(u) and |supp(v)| < ("}).

Proof. Let S := supp(u), i.e., S is the smallest closed set for which
p(R™\ S) = 0. Let C C R denote the convex cone generated by the
vectors (i, = (:vo‘)aeNg for z € S. Then its closure C is a closed convex
cone in RN and therefore it is equal to the intersection of its supporting
halfspaces. That is,

C={zeRY |T2>0Vce H}

for some H C RY*. Obviously, y € C since, for any ¢ € H,

Ty =Y cata = [ (3 casulds) 2 0

(e S (e
as Y, Cal® = cT'¢ > 0 for all x € S. Moreover,
y belongs to the relative interior of C. (5.3)

To see it, consider a supporting hyperplane {z | ¢z = 0} (¢ € H) that
does not contain C. We show that ¢’y > 0. For this, assume ¢’y = 0 and
set X i={z €8 |cT¢,>0} Xp={xeS|cl¢. > %} for k > 1
integer. Then, X # () and X = J,~, Xj. We have

1
0=cy= / " Gop(dr) > / ¢ Gap(dr) > T p(Xx) 20,
X X

implying p(X%) = 0. This shows that u(X) = 0. Now, the set S\ X =
{ €8¢ =0} is closed with u(R™\ (S\ X)) = u(X) 4 u(R™\ S) = 0.
We reach a contradiction since S\ X is a strict closed subset of S.
Therefore, (5.3) holds and thus y belongs to the cone C, since the
two cones C and its closure C have the same relative interior. Using
Carathéodory’s theorem, we deduce that y can be written as a conic com-
bination of at most [N}'| = (") vectors ¢, (v € S); that is, y has an

atomic representing measure on S with at most (":‘t) atoms. O

REMARK 5.10. As pointed out by M. Schweighofer, the above proof
can be adapted to show the following stronger result: If y € RN has a
representing measure  and S C R™ is a measurable set with u(R™\ S) =
0, then y has another representing measure v which is finite atomic with
supp(v) C S and |supp(v)| < (7).

To see it, let T C R[x] denote an ideal which is mazimal with respect to
the property that p(R™\ (Vk(Z)NS)) = 0 (such an ideal exists by assumption
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since R[x] is Noetherian). Set S’ := Vg(Z) N S; thus u(R™\ S") = 0.
We now construct a measure v with supp(v) C S’. For this consider the
cone C', defined as the conic hull of the vectors (;, (v € S'). Again one
can show that y lies in the relative interior of the closure C'; the proof
is analogous but needs some more argument. Namely, suppose cTz = 0
is a supporting hyperplane for C' that does not contain C'. As above, the
set X .= {z € 8" | ¢ > 0} has measure u(X) = 0. Consider the
polynomial f := 3 cox® € R[x|; and the ideal J = T + (f) C R[x].
Then, Ve (J) = Ve(Z)NVR(f), Ve(T)NS ={z € 8" | "¢ =0} = S"\ X,
and thus p(R™\ (Ve(J)NS)) = (X )+ p(R™\S") = 0. This implies T =1
(by our mazimality assumption on I) and thus f € . Hence f vanishes
on S C VR(Z) which implies X = 0, yielding a contradiction. The rest of
the proof is analogous: y lies in the relative interior of C’, thus of C'; hence
we can apply Caratheodory’s theorem and conclude that y can be written as
a conic combination of at most ("jt) vectors (., with x € S’.

ExXAMPLE 5.11. As an illustration, consider the case n = t = 1
and the uniform measure p on [—1,1] whose sequence of moments is
y = (2,0) € RN, Theorem 5.9 tells us that there is another represent-
ing measure v for y with at most two atoms. Indeed, the Dirac measure
dg0y at the origin represents y, but if we exclude the origin then we need
two atoms to represent y; namely v = d(y + 0y_cy represents y for any
e>0.

Finding alternative measures with a small number of atoms is also
known as the problem of finding cubature (or quadrature) rules for mea-
sures. The next result is a direct consequence of Theorem 5.9.

COROLLARY 5.12. For a measurable set K C R"™ andy € RY? | the fol-
lowing assertions (i)-(4i) are equivalent: (i) y has a representing measure
on K ; (ii) y has an atomic representing measure on K ; (iii) y = Zfil Xilz;
for some \; >0, z; € K.

As we saw earlier, Haviland’s theorem claims that an infinite sequence
y € RY" has a representing measure on a closed subset K C R™ if and only
if yTp > 0 for all polynomials p nonnegative on K; that is, My = (Px)*
in terms of conic duality. One may naturally wonder whether there is an
analogue of this result for the truncated moment problem. For this, define

Pri:={peRX]:|p>0 on K},
Myt :={y € RN | y has a representing measure on K }.

Obviously, Mg, C (Pk,)*; Tchakaloff [162] proved that equality holds

when K is compact.
THEOREM 5.13. [162] If K C R™ is compact, then Mg+ = (Pr)*.

Proof. Set Ay :={(M,...,An) € RY | sz\il Ai=1}and N := ("1).
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Consider the mapping

@ : ANXKN — MK,t
()\17"'7AN7’U17"'7’UN) = Z?Ll)‘ict,’um

whose image is Mg N{y | yo = 1} in view of Theorem 5.9. As ¢ is
continuous and K is compact, Mg N {y | yo = 1} is the continuous image
of a compact set, and thus it is a compact set. This implies that Mg +
is a closed set. Indeed suppose y* € M+ converges to y € RN : we

show that y € Mg If yo > 0 then y(()i) > 0 for ¢ large enough; the limit

of & ( ) belongs to Mk, N{z | z0 = 1} and is equal to £, which implies

Y € MK ¢. It suffices now to show that yg = 0 implies y = 0. For this, let

1) be a representing measure on K for y*). As K is compact, there exists
a constant C > 0 such that |z* — 1] < C for all z € K and « € N}'. Then,
Iy&“. U= [ @ = 10)dp @ (@)] < [ |2 = 1]dp® (@) < C [ dpt (z) =
C'y(()Z . Takmg limits as ¢ — oo, this implies |y, —yo| < Cyo and thus yo =0
implies y = 0.

Now suppose y € (Pk.1)* \ Mk ,. Thus there is a hyperplane separat-
ing y from the closed convex set Mg 4; that is, there exists p € R[x]; for
which yTp < 0 and 2Tp > 0 for all 2 € Mxg,. Hence p € Px, and thus
p(a) < 0 for some a € K. Now, 2 := (; o, € Mg implies zTp = p(a) > 0,
yielding a contradiction. Therefore, Mg ; = (Px)*, which concludes the
proof. O

Here is an example (taken from [31]) showing that the inclusion
Mg+ C (Pkt)* can be strict for general K.

EXAMPLE 5.14. Consider again the sequence y = (1,1,1,1,2) €
RN (with n = 1) from Example 5.8, whose moment matriz of order 2 is
shown in (5.2). Then y € (Pra)*, since M2(y) = 0 and any univariate
nonnegative polynomial is a sum of squares. However y does not have a
representing measure. Indeed, if 11 is a representing measure fory, then its
support is contained in Ve (Ker Ma(y)) C {1} since the polynomial 1 — x
lies in Ker My (y). But then p would be the Dirac measure ;13 which would
mmply ya = 1, a contradiction. On the other hand, note that the subsequence
(1,1,1,1) of y containing its components up to order 3 does admit the Dirac
measure 01 as representing measure (cf. Theorem 5.15 below for a general
statement). Moreover some small perturbation of y does have a representing
measure (cf. Example 5.18).

Although the inclusion Mg C (Pgks)* is strict in general, Curto
and Fialkow [31] can prove the following results. We omit the proofs,
which use the Riesz representation theorem and the technical result from
Theorem 5.17 about limits of measures.

THEOREM 5.15. [31, Th. 2.4] Let y € RNt and let K be a closed
subset of R™. If y € (Pkai)*, then the subsequence (Ya)aeng, , has a
representing measure on K.



74 MONIQUE LAURENT

THEOREM 5.16. [31, Th. 2.2] Let y € RNzt and let K be a closed
subset of R™. Then y has a representing measure on K if and only if y
admits an extension y € RN2t+2 such that 7 € (Prott2)".

The following result of Stochel [160] shows that the truncated mo-
ment problem is in fact more general than the (infinite) moment problem.
Moreover, it can be used to derive Haviland’s theorem from Theorem 5.16.

THEOREM 5.17. [160, Th. 4] Let y € RY" and let K C R™ be a closed
set. Then y has a representing measure on K if and only if, for each integer
t > 1, the subsequence (ya)aeN? has a representing measure on K.

The inclusion Mg C (Pg,)* is strict in general. However, in the
case when K = R", one can show that equality cl(Mx ) = (Pk,)* holds
in the three exceptional cases of Hilbert’s theorem characterizing when all
nonnegative polynomials are sums of squares of polynomials. Note that
we have to take the closure of the cone M since this cone is not closed
in general when K is not compact. As an illustration consider again the
sequence y from Example 5.14, which in fact lies in cl(Mg 1) \ Mk .

ExXAMPLE 5.18. Consider again the sequence y = (1,1,1,1,2) € RN
from Ezample 5.14. We saw there thaty € (Pr)* but y ¢ Mgk (K =R,
n=1,t=4). However, y € cl(Mk;). To see it consider the sequence
Ye = (1+e*, 1463, 14+€2,1+¢,2) for e > 0. Then the sequence y. admits the
atomic measure 641y + 645{1/5} as representing measure and y = lime_,q Ye,
which shows that y belongs to the closure of the convex hull of the moment
curve {(4,4 | a € R}.

THEOREM 5.19. [60] Let K = R™ and assume n =1, ort = 2, or
(n=2,t=4). Then clMg:) = (Pr.+)* = {y € RN | My(y) = 0}.

Proof. By Hilbert’s theorem (Theorem 3.4), we know that any polyno-
mial in P ; is a sum of squares and thus (P ¢)* = {y € RN | M,(y) = 0}.
Suppose that y satisfies M;(y) = 0 but y & cl(Mg ). Then there exists a
hyperplane separating the (closed convex) cone cl(Mg ;) from y. That is,
there exists a polynomial p € R[x]; for which p”y < 0 and p > 0 on R".
Then p is a sum of squares (since we are in one of the three exceptional
cases of Hilbert’s theorem) which together with M;(y) = 0 implies pTy > 0,
yielding a contradiction. d

We refer to Henrion [59, 60] for concrete applications of this result to
get explicit semidefinite representations of some rational varieties.

5.3. Flat extensions of moment matrices. The main result in
this section is Theorem 5.20 below, which provides a key result about flat
extensions of moment matrices. Indeed it permits to extend a truncated
sequence y € RN satisfying some ‘flat extension’ assumption, to an in-
finite sequence § € RY" | satisfying rank M (¢) = rank M;(y). In this way
one can then apply the tools developed for infinite moment sequences (e.g.,
Theorem 5.1) to truncated sequences. Recall the notion of ‘flat extension’
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from Definition 1.1. In particular, M;(y) is a flat extension of M;_4(y) if
rank M;(y) = rank M;_1 (y).

THEOREM 5.20. (Flat extension theorem [28]) Let y € RN2:. [f
M(y) is a flat extension of My_1(y), then one can extend y to a (unique)
vector §j € RN2+2 in, such a way that My, (3) is a flat extension of My(y).

We will now give two proofs for this result. The first proof (which
follows the treatment in [28]) is completely elementary but with technical
details. The second proof (which follows the treatment in [98]) is less
technical; it uses some results of commutative algebra and permits to show
a more general result (cf. Theorem 5.24).

5.3.1. First proof of the flat extension theorem. We begin with
a characterization of moment matrices, which we will use in the proof. By
definition, a matrix M (indexed by N7) is a moment matrix if M, g =
M g whenever a+ 3 = o' + 3. The next lemma shows that it suffices to
check this for ‘adjacent’ pairs (a, §) and (o/, 8), namely for the pairs for
which the Hamming distance between « and o' is at most 2.

LEMMA 5.21. Let M be a symmetric matriz indexed by N7'. Then, M
is a moment matriz, i.e., M = M(y) for some sequence y € RNzt if and
only if the following holds:

(1) Mag= Ma—c, gte; foralla,f e N}, i € {1,...,n} such that a; > 1,
18] <t—1.

(i) Mo = Ma—c,te; prei—e; for all o, € N}, i,5 € {1,...,n} such
that o, B; > 1, |a| = |B] = t.

Proof. The ‘if part’ being obvious, we show the ‘only if’ part. That
is, we assume that (i), (ii) hold and we show that M(«,3) = M(d/,3)
whenever o + 3 = o/ + (. For this we use induction on the parameter
Sap.arsr = min(fa—a’l1, la = F||1). 1 baparsr = 0, then (@, ) = (o, &)
and there is nothing to prove. If 0,343 = 1, then the result holds by
assumption (i). Assume now that dag,q/p > 2.

Consider first the case when |a| 4+ |3] < 2t — 1. As a # & we may
assume without loss of generality that o) > «; + 1 for some ¢, implying
B < B;—1. Define (o, ") := (a—e;, B+e;). Then, dap,a7p7 = dap,a g —1.
If || < t—1, then My 3 = My g» by the induction assumption and
Man gr = Mqr g by (i), implying the desired result. Assume now that
|| =t and thus |o/| <t —1. Then, |a| —|&/| =t —|8] > 0 and thus «; >
o + 1 for some i, yielding 8, > §; + 1. Define (o, 8") := (¢/ +¢;, 5 —¢€;).
Then 608,a73" = 0ap,a’3” — 1. Therefore, M, g = My g» by the induction
assumption and My gv = My g by (i), implying the desired result.

We can now suppose that |a] = |G| = |&/| = |f'| = t. Hence, of >
a; + 1 for some i and 6;- > f; + 1 for some j; moreover i # j. Define
(O/l,ﬁ”) = (O/ —e; + ej,ﬁ’ +e; — ej). Then, 5(157&//5// = 6(157&/5/ — 2.
Therefore, My,3 = My g by the induction assumption and My gr =
M, g by (ii), implying the desired result. |
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Set My := M(y) 4 B), where A := M;_1(y). By assumption,

- (BT C
M; is a flat extension of A. Our objective is to construct a flat extension

N = (th g) of M;, which is a moment matrix. As M; is a flat ex-

tension of A, we can choose a subset B C N} ; indexing a maximum set
of linearly independent columns of M;. Then any column of M; can be
expressed (in a unique way) as a linear combination of columns indexed
by B. In other words, for any polynomial p € R[x];, there exists a unique
polynomial r € Spang(B) for which p — r € Ker M,.

Lemma 5.7 (ii) plays a central role in the construction of the matrix
N, i.e., of the matrices D and E. Take v € N}, with |y| = ¢+ 1. Say,
~vi > 1for somei=1,...,n and x"~¢ — r € Ker M;, where r € Spang(B).
Then it follows from Lemma 5.7 (ii) that x;(x7~% — r) belongs to the
kernel of N, the desired flat extension of M;. In other words, Nvec(x?) =
Nvec(x;r), which tells us how to define the vyth column of N, namely, by
Dvec(xY) = M;vec(x;r) and Evec(x?) = DTvec(x;7). We now verify that
these definitions are good, i.e., that they do not depend on the choice of
the index ¢ for which ~; > 1.

LEMMA 5.22. Let v € N* with |y| = t+ 1, v, > 1 and
let r,s € Spang(B) for which x7~% —r, x77% — s € KerM;. Then
we have Mpvec(x;r — x;5) = 0 (implying that D is well defined) and
DTvec(x;r — xj5) =0 (implying that E is well defined).

Proof. We first show that M;vec(x;r —x;s) = 0. In view of Lemma 1.2
(i), it suffices to show that vec(x®)T Myvec(x;r —x;s) = 0 for all & € NI' ;.
Fix o € N}’_;. Then,

vee(x*) T Myvec(xir — x;5) = vec(x;x*)" Myr — vec(x;x*)" Mys
= vec(x;x®) T Myvee(x7 ™) — vee(x;x*) T Myvec(x"~%)

= yTvec(xixo‘xV_ei) - yTvec(xjanW_ej) =0,

where we have used the fact that » — x77¢ s — x7~% & Ker M; for the
second equality, and Lemma 4.1 for the third equality. We now show that
DTvec(x;r —x;s) = 0, i.e., vec(x;r — x;5) Dvec(x®) = 0 for all |§] = ¢+ 1.
Fix § € NI', ;. Say, 6y > 1 and x°~¢ — u € Ker M;, where u € Spang(B).
Then, Dvec(x®) = M;vec(x,u) by construction. Using the above, this
implies vec(x;r — x;5)T Dvec(x®) = vec(x;r — x;5)T Myvec(xxu) = 0. a

We now verify that the matrix N is a moment matrix, i.e., that N
satisfies the conditions (i), (ii) from Lemma 5.21.

LEMMA 5.23.

(i) Nys = Nyye,,6—¢, fory,6 € NP with §; > 1 and |y| < t.

(ii) Ny = Ny—e;teid4e;—e; Jor 7,0 € NYy with vy > 1, 6; > 1, |y| =
|6] =t +1.



SUMS OF SQUARES, MOMENT MATRICES AND POLYNOMIAL OPTIMIZATION 77
Proof. (i) Assume x°~% —r, x7 —s € Ker M, for some r, s € Spang (B);
then x® — x;r, ;X7 — x;8 € Ker N, by construction. We have

vee(x”)T Nvec(x?) = vee(x?)T Nvec(x;r) = vee(x?)T M,vec(x;r)
= 5T Myvec(x;r) = vec(x;s)T Myr = vec(x;s)T Myvec(x®~¢)

= vec(x;5)T Nvec(x° %) = vec(x;x7)T Nvec(x0~¢).

This shows IV, 5 = Nqyie; 56—, -
(ii) Let 7,5 € Spang(B) for which x°~¢ — r x7~% — s € Ker M;. Then,
x% —x;7, ij‘s*ei —x;7r, X7 —x;5, X;X77% —x;5 € Ker N by construction.

‘We have

vee(x7)T Nvec(x®) = vec(x;8)T Nvec(x;r) = vec(x;s)T Myvec(x;r)
= vec(x;s)" Myvec(x;r) = vec(x;s)” Nvec(x;r)

= vec(x7"4He) T Nyee(x®0~eite),

which shows Ny s = Ny_c1e;,64¢;—e;- |
This concludes the proof of Theorem 5.20.

5.3.2. A generalized flat extension theorem. Theorem 5.20 con-
siders moment matrices indexed by N}, corresponding to the full set of
monomials of degree at most ¢t. We now state a more general result which
applies to matrices indexed by an arbitrary set of monomials (assumed to
be connected to 1). We need some definitions.

Given a set of monomials C C T", set

Ct:=Cu UxiC:{m,xlm,...,xnm|m€C}, ac :=Ct\C,

i=1
called respectively the closure and the border of C. Set also
C-C:={abla,beC}.

Recall that C C T, is connected to 1 if 1 € C and every non-
constant monomial m € C can be written as m = x;, ---x;, with
Xy, Xiy Xigy - -, X4y X4, € C. For instance, C is connected to 1 if C is
closed under taking divisions. For example, {1,x3,x1X2} is connected to 1
but {1,x;x3} is not.

Here it will turn out to be more convenient to index matrices by mono-
mials a = x* € T" rather than by integer sequences a € N*. So we now
consider matrices M indexed by an arbitrary monomial set C C T™; then
M is said to be a moment matriz if M, , = Mg for all a,b,a’,b’ € C with
ab = a’'b’. Thus the entries of M are given by a sequence y indexed by the
set C - C. For convenience we also denote M by Mc¢(y). When C = T},
Mec(y) = Mi(y), i.e. we find the moment matrix M;(y) which we have
considered so far.
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We can now formulate the generalized flat extension theorem.

THEOREM 5.24. (Generalized flat extension theorem [98]) Con-
sider a sequence y = (Yq)aec+.c+, where C C T™ is a finite set of monomials
assumed to be connected to 1. If Me+(y) is a flat extension of Mc(y), then
there exists a (unique) sequence § = (§)qeTn for which M () is a flat ex-
tension of Me+(y).

We first give an example (taken from [98]) showing that the assumption
that C be connected to 1 cannot be removed in the above theorem.

EXAMPLE 5.25. In the univariate case, consider the set of monomials
C = {1,x3}, with border 9C = {x,x*}; C is not connected to 1 and C*-C™
consists of all monomials of degree at most 8. Consider the sequence y € R®
with entries Ym = 1 for m € {1,x,x%}, ym = b for m € {x3,x* x°}, and
Ym = c form € {x5 x7,x%}, where b, c € R satisfy ¢ # b>. Then Mc+ (y) is
a flat extension of Mc(y), but there is no flat extension of Mc+(y). Indeed,
such an extension has the form:

w
b
IS

1 x° x x* x

1 1 b 1 ¢ 1

x|lb ¢ b ¢ b

MC*U{xz}(y) = X 1 b 1 b b
x*|b ¢ b ¢ c

x*\1 b b ¢ b

As the polynomials 1 — x and x3 — x* belong to Ker Mo+ (y), they also
belong to Ker Mc+yix2y(y), which implies b = 1 and b = ¢, contradicting
our choice ¢ # b2.

When C = T}, Theorem 5.24 coincides with the flat extension theorem
from Theorem 5.20. Note that, in this case, the following additionnal
condition holds:

3B C C s.t. B is connected to 1 and indexes a column basis of Mc(y).
(5.4)
It is indeed not difficult to show that a moment matrix M;(y) satisfies this
condition (5.4); for instance such B can be constructed by selecting the
linearly independent columns of M;(y) in a greedy way after ordering the
monomials of T} according to a total degree ordering.

Although Theorem 5.24 does not need the condition (5.4), its proof
turns out to be a bit simpler when this additionnal condition holds, one
reason for this being that we can then use the result of Theorem 2.16 about
commuting multiplication matrices. We now give a proof of Theorem 5.24
and we will point out where the simplification occurs when (5.4) holds.

Proof of Theorem 5.24. For the proof it is convenient to use the
language of linear forms. Namely, to the sequence y € RCTCt corresponds
the linear form L € (Span(C™-C*))* defined by L(p) := >_,co+.c+ Pala for
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P = 4cc+.c+ Pa € Span(CT-CT). Let us set for short Mo+ := Me+(y) =
(L(cc'))e,erec+ and Me := Mec(y) = (L(cc)e,rec. Our assumption is that
rank Mc+ = rank Mc. This directly implies the following observations
which we will often use in the proof: For p € Span(C™),

p € Ker Mc+ ety L(ap) =0Va € CT <= L(ap) =0 Va € C,

(5.5)
p € Ker M+ and x;p € Span(Ct) = x;p € Ker M¢+.

Our objective is to construct a linear form L € R[x]* whose moment matrix
M := (L(a - b))apern is a flat extension of Mgi. Let B C C index a
maximum set of linearly independent columns of Mc. We may assume
that 1 € B, as L would be zero if no such basis exists. Then we have the
following direct sum decomposition:

Span(C™") = Span(B) ® Ker M.

