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Given polynomialsiy, ..., hy € Rix| = Rlxq,.. ., Xy

e Compute all commonreal roots (assuming finitely many), i.e.
compute theeal variety Vx (/) of the ideall := (hq,..., hy)

e Find a basis of theeal radical ideal /(Vr (7))

V() :={veR"| f(v)=0Vfel}
I(Ve(D) =4{f eRx]|| f(v) =0Vv € Vg(])}

— {feRx||ImeNs; eRx|] [+ .57 €}
Real Nullstellensatz
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1. A semidefinite characterizationof / (Vg (7))
[as the kernel of some positive semidefimement matrik

2. Assuming|Vr(I)| < oo, an algorithm for finding:
e a generating sebprder or Grobner basig of /(Vr (1))
e thereal variety V()

Remarks about the method:

e real algebraicin nature: no complex roots computed

e WOrks if Vg (1) Is finite (even ifV(7) IS not)

e No preliminary Grobner basis @fis needed

e numerical based on semidefinite programming (SDP)
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1. The moment-matrix method fork (/)

2. Adapt the moment-matrix method fok (/) [drop PSD]

3. Relate to the ‘prolongation-projection’ algorithm of
Zhi and Reid forV/c (1)

4. Adapt the prolongation-projection algorithm &g (1)
[add PSD]
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