Let 7 denote the projection from Span(C*) on Span(B) along Ker M¢+, so
that f(p) :=p— m(p) € Ker M+ for all p € Span(C™). Then the set

F:={f(m)=m—m(m)|me 0B} C Ker M¢+

is a rewriting family for B, i.e. all polynomials can be expressed modulo
the ideal (F') in the linear span of B (recall the definition from Section 2.5).
Thus,

dimR[x]/(F) < |B]. (5.6)
As in (2.17), define for each ¢ = 1,...,n the linear operator

Xi: Span(B) — Span(B)
p — m(xip)
which can be viewed as an ‘abstract’ multiplication operator. First we show
that x1,..., xn» commute pairwise.
LEMMA 5.26. x;0Xj = Xj © Xi-
Proof. Let m € B. Write m(x;m) := Y, .5 Aib (A € R). We have:

Xj(ZbeB)‘ b) = ZbeB bXJ (b)

2 beB b (XJb = [(x;b)) ,

= Xj (ZbeB )‘b ) — ZbeB )‘Zf(ij)

= Xj (le f(xz )) - ZbeB /\Ef(ij)-

X;j © xi(m)

Therefore,

P =x;0xi(m) = xiox;(m)
=x, f(x;m) — x; f(x;m —I—Z/\J (x;b) — \p f(x:b) .

beB

p1
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We show that p; € KerMc+. Indeed, for any a € C, L(ap;) =
L(ax;f(xjm)) — L(ax;f(x;m)) = 0 since ax;,ax; € Ct and
f(xim), f(x;m) € Ker Mc+; in view of (5.5), this shows p; € Ker Mc+.
As ps € Ker M¢+ too, this implies p € Ker Mc+ and thus p = 0, because
p € Span(B). a

If the set B is connected to 1, then we can conclude using Theorem 2.16
that B is a linear basis of R[x]/(F). Thus we have the direct sum decom-
position: R[x] = Span(B) & (F). Letting 7 denote the projection onto
Span(B) along (F), we can define L € R[x]* by L(p) = L(#(p)) for all
p € R[x]. Remains to verify that L is the desired extension of L.

We now proceed with the proof without the assumption that B is con-
nected to 1. We cannot use Theorem 2.16, but we will use some ideas of its
proof. Namely, as the y;’s commute, we can define f(x) := f(x1,---,Xn)
for any polynomial f, and thus the mapping

¢: R[x] — Span(B)
fo= o)

(recall that 1 € B). Note that ¢(fg) = f(x)(¢(g)) for any f,g € R[x].
From this follows that Ker ¢ is an ideal in R[x].

LEMMA 5.27. ¢ =7 on Span(C™).

Proof. We show that ¢(m) = w(m) for all m € Ct by induction
on the degree of m. If m = 1 the result is obvious. Let m € Ct. As
C is connected to 1, we can write m = x;mq. Thus ¢(m1) = m(mq)
by the induction assumption. Then, ¢(m) = x;(p(m1)) = xi(w(my)) =
m(x;m(mq)) is thus equal to x;m(m1) + & for some xk € Ker Me+. On the
other hand, m = x;m; = x;(7w(m1) + K1) for some k1 € Ker Mc+. Thus,
m = p(m) — k + x;k1. Hence, x;x1 € Span(CT). As k1 € Ker Mg+, this
implies x;x1 € Ker Mc+(y) and thus p(m) = n(m). a

This implies directly:

L(pq) = L(p ¢(q)) for all p,q € Span(C™). (5.7)

Moreover, p(b) = b for all b € B, so that ¢ is onto. Hence ¢ is the projection
onto Span(B) and we have the direct sum decomposition:

R[x] = Span(B) & Ker ¢.
We now define L € R[x]* by

L(f) = L(g(f)) for all f € R[x].

Note that Kery C Ker M(L). Indeed, if p € Kery and ¢ € R[x], L(pq) =
L(p(pq)) = L(q(x)(¢(p))) = 0. We now verify that L is the desired flat
extension of L. The next lemma implies that L is an extension of L.
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LEMMA 5.28. L(pq) = L(¢(pq)) for all p,q € Span(C™).

Proof. First we show that L(mb) = L(p(mb)) for all b € B, m €
CT, by induction on the degree of m. The result is obvious if m = 1.
Else, write m = x;m; where m; € CT. By the induction assumption,
we know that L(mi1q) = L(¢(miq)) for all ¢ € Span(B). Let b € B.
We have L(mb) = L(mix;b) = L(mip(x;b)) (by 5.7), which in turn is
equal to L(p(mi1p(x;b))) (using the induction assumption), and thus to
L(p(mb)), since ¢(x;b) = x;(b) giving w(mip(x;b)) = ma(x)(p(x:b)) =
ma(x)(x:(8) = m(x)(b) = p(mb). Finally, for p,q € Span(C*), L(pq)
L(pe(q)) (by 5.7), which in turn is equal to L(p(pp(q))) (by the above
and thus to L(p(x)(¢(q))) = L(¢(pq)), which concludes the proof.

a <

Thus L is an extension of L. Indeed, for p,q € Span(CT), L(pq) =
L(p(pq)) is equal to L(pg) by Lemma 5.28. Moreover, M(L) is a flat
extension of Mg+ (L). Indeed, on the one hand, we have rank M (L) >
rank M¢+ (L) = |B|. On the other hand, as (F) C (Ker M¢+) C Kerp C
Ker M (L), we have

rank M (L) = dimR[x]/ Ker M (L) < dim R[x]/ Ker ¢
< dimR[x]/(Ker M¢+) < dimR[x]/(F) < |B]

(recall (5.6)). Thus equality holds throughout, rank M (L) = rank Me+ (L),
and Ker M (L) = Ker ¢ = (Ker Mc+).

Finally, suppose that L’ € R[x]* is another linear form whose moment
matrix M’ is a flat extension of M¢+, then Ker p = (Ker Mc+) C Ker M.
This implies that L'(p) = L' (p(p)) = L(¢(p)) = L(p) for all p € R[x]. This
shows the unicity of the flat extension of M¢+, which concludes the proof
of Theorem 5.24.

5.4. Flat extensions and representing measures. We group here
several results about the truncated moment problem. The first result from
Theorem 5.29 essentially follows from the flat extension theorem (Theorem
5.20) combined with Theorem 5.1 about finite rank (infinite) moment ma-
trices. This result is in fact the main ingredient that will be used for the
extraction procedure of global minimizers in the polynomial optimization
problem (see Section 6.7).

THEOREM 5.29. Let y € RN2 for which My(y) = 0 and rank My (y) =
rank M;_1(y). Then y can be extended to a (unique) vector §j € RN" sat-
isfying M (g) = 0, rank M (§) = rank My(y), and Ker M (g) = (Ker My(y)),
the ideal generated by Ker My(y). Moreover, any set B C T}, index-
ing a mazimum nonsingular principal submatriz of My_1(y) is a basis of
Rix]/(Ker My(y)). Finally, g, and thus y, has a (unique) representing mea-
sure p, which is r-atomic with supp(p) = Ve (Ker My(y)).

Proof. Applying iteratively Theorem 5.20 we find an extension € RN
of y for which M(g) is a flat extension of M;(y); thus rank M(y) =
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rank M;(y) =: r and M (g) = 0. By Theorem 5.1, § has a (unique) repre-
senting measure u, which is r-atomic and satisfies supp () = Ve (Ker M (3)).
To conclude the proof, it suffices to verify that (Ker M(y)) = Ker M(y),
as this implies directly supp(p) = Ve(Ker M(g)) = Ve(Ker M (y)). Ob-
viously, Ker M;(y) C Ker M (g), implying (Ker M:(y)) C Ker M(g). We
now show the reverse inclusion. Let B C T} ; index a maximum nonsin-
gular principal submatrix of M;_1(y). Thus |B| = r and B also indexes
a maximum nonsingular principal submatrix of M (g). Hence, by Lemma
5.3, B is a basis of R[x]/ Ker M (7). We show that B is a generating set in
R[x]/(Ker M,(y)); that is, for all 3 € N,

x” € Spang (B) + (Ker M(y)). (5.8)

We prove (5.8) using induction on |8|. If |8] < ¢, (5.8) holds since B
indexes a basis of the column space of M(y). Assume |5| > ¢ + 1.
Write x? = x;x” where |y| = |3| — 1. By the induction assumption,
X7 = ) aegraX® + ¢, where A\, € R and ¢ € (Ker M(y)). Then,
x? = x;x7 = Y xeeB AaXiX® + x;q. Obviously, x;q € (Ker M(y)). For
x* € B, deg(x;x%*) < t and, therefore, x;x* € Spang(B) + (Ker My(y)).
From this follows that x? € Spang(B) + (Ker M;(y)). Thus (5.8) holds
for all 8 € N*. Take p € Ker M (7). In view of (5.8), we can write
p = po + ¢, where pg € Spang(B) and ¢ € (KerM;(y)). Hence,
p — q € Ker M(g) N Spang (B), which implies p — ¢ = 0, since B is a basis
of R[x]/Ker M(g). Therefore, p = q € (Ker M(y)), which concludes the
proof for equality Ker M (g) = (Ker M(y)). a

We now give several results characterizing existence of a finite atomic
measure for truncated sequences. By Lemma 4.2 (i), a necessary condition
for the existence of a finite atomic reprenting measure p for a sequence y €
RMNz: is that its moment matrix M;(y) has rank at most | supp(u)|. Theorem
5.30 below gives a characterization for the existence of a minimum atomic
measure, i.e., satisfying | supp(p)| = rank M;(y). Then Theorem 5.31 deals
with the general case of existence of a finite atomic representing measure
and Theorems 5.33 and 5.34 give the analogous results for existence of a
measure supported by a prescribed semialgebraic set. In these results, the
notion of flat extension studied in the preceding section plays a central role.

THEOREM 5.30. [28] The following assertions are equivalent for y €
RNz,
(i) y has a (rank My(y))-atomic representing measure.
(i) Mi(y) = 0 and one can extend y to a vector §j € RN2t+2 in such a way
that M+1(9) is a flat extension of M(y).

Proof. Directly from Theorems 5.1 and 5.20. d
THEOREM 5.31. [29, 41] Let y € RY2t, r := rank My(y) and v :=

[V (Ker M(y))| < oo. Consider the following assertions:
(i) y has a representing measure.
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(i) y has a (";2’5) -atomic representing measure.

(iil) M¢(y) = 0 and there exists an integer k > 0 for which y can be
extended to a vector §j € RN2e+x+1) in such a way that Miyi(g) = 0
and My i41(9) is a flat extension of My (7).

(iv) r < v < o0 and y can be extended to a vector § € RNz (t+0—r41)
in such a way that Myyy—r+1(§) = 0 and rank Myyy—ri1(9) <
[V (Ker Myty—ri1(9))]-

Then, (i) <= (ii) <= (iii) and, when v < oo, (i) <= (iv). Moreover one

can assume in (i) that k < (";‘tzt) — 1 and, when v < oo, that k < v —r.

Proof. The equivalence of (i) and (ii) follows from Theorem 5.9 and
the implication (iii) = (i) follows from Theorem 5.29.

Assume now that (ii) holds; i.e., y has a finite atomic representing
measure p with |supp(u)| < (";‘ft). First we show that (iii) holds with
k< (";Fft) — 7. Indeed, y can be extended to the sequence §j € RN" consist-
ing of all the moments of the measure . Then M(g) = 0 and rank M(g) =
|supp(p)] = |Ve(Ker M (§))| (by Theorem 5.1 (ii)). As rank My (7)) <
rank My 41(9) < rank M(g) < (";‘ft) for all & € N, there exists a
smallest integer k for which rank My, ,(y) = rank Myir41(9). Then,
rank My (g) > rank Myy,—1(g) > ... > rank My(g) = rank My(y) = r,
which implies rank M;14(g) > r + k and thus £ < (";Lft) — r. This con-
cludes the proof of equivalence of (i), (ii) and (iii).

Assume now that (ii) holds and v := |[Vr(Ker M;(y))| < oo; we show
that (iv) holds and & < v —r. We use the fact that, for any s >
Ker M;(y) C Ker Ms(y) C Ker M(y), which implies |V (Ker M(3))]
|V (Ker Ms(9))] < |Ve(Ker M;(y))|. By the above we have: r + k
rank My (9) < rank M (g) = |[VrR(Ker M(g))| < |Vr(Ker Mi(y))| =
giving k < v — r (and thus r < v). Moreover, rank Myjy—r41(9)
rank M (g) < |Vr(Ker Miyy—r+1(9))], showing (iv).

Finally assume (iv) holds; we show (iii). Indeed we have
r = rank My(y) < rankMyiori1(9) < |[Ve(Ker Mypp—ri1(9))] <
|Vk(Ker My(y))] = v. Hence, there exists k € {0,...,v — r} for
which rank Myik41(9) = rank M;ix(g) for, if not, we would have
rank Myt p—r11(9) > rankMi(y) + v — r + 1 = v + 1, contradicting
rank M4 y—r+1(§) < v. Thus (iii) holds, moreover with k < v — r. o

IN S ININ s+

REMARK 5.32. Theorem 5.31 provides conditions characterizing the
existence of a representing measure for a truncated sequence. It is however
not clear how to check these conditions and the smallest integer k for which
(i11) holds as well as the gap v —r may be large. We refer to Fialkow [{1]
for a detailed treatment of such issues.

Let us observe here that in some instances the bound v — r is bet-

ter than the bound (";‘tzt) — r. For instance, as observed in [[1], in

the 2-dimensional case (n = 2), v < t* by Bezout theorem, implying
(5 —v > (%) — 2 = 2 + 3t + 1. Moreover, Fialkow [{1] constructs

an instance with large gap v —r > (tgl). For this choose two polynomi-



84 MONIQUE LAURENT

als p,q € Rlxy, 23]y having t2 common zeros in R2, i.c., |Vr(p,q)| = t2.
Let i be a measure on R? with support Vr(p,q) and let y be its sequence
of moments. Then, Vr(Ker My(y)) = Vk(p,q) and thus v = t2. Indeed,
t2 = |supp(p)| < |Ve(Ker My(y))| and Vi(Ker My(y)) € Vir(p,q) since
p.q € Ker My(y). Morecover, r = rank My(y) < |N?| —2 = (*1?) — 2 which

implies v —r > 12 — (“52) 49— (t;l).

The next two theorems (from Curto and Fialkow [30]) extend the re-
sults from Theorems 5.30 and 5.31 to truncated sequences having a finite
atomic representing measure whose support is contained in a prescribed
semialgebraic set K. As indicated in [95], they can be derived easily from
Theorems 5.30 and 5.31 using Lemma 5.6. In what follows K is as in (1.2)
and dx as in (1.10). One may assume w.l.o.g. that the polynomials g,
defining K are not constant; thus dgj > 1. For convenience we set dg =1
if m =0, i.e., if there are no constraints defining the set K, in which case
K =R".

THEOREM 5.33. [30] Let K be the set from (1.2) and dx =
max;—1, . mdg;. The following assertions are equivalent for y € RNzt ,

(i) y has a (rank M(y))-atomic representing measure p whose support
is contained in K. .

(i) My(y) = 0 and y can be extended to a vector §j € R™2¢+ax) in such a
way that Mitq, (§) is a flat extension of M(y) and M(g;9) = 0 for
j=1...,m.

Then, setting r; = rank My(g;7), exactly r—r; of the atoms in the support
of 1 belong to the set of roots of the polynomial g;(x). Moreover u is a
representing measure for .

Proof. The implication (i) = (ii) follows from Theorem 5.1 together
with Lemma 4.2 (ii). Conversely, assume that (i) holds and set r :=
rank M;(y). By Theorem 5.30 ((ii) = (i)), y has a r-atomic representing
measure fi; say, i =y, ¢ A0y, Where A, > 0, |S| = r. We prove that S C
K; that is, g;(v) > 0 for all v € S. By Lemma 5.6, there exist interpolation
polynomials p, (v € S) having degree at most t. Then, pl M;(g;y)p, =
> wes(Po(w)?gi(u)Ay = gj(v)Ay > 0, since M;(g;y) = 0. This implies that
gi(v) >0forall j=1,...,mand v € S, and thus S C K. That is, the
measure u is supported by the set K.

We now verify that r —r; of the points of S are zeros of the polynomial
g;. Denote by § € RY" the (infinite) sequence of moments of the measure
w; then g;¢ is the (infinite) sequence of moments of the measure p; :=
> wes Mgj(v)dy. Thus, § (resp., g;7) is an extension of y (resp., g;y).
Moreover, rank M(g;5) = |[{v € S | gj(v) > 0}|. We now verify that
M (g;7) is a flat extension of M;(g;3), which implies that r; = |[{v € S |
g;j(v) > 0}|, giving the desired result. For this we note that Ker M(g) C
Ker M (g;7). Indeed, if p € Ker M (3) then, using Lemma 4.1, p” M (g;§)p =
vec(pg;)T M (§)p = 0. Now, as M (7) is a flat extension of M;(y), it follows
that M(g;9y) is a flat extension of M;(g;g) too. a



SUMS OF SQUARES, MOMENT MATRICES AND POLYNOMIAL OPTIMIZATION 85

THEOREM 5.34. [30] Let K be the set from (1.2) and dx =
max;=1,..mdg, . The following assertions are equivalent for y € RNz,

(i) y has a (finite atomic) representing measure whose support is con-
tained in K.

(ii) M(y) = 0 and there exists an integer k > 0 for which y can be
extended to a vector § € R™2¢+++450) in such a way that Myy i a, (§) =
0, Myskrag (9) is a flat extension of My, (§), and My+x(g;3) = 0 for
j=1....m
Proof. Analogously using Theorems 5.31 and 5.33. a

5.5. The truncated moment problem in the univariate case.
We review here some of the main results about the truncated moment
problem in the univariate case. Namely we give characterizations for the
truncated sequences y € RN: having a representing measure on an interval
K =10,00) and K = [—1,1]. We follow the treatment in [27] but simplify
some arguments. We need a definition.

Given a sequence y € RN;, consider its moment matrix M;(y), indexed
by {1,x,...,x"}. Then, rk(y) is defined as the smallest integer r for which
the column of M;(y) indexed by x" lies in the linear span of the columns
indexed by {1,x,...,x" "1} if such integer exists, and rk(y) := t + 1 oth-
erwise. When M;(y) = 0, rk(y) is also equal to the smallest integer r for
which M,.(y) is singular, with rk(y) = ¢ + 1 if M;(y) = 0 (easy verification
using Lemma 1.2 (iii)).

Assume My(y) = 0 and let r := rk(y). If r = ¢t + 1, then M;(y) = 0
and rank M;(y) =t + 1 = r. Assume now r < ¢; that is, M,_1(y) > 0 and
rank M,.(y) = rank M,_1(y) = r. We now observe that rank M;(y) = r or
r + 1. Indeed there exists a unique polynomial f of degree r, belonging
to the kernel of M;(y). By the ’ideal-like’ property of Ker M;(y) (Lemma
5.7), xPf € Ker My(y) for all p < ¢t —r — 1, and thus rank M;_;(y) =
rank M, _1(y) = r. Hence there are two cases:

(a) Either x'~"f € Ker M;(y); then rank M;(y) = r (i.e. M(y) is a flat
extension of M,_1(y)).

(b) Or x'" f & Ker My(y); then rank M;(y) = r + 1.

The next lemma gives more details.

LEMMA 5.35. Given y = (y;)?L,, let v := rk(y) and assume M;(y) =
0. The following assertions are equivalent.
(i) rank My (y) =
(i1) There exists scalars Yor+1, Y2t+2 € R for which the extended sequence
97 = (YT, yar 11, Yors2) satisfies My 1(§) is a flat extension of My(y).

(iii) There exists scalars yari1, Yot+2 € R for which the extended sequence

97 = (YT, yors1, yors2) satisfies Myy1(7) = 0.

Proof. (ii) = (iii) is obvious. We now show (iii) = (i). Assume (iii)
holds. If M(y) > 0, then rank M;(y) =t+ 1 = r and (i) holds. Otherwise,
let f be the unique polynomial of degree r in Ker M;(y) (as defined above).
Lemma 5.7 applied to My, 1(§) implies x*="f € Ker My 1(g) and thus
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x!=" f € Ker My(y). Hence we are in the above case (a), showing (i).
Remains to show (i) = (ii). When M,(y) = 0, set yar41 = 0, v1 =
Y1y~ Y26, Y2e01), A = (My(y)) 1o, and yapyo := vTX\. Then My 1 (%)
is a flat extension of M;(y), showing (ii). Assume now rank M;(y) =r < t.
Then M;(y) is a flat extension of M;_1(y) and thus the existence of a
flat extension M;y1(g) of M;(y) follows from the flat extension theorem
(Theorem 5.20). We now give the explicit argument, which is simple in the
univariate case.

For an integer 0 < i < ¢, let v[i] denote the column of M;(y) indexed
by x¢, and set v[t + 1]T := (ysit1,..., Y2, Y2e+1) Where ya;11 has to be
determined. Thus v[i]; = y;1;. Write the unique polynomial f € Ker M, (y)
of degree 1 as f = x" — E;;é A\;x’. By assumption,

r—1

v[r—!—p]:Z)\jv[j—l—p] Vp=0,1,...,t—r. (5.9)
=0

Set yorq1 1= Z;;é AjYj—r+2t+1. 1t suffices now to verify that v[t + 1] =
SNl +t—r 1] e [t + 1y = Yo Ajulj +t — r + 1], for all
s =0,...,t. This is true for s =t by the definition of yo;y1. For s <t —1,
olt + 1)y = offlorr = S A0l = len = Smd Aol +t— 7+ 1],
where we have used the case p =t — r of (5.9) for the second equation. 0O

We now present characterizations for the Hamburger, Stieltjes and
Hausdorff truncated moment problems. We will use the results from the
preceding sections about flat extensions of moment matrices; namely, the
following result from Theorem 5.30: If M;(y) = O has a flat extension
M;11(9) then y has an atomic representing measure. For a sequence y =
(yi)i_o and 0 < i < j < t, we set y[i; 17 = (i, Yit1s-- > Yj)-

THEOREM 5.36. (Hamburger truncated moment problem)

(i) (odd case) y = (y;)?“4' has a representing measure on R <=
M(y) = 0 and y[t + 1;2t + 1] € R(M:(y)).
(ii) (even case) y = (y;)7L, has a representing measure on R <=

M;(y) = 0 and rank M(y) = rk(y).

Proof. (i) If y has a measure, then y has an extension § for which
My+1(9) = 0; the condition y[t+1; 2t+1] € R(M;(y)) follows using Lemma
1.2 (iv) applied to My41(g). Conversely, y[t +1;2t+ 1] € R(M,(y)) implies
y[t +1;2t + 1] = My(y) for some A € R, Set yor 0 =yt + 1; 2t + 1]T ),
97 == (y7, y2t42); then we obtain a flat extension M, 1(7) of M;(y), thus
showing that y has a representing measure.

ii) follows using Lemma 5.35. a
(i) g

EXAMPLE 5.37. As an illustration consider again the sequence y =
(1,1,1,1,2) € RN from Ezample 5.14. Then Ms(y) = 0 but y has no
representing measure, which is consistent with the fact that rk(y) = 1 <
rank Ms(y) = 2. However, recall from Ezample 5.18 that a small perturba-
tion of y does have a representing measure.
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THEOREM 5.38. (Stieltjes truncated moment problem)

(i) (odd case) y = (yi)i' has a representing measure on Ry <=
M (y) = 0, My(xy) > 0, and y[t + 1;2t + 1] € R(M,(y)).

(ii) (even case) y = (y;)%, has a representing measure on R <=
M (y) = 0, My_1(xy) *= 0, and y[t + 1;2t] € R(M;—1(xy)).

Proof. We only show the implications ‘<=’ as the reverse implications
can be shown with similar arguments as in the previous theorem.
(i) Let y = (y;)?45" such that M;(y) = 0, My(xy) = 0, and y[t +1;2t +1] €
R(My(y)). Then, y[t+ 1;2t+1] = M;(y)\ for some X € R, Set yap40 :=
y[t +1;2t + 1)7X and §7 := (y*, y2t12). Then M, 1(7) is a flat extension
of My(y). Thus § has an atomic measure =Y., a;05, (with a; > 0 and
x; € R). Using Lemma 5.6 we can find interpolation polynomials p,, at
the z;’s having degree at most t. The condition M¢(xy) > 0 can then be
used to derive x; > 0 from pfi M (xy)ps;, > 0. Thus p is supported by R,
showing (i).
(ii) Let y = (y;)?L, such that M;(y) = 0, M;_1(xy) = 0, and y[t + 1;2t] €
R(Mi—1(xy)). As y[t + 1;2t] € R(M;—1(xy)), we can find ya;4+1 for which
M, (xy) is a flat extension of M; 1(xy), after setting 47 = (y, yar+1)-
As the matrix Z := <y][\t/[:3(7);?]):p
consisting of its columns indexed by {x,...,x!~1}, §[t+1;2t+1] belongs to
R(Z) C R(M¢(y)). Together with M;(g) = M¢(y) = 0 and M(xg) = 0, we
deduce from the preceding case (i) that ¢, and thus y, has a representing
measure on Ry . O

) coincides with the submatrix of M;(y)

THEOREM 5.39. (Hausdorff truncated moment problem) Let
a < b be real numbers.
(i) (odd case) y = (y;)?“4" has a representing measure on [a,b] <=
bM:(y) — Mi(xy) = 0 and M(xy) — aMi(y) = 0.
(ii) (even case) y = (y;)?, has a representing measure on |a,b] <=
My (y) = 0 and —M;—1(x*y) + (a + b)M;_1(xy) — abM;_1(y) = 0.

Proof. To show (i) (resp., (ii)), apply Theorem 3.23 (ii) (resp., the
even case of (i)) combined with Theorem 5.13.
We now give another direct proof for (i). First we show that y[t+1;2t+1] €
R(M:(y)). Indeed,

(b—a)M(y) = (bM(y) — My(xy)) + (Mi(xy) — aMy(y)),

Z1 Z>

where Z1, Z5 = 0. This implies Ker M;(y) C Ker Z7, and thus Ker M;(y) C
Ker M;(xy). As y[t+1;2t+1]is arow of My(xy) (namely, its row indexed by
xt), ylt+1;2t+1] € (Ker My(xy))t C (Ker My(y))*t = R(Mi(y)). The rest
of the proof now goes along the same lines as for Theorem 5.38 (i). Namely,
define yo;12 and §7 := (yT, y2t42) such that M, () is a flat extension of
M;(y). Thus g has an atomic representing measure g = ».._; a;0,, and it
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suffices to verify that all z; € [a,b]. This can be verified as in the previous
theorem using interpolation polynomials at the z;’s of degree at most ¢. 0
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Part 2: Application to Optimization
6. Back to the polynomial optimization problem.

6.1. Hierarchies of relaxations. We consider again the optimiza-
tion problem (1.1). Following Lasserre [78] and as explained earlier, hi-
erarchies of semidefinite programming relaxations can be constructed for
(1.1); namely, the SOS relaxations (3.8) (introduced in Section 3.4), that
are based on relaxing polynomial positivity by sums of squares representa-
tions, and the moment relaxations (4.7) (introduced in Section 4.2), that are
based on relaxing existence of a representing measure by positive semidef-
initeness of moment matrices. For convenience we repeat the formulation
of the bounds pi°® from (3.8) and of the bounds p{*°™ from (4.7). Recall

max(dg, ,...,dg,,
dy = [deg(p)/2], dg; = [deg(g;)/2], drx = .. ( " am) (6.1)
lifm=0
Then, for any integer ¢ > max(dp, dx ),
P =supp st. p—p€ Mg, 9m)
B B m (6.2)
=suppst. p—p=so+>_;_, sjg; forsomesg,s; €
with deg(so), deg(s;jg;) < 2t.
mom  _ nf  L(p) st. L(1)=1,
pren = it L) st L)
L(f) 2 0 Vf S M?t(gla cee 7gm)
(6.3)
= inf p'y st. yo =1, My(y) = 0,
yERNgt
Mt_dgj (gjy) =0 (j=1,...,m).

We refer to program (6.2) as the SOS relazation of order ¢, and to program
(6.3) as the moment relazation of order ¢. The programs (6.2) and (6.3)
are semidefinite programs involving matrices of size ("jt) = O(n') and
O(n?!) variables. Hence, for any fized t, p°™ and p;°® can be computed in
polynomial time (to any precision). In the remaining of Section 6 we study
in detail some properties of these bounds. In particular,

(i) Duality: pi°® < p*°™ and, under some condition on the set K, the

two bounds pi"°™ and pi°® coincide.
(ii) Convergence: Under certain conditions on the set K, there is

asymptotic (sometimes even finite) convergence of the bounds

p?wm and pios to pmin'
(iii) Optimality certificate: Under some conditions, the relaxations are
exact, i.e. pj* = po™ = p™™ (or at least p*o™ = p™™").

(iv) Finding global minimizers: Under some conditions, one is able to
extract some global minimizers for the original problem (1.1) from an
optimum solution to the moment relaxation (6.3).
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6.2. Duality. One can verify that the two programs (6.3) and (6.2)
are dual semidefinite programs (cf. [78]), which implies pj°® < p°™ by
weak duality; this inequality also follows directly as noted earlier in (4.8).
We now give a condition ensuring that strong duality holds, i.e. there is
no duality gap between (6.3) and (6.2).

THEOREM 6.1. [78, 150] If K has a nonempty interior (i.e. there
exists a full dimensional ball contained in K ), then pi°™ = pi° for all
t > max(dp,dr). Moreover, if (6.2) is feasible then it attains its supremum.

Proof. We give two arguments. The first argument comes from [150]
and relies on Theorem 3.49. Let p > pi®, i.e. p—p & Ma(g1,- -, Gm). As
Moat(g1, - -, gm) is a closed convex cone (by Theorem 3.49), there exists a
hyperplane strictly separating p — p from Mo(g1, ..., gm); that is, there

exists y € RN2¢ with
yTvec(p — p) <0 and y vec(f) > 0Vf € Mar(g1,-- -, Gm)- (6.4)

If yo > 0 then we may assume yo = 1 by rescaling. Then y is feasible
for (6.3), which implies pi"°™ < yTvec(p) < p. As this is true for all

SOS SOS

p > pi°®, we deduce that pj*°™ < pi°® and thus equality holds. Assume now
yo = 0. Pick z € K and set z := y + €(at,» Where (ot o = ()|q|<2¢- Then,
zTvec(p — p) < 0 if we choose € > 0 small enough and 27 vec(f) > 0 for all

f € Mai(g1,-.-,9m), that is, z satisfies (6.4). As zgp = € > 0, the previous

argument (applied to z in place of y) yields again p*®™ = pi°s. Finally, if
(6.2) is feasible then it attains its supremum since Mo (g1, - - ., gm ) is closed

and one can bound the variable p.

The second argument, taken from [78], works under the assumption
that (6.2) is feasible and uses the strong duality theorem for semidefinite
programming. Indeed, by Lemma 4.4, the program (6.3) is strictly feasible
and thus, by Theorem 1.3, there is no duality gap and (6.2) attains its
supremum. d

PROPOSITION 6.2.

(i) If M(g1,...,9m) is Archimedean, then the SOS relazation (6.2) is
feasible for t large enough.

(ii) If the ball constraint R*—%""_| x? > 0 is present in the description of
K, then the feasible region of the moment relazation (6.3) is bounded
and the infimum is attained in (6.3).

Proof. (i) Using (3.16), p+ N € M(g, ..., gm) for some N and thus
—N is feasible for (6.2) for ¢ large enough.
(ii) Let y be feasible for (6.3). With g := R* —",_, x7, (9y)25 = R*yop —
> Y2s+2¢;- Thus the constraint M;_1(gy) = 0 implies y2g12¢; < R?yap
for all || <t—1andi=1,...,n. One can easily derive (using induction
on |B|) that yos < R?Pl for |3] < t. This in turn implies |y,| < RN for
|v] < 2t. Indeed, write v = a + 8 with |af, |3] < ¢; then as M(y) > 0,
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Yors < Yaayzs < R R8I giving |y,| < RNMI. This shows that the
feasible region to (6.3) is bounded and thus compact (as it is closed). Thus
(6.3) attains its infimum. a

The next example (taken from [150]) shows that the infimum may not
be attained in (6.3) even when K has a nonempty interior.

EXAMPLE 6.3. Consider the problem p™™ := inf,cx 23, where K C
R? is defined by the polynomial g1 = x1x2 — 1 > 0. Then p™" = pno™ = ()
for any t > 1, but these optimum values are not attained. Indeed, for small
€ > 0, the point x == (e, 1/€) lies in K, which implies p™™ < €2. As p["°™ >
0 (since yao > 0 for any y feasible for (6.3)), this gives p"°™ = p™™ = (.
On the other hand ya9 > 0 for any feasible y for (6.3); indeed Moy(g1y) = 0
implies y11 > 1, and y20 = 0 would imply y11 = 0 since My (y) = 0. Thus
the infimum is not attained in (6.3) in this example. Note that the above
still holds if we add the constraints —2 < x1 < 2 and 2 < x9 < 2 to the

description of K to make it compact.

On the other hand, when K has an empty interior, the duality gap
may be infinite. We now give such an instance (taken from [150]) where

—00 = pios < pgnom — pmin'

EXAMPLE 6.4. Consider the problem p™" := mingcx T1T2, where
K = {z € R | g1(2),92(), g3(x) > O} with g1 := —x3, go := 1+ xu,
g3 :=1—x1. Thus K = [-1,1] x {0}. Obviously, p™" = 0. We verify

that p*°™ = 0, pi° = —oco. For this let y be feasible for the program (6.3)
for order t = 1; we show that Ye,+e, = 0. Indeed, (M1(y))es,es = Y2e5 > 0
and (Mo(919))0,0 = —Y2e, = 0 imply yaze, = 0. Thus the eath column of
M (y) is zero, which gives Ye,4es = (M1(Y))ey,eo = 0. Assume now that
p is feasible for the program (6.2) at order t = 1. That is, X1X2 — p =
Siai+bixi 4 cix2)? —e1x3 +ea(1+x1) +e3(1—x1) for some a;, by, c; € R
and ey, e2,e3 € Ry. Looking at the coefficient of x3 we find 0 =", b? and
thus b; = 0 for all i. Looking at the coefficient of x1x2 we find 1 =0, a

contradiction. Therefore there is no feasible solution, i.e., pi°® = —oo. On
the other hand, p3°° = 0 since, for all € > 0, p5°° > —e as x1Xa + € =
(x2+2¢€)?

P20 (3 1) + G222 (x4 1) - Lxd

What if K has an empty interior? When K has a nonempty inte-
rior the moment/SOS relaxations behave nicely; indeed there is no duality
gap (Theorem 6.1) and the optimum value is attained under some condi-
tions (cf. Proposition 6.2). Marshall [104] has studied in detail the case
when K has an empty interior. He proposes to exploit the presence of equa-
tions to sharpen the SOS/moment bounds, in such a way that there is no
duality gap between the sharpened bounds. Counsider an ideal J C Z(K),
where Z(K) = {f € R[x] | f(z) = 0 Vo € K} is the vanishing ideal of
K; thus Z(K) = {0} if K has a nonempty interior. Marshall makes the
following assumption:

T CM(g1,---59m)- (6.5)
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If this assumption does not hold and {h1, ..., hm, } is a system of generators
of the ideal 7, it suffices to add the polynomials £h1,..., +h,,, in order
to obtain a representation of K that fulfills (6.5). Now one may work with
polynomials modulo the ideal J. Let

M (915 gm) == {P" | p € M2t(g1,---,9m)} C R[x]2t/T

be the image of Mo (g1, .., gm) under the map p — p’ := p mod J from
R[x] to R[x]/J. (This set was introduced in (3.24) for the ideal J = Z(K).)
Consider the following refinement of the SOS relaxation (6.2)

S0s,eq

Dy ==supp st. (p—p) € My(g1,---,9m) (6.6)
=supp s.t. p—p € Mao(q1,...,9m) +T. .

For the analogue of (6.3), we now consider linear functionals on R[x]2:/7,
i.e. linear functionals on R[x]s; vanishing on J N R[x]2:, and define

mom,eq ,_
¢ =

inf L
Le(R[x]2:/T)* (p) (67)

st L(1) = LL(f) > 0 Vf € My (g1, - -, gm).

Then, pi° < p;®° < p*°s, where the last inequality follows using (6.5);
pp v < p e, pirem < ptOT e < p™i. Moreover, pio™ = ppt™
P = p;°»°1 if K has a nonempty interior since then J = Z(K) = {0}.
Marshall [104] shows the following extension of Theorem 6.1, which relies
on Theorem 3.51 showing that M5%,(g1,...,gm) is closed when J = Z(K).
We omit the details of the proof which are similar to those for Theorem
6.1.

THEOREM 6.5. [104] When J = I(K) satisfies (6.5), pi°> =
py " for all t > max(d,, dk).

As a consequence,
supp;™™ = p** if T =TI(K) C M(g1,... gm).
Indeed, p?lom < p?lomﬂq — piosﬁq < pios < psos implies sup, p?lom < psos'
On the other hand, pi*°™ > pi°® implies sup, p;"°™ > sup, p;°® = p°°®, which
gives equality sup, pj"°™ = p°°°.

If we know a basis {h1,...,hm,} of J then we can add the equations
hj =0 (j <myg), leading to an enriched representation for the set K of the
form (2.5). Assuming J = Z(K), the SOS/moment bounds with respect
to the description (2.5) of K are related to the bounds (6.6), (6.7) by

pios S p?lom S p;nom,cq _ piOS7cq' (68)
LEMMA 6.6. Assume that J = Z(K), {h1,...,hm,} s a Grobner

basis of J for a total degree ordering, and deg(h;) is even Vj < mq. Then
equality holds throughout in (6.8).
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Proof. Let p be feasible for (6.6); we show that p is feasible for (6.2),
implying p;°>°? = pi°s. We have p — p = ZTZO $;9; + q where s; € X,
deg(sjg;) < 2t and ¢ € J. Then ¢ = 377 u;h; with deg(u;h;) < 2t
(since the h;’s form a Grébner basis for a total degree ordering) and thus
deg(u;) < 2(t — dp,) (since deg(h;) = 2dp, is even), i.e. p is feasible for
(6.2). O

REMARK 6.7. As each equation h; = 0 is treated like two in-
equalities £h; > 0, we have f € Mai(g1,. .., gmsL£h1,..., Lhm,) if and
only if f = 30008595 + 5y (uf — u)hy for some sj,uf,uf € X with
deg(s;g;), deg(ufhy), deg(ufh;) < 2t. As deg(ufhy),deg(ujh;) < 2t is
equivalent to deg(u’;),deg(u) < 2(t — dp,), one may equivalently write
Sy — w)hy = 370 ushy where uj € R[X]g(t_dhj). Note that
deg(uj) < 2(t — dp;) implies deg(ujh;) < 2t, but the reverse does not
hold, except if at least one of deg(u;), deg(h;) is even. This is why we
assume in Lemma 6.6 that deg(h;) is even. As an illustration, consider
again Example 6.4, where T(K) = (x2). If we add the equation x3 = 0 to
the description of K, we still get p§°® = —oo (since the multiplier of X2 in
a decomposition of x1x9 — p € Ma(x1 + 1,1 — X1, £x9) should be a scalar),
while p°* =0 (since x;1 is now allowed as multiplier of X2).

6.3. Asymptotic convergence. The asymptotic convergence of the
SOS/moment bounds to p™* follows directly from Putinar’s theorem (The-

orem 3.20); recall Definition 3.18 for an Archimedean quadratic module.

THEOREM 6.8. [78] If M(g1,...,9m) is Archimedean, then p°° =
mom __ pmin’ i.e. hmtﬂoo pfos — 11mt~>oo p%nom — pmin.

Proof. Given € > 0, the polynomial p — p™i" + ¢ is positive on K. By
Theorem 3.20, it belongs to M(g1, ..., gm) and thus the scalar p™" — e is
feasible for the program (6.2) for some ¢. Therefore, there exists ¢ for which
pis > p™mit — e, Letting € go to 0, we find that p*° = lim;_, o, pi°s > p™it,
1mply1ng psos — pmom — pmin' |

p

Note that if we would have a representation result valid for nonnegative
(instead of positive) polynomials, this would immediately imply the finite
convergence of the bounds p{°s, p°™ to p™®. For instance, Theorem 2.4 in
Section 2.1 gives such a reprentation result in the case when the description
of K involves a set of polynomial equations generating a zero-dimensional

radical ideal. Thus we have the following result.

COROLLARY 6.9. Assume K is as in (2.5) and hq,. .., hy, generate
a zero-dimensional radical ideal. Then, pi°® = p"°™ = p™" for t large
enough.

Proof. Directly from Theorem 2.4, as in the proof of Theorem 6.8. 0O

In the non-compact case, convergence to p™* may fail. For instance,
Marshall [104] shows that when K contains a full dimensional cone then,
for all t > max(d,,dx), pi*® = p*°™, which can be strictly smaller than
p™n. This applies in particular to the case K = R™.
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6.4. Approximating the unique global minimizer via the mo-
ment relaxations. Here we prove that when (1.1) has a unique global
minimizer, then this minimizer can be approximated from the optimum so-
lutions to the moment relaxations (6.3). We show in fact a stronger result
(Theorem 6.11); this result is taken from Schweighofer [150] (who however
formulates it in a slightly more general form in [150]). Recall the definition
of the quadratic module M(gy, ..., gm) from (3.13) and of its truncation
M:(g1, .- -, gm) from (3.22). Define the set of global minimizers of (1.1)

K;“i“ = {z € K| p(x) = p™"}. (6.9)

DEFINITION 6.10. Given y® € RNz, y(®) s nearly optimal for (6.3)
if y®) is feasible for (6.3) and lim;_ o pTy® = lim,_,, p*o™.

THEOREM 6.11.  [150] Assume M(g1,...,gm) is Archimedian,
Ky #0, and let y® be nearly optimal solutions to (6.3). Then, .
Ve >0 Tty > max(dp,drx) Vt >ty I probability measure on K" such

that max;—1,.. n |y§t) — [@ip(dx)| <e.
Proof. As M(g1,...,gm) is Archimedian, we deduce from (3.16) that

VkeN IN, €N Va e N} Np£x*€ My, (91, 9m)- (6.10)

Define the sets Z := [],cnn[—Nja|; N}, Co = {2 € Z | 20 = 1}, C :=
{z€Z|2Tf>0}for f € M(g1,...,9m), Cs :={z€ Z | |zTp—p™»| < §}
for 6 > 0, and

C:={2eZ| maxiz1,_ nl2, — [zip(dz)] > €
Vu probability measure on K"}

CLAIM 6.12. (N yem(gy,....gm) CF N0 Cs N CoNC = 0.

Proof. Assume 2 lies in the intersection. As z € CoNsenmy,,...g,) Cr

we deduce using (4.6) that z € MZ"(gy, ..., gm) (recall (4.17)). Hence, by
Theorem 4.17, z € Mk, i.e. z has a representing measure pu which is a
probability measure on the set K. As z € Ns~oCjs, we have p? z = p™i® | ie.
J(p(x) — p™)pu(dz) = 0, which implies that the support of 4 is contained
in the set Kg’i“, thus contradicting the fact that z € C. a

As Z is a compact set (by Tychonoff’s theorem) and all the sets
Cy,Cs,Cp,C are closed subsets of Z, there exists a finite collection of
those sets having an empty intersection. That is, there exist fi,...,fs €
M(g1,---,9m), 6 > 0 such that

.

Cr,N...NnCp,NCsNCoNC =0. (6.11)

Choose an integer t; > max(d,,dgk) such that fi,...,fs €
Moa, (g1,---,9m). Then choose an integer to such that to > t1, 2tg >
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max(Ny | k < 2t1) (recall (6.10)) and [pTy®) — p™in| < § for all t > to. We
now verify that this ¢y satisfies the conclusion of the theorem. For this fix
t > to. Consider the vector z € RN" defined by z, := yg) if |a| < 2t1, and
Zqo = 0 otherwise.

CLAM 6.13. z € Z.

Proof. Let a« € N™ with |a] =@ k < 2t;. Then N + x“ €
My, (91, 9m) € Moty (g1, 9m) € Mat(g1,...,gm). As y®) is feasi-
ble for (6.3) we deduce that (y™®)Tvec(Ny £ x*) > 0, implying |y((;)| <
Ny = Njq- o

Obviously z € Cy. Next z € Cjs since |z7p — p™n| = |(y)Tp —
p™in| < § as 2ty > deg(p). Finally, for any r = 1,...,s, z € C}, since
= (yN)Tf > 0as fr € Moy, (g15--+59m) € Mas(gi,...,gm). As
the set in (6.11) is empty, we deduce that z ¢ C. Therefore, there ex-
ists a probability measure p on Kg’in for which max; |y§t) — [ zip(dz)| =
max; |ze, — [ ;ipu(dz)| < e. This concludes the proof of Theorem 6.11. 0O

COROLLARY 6.14. Assume M(g1,...,gm) is Archimedian and prob-
lem (1.1) has a unique minimizer x*. Let y*) be nearly optimal solutions

to (6.3). Then lim;_, yg) =af foreachi=1,...,n.

Proof. Directly from Theorem 6.11 since the Dirac measure §,- at z*
is the unique probability measure on K. O

6.5. Finite convergence. Here we show finite convergence for the
moment/SOS relaxations, when the description of the semialgebraic set
K contains a set of polynomial equations h; = 0, ..., hny,, = 0 gener-
ating a zero-dimensional ideal. The case when the polynomial equations
hi,...,hm, generate a radical zero-dimensional ideal was considered ear-
lier in Corollary 6.9. We now consider the non-radical case. Theorem 6.15
below extends a result of Laurent [96] and uses ideas from Lasserre et al.
[90].

THEOREM 6.15. Consider the problem (1.1) of minimizing p € R[x]
over the set K = {x € R" | hj(z) =0 (j = 1,...,mp), g;(z) >0 (j =
1,....,m)} (as in (2.5)). Set T := (h1,.. ., humy)-

(i) If [Ve(T)| < oo, then p™™ = pio™ = psos for t large enough.
(ii) If [Vk(J)| < oo, then p™™ = pi"°™ for t large enough.

Proof. Fix € > 0. The polynomial p — p™™ + ¢ is positive on K. For
the polynomial u := — 377" h3, the set {x € R" | u(x) > 0} = Ve(J) is
compact (in fact, finite under (i) or (ii)) and u belongs to the quadratic
module generated by the polynomials +hy, ..., £h.,,. Hence we are in the
Archimedean case and we can apply Theorem 3.20. Therefore, there is a

decomposition

m
p—pmin—l—e:so—l—Zsjgj—l—q, (6.12)
j=1
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where s, s; are sums of squares and ¢ € J. To finish the proof we distin-
guish the two cases (i), (ii).

Consider first the case (i) when |Ve(J)| < oco. Let {f1,...,fr} bea
Grobner basis of J for a total degree monomial ordering, let 3 be a basis
of R[x]/J, and set dg := maxpep deg(b) (which is well defined as |B| < oo
since J is zero-dimensional). Consider the decomposition (6.12). Say,
55 = 52;‘ and write s; ; = r; ; + ¢;,;, where r; ; is a linear combination
of members of B and gi,; € J; thus deg(r; ;) < dp. In this way we obtain

another decomposition:
p—pmin—ke:sg—st;gj—Fq’, (6.13)
j=1
where s, s are sums of squares, ¢’ € J and deg(sg), deg(s}) < 2dp. Set
Ty := max(2dy, 2dg, 2dg + 2d,, , . .., 2dp + 2d,, ). (6.14)

Then, deg(sy), deg(s’g;), deg(p — p™in 4 €) < Ty and thus deg(q’) < Top.

Therefore, ¢’ has a decomposition ¢ = Elel wurfy with deg(u;f;)
deg(q") < Ty (because we use a total degree monomial ordering). We need
to find a decomposition of ¢’ with bounded degrees in the original basis

{h1, .o huno b of J. For this, write fi = 37" aj jh; where a;; € R[x].
m, L m
Then, ¢' = Zl 1“1(2 2y aihy) = Zj:o1(21:1 arju)h; =: Zj:ol bihj,

setting b; = Y25 aiju.  As deg(u) < Tp, we have deg(bjh;) <
2dp, + To + max(—, deg(a; ;). Thus, deg(bjh;) < T, after setting Ty :=
To + max;,j(deg(ar,;) + 2dp;), which is a constant not depending on e.
Therefore we can conclude that p™™ — ¢ is feasible for the program (6.2)
for all t > Ty := [T,/2]. This implies p{°> > p™i® —¢ for all ¢t > T}. Letting
€ go to zero, we find pi° > p™™ and thus p}° = p™i® for ¢+ > T}, which
concludes the proof in case (i).

Consider now the case (ii) when |[Vk(J)| < oo. Let y be feasible
for the program (6.3); that is, y € RNzt satisfies yo = 1, My(y) = 0,
Mt_dhj (hjy) =0 (j = 1,...,mp), Mt_dgj(gjy) =0(G=1,...,m). We
show pTy > p™» for t large enough. We need the following observations
about the kernel of M, (y). First, for j = 1,...,mo, h; € Ker M,(y) for
t > 2dy, (directly, from the fact that M;—a,, (hjy) = 0). Moreover, for
t large enough, Ker M;(y) contains any given finite set of polynomials of
I(Va(7))-

CLAIM 6.16. Let f1,...,fr € Z(Vr(J)). There exists t1 € N such
that f1,..., fr € Ker My(y) for allt > t;.

Proof. Fixl=1,...,L. As f1 € Z(W(J)), by the Real Nullstellensatz
(Theorem 2.1), f2™ + 3, Pri = Z;n 1 ug,;hj for some py;,u;; € R[x] and
my € N\{0}. Set t; := max(maxj 1 2dp;, 14+ maxi<r, j<m, deg(u jh;)) and
let t > t;. Then, each u; jh; lies in Ker M;(y) by Lemma 5.7. Therefore,
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4 >ipi; € Ker My(y), which implies f"',pi; € Ker My(y). An easy
induction permits to conclude that f; € Ker M (y). a0

Let {f1,...,fr} be a Grobner basis of Z(Vr(J)) for a total de-
gree monomial ordering, let B be a basis of R[x|/Z(Vk(J)), and set
dp := maxpep deg(b) (which is well defined since |B| < oo as Z(Ve(J)) is
zero-dimensional). Given € > 0, consider the decomposition (6.12) where
S0, ; are sums of squares and ¢ € J. As in case (i), we can derive an-
other decomposition (6.13) where s, s are s.0s.,, ¢ € Z(Vr(J)), and
deg(sp), deg(s}) < 2dp. Then, deg(sy), deg(s’g;),degq’ < To with Ty being
defined as in (6.14) and we can write ¢’ = Zle wy fi with deg(u; f1) < Tp.
Fix t > max(Ty+1,t1). Then, u;f; € Ker M;(y) (by Lemma 5.7 and Claim
6.16) and thus ¢’ € Ker M;(y). Moreover, vec(1)” M;(y)vec(ssg;) > 0;
to see it, write s5 = Y7, a7; and note that vec(1)” M;(y)vec(s}g;) =
> aiT)th_dgj (9jv)a;; > 0 since Mt_dgj (9;y) = 0. Therefore, we de-
duce from (6.13) that vec(1)T M, (y)vec(p — p™® + €) > 0, which gives
pTy = 1T My (y)p > p™» — € and thus pi"°™ > p™in — €. Letting € go to 0,
we obtain pi°™ > pmit and thus pinom = pin, O

QUESTION 6.17. Does there exist an example with |Ve(JT)| = oo,
[VR(J)| < 0o and where p;°s < p™™ for all t ?

The finite convergence result from Theorem 6.15 applies, in particular,
to the case when K is contained in a discrete grid K1 x...x K, with K; C R
finite, considered by Lasserre [80], and by Lasserre [79] in the special case
K C {0,1}™. We will come back to the topic of exploiting equations in
Section 8.2.

6.6. Optimality certificate. We now formulate some stopping cri-
terion for the moment hierarchy (6.3), i.e. some condition permitting to
claim that the moment relaxation (6.3) is in fact exact, i.e. po™ = pmin,
and to extract some global minimizer for (1.1).

A first easy such condition is as follows. Let y be an optimum solution
to (6.3) and z* := (Y10...0,---,¥0..01) the point in R™ consisting of the

coordinates of y indexed by o € N™ with |a| = 1. Then

r* € K and pi"°™ = p(z*) = piP°™ = pmin and
x* is a global minimizer of p over K.

(6.15)

Indeed p™® < p(z*) as € K, which together with p(z*) = ppom < pmin

implies equality p°™ = p™i® and z* is a minimizer of p over K. Note that
pto™ = p(z*) automatically holds if p is linear. According to Theorem

6.11 this condition has a good chance to be satisfied (approximatively)
when problem (1.1) has a unique minimizer. See Examples 6.24, 6.25 for
instances where the criterion (6.15) is satisfied.

We now see another stopping criterion, which may work when problem
(1.1) has a finite number of global minimizers. This stopping criterion,
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which has been formulated by Henrion and Lasserre [62], deals with the
rank of the moment matrix of an optimal solution to (6.3) and is based
on the result of Curto and Fialkow from Theorem 5.33. As in (6.9), K"
denotes the set of global minimizers of p over the set K. Thus Kz‘)ni“ # 0,
e.g., when K is compact. The next result is based on [62] combined with
ideas from [90].

THEOREM 6.18. Let t > max(d,,dr) and let y € RNzt be an optimal

solution to the program (6.3). Assume that the following rank condition
holds:

s s.t. max(dp,dx) < s <t and rank M(y) = rank M,_q, (y). (6.16)

Then pf*e™ = p™" and Vc(Ker My(y)) C K™  Moreover, equality
Ve(Ker M(y)) = K2 holds if rank My(y) is mazimum among all opti-
mal solutions to (6.3).

Proof. By assumption, pi°m = pTy, M,(y) = 0, rank M,(y) =
rank Ms_q,(y) =: r and M,_q,(g;y) = 0 for j = 1,...,m, where
max(dp,dx) < s <t. Ass > dg, we can apply Theorem 5.33 and con-
clude that the sequence (ya)aeny, has a r-atomic representing measure
p= > Ny, where v; € K, \; > 0 and > ._,; \; = 1 (since yo = 1).
As s > dp, prom = ply = ngzspaya = > hip(v;) > p™n, since
p(v;) > p™® for all i. On the other hand, p™i® > pme™m  This implies
that p™* = p°™ and that each v; is a minimizer of p over the set K, i.e.,
supp(u) = {v1,...,v,} © K™ As supp(u) = Ve(Ker M (y)) by Theorem
5.29, we obtain Ve (Ker M, (y)) C K.

Assume now that rank M;(y) is maximum among all optimal solu-
tions to (6.3). By Lemma 1.4, Ker M;(y) C Ker M;(y’) for any other
optimal solution y’ to (6.3). For any v € KZ‘}““, Yy = (ot is fea-
sible for (6.3) with objective value pTy’ = p(v) = p™"; thus ¢ is
an optimal solution and thus Ker M;(y) C Ker M;({2:,,). This implies
Ker M:(y) C ﬂvng,in Ker M(Cat,w) © Z(K3™). Therefore, Ker M(y) C

Ker My(y) € Z(Kp™), which implies K" C Ve(Ker M,(y)) and thus
equality Ve (Ker M(y)) = K™ holds. a

Hence, if at some order ¢ > max(dp, dx) one can find a maximum rank
optimal solution to the moment relaxation (6.3) which satisfies the rank
condition (6.16), then one can find all the global minimizers of p over the
set K, by computing the common zeros to the polynomials in Ker M, (y). In
view of Theorem 5.29 and Lemma 5.2, the ideal (Ker M, (y)) is (real) radical
and zero-dimensional. Hence its variety Vi (Ker M;(y)) is finite. Moreover
one can determine this variety with the eigenvalue method, described in
Section 2.4. This extraction procedure is presented in Henrion and Lasserre
[62] and is implemented in their optimization software GloptiPoly.

The second part of Theorem 6.18, asserting that all global minimizers
are found when having a maximum rank solution, relies on ideas from [90].
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When p is the constant polynomial 1 and K is defined by the equations
h1 = 0,...,hm, = 0, then K;)nin is the set of all common real roots of
the h;’s. The paper [90] explains in detail how the moment methodology
applies to finding real roots, and [91] extends this to complex roots.

As we just proved, if (6.16) holds for a maximum rank optimal solution
y to (6.3), then KM = Vi (Ker M(y)) is finite. Hence the conditions of
Theorem 6.18 can apply only when p has finitely many global minimizers
over the set K. We will give in Example 6.24 an instance with infinitely
many global minimizers and thus, as predicted, the rank condition (6.16)
is not satisfied. We now see an example where the set Kz‘)ni“ of global
minimizers is finite but yet the conditions of Theorem 6.18 are never met.

EXAMPLE 6.19. We give here an ezample where |[K™| < oo and
pIem = pfos < p™in: hence condition (6.16) does not hold. Namely con-
sider the problem

min __ s o n o— 2
D _gél}%p(x) where K := {x € R" | g1(z) .—1—;331- > 0}.

Assume that p is a homogeneous polynomial which is positive (i.e., p(x) > 0
for all z € R™\ {0}), but not a sum of squares. Then, p™™ = 0 and the
origin is the unique minimizer, i.e., K;“i“ = {0}. Consider the moment
relazation (6.3) and the dual SOS relazation (6.2) for t > d,. As M(g1)
is Archimedean, the SOS relazation (6.2) is feasible for t large enough.
Moreover, as K has a nonempty interior, there is no duality gap, i.e.
PP = pi°®, and the supremum is attained in (6.2) (apply Theorem 6.1).
We now verify that p;° = p°™ < p™n" = 0. Indeed, if p;° = 0, then
p = so+si1(l =Y, x?) where so,s1 € R[x] are sums of squares. It is
not difficult to verify that this implies that p must be a sum of squares
(see [35, Prop. 4]), yielding a contradiction. Therefore, on this exam-
ple, pi°™ = pfos < p™" and thus the rank condition (6.16) cannot be
satisfied. This situation s illustrated in Example 6.25. There we choose
p=M + e(x$ + x5 + x§) where M is the Motzkin form (introduced in Ez-
ample 3.7). Thus p is a homogeneous positive polynomial and there exists
e > 0 for which p. is not SOS (for if not M = lim._op. would be SOS
since the cone X3¢ is closed).

On the other hand, we now show that the rank condition (6.16) in
Theorem 6.18 holds for ¢ large enough when the description of the set K
comprises a system of equations hy =0, ..., hy, = 0 having finitely many
real zeros. Note that the next result also provides an alternative proof for
Theorem 6.15 (ii), which does not use Putinar’s theorem but results about
moment matrices instead.

THEOREM 6.20. [90, Prop. 4.6] Let K be as in (2.5), let J be the ideal
generated by ha, ..., hpy, and assume that |Ve(J)| < oo. Fort large enough,
there exists an integer s, max(di,d,) < s < t, such that rank M,(y) =
rank M,_q, (y) for any feasible solution y to (6.3).
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Proof. As in the proof of Theorem 6.15 (ii), let {f1,...,fr} be a
Grobner basis of Z(Vr (7)) for a total degree monomial ordering. By Claim
6.16, there exists t; € N such that f1,..., fr, € Ker My(y) for all t > ¢;. Let
B be a basis of R[x|/Z(Vr (7)) and dp := maxpcp deg(b). Write any mono-
mial as z® = r(® 4 Zle pl(a)fl, where 7(®) € Spang(B), pl(a) € R[x]. Set
to := max(t1,dg+dx,dp) and t3 := 1+max(t2,deg(pl(a)fl) for i < L,|a| <
t2). Fix ¢t > t3 and let y be feasible for (6.3). We claim that rank M, (y) =
rank My, 4, (y). Indeed, consider a € Nj,. As deg(pl(a)fl) <t—1and

f1 € Ker My(y), we deduce (using Lemma 5.7) that pl(a)fl € Ker M (y) and
thus x* — r(® € Ker Mi(y). As deg(r(o‘)) < dp <ty — dg, this shows that
the ath column of M;(y) can be written as a linear combination of columns
of My,_4(y); that is, rank My, (y) = rank My, 4, (y). a

Let us conclude this section with a brief discussion about the assump-
tions made in Theorem 6.18. A first basic assumption we made there is
that the moment relaxation (6.3) attains its minimum. This is the case,
e.g., when the feasible region of (6.3) is bounded (which happens e.g. when
a ball constraint is present in the description of K, cf. Proposition 6.2),
or when program (6.2) is strictly feasible (recall Theorem 1.3). A second
basic question is to find conditions ensuring that there is no duality gap,
ie. po™ = pi°®, since this is needed if one wants to solve the semidefinite
programs using a primal-dual interior point algorithm. This is the case,
e.g. when K has a nonempty interior (by Theorem 6.1) or when any of the
programs (6.3) or (6.2) is strictly feasible (recall Theorem 1.3).

Another question raised in Theorem 6.18 is to find an optimum solu-
tion to a semidefinite program with maximum rank. It is in fact a property
of most interior-point algorithms that they return a maximum rank optimal
solution. This is indeed the case for the SDP solver SeDuMi used within
GloptiPoly. More precisely, when both primal and dual problems (6.3) and
(6.2) are strictly feasible, then the interior-point algorithm SeDuMi con-
structs a sequence of points on the so-called central path, which has the
property of converging to an optimal solution of maximum rank. SeDuMi
also finds a maximum rank optimal solution under the weaker assump-
tion that (6.3) is feasible and attains its minimum, (6.2) is feasible, and
pPe™ = pi® < oo. Indeed SeDuMi applies the so-called extended self-dual
embedding technique, which consists of embedding the given program into
a new program satisfying the required strict feasibility property; a maxi-
mum rank optimal solution for the original problem can then be derived
from a maximum rank optimal solution to the embedded problem. See [33,
Ch. 4], [176, Ch. 5] for details. (This issue is also discussed in [90] in the
context of solving systems of polynomial equations.)

There are many further numerical issues arising for the practical imple-
mentation of the SOS/moment method. Just to name a few, the numerical
instability of linear algebra dealing with matrices with a Hankel type struc-
ture, or the numerically sensitive issue of computing ranks, etc. To address
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the first issue, Lofberg and Parrilo [100] suggest to use sampling to rep-
resent polynomials and other non-monomial bases of the polynomial ring
R[x]; see also [34] where promising numerical results are reported for the
univariate case, and [141].

Another issue, which is discussed in detail by Waki et al. [173], is that
numerical errors in the computations may lead the SDP solver to return
the wrong value. As an example they consider the problem

poin = ;DEIII% r where K :={r € R |2 > 0,2 —1>0}. (6.17)
Obviously, p™* = 1 and it is not difficult to check that p"°™ = ps*s = 0
for all ¢ > 1. However, as noted in [173], the values returned e.g. by the
SDP solver SeDuMi when solving the SOS/moment relaxations of order
t = 5,6 are approximatively equal to 1. So in practice the relaxations con-
verge t0 Pmin, While this is not true in theory! A fact which might help
explain this strange behaviour is that, while x — 1 does not have any de-
composition sg + xs1 + (x2 — 1)s with sg, 51, 52 € ¥, a small perturbation
of it does have such a decomposition. Namely, for any ¢ > 0 there exists
r € N for which the perturbed polynomial x — 1 + ex?" has a decompo-
sition sg + xs1 + (x2 — 1)sy with sg, 81,82 € X. So it seems that, due to
numerical errors introduced in the course of computation, the SDP solver
is not solving the original problem (6.17) but some perturbation of it which
behaves better. As a remedy to this Waki et al. [173] propose to use a
solver using multiple-precision computations like SDPA-GMP [44]; applied
to the above problem this solver indeed returns the correct value 0 for the
moment/SOS relaxations of order 5. Henrion and Lasserre [62] had also
reported similar findings about minimizing the Motzkin polynomial.

6.7. Extracting global minimizers. We explain here how to ex-
tract global minimizers to the problem (1.1) assuming we are in the sit-
uation of Theorem 6.18. That is, y € RN is an optimal solution to the
program (6.3) satisfying the rank condition (6.16). Then, as claimed in
Theorem 6.18 (and its proof), p"°™ = p™in 4 has a r-atomic representing
measure 4 = .., N\idy,, where \; > 0, i, \; = 1, r = rank M,(y),
and Ve (Ker My(y)) = {v1,...,v.} C KM, the set of optimal solutions
to (1.1). The question we now address is how to find the v;’s from the
moment matrix Ms(y). We present the method proposed by Henrion and
Lasserre [62], although our description differs in some steps and follows the
implementation proposed by Jibetean and Laurent [69] and presented in
detail in Lasserre et al. [90].

Denote by ¢ the (infinite) sequence of moments of the measure u.
Then, M (7) is a flat extension of M,(y). Hence, by Theorem 5.29, 7 :=
Ker M(y) = (Ker Ms(y)) and any set B C T? ; indexing a maximum
nonsingular principal submatrix of M;_1(y) is a basis of R[x]/Z. One
can now determine Vg (Ker M;(y)) = Ve (Z) with the eigenvalue method
presented in Section 2.4.
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In a first step we determine a subset B C T _ dx indexing a maximum
nonsingular principal submatrix of M(y). We can find such set B in a
‘greedy manner’, by computing the successive ranks of the north-east corner
principal submatrices of M;_4, (y). Starting from the constant monomial
1, we insert in B as many low degree monomials as possible.

In a second step, for each i = 1,...,n, we construct the multiplica-
tion matrix My, of the ‘multiplication by x;’ operator my, (recall (2.6))
with respect to the basis B of R[x|/Z. By definition, for x* € B, the
xPth column of My, contains the residue of the monomial x,;x° modulo 7

w.r.t. the basis B. That is, setting My, := (a((j)ﬁ)xa)xﬁeg, the polynomial

xixP =3 s a&%xa belongs to Z and thus to Ker M,(y). From this we
immediately derive the following explicit characterization for My, from the

moment matrix M (y).

LEMMA 6.21. Let My denote the principal submatriz of M(y) indexed
by B and let U; denote the submatriz of M4(y) whose rows are indexed by B
and whose columns are indexed by the set x;B = {x;x* | x* € B}. Then,

My, = My 'U;.

Given a polynomial h € R[x], the multiplication matrix of the 'mul-
tiplication by A’ operator w.r.t. the basis B is then given by M; =
h(Msx,, ..., Msy,). In view of Theorem 2.9, the eigenvectors of M, are the
vectors (g, = (v¥)xecp With respective eigenvalues h(v) for v € V(7). A
nice feature of the ideal Z = Ker M (g) = (Ker M,(y)) is that it is (real)
radical. Hence, if the values h(v) for v € Vi (Z) are all distinct, then the
matrix M, ;;F is non-derogatory, i.e., its eigenspaces are 1-dimensional and
spanned by the vectors (g, (for v € V¢(Z)) (recall Lemma 2.12). In that
case, one can recover the vectors (g, directly from the right eigenvectors
of My. Then it is easy - in fact, immediate if B contains the monomials
X1, ...,Xp - to recover the components of v from the vector (5 ,. According
o [24], if we choose h as a random linear combination of the monomials
X1,...,X, then, with high probability, the values h(v) at the distinct points
of V¢ (Z) are all distinct.

6.8. Software and examples. Several software packages have been
developed for computing sums of squares of polynomials and optimizing
polynomials over semialgebraic sets.

e GloptiPoly, developed by Henrion and Lasserre [61], implements
the moment/SOS hierarchies (6.3), (6.2), and the techniques described
in this section for testing optimality and extracting global optimiz-
ers. See http://www.laas.fr/“henrion/software/gloptipoly/ The
software has been recently updated to treat more general moment prob-
lems; cf. [63].

e SOSTOOLS, developed by Prajna, Papachristodoulou, Seiler and Par-
rilo [132], is dedicated to formulate and compute sums of squares optimiza-
tion programs. See http://www.mit.edu/ parrilo/sostools/
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order ¢ | rank sequence | bound p;*°™ | solution extracted
1 (1,7) unbounded none
2 (1,1, 21) -310 (5,1,5,0,5,10)
TABLE 1

Moment relaxations for Example 6.22

e SparsePOP, developed by Waki, Kim, Kojima and Muramatsu [172],
implements sparse moment/SOS relaxations for polynomial optimiza-
tion problems having some sparsity pattern (see Section 8.1).  See
http://www.is.titech.ac.jp/ "kojima/SparsePOP/

e Yalmip, developed by Loéfberg, is a MATLAB toolbox for rapid
prototyping of optimization problems, which implements in par-
ticular the sum-of-squares and moment based approaches. See
http://control.ee.ethz.ch/~joloef/yalmip.php

We conclude with some small examples. See e.g. [78, 62, 90] for more
examples.

EXAMPLE 6.22. Consider the problem:

min  p(z) = —25(21 — 2)* — (22 — 2)* — (x5 — 1)
(g —4)? — (25 — 12 — (2 — 1)’
st (z3—3)2 44 >4, (v5—-3)2+a6>4
T1 —3w2 <2, —11+w2 <2, 11 +132 <6,
T1+x22>2, 1<23<5, 0< 24 <6,
1§I5§5,0§I6§10, {E1,$220.

As shown in Table 1, GloptiPoly finds the optimum wvalue —310 and a
global minimizer (5,1,5,0,5,10) at the relazation of order t = 2. This
involves then the computation of a SDP with 209 variables, one semidefi-
nite constraint involving a matriz of size 28 (namley, Ms(y) = 0) and 16
semidefinite constraints involving matrices size 7 (namely, Mi(g;y) = 0,
corresponding to the 16 constraints g; > 0 of degree 1 or 2).

EXAMPLE 6.23. Consider the problem
min  p(x) = —x1 — X2
s.t. w9 < 2r1 — 873 + 8z +2

zy < 4ot — 3223 + 88zF — 96271 + 36
0§£L‘1§3, 0§JJ2§4

As shown in Table 2, GloptiPoly solves the problem at optimality at the
relaxation of order t = 4.

EXAMPLE 6.24. Consider the problem:

min  p(z) = 2323 (2? + 2% — 32%) + 25
st x4 a3 +a3 <1,
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order ¢ | rank sequence | bound pi*°™ | solution extracted
2 (1,1,4) -7 none
3 (1,2,2,4) -6.6667 none
4 (1,1,1,1,6) -5.5080 (2.3295,3.1785)
TABLE 2

Moment relazations for Example 6.23

order rank sequence bound p*°™ | value reached

t by moment
vector

3 (1, 4,9, 13) —0.0045964 710-26

4 (1, 4, 10, 20, 29) —0.00020329 310730

5 (1, 4, 10, 20, 34, 44) —2.8976 107 310736

6 (1, 4, 10, 20, 34, 56, 84) —6.8376 106 6 10742

7 (1, 4, 10, 20, 35, 56, 84, 120) | —2.1569 10~° 410743

TABLE 3
Moment relaxations for Example 6.2/

of minimizing the Motzkin form over the unit ball. As we see in Table 3,
the moment bounds p/™°™ converge to p™™ = 0, but optimality cannot be
detected via the rank condition (6.16) since it is never satisfied. This is
to be expected since p has infinitely many global minimizers over the unit
ball. However the criterion (6.15) applies here; indeed GloptiPoly returns
that the relazed vector x* = (ye,)s_, (where y is the optimum solution to
the moment relaxation) is feasible (i.e. lies in the unit ball) and reaches
the objective value which is mentioned in the last column of Table 3; here
x* ~0.

EXAMPLE 6.25. Consider the problem

min  p(z) = 27z3 (2] + 23 — 323) + 2§ + €(af + 2§ + 25)
st a2+ a3+ a3 <1,

of minimizing the perturbed Motzkin form over the unit ball. For any e > 0,
p™" = 0 and p is positive, i.e. the origin is the unique global minimizer.
Moreover, p. is SOS if and only if ¢ > € ~ 0.01006 [171]. Hence, as
explained in Fxample 6.19, it is to be expected that for € < €*, the rank
condition (6.16) does not hold. This is confirmed in Table 4 which gives
results for e = 0.01. Again the criterion (6.15) applies, i.e. the moment
vector y yields the global minimizer x* = (ye,)i_;, * ~ 0, and the last

column gives the value of p. evaluated at T*.

The following example (taken from [90]) illustrates how the method
can be used to compute the real roots to a system of polynomial equations:
hi(xz) =0,...,hy(z) = 0. Indeed this problem can be cast as finding the
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rank sequence bound p*°™ | value reached
t by moment
vector
3 (1,4,9,13) —2.11107° 1.67 10~
4 (1, 4, 10, 20, 35) —1.92 1077 4.47 10760
5 (1, 4, 10, 20, 35, 56) 2.94 10712 1.26 10~44
6 (1, 4, 10, 20, 35, 56, 84) 3.54 10712 1.5 10744
7 (1, 4, 10, 20, 35, 56, 84, 120) 4.09 1012 2.83 1043
8 | (1, 4, 10, 20, 35, 56, 84, 120, 165) | 4.75 10~ '2 5.24 1044

TABLE 4
Moment relazations for Example 6.25

global minimizers of the minimization problem:
min p(z) :=1s.t. hi(x) =0,...,hn(z) =0.

Thus when the system has finitely many real roots one can find them by
solving a sufficiently large semidefinite moment relaxation.

EXAMPLE 6.26. Consider the polynomials
hy = 5x? — GX?XQ + xlx% + 2x1X3,
he =
hs

—2x8%5 + 2x2x5 + 2x9X3,
x5 + x5 — 0.265625.

Table 5 shows the rank sequences for the moment relaxzations of order
t = 5,...,8. Here we have di = 5, where K = {x € R® | hi(x) =
0,...,hs(x) = 0}. At order t = 8, the flatness condition holds, but we
have only rank My(y) = rank Ma(y), while the condition (6.16) would re-
quire rank M (y) = rank M,_5(y) for some s > 5. Thus at order t = 8,
we can extract 8 real points, but we cannot claim that they lie in the set
K. However it suffices to check afterwards that the extracted points lie in
K, i.e. satisfy the equations hy = 0,...,hg = 0. The column ’accuracy’
shows the quantity max; . |h;(v)|, where v runs over the extracted points
and j =1,2,3. The extracted real roots are:

21 = (—0.515, —0.000153, —0.0124) ,
29 = (—0.502,0.119,0.0124) ,

x5 = (0.502,0.119,0.0124) ,

24 = (0.515, —0.000185, —0.0125) ,
x5 = (0.262,0.444, —0.0132) ,

26 = (—2.07e-5,0.515, —1.27¢-6) ,
z7 = (—0.262,0.444, —0.0132) ,

zs = (—1.05¢-5,—0.515, —7.56¢-7) .
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order ¢ rank sequence accuracy
5 1481625 34 —

6 139152226 32 —

7 138101216 20 24 —

8 1488812162024 | 4.6789%-5

TABLE 5
Moment relazations for Example 6.26

Note that there are 20 complex roots in total.

7. Application to optimization - Some further selected topics.

7.1. Approximating positive polynomials by sums of squares.
We now come back to the comparison between nonnegative polynomials
and sums of squares of polynomials. As we saw earlier, the parameters
(n,d) for which every nonnegative polynomial of degree d in n variables
is a sum of squares have been characterized by D. Hilbert; namely, they
are (n = 1,d even), (n > 1,d = 2), and (n = 2,d = 4). Thus for any
other pair (n,d) (d even) there exist nonnegative polynomials that cannot
be written as a sum of squares. A natural question is whether there are
many or few such polynomials. Several answers may be given depending
whether the degree and the number of variables are fixed or not. First,
on the negative side, Blekherman [16] has shown that when the degree d is
fixed but the number n of variables grows, then there are significantly more
positive polynomials than sums of squares. More precisely, for d € N even,
consider the cone Hy (resp., ¥4) of homogeneous polynomials p € R[x] of
degree d that are nonnegative on R™ (resp., a sum of squares). In order to
compare the two cones, Blekherman considers their sections ﬁd =Hi;NnH
and X4 := X4 N H by the hyperplane H := {p | [q._. p(z)u(dr) = 1},
where 1 is the rotation invariant probability measure on the unit sphere
Sn—t,

THEOREM 7.1. [16] There exist constants Cy,Cy > 0 depending on d
only such that for any n large enough,

.\ 1/D
oyntarz-v/2 < vol Ha < Cynld/2-1/2,
“ \wol Xy -

where D = (”Jr;l*l) — 1.

However, on the positive side, Berg [11] has shown that, when the
number of variables is fixed but the degree is variable, then the cone of
sums of squares is dense in the cone of polynomials nonnegative on [—1, 1]™.
While Berg’s result is existential, Lasserre and Netzer [92] have provided an
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explicit and very simple sum of squares approximation, which we present in
Theorem 7.2 below. Previously, Lasserre [84] had given an analogous result
for polynomials nonnegative on the whole space R™, presented in Theorem
7.3 below. To state the results we need the following polynomials:

n 2k

t n
0, :szk—' O, :=1+Z;x§f, (7.1)

k=0 i=1

defined for any ¢ € N.

THEOREM 7.2. [92] Let f € R[x] be a polynomial nonnegative on
[—1,1]™ and let ©; be as in (7.1). For any € > 0, there exists to € N such
that the polynomial f + €Oy is a sum of squares for all t > tg.

THEOREM 7.3. [84] Let f € R[x] be a polynomial nonnegative on R™
and let 0; be as in (7.1). For any e > 0, there exists tog € N such that [+ €6,
18 a sum of squares for all t > tg.

In both cases the proof relies on a result about existence of a repre-
senting measure, combined with some elementary bounds on the entries of
positive semidefinite moment matrices. For Theorem 7.2 we use the result
from Theorem 4.12 about existence of a representing measure for bounded
sequences. On the other hand, for Theorem 7.3, we need the following
(more difficult) result of Carleman (for the case n = 1) and Nussbaum (for
n > 1). Recall that ey, ..., e, denote the standard unit vectors in R”. Thus,
for y € RNV", Yake, 18 its entry indexed by 2ke;, i.e. Yake, = Y(0,...,0,2k,0....,0)
where 2k is at the ith position.

THEOREM 7.4. [119] Given y € RN", if M(y) = 0 and
Zyikle/i% =00 (1=1,...,n) (7.2)
k=0

then y has a (unique) representing measure.

Observe that Theorem 7.2 in fact implies Theorem 7.3. Indeed, if
f >0onR" then f >0 on [—1,1]" and thus, by Theorem 7.2, there exist
e > 0 and ty € N for which f + €O, is SOS for all ¢ > ty. It suffices now

2k
to observe that 6; = s + %6y, where s = s Xt | =Lt s SO,
which shows that f + et!f; is SOS.

In what follows we first give the proof of Theorem 7.2 and, although
it implies Theorem 7.3, we also give a direct proof for Theorem 7.3 since
it might be instructive to see how Carleman’s result (Theorem 7.4) is used
in the proof.

7.1.1. Bounds on entries of positive semidefinite moment ma-
trices. We begin with some elementary bounds from [84, 92] on the entries
of My(y), which will be used in the proof, and might be of independent in-
terest. As we now see, when M;(y) » 0, all entries y, can be bounded



108 MONIQUE LAURENT

in terms of yo and y(2¢,0,....0s -+ Y(0,...,0,2¢), the entries indexed by the
constant monomial 1 and the highest order monomials x3!,...,x2!. For
0<k<t,set

Tk = maX(y(zk,o ..... 0)y- -5 Y(0,..., 0,2k)) = Z.:Hlla'xnyﬂcei;

thus 70 = yo. We will use the inequality 2, 5 < y2ayop (for o, 8 € N}),
which follows from the fact that the submatrix of M;(y) indexed by {«, 5}
is positive semidefinite.

LEMMA 7.5. Assume My(y) > 0 and n = 1. Then yor, < max(7o, 7¢)
for0<k<t.

Proof. The proof is by induction on ¢ > 0. If ¢t = 0,1, the result is
obvious. Assume ¢ > 1 and the result holds for t — 1, i.e. yg,...,y2t—2 <
max(yo, Yat—2); we show that yo, ..., y2r < max(yo,y2:). This is obvious if
Yo > yor—2. Assume now yo < yor—2. AS Y3, o < yor—ayor < Yor_2yor, We
deduce ya;—2 < yop and thus yo, ..., y2r < y2r = max(yo, yar)- a

LEMMA 7.6. Assume Mi(y) = 0. Then y2o < 73 for all |a] = k < t.

Proof. The case n = 1 being obvious, we first consider the case n = 2.
Say s := max|q|— Y20 15 attained at you-. As 2af > k <= 205 < Kk,
we may assume w.l.o.g. 2o} > k. Write 2a* = (k,0) + (205 — k,2a3) =
(k,0) + (k — 205, 20a3). Then y3,- < Y(2k,0)¥(2k—4a5.4a5)- NOW Y3, = 57,
Y(2k—403 403) < S, Y(2k,0) < Tk, which implies s < 7. This shows the result
in the case n = 2.

Assume now n > 3 and the result holds for n — 1. Thus ys, < 7%
if o] = k and «; = 0 for some i. Assume now 1 < a3 < ... < qp.
Consider the sequences v := (2a1,0, a3 + as — a1, 0y, ...,a,) and 4/ :=
(0,200, 03 + a1 — @2, Q4 ..., ). Thus |y = || = |a| =k, v+ = 2a.
As y2 =41 = 0, we have ya,, Y2, < 7. Hence y3, = y3+y’ < Youy2y < T
implying y2q < 7.

COROLLARY 7.7. Assume My(y) > 0. Then |yo| < maxo<k<i Tk =
max(7o,7¢) for all |a| < 2t.

Proof. Using Lemma 7.5, we see that yax0,....0) < max(yo, Y2t,0,...,0)) <
max(7p,7), implying 7, < max(79,7;) and thus maxo<p<iTh =
max(7g,7¢) =: 7. By Lemma 7.6 we deduce ys, < 7 for |a| < t. Consider
now |y| < 2t. Write v = oo+ § with |, || < t. Then 32 < yanyops < 77,
giving |y,| < 7.

]

We mention for completeness another result for bounding entries of a
positive semidefinite moment matrix. This result is used in [86] for giv-
ing an explicit set of conditions ensuring that a polynomial p is a sum of
squares, the conditions depending only on the coefficients of p.

LEMMA 7.8. [86] If M:(y) = 0 and yo = 1, then |y.|"/1°1 < Tt1/2t for
all |of < 2t.
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Proof. Use induction on ¢ > 1. The result holds obviously for ¢t = 1.
Assume the result holds for ¢ > 1 and let My41(y) = 0, yo = 1. By

the induction assumption, |yq|"/1* < Tt1/2t for |a| < 2t. By Lemma 7.6,

|Ya| < 741 for |af = 2t + 2. We first show Ttl/t < Ttlﬁtﬂ). For this, say
2t—2) /2t .

Tt = Y2te,; then 7't2 = y%tel < Yo(tr1)e Y2(t—1)er < Tt+1Tt( 1 , which

gives /" < Ttlj( Remains only to show that |y,|'/ll < Ttlﬁﬂ for

|a] = 2t 4+ 1 (as the case |a| < 2t follows using the induction assumption,
and |a| = 2t + 2 has been settled above). Say, |a| =2t +1 and a =+

(t+1)
1 .

with |8] = ¢, [y| = t + 1. Then 42 < yogy2y < Timee1 < 7100 Vo mgs =
Tf_ﬁ“w (tH), giving the desired result. |

7.1.2. Proof of Theorem 7.2. The following result is crucial for the
proof of Theorem 7.2.

PROPOSITION 7.9. Given a polynomial f € R[x] consider the program
e =inf fTy s.t. My(y) =0, y70, <1 (7.3)

for any integer t > dy = [deg(f)/2]. Recall the polynomial ©; from (7.1).
Then,
(i) —o0 < € <0 and the infimum is attained in (7.3).
(ii) For e > 0, the polynomial f + €O is a sum of squares if and only if
€ > —e¢f. In particular, f is a sum of squares if and only if e = 0.
(iii) If the polynomial f € R[x] is nonnegative on [—1,1]", then
lim; .o € =0.
Proof. Let y be feasible for the program (7.3). Then 0 <
Y05 Y(24,0,...,0)5 - -, Y(0,..,02¢) < 1 (from the linear constraint y'e, < 1)
which, using Corollary 7.7, implies |y,| < 1 for all . Hence the feasible
region of (7.3) is bounded and nonempty (as y = 0 is feasible). Therefore
the infimum is attained in program (7.3) and —oco < ¢ < 0, showing (i).
One can verify that the dual semidefinite program of (7.3) reads

d; :==sup—X\ s.t. f+ A0, is a sum of squares.
A>0

As the program (7.3) is strictly feasible (choose for y the sequence of mo-
ments of a measure with positive density on R™, with finite moments up to
order 2t, rescaled so as to satisfy y70; < 1), its dual semidefinite program
attains it supremum and there is no duality gap, i.e. € =d;. Thus f+ €O,
is a sum of squares if and only if —e < dj = €}, i.e. € > —¢}, showing (ii).
We now show (iii). Say ¢ = fTy®), where y® is an optimum solu-
tion to (7.3) with, as we saw above, y*) € [~1,1]%2:. Complete y*) to a
sequence ) = (y®,0,...,0) € [-1,1]N". As [-1,1]N" is compact, there
exists a converging subsequence (y(“));>q, converging to y* € [~1,1]\"
in the product topology. In particular, there is coordinate-wise conver-

( (t)

gence, i.e. (ya'')i>o0 converges to yk, for all a. Therefore M(y*) = 0.
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As y* € [-1, 1]Nn, we deduce using Theorem 4.12 that y* has a repre-
senting measure p on [—1,1]". In particular, ¢;, = fTy®) converges to
ffy* = f[—l,l]" f(x)u(dz). By assumption, f > 0 on [—1,1]™ and thus
fTy* > 0. On the other hand, fTy* < 0 since ¢f < 0 for all . Thus
fTy* = 0. This shows that the only accumulation point of the sequence ¢,
is 0 and thus ¢; converges to 0. d

We can now conclude the proof of Theorem 7.2. Let ¢ > 0. By
Proposition 7.9 (iii), lim;_,o € = 0. Hence there exists ¢y € N such that
e; > —eforall t > to. Applying Proposition 7.9 (ii), we deduce that f+€©,
is a sum of squares.

As an example, consider the univariate polynomial f = 1 — x2, obvi-
ously nonnegative on [—1,1]. Then, for € > (¢t — 1)!~!/t!, the polynomial
f+ex?! is nonnegative on R and thus a sum of squares (see [92] for details).

7.1.3. Proof of Theorem 7.3. We now turn to the proof of Theorem
7.3, whose details are a bit more technical. Given an integer M > 0,
consider the program

W = igf /f(a:),u(da:) s.t. /Zez?,u(d:r) < neM’, (7.4)

where the infimum is taken over all probability measures y on R™.

LEMMA 7.10. Let f € R[x] and assume f™" :=inf epn f(z) > —00.
Then phy | f™™ as M — oo.

Proof. Obviously, the sequence (},) s is monotonically non-increasing
and 3, > f™=. Next observe that p}, < inf,_<a f(z) since the Dirac
measure 1 = 0, at any point z with ||zl < M is feasible for (7.4) with
objective value f(z). Now infy, < f(z) converges to fmin as M — oo,
which implies that u3, | f™" as M — oo. d

The idea is now to approach the optimum value of (7.4) via a sequence
of moment relaxations. Namely, for any integer t > dy = [deg(f)/2],
consider the semidefinite program

€y -= inf Ty st. Mi(y) =0, yo =1, y76; < neM’ (7.5)
whose dual reads

di pp i=sup vy — e’ st A >0, v+ A, is a sum of squares. (7.6)
YA

The next result is crucial for the proof of Theorem 7.3.

PROPOSITION 7.11. Fiz M > 0, t > dy, and assume f™" > —oo.
The following holds for the programs (7.5) and (7.6).
(i) The optimum is attained in both programs (7.5) and (7.6) and there
is no duality gap, i.e. € = dy 5
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(i) € ar T pyy ast — oo.

Proof. (1) As (7.5) is strictly feasible, its dual (7.6) attains its optimum
and there is no duality gap. The infimum is attained in program (7.5) since
the feasible region is bounded (directly using the constraint 370, < ne ’
together with Corollary 7.7) and nonempty (as y = (1,0,...,0) is feasible
for (7.5)).

(ii) We begin with observing that (ef,,); is monotonically non-
decreasing; hence lim; .o €; ,y = sup,€; 5. Let p be feasible for (7.4)
and let y be its sequence of moments. Then, for any integer ¢ > dy,
[ f(z)u(dz) = Ty, Mt( ) =0, 50 = 1 and, as Y52, 22% /k! = €%, the
constramt DY ,u(dz) < neM” implies ylo, < neM*. That is, y is
feasible for (7.5) and thus u}, > €f ;. This shows p}, > im0 € ;.

We now show the reverse inequality. For this we first note that if
y is feasible for (7.5), then max;<n k<t Yoke; < tneM® —. o: and thus
max|q| <2t [Ya| < or (by Corollary 7.7). Moreover, for any s < t, [ya| < 0
for |a| < 2s (since the restriction of y to RNz is feasible for the program
(7.5) with s in place of t).

Say €f \y = fTy®, where 3 is an optimum solution to (7.5) (which
is attained by (i)). Define §® = (y®,0...0) € RV and §® ¢ RY" by
g = g9 o, if 25 — 1 < |a| < 25, s > 0. Thus each §® lies in the
compact set [—1,1]V". Hence there is a converging subsequence (§(*));>0,
converging say to § € [—1,1]N". In particular, lim;_,. g = g, for all
a. Define y* € RY" by y* := 04 for 2s —1 < |a| < 25, s > 0. Then
lim;_ o gﬁf” =y for all o and lim;_, y(tl) = y* for all || < 2¢;. From
this follows that M(y*) = 0, y& = 1, and (y*)76, < neM” for any r > 0. In

particular, Y7 S~ yz’f“ < neM’ | which implies® S0 o (Yake ) VR =
oo for all . That is, condition (7.2) holds and thus, by Theorem 7.4,
y* has a representing measure p. As p is feasible for (7.4), this implies

why < ff p(dr) = fTy* = lim_o fTy®) = limy_ o €;,n- Hence we
find p3, < hmlﬁOo etl’M < limy_, o0 et)M < w3, and thus equality holds
throughout, which shows (ii). a

We can now conclude the proof of Theorem 7.3. We begin with two
easy observations. First it suffices to show the existence of ¢ty € N for which
f + €by, is a sum of squares (since this obviously implies that f + €6, is a
sum of squares for all ¢ > ty). Second we note that it suffices to show the
result for the case f™" > 0. Indeed, if f™" = 0, consider the polynomial
g := f + ne/2 with g™i® = ne/2 > 0. Hence, for some tg € N, g + (€/2)6;,
is a sum of squares. As (¢/2)(6y, — n) is a sum of squares, we find that
f+eby, =g+ (€/2)0;, + (€/2)(0y, —n) is a sum of squares.

6Indeed if a;, > 0, C > 1 satisfy a;, < Ck! for all k > 1, then a;, < CkF, implying
71/2]‘ >C~ 1/2]‘/\/E and thus Zk>1 71/2]‘ = 00
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So assume f™" > 0 and f™* > 1/M, where M is a positive integer.
By Proposition 7.11 (ii), €}, oy > pi, — 1/M > f™* —1/M > 0 for some
integer t);. By Proposition 7.11 (i), we have €, = vm — )\MneMQ,
where A\yy > 0 and f — yar + A6, =: ¢ is a sum of squares. Hence
f+2Aumb:,, = g+~ is a sum of squares, since vy = n)\MeM2 +er,m 2= 0.
Moreover, evaluating at the point 0, we find f(0) — yp + Ayn = ¢(0) > 0,
ie. f(O)— fmimgp poin e = Ayne 4 aym > 0. As U —er <

1/M, this implies Ay < XAEFQ=F"" " Pperefore, limp_oo Ay = 0. We

n(eM?—1)
can now conclude the proof: Given € > 0, choose M in such a way that
fmin > 1/M and Ay < e. Then f + €y, is a sum of squares.

We refer to [82], [92] for further approximation results by sums of
squares for polynomials nonnegative on a basic closed semialgebraic set.

7.2. Unconstrained polynomial optimization. In this section we
come back to the unconstrained minimization problem (1.3) which, given
a polynomial p € R[x], asks for its infimum p™" = inf,crn p(x). There
is quite a large literature on this problem; we sketch here only some of
the methods that are most relevant to the topic of this survey. We first
make some general easy observations. To begin with, we may assume that
deg(p) =: 2d is even, since otherwise p™" = —oco. Probably the most
natural idea is to search for global minimizers of p within the critical points
of p. One should be careful however. Indeed p may have infinitely many
global minimizers, or p may have none! The latter happens, for instance, for
the polynomial p = x3 + (x1x2 —1)?; then for € > 0, p(e, 1/€) = €2 converges
to 0 as € — 0, showing p™™ = 0 but the infimum is not attained. Next,
how can one recognize whether p has a global minimizer? As observed by
Marshall [104], the highest degree homogeneous component of p plays an
important role.

LEMMA 7.12. [104] For a polynomial p € R[x], let p be its highest
degree component, consisting of the sum of the terms of p with mazimum
degree, and let ﬁgli“ denote the minimum of p over the unit sphere.

(i) Ifﬁgl?n < 0 then p™" = —cc.
(i) If pg™ > 0 then p has a global minimizer. Moreover any global min-

imizer © satisfies ||x|| < max (1, ﬁg% 2 1< al<deg(p) Pal ) -

Proof. (i) is obvious. (ii) Set deg(p) =: d, p = p + g, where all
terms of g have degree < d — 1. If p™" = p(0), 0 is a global minimizer
and we are done. Otherwise let z € R™ with p(z) < p(0) and = # 0.
Then, p(z) < p(0) — g(x) < 321 <|aj<d—1 [Pallz®|. Combined with p(z) =
pla/lzl)llz]|? = pg™ |4, and || < |l if [l«f] > 1, this gives [|z|| <

R := max (13'5"% 2ol <deg(p) Pals 1). Hence, p™in
of p over the ball of radius R, which shows existence of global minimizers
and that they are all located within this ball. d

is equal to the minimum
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No conclusion can be drawn when f)g’in = 0; indeed p may have a
minimum (e.g. for p = x3x3), or a finite infimum (e.g. for p = x3 +
(x1x2 — 1)?), or an infinite infimum (e.g. for p = x7 + x2).

We now see how we can apply the general relaxation scheme from
Section 6 to the unconstrained polynomial optimization problem (1.3). As
there are no constraints, we find just one lower bound for p™™:

pios — p?lom — plSiOS — p(rinom S pmln fOI, all t Z d,
with equality pi® = p™" if and only if p — p™™® is a sum of squares.
Indeed, by Theorem 6.1, there is no duality gap, i.e., pi®® = pj*°™ for t > d.
Moreover, pi®® = p’’® since the degree of a sum of squares decomposition
of p—p (p € R) is bounded by 2d. Finally, as (6.3) is strictly feasible, the
supremum is attained in (6.2) when it is feasible. Thus, when ppi, > —o0,
PSS = p™in if and only if p — p™™ is a sum of squares. Summarizing, if
p — p™" is a sum of squares, the infimum p™™ of p can be found via the
semidefinite program (6.3) at order ¢t = d. Otherwise, we just find one lower
bound for p™®. One may wonder when is this lower bound nontrivial, i.e.,
when is p?® # —oo, or in other words when does there exist a scalar p
for which p — p is a sum of squares. Marshall [105] gives an answer which

involves again the highest degree component of p.

n

PROPOSITION 7.13. [105] Let p € R[xX]2q, P its highest degree compo-
nent, and X, 24 the cone of homogeneous polynomials of degree 2d that are
sums of squares.

(1) If p5°® # —oo then p is a sum of squares, i.e. p € Xy, 24.
(i) If p is an interior point of 3y, 24 then p3*® # —oo.

For instance, Y7, x24, (3%, x2)? are interior points of 2, 24. See
[105] for details.

EXAMPLE 7.14. Here are some examples taken from [105]. For the
Motzkin polynomial p = py = x*y? + x%y* = 3x%y2 + 1, p™" =0, p =
xty? + x%y?* is a sum of squares, and p5®> = —oo. Thus the necessary
condition from Proposition 7.13 is not sufficient.

Forp= (x—1y)?, p™" = pi° =0, and p = p lies on the boundary of
3o.2. Thus the sufficient condition of Proposition 7.13 is not necessary.

For p = py +e(x8 +y%), where pyy is the Motzkin polynomial, p™" =
e/(1+e€), pe = xy? + x2y* + (x® + yO) is an interior point of 3. Thus
pl% # —oo. Yet limeopi% = —oo for otherwise par + p would be a sum

of squares for some p (which is not possible, as observed in Example 3.7).

Thus arises naturally the question of designing alternative relaxation
schemes to get better approximations for p™i. A natural idea is to try to
transform the unconstrained problem (1.3) into a constrained problem. We
start with the most favourable situation when p has a minimum and more-
over some information is known about the position of a global minimizer.
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7.2.1. Case 1: p attains its minimum and a ball is known
containing a minimizer. If p attains its minimum and if some bound R
is known on the Euclidian norm of a global minimizer, then (1.3) can be
reformulated as the constrained minimization problem over the ball

"= min p(z) s.t. Z:z:z2 < R% (7.7)
i=1

We can now apply the relaxation scheme from Section 6 to the semial-
gebraic set K = {x | 31", 22 < R?} which obviously satisfies Putinar’s
ball min

assumption (3.14); thus the moment/SOS bounds converge to p**"' = p
This approach seems to work well if the radius R is not too large.

7.2.2. Case 2: p attains its minimum, but no information
about minimizers is known. Nie, Demmel and Sturmfels [116] propose
an alternative way of transforming (1.3) into a constrained problem when
p attains its infimum. Define the gradient ideal of p

dp
8:@»

Zgrad = ( (i=1,... ,n)), (7.8)

as the ideal generated by the partial derivatives of p. Since all global
minimizers of p are critical points, i.e. they lie in Vg(Z8™!), the (real)
gradient variety of p, the unconstrained minimization problem (1.3) can be
reformulated as the constrained minimization problem over the gradient
varietyi; that is,

poin = psrad .—  min p(2). (7.9)
mEVR(I%md)

Note that the equality p™™ = p&2d may not hold if p has no minimum.
E.g. for p = x3 + (1 —x1x2)?, p™™ = 0 while p&d = 1 as V¢ (Z8"¢) = {0}.

We can compute the moments/SOS bounds obtained by applying the
relaxation scheme from Section 6 to the semialgebraic set Vg (Igrad). How-
ever in general this set does not satisfy the assumption (3.14), i.e. we are
not in the Archimedean situation, and thus we cannot apply Theorem 6.8
(which relies on Theorem 3.20) to show the asymptotic convergence of the
moment/SOS bounds to p&™d. Yet asymptotic convergence does hold and
sometimes even finite convergence. Nie et al. [116] show the representation
results from Theorems 7.15-7.16 below, for positive (nonnegative) polyno-
mials on their gradient variety as sums of squares modulo their gradient
ideal. As an immediate application, there is asymptotic convergence of
the moment/SOS bounds from the programs (6.3), (6.2) (applied to the
polynomial constraints dp/dx; = 0 (i = 1,...,n)) to the parameter p&2d,
and thus to p™™ when p attains its minimum; moreover there is finite
convergence when Igrad is radical.
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THEOREM 7.15. [116] If p(x) > 0 for all x € Va(ZE™7), then p is a
sum of squares modulo its gradient ideal Igrad, i.e., p=So+y ., $:0p/Ox;,
where s; € R[x] and sq is a sum of squares.

THEOREM 7.16. [116] Assume T8 is a radical ideal and p(x) > 0
forall x € VR(IZ";’rad). Then p is a sum of squares modulo its gradient ideal
Igrad, i.e., p = S0+ Y1y 8i0p/Ox;, where s; € R[x] and sg is a sum of
squares.

We postpone the proofs of these two results, which need some algebraic
tools, till Section 7.3. The following example of C. Scheiderer shows that
the assumption that Igrad is radical cannot be removed in Theorem 7.16.

EXAMPLE 7.17. Consider the polynomial p = x84+ y® +28 + M, where
M = x*y? +x2y* + 2% — 3x2y?22 is the Motzkin form. As observed earlier,
M is nonnegative on R but not a sum of squares. The polynomial p is
nonnegative over R3, thus over VR(Igrad), but it is not a sum of squares
modulo I;‘;’wd. Indeed one can verify that p — M /4 € Igrad and that M s
not a sum of squares modulo Zgrad (see [116] for details); thus Zgrad is not
radical.

Let us mention (without proof) a related result of Marshall [105] which
shows a representation result related to that of Theorem 7.16 but under a
different assumption.

THEOREM 7.18. [105] Assume p attains its minimum and the matriz
n
( Op (:v)) 18 positive definite at every global minimizer x of p. Then
i,j=1

8I161J
p — p™" is a sum of squares modulo I;‘;’rad.

Summarizing, the above results of Nie et al. [116] show that the pa-
rameter p&"2 can be approximated via converging moment/SOS bounds;
when p has a minimum, then p™* = p&2d and thus p™™ too can be ap-
proximated.

7.2.3. Case 3: p does not attain its minimum. When it is not
known whether p attains its minimum, we cannot apply the previous ap-
proaches, based on minimizing over a ball or on minimizing over the gradi-
ent variety. Several strategies have been proposed in the literature which
we now discuss; namely, one may perturb the polynomial in order to get a
polynomial with a minimum, or one may minimize p over a suitable semial-
gebraic set larger than the gradient variety (the so-called gradient tentacle
set, or the tangency variety).

Strategy 1: A first strategy is to perturb the polynomial in such a
way that the perturbed polynomial has a minimum. For instance, Hanzon
and Jibetean [55], Jibetean [68] propose the following perturbation

n
Pe:=p+ E(ngd+2>
i=1
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if p has degree 2d, where € > 0. Then the perturbed polynomial p. has a
minimum (e.g. because the minimum of 3, x7%*? over the unit sphere is
equal to 1/n? > 0; recall Lemma 7.12) and lim,_,q p™® = p™i®,

For fixed € > 0, p™" = p&ad can be obtained by minimizing p. over
its gradient variety and the asymptotic convergence of the moment/SOS
bounds to p&ad follows from the above results of Nie et al. [116]. Alter-
natively we may observe that the gradient variety of p. is finite. Indeed,
Ope/Ox; = (2d + 2)x2 + 9p/dx;, where deg(dp/dx;) < 2d. Hence,
Ve (Zg29)| < dimR[x]/Zg"4 < (2d + 1)". By Theorem 6.15, we can con-
clude to the finite convergence of the moment/SOS bounds to pgad = pmin,
Jibetean and Laurent [69] have investigated this approach and present nu-
merical results. Moreover they propose to exploit the equations defining
the gradient variety to reduce the number of variables in the moment re-
laxations.

Hanzon and Jibetean [55] and Jibetean [68] propose in fact an ex-
act algorithm for computing p™®. Roughly speaking they exploit the fact
(recall Theorem 2.9) that the points of the gradient variety of p. can be
obtained as eigenvalues of the multiplication matrices in the quotient space
R[x]/Z8"*¢ and they study the behaviour of the limits as ¢ — 0. In partic-
ular they show that when p has a minimum, the limit set as ¢ — 0 of the
set of global minimizers of p. is contained in the set of global minimizers
of p, and each connected component of the set of global minimizers of p
contains a point which is the limit of a branch of minimizers of p.. Their
method however has a high computational cost and is thus not practical.

Strategy 2: Schweighofer [151] proposes a different strategy for dealing
with the case when p has no minimum. Namely he proposes to minimize p
over the following semialgebraic set, called the principle gradient tentacle

of p,
(@) (L) <1}

1 i=1

Kvp::{xE]R"|(

n
1=

which contains the gradient variety. Under some technical condition on p,
Schweighofer [151] shows that p™" = inf,e ko, p(x), and he proves a SOS
representation result for positive polynomials on Kv,; these two results
together thus show that p™™ can be computed via the SOS approach. We
sketch the results (without proofs). We also refer to [169] for related work.

Write p as p = pg+pa—1+ - - - + po, where pi consists of the terms of p
of degree k, and d = deg(p). One says that p has no isolated singularities
at infinity if d = 0, or if d > 1 and the system of equations:

Opa _  _Opa_ . _
0r1 Ozn Pd—1

has only finitely many projective zeros. Note that this is always true when
n=2.
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Schweighofer [151] shows the following representation theorem,

THEOREM 7.19. [151] Assume p™™ > —oo. Furthermore assume that,
either p has only isolated singularities at infinity (which is always true if
n=2), or Ky, is compact. Then the following assertions are equivalent.

(i) p>0 on R";
(i) p> 0 on Kyp;

(iii) Ve > 0 3sp,81 €X p+e=s0+ 1 (1 — (X, (0p/0z:)?) (X, xf))

Thus, under the conditions of the theorem, p™in = infye ko, p(x) can
thus be approximated using the SOS hierarchy (applied to Kv,). When
nothing is known about the singularities at infinity, Schweighofer [151]

proposes to use modified gradient tentacles of the form

n

frem (X (@) ) (Z) " <1}

=1

for various N € N. He shows some SOS representation results for positive
polynomials over such sets, but these SOS approximations are too costly
to compute to be useful practically.

Theorem 7.19 relies in particular on Theorem 7.20 below, a non trivial
generalization of Schmiidgen’s theorem (Theorem 3.16), which will also
play a central role in the approach of Vui and Son described below. We
need a definition. Given a polynomial p and a subset S C R™, a scalar
y € R is an asymptotic value of p on S if there exists a sequence (zy)x of
points of S for which limy_, ||zx|| = 0o and limg oo f(zk) = .

THEOREM 7.20. [151] Let p € R[x], let K be a semi-algebraic set de-
fined by polynomial inequalities g; >0 (j=1,...,m) (asin (1.2)), and let
T(g1,-.-,9m) be the associated preordering (as in (3.12)). Assume that (i)
p is bounded on K, (i) p > 0 on K, and (iii) p has finitely many asymp-
totic values on K and all of them are positive. Then p € T(g1,...,m)-

Strategy 3: Vui and Son [170] propose yet another strategy for computing

p™n which applies to arbitrary polynomials p. It is based on considering
the tangency variety
Op 9p
Iy, := {xeR"|rank(awl Bwn) gl},
X1 . In

and the truncated tangency variety
Iy = {z €Ty | p(x) <p(0)}

of the polynomial p. A first basic observation is as follows.

LEMMA 7.21. For p € R[x], p"™" = infyer, p(z) = infwepg p(x).
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Proof. Tt suffices to show infmepg p(xr) < p™in. As 0 € Fg, this is
obvious if p™™ = p(0). Suppose now p™* < p(0). Pick € with 0 < € <
p(0) — p™in. There exists z. € R™ for which p(z.) < p™" + e. Without
loss of generality we can assume that p(z.) = ming|||=|. P(z). Setting
h:= 3", 2? — ||z||* and applying the first order optimality conditions,
we deduce that AVp(x.)+ pVh(z.) = 0 for some scalars (A, u) # (0,0). As
Vh(x) = 2., this shows that z. € TO. Therefore, infyero p(z) < pmin 4 €

which, letting € — 0, implies infmepg p(r) < pmin, a
Next note that I', is a variety, as I', can be defined by the polynomial
equations: g;; = x; gf — xlaaf =0forl1 <i<j<n Vu and Son

[170] show the following representation result for positive polynomials on
the semi-algebraic set I‘g.

THEOREM 7.22. Forp € R[x], the following assertions are equivalent.
(i) p >0 on R™.
(i) p>0 onT).
(iti) Ye >0 Fs,t € ¥ Fu,; € R[x] for 1 <i < j < n such that

pte=s+t(p0)—p)+ Z UijGij-
1<i<j<n

Proof. (i) = (ii) and (iii) = (i) are obvious. We show (ii) = (iii).
For this, assume p > 0 on I‘ ; we show the existence of a decomposition as
in (iii) with e = 0. We can apply Theorem 7.20 applied to I'? s Since [170]
shows that p has finitely many asymptotic values on I’ and that all are
positive. Thus p lies in the preordering defined by the polynomials p(0) —p,
gi; and —g;;, which immediately gives the desired decomposition for p. 0O

Therefore, in view of Lemma 7.21 and Theorem 7.22, the infimum p™»
of an arbitrary polynomial p over R™ can be approximated using the SOS
hierarchy applied to the semi-algebraic set Fg.

7.3. Positive polynomials over the gradient ideal. We give here
the proofs for Theorems 7.15 and 7.16 which give sums of squares represen-
tations modulo the gradient ideal for positive polynomials on the gradient
variety; we mostly follow Nie et al. [116] although our proof slightly differs
at some places. We begin with the following lemma which can be seen as
an extension of Lemma 2.3 about existence of interpolation polynomials.
Recall that a set V' C C" is a variety if V = Ve({p1,...,ps}) for some
polynomials p; € C[x]. When all p;’s are real polynomials, i.e. p; € R[x],
then V=V :={T|veV}ie veV&a&veV.

LEMMA 7.23. Let Vi,...,V, be pairwise disjoint varieties in C"™ such
that V; = V;:={v | v € V;} for all i. There exist polynomials py,...,p, €
R[x] such that p;(V;) = 8;; fori,5 = 1,...r; that is, p;(v) =1 ifv €V
and p;(v) =0 @vaV (G #1)

Proof. The ideal Z; := Z(V;) C C[x ] is radical with V¢ (Z;) = V;. We
have Ve (Zi + ;4 Z5) = Ve (i) N Ve L) = Ve(Zi) N (U2 Ve(Z5)) =
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Vin (U V) = 0. Hence, by Hilbert’s Nullstellensatz (Theorem 2.1 (i)),
1 € Z; + ;4 Zj; say 1 = q; + pi, where ¢; € Z; and p; € (;, Z;. Hence
p;i(V;) = 0i,; (since g; vanishes on V; and p; vanishes on V; for j # i). As
V; = V; for all i, we can replace p; by its real part to obtain polynomials
satisfying the properties of the lemma. O

A variety V' C C” is irreducible if any decomposition V = V; U Vs,
where Vi, V5 are varieties, satisfies Vi = V or Vo = V. It is a known
fact that any variety can be written (in a unique way) as a finite union
of irreducible varieties (known as its irreducible components) (see e.g. [25,
Chap. 4]). Let V¢ (Z84) = Ulel Vi be the decomposition of the gradient
variety into irreducible varieties. The following fact is crucial for the proof.

LEMMA 7.24. The polynomial p is constant on each irreducible com-
ponent of its gradient variety Vg (I;‘;’rad).

Proof. Fix an irreducible component V;. We use the fact” that V;
is connected by finitely many differentiable paths. Given z,y € Vj, as-
sume that there exists a continuous differentiable function ¢ : [0,1] — V;
with ¢(0) = x and (1) = y; we show that p(x) = p(y), which will im-
ply that p is constant on V;. Applying the mean value theorem to the
function ¢ — g¢(t) := p(p(¢)), we find that g(1) — g(0) = ¢'(t*) for some
t* € (0,1). Now g(t) = Y, patp(t)*, ¢'(t) = X Pa( S0y it () 25) =
Sy 22 (p(t)) (1), which implies g'(t*) = 0 as @(t*) € Vi C Ve(Zg™d).
Therefore, 0 = g(1) — g(0) = p(y) — p(z). a

We now group the irreducible components of Ve (Z£4) in the following
way:

Ve(ZE*) = Wo UWL U...UW,,

where the W;’s are defined as follows. Denoting by p; the common value
taken by p on the irreducible component V; (which is well defined by Lemma
7.24), then Wy is defined as the union of all the components V; for which
there does not exist another component V;» with p; = p;r and such that Vs
contains at least one real point. Next, p takes a constant value a; on each
W;(i=1,...,r),and ay,...,a, are all distinct. Thus W} contains no real
point and any other W; (i = 1,...,r) contains some real point. Moreover,
Wo, Wh,...,W, are pairwise disjoint, ai,...,a, € R, and W; = W; for
0 < i < r. Hence we can apply Lemma 7.23 and deduce the existence of
polynomials pg, p1, ..., pr € R[x] satisfying p;(W;) = 6; ; for i,5 =0,...,7.
LEMMA 7.25. p = sg modulo Z(Wy), where sq is a sum of squares.

"This is a nontrivial result of algebraic geometry; we thank M. Schweighofer for
communicating us the following sketch of proof. Let V' be an irreducible variety in C™.
Then V is connected with respect to the usual norm topology of C™ (see e.g. [153]).
Viewing V as a connected semialgebraic set in R2", it follows that V is connected by a
semialgebraic continuous path (see e.g. [17]). Finally, use the fact that a semialgebraic
continuous path is piecewise differentiable (see [168, Chap. 7, 2, Prop. 2.5.]).
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Proof. We apply the Real Nullstellensatz (Theorem 2.1 (ii)) to the
ideal T := Z(Wp) C R[x]. As VR(Z) = Wy NR™ = (), we have VZ =
Z(Ve(Z)) = R[x]. Hence, —1 € V/T; that is, —1 = s + ¢, where s is a sum
of squares and ¢ € Z. Writing p = p; — p2 with p1, ps sums of squares,
we find p = p1 + sp2 + p2q, where sg := p1 + sp2 is a sum of squares and
p2q € T =ZT(Wp). a

We can now conclude the proof of Theorem 7.16. By assumption,
p is nonnegative on VR(Igrad). Hence, the values aq,...,a, taken by p
on Wiy,..., W, are nonnegative numbers. Consider the polynomial g :=
sop? + Sy a;p?, where pg,p1,...,p, are derived from Lemma 7.23 as
indicated above and sq is as in Lemma 7.25. By construction, ¢ is a sum of
squares. Moreover, p — q vanishes on V¢ (Igrad) =WouWiU...UW,, since
q(z) = so(x) = p(x) for x € Wy (by Lemma 7.25) and ¢(z) = a; = p(x)
forx e W; (i = 1,...,r). As Igrad is radical, we deduce that p — ¢ €
I(Ve(Zgad)) = 784, which shows that p is a sum of squares modulo Z§™
and thus concludes the proof of Theorem 7.16.

We now turn to the proof of Theorem 7.15. Our assumption now
is that p is positive on VR(IZ";’rad); that is, a1,...,a, > 0. Consider a
primary decomposition of the ideal Z82¢ (see [25, Chap. 4]) as 784 =
ﬂ;j:lIh. Then each variety Vg (Zy) is irreducible and thus contained in
W; for some ¢ = 0,...,7. For¢ = 0,...,r, set J; := ﬂh\Va;(Ih)QWi 1.
Then, I;‘;’wd =JDNAN...NT, with Vo(J;) = W, for 0 < i < r. As
VelTi + J;) = Ve(Ti) NVe(J;) = Wy nW; = 0, we have J; + J; = R[x]
for i # j. The next result follows from the Chinese reminder theorem, but
we give the proof for completeness.

LEMMA 7.26. Given sq, ..., s, € R[], there exists s € R[x] satisfying
s—8 €T (i=0,...,1). Moreover, if each s; is a sum of squares then s
too can be chosen to be a sum of squares.

Proof. The proof is by induction on r > 1. Assume first r = 1. As
Jo+J1 = R[x], 1 = ug+wu; for some ug € Jo, us € J1. Set s := uds1+u?so;
thus s is a sum of squares if sg, s1 are sums of squares. Moreover, s — sg =
u3sy + so(ud — 1) = uds1 — uo(us + 1)sp € Jo. Analogously, s — s1 € Ji.

Let s be the polynomial just constructed, satisfying s — so € Jy and
s —s1 € J1. Consider now the ideals Jo N J1, Jo, -y Jr- As (JoNJ1) +
Ji = R[x] (i > 2), we can apply the induction assumption and deduce the
existence of t € R[x] for which t—s € JoNJ1, t—s; € J; (i > 2). Moreover,

t is a sum of squares if s, ss2,..., s, are sums of squares, which concludes
the proof. d
The above lemma shows that the mapping
R[x]/Zg =R[x]/ N[_g Ji — [Ti-o Rx]/T;
s mod Zgrad — (s; mod J|li=0,...,7)

is a bijection. Moreover if, for all ¢ = 0,...,7r, p — s; € J; with s; sum
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of squares, then there exists a sum of squares s for which p — s € Igrad.
Therefore, to conclude the proof of Theorem 7.15, it suffices to show that
p is a sum of squares modulo each ideal J;. For i = 0, as Vr(Jy) = 0, this
follows from the Real Nullstellensatz (same argument as for Lemma 7.25).
The next lemma settles the case ¢ > 1 and thus the proof of Theorem 7.15.

LEMMA 7.27. p is a sum of squares modulo J;, fori=1,...,r.

Proof. By assumption, p(z) = a; > 0 for all z € Ve (J;) = W;. Hence
the polynomial u := p/a; — 1 vanishes on V¢ (J;) and thus u € Z(Ve () =
VT ;; that is, using Hilbert’s Nullstellensatz (Theorem 2.1 (i), u™ € J;
for some integer m > 1. The identity

l4+u= (mz_:l (122) uk> 2 + qu™ (7.10)

k=0

(where ¢ € Spang(u’ | @ > 0)) gives directly that p/a; = 1+ u is a
2
sum of squares modulo J;. To show (7.10), write ( ?2_01 (122)11’“) =

E?Z(;Q cjul, where ¢; == Y, (/%) (ﬂi) with the summation over k sat-
isfying max(0,57 — m + 1) < k < min(j,m — 1). We now verify that
cj = 1for j = 0,1 and ¢;j = 0 for j = 2,...,m — 1, which implies
(7.10). For this fix 0 < j < m — 1 and consider the univariate polyno-
mial g; == 37 _, (}) (jjh) - (2;‘) € R[t]; as g; vanishes at all t € N, g; is
identically zero and thus g;(1/2) = 0, which gives ¢; = (;) for j <m —1,
ie.co=ci=1landc;=0for2<j<m-—1. O

8. Exploiting algebraic structure to reduce the problem size.
In the previous sections we have seen how to construct moment/SOS ap-
proximations for the infimum of a polynomial over a semialgebraic set.
The simplest instance is the unconstrained minimization problem (1.3) of
computing p™" (= inf,egn p(x)) where p is a polynomial of degree 2d,

mom

its moment relaxation p°™ (= infpTy s.t. Ma(y) = 0, yo = 1), and its
SOS relaxation pi>® (= supp s.t. p — p is a sum of squares). Recall that
pgo™ = p¥*. To compute pij'°™ = p°’ one needs to solve a semidefinite
program involving a matrix indexed by N}, thus of size (";d). This size
becomes prohibitively large as soon as n or d is too large. It is thus of
crucial importance to have methods permitting to reduce the size of this
semidefinite program. For this one can exploit the specific structure of the
problem at hand. For instance, the problem may have some symmetry,
or may have some sparsity pattern, or may contain equations, all features
which can be used to reduce the number of variables and sometimes the
size of the matrices involved. See e.g. Parrilo [124] for an overview about
exploiting algebraic structure in SOS programs. Much research has been
done in the recent years about such issues, which we cannot cover in detail

in this survey. We will only treat certain chosen topics.
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8.1. Exploiting sparsity.

8.1.1. Using the Newton polynomial. Probably one of the first
results about exploiting sparsity is a result of Reznick [137] about Newton
polytopes of polynomials. For a polynomial p = Zla‘gdpaxo‘, its Newton
polytope is defined as

N(p) := conv(a € N} | po, # 0).

Reznick [137] shows the following properties for Newton polytopes.

THEOREM 8.1. [187] Given p,q, f1,..., fm € R[X].
(i) N(pq) = N(p)+ N(q) and, if p,q are nonnegative on R™ then N(p) C
N(p+q).
(i) Ifp= 3" f2, then N(f;) € N (p) for all j.
(ili) N(p) C conv(2ex | pae > 0).
We illustrate the result on the following example taken from [124].

EXAMPLE 8.2. Consider the polynomial p = (x} + 1)(x5 + 1)(x3 +
1)(x] + 1) + 2x; + 3x2 + 4x3 + 5x4 of degree 2d = 16 in n = 4 variables.
Suppose we wish to find a sum of squares decomposition p = Zj ff A
priori, each f; has degree at most 8§ and thus may involve the 495 = (418)
monomials x* with |a| € Ni. The polynomial p is however very sparse; it
has only 20 terms, thus much less than the total number 4845 = (4‘{36) of
possible terms. As a matter of fact, using the above result of Reznick, one
can restrict the support of f; to the 81 monomials x* with o € {0,1,2}%.
Indeed the Newton polytope of p is the cube [0,4]*, thus %N(p) = [0,2]*
and N* N $N(p) = {0,1,2}*.

Kojima, Kim and Waki [71] further investigate effective methods for
reducing the support of polynomials entering the sum of square decompo-
sition of a sparse polynomial, which are based on Theorem 8.1 and further

refinements.

8.1.2. Structured sparsity on the constraint and objective
polynomials. We now consider the polynomial optimization problem
(1.1) where some sparsity structure is assumed on the polynomials
D,91,---,9m- Roughly speaking we assume that each g; uses only a small
set of variables and that p can be separated into polynomials using only
these small specified sets of variables. Then under some assumption on
these specified sets, when searching for a decomposition p = sg+ Z;n:l 559
with all s; sums of squares, we may restrict our search to polynomials s;
using again the specified sets of variables. We now give the precise defini-
tions.

For aset I C {1,...,n}, let x; denote the set of variables {x; | i € I}
and R[x;] the polynomial ring in those variables. Assume {1,...,n} =
I U...U I where the Ij’s satisfy the property

Vvhe{l,...,k—1} Ire{l,....h} Iy Nn(LU...Ul) CI,. (81)
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Note that (8.1) holds automatically for k& < 2. We make the following
assumptions on the polynomials p, g1, ..., gm:

k
p= th where p, € R[xz,] (8.2)
h=1
{1,....m}=J1U...UJy and g; € R[xy, | for j e Jy, 1<h<k. (83)

REMARK 8.3. If I, ..., I are the mazimal cliques of a chordal graph,
then k < n and (8.1) is satisfied (after possibly reordering the Iy ’s) and is
known as the running intersection property. Cf. e.g. [15] for details about
chordal graphs. The following strategy is proposed in [172] for identifying
a sparsity structure like (8.2)-(8.3). Define the (correlative sparsity) graph
G = (V,E) where V :={1,...,n} and there is an edge ij € E if some term
of p uses both variables x;,%x;, or if both variables x;,x; are used by some
g (1 =1,...,m). Then find a chordal extension G' of G and choose the
mazimal cliques of G’ as Iy, ..., I.

EXAMPLE 8.4. For instance, the polynomials p = X3XaX3 + X3X3 +

X3X5 + X6, g1 = X1X2 — 1, g2 = X + XoXg — 1, g3 = Xo + X3%X4, g4 =
X3 + X5, g5 = X3Xg, g6 = XoX3 satisfy conditions (8.2), (8.3) after setting
L ={1,2,3}, I, ={2,3,4}, Is = {3,5}, I, = {3,6}.

ExaMPLE 8.5. The so-called chained singular function: p =
S (% 4+ 10x41)? +5(Xi2 — Xiga)? + (Xig1 — 2Xi42)* +10(x; — 10x;45)
satisfies (8.2) with I, = {h,h+1,h+2,h+3} (h=1,...,n=3). Cf. [172]

for computational results.

Let us now formulate the sparse moment and SOS relaxations for
problem (1.1) for any order ¢ > max(dp,dg,,...,dy,. ). For a € N, set
supp(a) ={i € {1,...,n} | a; > 1}. For t € N and a subset I C {1,...,n}
set A := {a € N7 | supp(a) C I}. Finally set A; := UF_ A{". The sparse
moment relaxation of order ¢ involves a variable y € R*2¢, thus having en-
tries y, only for o € N3, with supp(«) contained in some I; moreover, it
involves the matrices M;(y, Iy,), where My (y, I1,) is the submatrix of M;(y)
indexed by Al". The sparse moment relaxation of order ¢ reads as follows

mom pp—

prom :=inf pTyst.  yo=1, M(y, I

)= 0 (h=1,....k)
Mi—q, (959, 1n) = 0

(j € Jy,h= 1,...,k)

(8.4)
where the variable y lies in R*2¢. The corresponding sparse SOS relaxation
of order ¢ reads

SOS J— I k
pi®i=suppst. p—p=>,_, (uh+ZjEJh ujhgj)
Un, Ujn (J € Jp) sums of squares in R[xpp] (85)
deg(uh)vdeg(ujhgj) < 2t (h = 17 ceey k)
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Obviously,
p;Ob < pfn}?n < pmin pmom < pmom, p;os pios

The sparse relaxation is in general weaker than the dense relaxation. How-
ever when all polynomials py, g; are quadratic then the sparse and dense
relaxations are equivalent (cf. [172, §4.5], also [115, Th. 3.6]). We sketch
the details below.

LEMMA 8.6. Assume p = 22:1 pr where pp, € R[xy, ] and the sets Iy,
satisfy (8.1). If deg(pp) < 2 for all h and p is a sum of squares, then p has
a sparse sum of squares decomposition, i.e. of the form

k
= Z sn where s, € Rixy,] and sy, is SOS. (8.6)
h=1

Proof. Consider the dense/sparse SOS/moment relaxations of order 1

of the problem mingegn p(x), with optimum values p5°®, pio™, pi‘”, p‘lnom
The strict fea51b111ty of the moment relaxations implies that pi®® = p*o™,

pj(’b = p’f“’m the optimum is attained in the dense/sparse SOS relaxations,
pS SOS < p5*® > 0, and p has a sparse SOS decomposition (8.6) <
pios > 0. Thus it suffices to show that py*o™ < @ For this let y be
feasible for the program defining pmom, ie. yo =1, Mi(y,Ip) »= 0 for all
h =1,...,k. Using a result of Grone et al. [49] (which claims that any
partial positive semidefinite matrix whose specified entries form a chordal
graph can be completed to a fully specified positive semidefinite matrix),
we can complete y to a vector § € RN2 satisfying M;(§) = 0. Thus 7 is
feasible for the program defining py*°™, which shows pj*o™ < W d
COROLLARY 8.7. Consider the problem (1.1) and assume that (8.1),
(8 2), (8.3) hold. If all py,g; are quadratic, then pJ"°™ = p{’wm and p3°® =

SOS

P1

Proof. Assume y is feasible for the program defining ﬁn?n; that is,
Yo =1, Mi(y,In) = 0 (h =1,.... k) and (g;9)o(= >0 (9j)ata) = 0 (j =

1,...,m). Using the same argument as in the proof of Lemma 8.6 we can
complete y to § € RN2 such that M () = 0 and thus § is feasible for the

program defining p*°™, which shows p*°™ < pie™  Assume now p € R

is feasible for the program defining p{°®; that is, p — p = so + E;n:1 559,
where s is a sum of squares in R[x] and s; € R;. Now the polynomial
p—p—zgnzl sjg; is separable (i.e. can be written as a sum of polynomials in
R[xy,]); hence, by Lemma 8.6, it has a sparse sum of squares decomposition,
of the form Zh 1 $h with sp € R[xy,] SOS. This shows that p is feasible

bOb

for the program defining pi°®, giving the desired inequality pi>® < p“’b d

EXAMPLE 8.8. We give an example (mentioned in [115, Fx. 3.5])
showing that the result of Lemma 8.6 does not hold for polynomials of
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degree more than 2. Consider the polynomial p = p1 + p2, where p1 =
x] + (x1x2 — 1)? and p2 = x3x3 + (x3 — 1)2. Waki [171] verified that
0 = p3°° < p5° = p™™ ~ (0.84986.

Waki et al. [172] have implemented the above sparse SDP relax-
ations. Their numerical results show that they can be solved much
faster than the dense relaxations and yet they give very good approxi-
mations of p™. Lasserre [85, 87] proved the theoretical convergence, i.e.

limtﬂx};ﬁ-‘E = limtﬂoop?ﬁl = p™in under the assumption that K has a
nonempty interior and that a ball constraint R,QL — Zie 7, Xi > 0 is present
in the description of K for each h =1,..., k. Kojima and Muramatsu [72]
proved the result for compact K with possibly empty interior. Grimm,
Netzer and Schweighofer [48] give a simpler proof, which does not need the
presence of ball constraints in the description of K but instead assumes that

each set of polynomials g; (j € Jp,) generates an Archimedean module.

THEOREM 8.9. [48] Assume that, for each h =1,...,k, the quadratic
module My, := M(g; | j € Jn) generated by g; (j € Jpn) is Archimedean.
Assume that (8.1) holds and that p,g1,...,g9m satisfy (8.2), (8.3). If p
is positive on the set K = {z € R™ | g;(z) > 0 (j = 1,...,m)}, then
pE M +...+ Mk; that 8, p= 2221 (Uh + ZjEJn ujhgj)’ where Uhs Ujh

are sums of squares in R[xy, ].

Before proving the theorem we state the application to asymptotic
convergence.

COROLLARY 8.10. Under the assumptions of Theorem 8.9, we have

li TS05 _ li “mom _ ,min
1Mt oo Py~ = It o0 Py =p .

Proof. Fix € > 0. As p — p™" 4 ¢ is positive on K and satisfies (8.2),
we deduce from Theorem 8.9 that p — p™" + ¢ € Z:Zl M;,. Thus p™i* — ¢
is feasible for (8.5) for some ¢. Hence, for every € > 0, there exists t € N
with p™in — e < 52-‘; < p™»_ This shows that hmtﬂm;;a = pmom, |

8.1.3. Proof of Theorem 8.9. We give the proof of [48] which is
elementary except it uses the following special case of Putinar’s theorem
(Theorem 3.20): For p € R[x],

p >0 on {I|R2—Z$§ >0} = Jsg,81 €2 p:so—l—sl(RQ—fo).
i=1 i=1

(8.7)

We start with some preliminary results.

LEMMA 8.11. Let C' C R be compact. Assume p = p1+ ...+ pir where
pn € R[xp,] (h=1,...,k) andp >0 on C™. Then p= f1+...+ fr where
frn €R[xy,] and fr, >0 on CTv (h=1,...,k).
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Proof. We use induction on k > 2. Assume first kK = 2. Let € > 0 such
that p = p; + p2 > € on C™. Define the function F on R1*"/2 by

F(y):== min pi(z,y) — € for y € RINIz,
zeCii\l2 2

The function F is continuous on C1™%2. Indeed for y,y’ € C1:"2 and

x,x’ € C"\2 minimizing respectively p;(x,y) and pi(2’,y’), we have

|F(y) — F(y')| < max(|p1(z,y) — p1(z, '), Ip1(2’, y) — p1 (=", ")),

implying the uniform continuity of F on C'*™2 since p; is uniform contin-
uous on C1. Next we claim that

Pr(@.y)=F(y) 2 5, paly, )+ Fy) 2 5 Vo € BRIV y e RN 2 e RBAD

The first follows from the definition of F. For the second note that ps(y, z)+
F(y) = pa(y,2) + pi(z,y) — § (for some x € C*\2), which in turn is
equal to p(z,y,2) — § > € — § = 5. By the Stone-Weierstrass theorem, F
can be uniformly approximated by a polynomial f € R[x,nr,] satisfying
|F(y) — f(y)| < £ forall y € 1™z Set f1 :=p1 — f and fo := p2 + f.
Thus p = f1 + fo; f1 > 0 on C™ since fi(z,y) = pi(x,y) — f(y) =
p(z,y) —Fy)+F(y) — f(y) > § — 5 =% f2>0o0n C2 since fo(y, 2) =
pa(y,2) + f(y) = p2(y,2) + F(y) + f(y) — F(y) > § — ¢ = §. Thus the
lemma holds in the case k = 2.

Assume now k > 3. Write [ := Uﬁ;}]h, pi=p1+...+pr—1 € Rxj],
so that p = p + fx. By the above proof, there exists f € R[xzq;, | such
that 5 — f > 0 on Cf and py + f > 0 on C+. Using (8.1), it follows that
InI, C Iy, for some hg < k— 1. Hence f € R[x;ho] NR[x;, ] and p — f
is a sum of polynomials in R[xy,] (h =1,...,k —1). Using the induction
assumption for the case k — 1, we deduce that p — f = f1 + ... + fr—1
where f, € R[xs,] and f, > 0 on C!» for each h < k — 1. This gives
p=p+pxr=p—f+f+pr=fi+...+ fe—1 + f + pr which is the desired
conclusion since f + py € R[xs, ] and f + pr > 0 on CF*. a

LEMMA 8.12. Assume p = p1+ ...+ pr where pp, € Rixy,| and p >0
on the set K. Let B be a bounded set in R™. There existt € N, A € R with
0 < A <1, and polynomials f, € R[xy,] such that fr, >0 on B and

p=Y_(1=Xg))*gi+ fi+...+ f (8.8)

m
Jj=1

Proof. Choose a compact set C C R such that B C C™ and choose
A€ Rsuch that 0 < A <1and Ag;(z) <lforallzeC*andj=1,...,m.
For t € N set,

Fy:=p— Z(l - /\gj)2tgj-

j=1
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Obviously F; < Fy41 on C™. First we claim
Ve e C" 3t € N* Fi(z) > 0. (8.9)

We use the fact that (1—\g;(z))?!g;(x) goes to 0 as t goes to oo if g;(z) > 0,
and to oo otherwise. If # € K then lim;_,o F;(z) = p(z) and thus Fy(x) > 0
for ¢ large enough. If z € C™ \ K then lim; . Fi(z) = oo and thus
Fy(z) > 0 again for ¢ large enough. This shows (8.9). Next we claim

Jt e NVz € C" Fy(x) > 0. (8.10)

By (8.9), for each € C™ there exists an open ball B, containing x and
t, € N such that F;, > 0 on B,. Thus C" C UyecnB,. As C™ is compact,
we must have C" C B,, U...U B,, for finitely many z;. As F} > 0 on
B, for all t > t,,, we deduce that F; > 0 on C" for all ¢ > max;—1, . ntz,;,
which shows (8.10). Hence we have found the decomposition p = 377", (1
Agj)*g; + F; where Fy > 0 on C™. As F; is a sum of polynomials in
R[xy,] and F, > 0 on C", we can apply Lemma 8.11 and deduce that
F, = fi+ ...+ fr where f, € Rjx,] and f, > 0 on C» and thus on B.
Thus (8.8) holds. a

We can now conclude the proof of Theorem 8.9. As each module My,
is Archimedean, we can find R > 0 for which R* -3, I x? € M, for each
h =1,...,k. By assumption, p > 0 on K. We apply Lemma 8.12 to the
closed ball B in R™ of radius R. Thus we find a decomposition as in (8.8).
As f, > 0 on B we deduce that f, € My, using (8.7). Finally observe that
Do (1= Agj)*gy = 22:1 up, where up, 1= Y755 (1 = Agj)*g; € M.
This concludes the proof of Theorem 8.9.

8.1.4. Extracting global minimizers. In some cases one is also
able to extract global minimizers for the original problem (1.1) from the
sparse SDP relaxation (8.4). Namely assume y is an optimum solution to
the sparse moment ralaxation (8.4) and that the following rank conditions
hold:

rank M (y, I) = rank Ms_,, (y,In) Vh=1,...,k, (8.11)
rank M, (y, Iy 0 Iy) = 1Vh £ B =1,....k with I, N Iy #0, (8.12)

setting ap, 1= max;¢, dg;. Then we can apply the results from Sections 5.2,
6.6 to extract solutions. Namely for each h < k, by (8.11), the restriction
of y to RAQ? has a unique representing measure with support A" C R!».
Moreover, by (8.12), if Iy, N I, # (), then the restriction of y to RA T
has a unique representing measure which is a Dirac measure at a point
(') ¢ RInOIar Therefore, any 2™ e AP, ™) e A" coincide on Iy, NIy,
(h) x(h/) = :rz(-hh/) for ¢ € I N Ij,. Therefore any point z* € R"”

i i
obtained by setting z} := Il(-h) (i € I,) for some z") € A" is an optimum

ie. x
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solution to the original problem (1.1). The rank conditions (8.11)-(8.12)
are however quite restrictive.

Here is another situation when one can extract a global minimizer;
namely when (1.1) has a unique global minimizer. Assume that for all ¢
large enough we have a near optimal solution y*) to the sparse moment
relaxation of order t; that is, y(*) is feasible for (8.4) and pTy(®) < Wlt +

1/t. Lasserre [85] shows that, if problem (1.1) has a unique global minimizer

x*, then the vectors (yg?)?zl converge to the global minimizer z* as ¢ goes

to oo.

SparsePOP software. Waki, Kim, Kojima, Muramatsu, and Sug-
imoto have developed the software SparsePOP, which implements the
sparse moment and SOS relaxations (8.4)-(8.5) proposed in [172] for
the problem (1.1). The software can be downloaded from the website
http://www.is.titech.ac.jp/ kojima/SparsePOP/.

We also refer to [172] where another technique is proposed, based on
perturbing the objective function in (1.1) which, under some conditions,
permits the extraction of an approximate global minimizer.

For a detailed presentation of several examples together with compu-
tational numerical results, see in particular [172]; see also [115], and [114]
for instances arising from sensor network localization (which is an instance
of the distance realization problem described in Section 1).

8.2. Exploiting equations. Here we come back to the case when the
semialgebraic set K is as in (2.5), i.e. there are explicit polynomial equa-
tions hy =0, ..., hy, = 0 present in its decription. Let J := (h1, ..., hm,)
be the ideal generated by these polynomials. As noted in Section 6.2
one can formulate SOS/moment bounds by working in the quotient ring
R([x]/J, which leads to a saving in the number of variables and thus in the
complexity of the SDP’s to be solved. Indeed suppose we know a (linear)
basis B of R[x]/J, so that R[x] = Spang(B) & J. Then, for p € R[x],

p SOS mod J <= p=>,ui +q with u; € Spang(B),q € J. (8.13)

(This is obvious: If p = >, f2 + g with f; € R[x], g € J, write f; = w; + v,
with u; € Spang(B) and v; € J, so that p = >, u? + ¢ after setting
q =g+ >,v} +2uuv € J.) Hence to check the existence of a SOS
decomposition modulo J, we can apply the Gram-matrix method from
Section 3.3 working with matrices indexed by B (or a subset of it) instead
of the full set of monomials. Moreover, when formulating the moment
relaxations, one can use the equations h; = 0 to eliminate some variables
within ¥y = (Yo )a- Let us illustrate this on an example (taken from [124]).

ExXaMPLE 8.13.  Suppose we want to minimize the polynomial p =
10 —x? —x2 over {(x,y) € R? | g1 := 2% + 25 — 1 = 0} (the unit circle). To
get a lower bound on p™™, one can compute the largest p for which p — p
is SOS modulo the ideal J = (x3 +x3 —1). As B := {x!,x2x! | i > 0}
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is a basis of R[x]/T (it is the set of standard monomials w.r.t. a graded
lex monomial ordering), one can first try to find a decomposition as in
(8.13) using only monomials in the subset {1,x1,x2} C B. Namely, find
the largest scalar p for which

T

1 a b ¢ 1
1O—x%—xQ—p= X1 b d e X1 mod J
Xo c e f Xo

X0
=a+ f+(d— f)x? 4+ 2bx; + 2cx + 2ex1x2 mod J

giving 10— p—x2 —xa = a+ f+ (d— f)x3 +2bx; + 2cx2 + 2ex1X2. Equating
coefficients in both sides, we find

10—f—p 0 —1/2
X = 0 f—1 0
~1/2 0 f

One can easily verify that the largest p for which X »= 0 is p = 35/4,
obtained for f = 1, in which case X = LTL with L = (—1/2 0 1),
giving p—35/4 = (x2 —1/2)?> mod J. This shows p™" > 35/4. Equality
holds since p(x1,2) = 35/4 for (x1,x2) = (£V7/2,—1/2).

On the moment side, the following program

1 9o Yo1
inf 10 —y20 —yo1 s.t. {yi0 Y20 Y =0
Yor Y11 1 —y20

gives a lower bound for p™™. Here we have used the condition 0 =
(919)00 = Y20 + Yo2 — Yoo stemming from the equation x3 + x3 — 1 = 0,
which thus permits to eliminate the variable yg2. One can easily check that
the optimum of this program is again 35/4, obtained for y10 = y11 = 0,
Yo1 = 1/2, Y20 = 3/4

8.2.1. The zero-dimensional case. When 7 is zero-dimensional, B
is a finite set; say B = {b1,...,bn} where N := dimR[x]/T > |Vc(T)|. For
convenience assume B contains the constant monomial 1, say b; = 1. By
Theorem 6.15, there is finite convergence of the SOS/moment hierarchies
and thus problem (1.1) can be reformulated as the semidefinite program
(6.2) or (6.3) for t large enough. Moreover the SOS bound
% =supps.t. p—p€M(gr,...,Gm,Ehi,. .., £hm,)
=suppst. p—p= Z;—n:o sjg; mod J for some s; € ¥

p

can be computed via a semidefinite program involving N x N matrices in
view of (the argument for) (8.13), and p*°*® = p™® by Theorem 6.8, since
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the quadratic module M(g1, ..., gm, 2h1, ..., Thm,) is Archimedean as J
is zero-dimensional. Therefore, p*°% = pmom = pmin,

We now give a direct argument for equality p™°™ = p™in relying
on Theorem 5.1 (about finite rank moment matrices, instead of Putinar’s
theorem) and giving an explicit moment SDP formulation for (1.1) using
N x N matrices; see (8.15). Following [96], we use a so-called combina-
torial moment matrix which is simply a moment matrix in which some
variables are eliminated using the equations h; = 0. For f € R[x], resg(f)
denotes the unique polynomial in Spang(B) such that f — resg(f) € J.
Given y € RY, define the linear operator L, on Spang(B) (~ R[x]/J) by
Ly(zij\il Aiby) = Zil Aiyi (A € RY) and extend L, to a linear operator
on R[x] by setting L, (f) := Ly(resp(f)) (f € R[x]). Then define the N x N
matrix Mp(y) (the combinatorial moment matriz of y) whose (i, j)th entry
is Ly(bib;). Consider first for simplicity the problem of minimizing p € R[x]
over Vg(J), obviously equivalent to minimizing resp(p) over V(J). With
resp(p) := Efvzl c;b; where ¢ € RN, we have p(v) = [resp(p)](v) = T4
Vv € Vi(J), after setting (5., := (b;(v))¥,. Hence

p™ = min p(z) =minc’y sty € conv(Cs, | v € VR(T)). (8.14)
z€VR(J) )

The next result implies a semidefinite programming formulation for (8.14)
and its proof implies p™o™ = p™min,

PROPOSITION 8.14. [96, Th. 14] A vector y € RY lies in the polytope
conv(Cp, | v € VR(T)) if and only if Mp(y) = 0 and 11 = 1.

Proof. Let U denote the N x |N"| matrix whose ath column is
the vector containing the coordinates of resp(z®) in the basis B. De-
fine j := UTy € RY" with §, = L,(x*) VYa € N". One can verify
that M(j) = UT'Mp(y)U, J C Ker M(3), and §lvec(p) = yTc with
resg(p) = Zi\il ¢;b;. Consider the following assertions (i)-(iv):

(i) y € Re(CBo | v € VR(J)); (i) Mp(y) = 0; (iii) M(§) = 0; and
(iv) g € Rp(G | v € Wr(J)). Then, (i) = (ii) [since Mp(¢v) =
CaCh = O] (i) = (i) [since M(7) = UT My(y)U]; (iii) = (iv) [by
Theorem 5.1, since rank M () < oo as J C Ker M ()]; and (iv) = (i),
because § = ZUGVR(J) ayCy — Yy = ZUGVR(J) ay(B,v [since Y a,bi(v) =
>y avvee(bi) Gy = vee(bi)'§ = 32, (bi)aLy(x*) = Ly(b;) = y;]. Finally,
as by = 1, y» = 1 means ) a, = 1, corresponding to having a convex
combination when a, > 0. a

Inequalities g; > 0 are treated in the usual way; simply add the con-

ditions Mg(g;y) = 0 to the system Mp(y) = 0, y1 = 1, after setting

g5y = Mp(y)c9) where resg(g;) = 25\7:1 Dby, D) = (cgj))fvzl. Summa-

K2
rizing we have shown

p™ =min ¢y st.y =1, Mp(y) = 0, Mp(g;y) = 0 (Vj <m). (8.15)
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This idea of using equations to reduce the number of variables has been
applied e.g. by Jibetean and Laurent [69] in relation with unconstrained
minimization. Recall (from Section 7.2, page 116) that for p € R[x]a4,
p™in = inf, cgn p(2) can be approximated by computing the minimum of p
over the variety Vi (J) with 7 := ((2d+2)z2 " +8p/dx; (i = 1,...,n)) for
small € > 0. Then J is zero-dimensional, B = {x* | 0 < o; < 2d Vi < n}
is a basis of R[x]/J, and the equations in J give a direct algorithm for
computing residues modulo J and thus the combinatorial moment matrix
Mp(y). Such computation can however be demanding for large n,d. We

now consider the 0/1 case where the residue computation is trivial.

8.2.2. The 0/1 case. A special case, which is particularly relevant to
applications in combinatorial optimization, concerns the minimization of a
polynomial p over the 0/1 points in a semialgebraic set K. In other words,
the equations x? —x; = 0 (i = 1,...,n) are present in the description of
K; thus J = (x? — x1,...,%X2 — X,,) with Vc(J) = {0,1}". Using the
equations x7 = x;, we can reformulate all variables y, (o € N) in terms
of the 2" variables yz (8 € {0,1}") via yo = yg with 3; := min(«a;, 1) Vi.

With P(V') denoting the collection of all subsets of V' := {1,...,n}, the
set B:= {xy :=[[;c;%i | I € P(V)}is abasis of R[x]/J and dim R[x]/J =
|P(V)| = 2™. It is convenient to index a combinatorial moment matrix
Mp(y) and its argument y by the set P(V). The matrix Mg(y) has a
particularly simple form, since its (I, J)th entry is yrus VI, J € P(V). Set

Ay = conv(Cs | v € {0,1}") C RPV), (8.16)

We now give a different, elementary, proof® for Proposition 8.14.

LEMMA 8.15. Ay = {y € RPV) | yy =1, Mp(y) = 0} = {y € RP(V) |
Yo = 172JQV|IQJ(_1)‘J\I‘yJ >0VICV}.

Proof. Let Zi be the 2™ x 2" matrix® with columns the vectors (B =
(ILics vi)rep(vy (v € {0,1}"). Given y € RP(V) let D denote the diagonal
matrix whose diagonal entries are the coordinates of the vector Zg by, As
Mgp(y) = ZgDZ{ (direct verification, using the fact that J is radical),
Mg(y) = 0 <= D = 0 < Zzg'y > 0 &= y = Zp(Zz'y) is a conic
combination of the vectors (s, (v € {0,1}"). Finally use the form of Zz*
mentioned in the footnote. O

EXAMPLE 8.16. Consider the stable set problem. Using the formula-
tion (1.5) for a(G), we derive using Lemma 8.15 that o(QG) is given by the

8This proof applies more general to any zero-dimensional radical ideal J (cf. [96]).

9This matrix is also known as the Zeta matriz of the lattice P(V) of subsets of
V ={1,...,n} and its inverse Zgl as the Mo6bius matrix; cf. [102]. This fact motivates
the name Zeta vector chosen in [96] for the vectors (5, and by extension for the vectors
Cv. We may identify each v € {0,1}" with its support J := {i € {1,...,n} | v; = 1}; the
(I, J)th entry of Zp (resp., of Zgl) is 1 (resp., is (—1)I/\1) if I C J and 0 otherwise.
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program

max Zy{i} st yp =1, Mp(y) =0, yq,;p =0 (i € E). (8.17)
yERP V) “
icV
Thus a(G) can be computed via a semidefinite program with a matriz of
size 2", or via an LP with 2™ linear inequalities and variables. As this is
too large for practical purpose, one can instead consider truncated combi-
natorial moment matrices Mg, (y), indexed by By := {x; | I € P(V),|I]| <
t} C B, leading to the following upper bound on a(Q)

max Y yqy sty =1, Mp,(y) = 0, yujp =0 (ij € E).  (8.18)
9%

Fort =1 this upper bound is the well known theta number ¥(G) introduced
by Lovdsz [101]. See [93, 99] and references therein for more details.

EXAMPLE 8.17. Consider the max-cut problem, introduced in (1.8).
We are now dealing with the ideal J = (x3 —1,...,x2 — 1) with Ve (J) =
{£1}™. The above treatment for the 0/1 case extends in the obvious way
to the 1 case after defining Mp(y) := (yras)r,sepcvy (IAJ denotes the

symmetric difference of I, J). For any integer t,

max > (wij/2)(1—ygjy) st yo =1, Mp,(y) = Wras),s<e = 0
ijeE

gives an upper bound for mc(G,w), equal to it when t = n; moreover,
me(G,w) can reformulated'® as

max Y (wi;/2)(1—ypgy) stoyp=1, Y (-D)"ly; >0vicv.
ijeEE JCV

For t = 1, the above moment relaxation is the celebrated SDP relaxation
for maz-cut used by Goemans and Williamson [47] for deriving the first
nontrivial approximation algorithm for maz-cut (still with the best perfor-
mance guarantee as of today). Cf. e.g. [93, 94, 99] and references therein
for more details.

Several other combinatorial methods have been proposed in the litera-
ture for constructing hierarchies of (LP or SDP) bounds for p™ in the 0/1
case; in particular, by Sherali and Adams [154] and by Lovész and Schrijver
[102]. Tt turns out that the hierarchy of SOS/moment bounds described
here refines these other hierarchies; see [93, 99] for a detailed comparison.

10Use here the analogue of Lemma 8.15 for the +1 case which claims Mg(y) =
(Wian)rscv =0 <=3 jepy (=DM ly; >0 for all I € P(V) (cf. [94]).
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8.2.3. Exploiting sparsity in the 0/1 case. Here we revisit ex-
ploiting sparsity in the 0/1 case. Namely, consider problem (1.1) where the
equations x7 = x; (i < n) are present in the description of K and there is
a sparsity structure, i.e. (8.1), (8.2), (8.3) hold. By Corollary 8.10 there
is asymptotic convergence to p™ of the sparse SOS/moment bounds. We
now give an elementary argument showing finite convergence, as well as
a sparse semidefinite programming (and linear programming) formulation
for (1.1).

Given v € {0,1}" with support J = {i € V | v; = 1}, it is convenient
to rename (s, as ¢} € {0,1}7() (thus with Ith entry 1 if I C J and
0 otherwise, for I € P(V)). Extend the notation (8.16) to any U C V,
setting Ay := conv(¢Y | J C U) € RPW). The next lemma'! shows that
two vectors in Ay, and in Ay, can be merged to a new vector in Ay, ur,
when certain obvious compatibility conditions hold.

LEMMA 8.18. Assume V =1y U...U I, where the I, s satisfy (8.1)
and, for 1 < h < k, let yM) € Ay, satisfying ygh) = ygh) for all I C
I, NIy, 1 < hyh' < k. Then there exists y € Ay which is a common
extension of the yM’s, i.e. yr = ygh) forall1 CI,, 1<h<k.

Proof. Consider first the case k = 2. Set Iy := ;NI and, for h = 1,2,

. In I,
write y(") = Sicr, Ao = S HC Iy DI | TN o= ¢ for some A >0
with Zlgh )\}} = 1. Taking the projection on RP(0) we obtain

> ( > )\,) = ( > /\21) i

HCIy ICH|INIy= HCly JCIo|JnIo=H

which implies > ;7 77— m A= > ICh | INTo=H N2 =:\g VH C Iy, since
the vectors C;}’ (H C Iy) are linearly independent. One can verify that

1
ve Y S padeerteen

HCIo >0 "H 1C1, JC | INTy=INTo=H

lies in Ay,uz, and that y extends each y™), h =1,2.
In the general case k > 2 we show, using 1nduct10n onj,1<j <k, that

there exists z() e AVATH .uz; which is a common extension of y(l) .. 7y(J).
Assuming z) has been found, we derive from the above case k = 2 applied
to zU) and U+ the existence of 21, a

COROLLARY 8.19. Assume V. = I; U...U I where (8.1) holds, let
Po = Ur_,P(I) and y € RP with yy = 1. Then, y has an extension
§ € Ay <= Mp(y,In) = (yrus)r,sep,) =0 for all h=1,... k.

Proof. Directly from Lemma 8.18 combined with Lemma 8.15. O

HLasserre [85] uses the analogue of this result for non-atomic measures, which is a
nontrivial result, while the proof in the 0/1 case is elementary.
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As an application one can derive an explicit sparse LP formulation
for several graph optimization problems for partial x-trees; we illustrate
this on the stable set and max-cut problems. Let G = (V, E) be a graph
satisfying

V=LU...UI; and (8.1) holds, (8.19)
Vij € E3he{1,...,k} s.t. i,j € I. (8.20)

First consider the formulation (1.5) for the stability number a(G); as
(8.20) holds, this formulation satisfies the sparsity assumptions (8.2) and
(8.3). Hence, using Lemma 8.15 combined with Corollary 8.19, we deduce
that «(G) can be obtained by maximizing the linear objective function
> iev Uiy over the set of y € R™ satisfying yg = 1, y; ;3 = 0 for ij € E,
and any one of the following equivalent conditions (8.21) or (8.22)

Mg(y,I) = 0 foralll1<h <k, (8.21)

S (=)PMly; >0 forall I € P(Iy),1 < h < k. (8.22)
JEP(In)|ICT

More generally, given weights ¢; (i € V') attached to the nodes of G, one can
find a(G, ¢), the maximum weight »,_¢ ¢; of a stable set S, by maximizing
the linear objective function ),y ciy(;) over the above LP. Analogously,
the objective function in the formulation (1.8) of the max-cut problem
satisfies (8.2) and thus the max-cut value mc(G,w) can be obtained by
maximizing the linear objective function >, p(wi;/2)(1 -y 3) over the
set of y € R™° satisfying yy = 1 and

S (=1)!"™ly; >0 forall T € P(1y), 1<h <k (8.23)
JeP(Iy)

With max¥_, |I;| < &, we find for both the stable set and max-cut problems
an LP formulation involving O(k2) linear inequalities and variables. This
applies in particular when G is a partial k-tree (i.e. G is a subgraph of a
chordal graph with maximum clique size ). Indeed, then (8.19)-(8.20) hold
with maxy, [I] < k and k < n, and thus a(G, ¢), me(G, w) can be computed
via an LP with O(n2") inequalities and variables. As an application, for
fixed &, a(G, ¢) and mc(G, w) can be computed in polynomial time'? for the
class of partial k-trees. This is a well known result; cf. eg. [18, 163, 175].

8.3. Exploiting symmetry. Another useful property that can be
exploited to reduce the size of the SOS/moment relaxations is to use the
presence of structural symmetries in the polynomials p, g1,...,gm. This
relies on combining ideas from group representation and invariance theory,

12in fact, in strongly polynomial time, since all coefficients in (8.22), (8.23) are 0, &1;
see [146, §15.2].
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as explained in particular in the work of Gaterman and Parrilo [46] (see
also Vallentin [166]). We will only sketch some ideas illlustrated on some
examples as a detailed treatment of this topic is out of the scope of this

paper.

Group action. Let G be a finite group acting on RY (N > 1) via
an action pg : G — GL(RY). This induces an action p : G — Aut(Sym,)
on Sym y, the space of N x N symmetric matrices, defined by p(g)(X) :=
p0(9)T X po(g) for g € G, X € Sym . This also induces an action on PSDy,
the set of N x N positive semidefinite matrices. We assume here that each
po(g) is an orthogonal matrix. Then, a matrix X € RY¥*V is invariant
under action of G, i.e. p(g)(X) = X Vg € G, if and only if X belongs to
the commutant algebra

A = {X e RVN | po(9)X = Xpo(g) Vg € G}. (8.24)

Note that the commutant algebra also depends on the specific action pg.

Invariant semidefinite program. Consider a semidefinite program
max (C, X) s.t. (4., X)=0b, (r=1,...,m),X € PSDy, (8.25)

in the variable X € Symy, where C, A, € Symy and b, € R. Assume
that this semidefinite program is invariant under action of G; that is, C is
invariant, i.e. C € A%, and the feasible region is globally invariant, i.e. X
feasible for (8.25) = p(g)(X) feasible for (8.25) Vg € G. Let X be feasible
for (8.25). An important consequence of the convexity of the feasible region
is that the new matrix Xy := ﬁ > gec P(9)(X) is again feasible; moreover
X is invariant under action of G and it has the same objective value as
X. Therefore, we can w.l.o.g. require that X is invariant in (8.25), i.e. we
can add the constraint X € A% (which is linear in X) to (8.25) and get an
equivalent program.

Action induced by permutations. An important special type of
action is when G is a subgroup of Sy, the group of permutations on
{1,...,N}. Then each g € Sy acts naturally on RY by po(g)(z) :=

(wg(i))ity for @ = (z:), € RY, and on R¥*¥ by p(g)(X) :=
(Xg(i).g)hj=1 for X = (X, ;)N,—y; that is, p(g)(X) = MyXM] after

defining M, as the N x N matrix with (My);; = 1 if j = g(i) and 0
otherwise.

For (i,5) € {l,...,N}? its orbit under action of G is the set
{(g(i),9(4)) | g € G}. Let w denote the number of orbits of {1,..., N}?
and, for [ = 1,...,w, define the N x N matrix D; by (f)l)m- := 1 if the
pair (i,7) belongs to the lth orbit, and 0 otherwise. Following de Klerk,

Pasechnik and Schrijver [38], define D; := \/% forl =1,...,w, the
1,1
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multiplication parameters *yf’ ; by

w
DiD; =Y 7LDy fori,j=1,...,w,
=1

and the w x w matrices L1, ..., L, by (L;);; = ”yliJ fori,j,k=1,...,w.
Then the commutant algebra from (8.24) is

.AG = {Z:EIDZ |:El S R}
=1

and thus dim A% = w.
THEOREM 8.20. [38] The mapping D; — L; is a x-isomorphism,

known as the regqular x-representation of AS. In particular, given
T1,...,2T, €ER,
w w
S mDi= 0= Y ml = 0. (8.26)
=1 =1

An important application of this theorem is that it provides an explicit
equivalent formulation for an invariant SDP, using only w variables and a
matrix of order w. Indeed, assume (8.25) is invariant under action of G.
Set ¢ := ((C, D))y, so that C' = >"1_, ¢ Dy, and a, := ((A,, D;))i ;. As
observed above the matrix variable X can be assumed to lie in A% and
thus to be of the form X = Ele x;D; for some scalars x; € R. Therefore,
using (8.26), (8.25) can be equivalently reformulated as

machm st.alz=b, (r=1,...,m), Z,’E[Ll = 0. (8.27)
=1 =1

The new program (8.27) involves a w x w matrix and w variables and can
thus be much more compact than (8.25). Theorem 8.20 is used in [3§]
to compute the best known bounds for the crossing number of complete
bipartite graphs. It is also applied in [97] to the stable set problem for the
class of Hamming graphs as sketched below.

EXAMPLE 8.21. Given D C {1,...,n}, let G(n,D) be the graph with
node set P(V') (the collection of all subsets of V.= {1,...,n}) and with an
edge (I,J) when |IAJ| € D. (Computing the stability number of G(n,D)
is related to finding large error correcting codes in coding theory; cf. e.g.
[97, 147]). Consider the moment relaxation of ordert for a(G(n, D)) as de-
fined in (8.18); note that it involves a matrix of size O((lp(tv)‘)) =0((2")Y),
which is exponentially large in n. However, as shown in [97], this semidef-
inite program is invariant under action of the symmetric group Sp, and
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there are O(n¥"

lent SDP whose size is O(nzztilfl), thus polynomial in n for any fized t,
which implies that the moment upper bound on a(G(n, D)) can be computed
in polynomial time for any fized t.

1Y orbits. Hence, by Theorem 8.20, there is an equiva-

Block-diagonalization. Theorem 8.20 gives a first, explicit, symme-
try reduction for matrices in A%. Further reduction is possible. Indeed,
using Schur’s lemma from representation theory (cf. e.g. Serre [152]), it
can be shown that all matrices in A“ can be put in block-diagonal form
by a linear change of coordinates. Namely, there exists a unitary complex
matrix T and positive integers h, ni,...,np, mq, ..., my such that the set
T*ACT .= {T*XT | X € A%} coincides with the set of the block-diagonal
matrices

ci 0 ... 0
0 Cy ... 0
0 0 ... Cy
where each C; (i = 1,...,h) is a block-diagonal matrix with m, identical

blocks on its diagonal, all equal to some B; € R™*™_ The above pa-
rameters have the following interpretation: N = Z?:l min;, dim A¢ =

2?21 n?, there are h nonequivalent irreducible representations 61,. .., 0},
for the group G, with respective representation dimensions ni,...,np so
that p = m1601 & ... & mpb}, where myq, ..., my are the multiplicities. We

refer to Gaterman and Parrilo [46], Vallentin [166] for details and further
references therein. To be able to apply this for practical computation one
needs to know the explicit block-diagonalization. Several examples are
treated in detail in [46]. Here is a small (trivial) example as illustration.

EXAMPLE 8.22. Consider the semidefinite program

a b c
min d+f st. X:=[b d e] =0, d+f+2e—b—c=0 (8.28)
c e f

It is invariant under action of the group {1,0} ~ Sz, where o permutes
simultaneously the last two rows and columns of X. Thus we may as-
sume in (8.28) that X is invariant under this action, i.e. d = f and
b = c. This reduces the number of variables from 6 to 4. Next we give
the explicit block-diagonalization. Namely, consider the orthogonal ma-

1 0 O
trix T .= |0 u wu where u = 1/\/5, and observe that T*XT =
0 u —u
a V2b 0
V2b d+e 0

0 0 d—e
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We now mention the following example due to Schrijver [147], dealing
with the block-diagonalization of the Terwilliger algebra.

ExXaMPLE 8.23. Consider the permutation group S, acting on V =
{1,...,n}. Then each g € S,, acts in the obvious way on P(V) (by g(I) :=
{g(@) | i € I} for I CV) and thus on matrices indexed by P(V'). The orbit
of (I,J) € P(V)xP(V) depends on the triple (|I|,|J|,|I NJ|). Therefore,
the commutant algebra, consisting of the matrices X € RPV)*XPV) that
are invariant under action of Sy, is

{3 A M N eR},

,J,tEN

known as the Terwilliger algebra. Here Mit)j denotes the matriz indexed
by P(V) with (I,J)th entry 1 if |I| =4, |J| =j and |[INJ| =t, and 0
otherwise. Schrijver [147] has computed the explicit block-diagonalization
for the Terwilliger algebra and used it for computing sharp SDP bounds
for the stability number a(G(n, D)), also considered in Example 8.21. As
explained in [96] this new bound lies between the moment bound of order
1 and the moment bound of order 2. See also [166] for an exposition of
symmetry reduction with application to the Terwilliger algebra.

Symmetry in polynomial optimization. When the polynomial op-
timization problem (1.1) is invariant under action of some finite group G,
it is natural to search for relaxation schemes that inherit the symmetry
pattern of the polynomials p, g1, ..., gm. For instance, if p is a symmetric
polynomial which is a SOS, one may wonder about the existence of a sum of
symmetric squares. One has to be careful however. For instance, as noted
in [46], the univariate polynomial p = x? + (x — x3)? = x5 — 2x* + 2x? is
invariant under the action  — —z, but there is no sum of square decom-
position p = Y, u? where each u; is invariant under this action as well (for
otherwise, u; should be a polynomial of degree 3 in x2, an obvious contra-
diction). Yet symmetry of p does imply some special symmetry structure
for the squares; we refer to Gaterman and Parrilo [46] for a detailed ac-
count.

Jansson et al. [67] study how symmetry carries over to the moment
relaxations of problem (1.1). Say, the polynomials p, ¢1,. .., gm are invari-
ant under action of a group G C S,; i.e. p(z) = p(po(g)(x)) Vg € G,
where po(g)(7) = (z4(;))i=,, and analogously for the g;’s. For instance the
following problem, studied in [67],

min fo s.t. Z:vg:bj (j=1,...,m) (8.29)
i=1 i=1

with ¢ € N, b; € R, falls in this setting with G = S,,. Then some symmetry
carries over to the moment relaxations (6.3). Indeed, if = is a global mini-
mizer of p over K, then each po(g)(x) (for g € G) too is a global minimizer.
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Thus the sequence y of moments of the measure p := Ig\ qug 00(9)(2)

mm

is feasible for any moment relaxation, with optimum value p In other

words, we can add the invariance condition

Yo = Ypo(g9)()s Le. Yar,...an) = y(ay(l)x"'vay(n)) Vg €g

on the entries of variable y to the formulation of the moment relaxation
(6.3) of any order t. For instance, when G = §,,, one can require that
Yey = - = Yo, , 1.e. all y, take a common value for any |o| = 1, that all
Yo take a common value for any |a| = 2, etc. Thus the moment matrix of
order 1 is of the form

a b b b
b ¢ d d d
b d ¢ d d
M= .
b d ... d ¢ d
b d ... d d c

It is explained in [67] how to find the explicit block-diagonalization for
such symmetric M;(y) (¢ = 1,2, etc). This is not difficult in the case
t = 1; using a Schur complement with respect to the upper left corner, one
deduces easily that M;(y) = 0 <= c+ (n—1)d—nb?/a > 0 and c—d > 0.
The details for t = 2 are already more complicated and need information
about the irreducible representations of the symmetric group S,.

In conclusion, exploiting symmetry within polynomial optimization
and, more generally, semidefinite programming, has spurred recently lots
of interesting research activity, with many exciting new developments in
various areas. Let us just mention pointers to a few papers dealing with
symmetry reduction in various contexts; the list is not exclusive. In partic-
ular, Bachoc and Vallentin [3, 4, 5] study the currently best known bounds
for spherical codes and the kissing number; Bai et al. [6] deal with truss
topology optimization; de Klerk and Sotirov [39] study lower bounds for
quadratic assignment; Gvozdenovié¢ and Laurent [52, 53] compute approx-
imations for the chromatic number of graphs; Vallentin [165] considers the
minimum distortion of embeddings of highly regular graphs in the Eu-
clidean space.
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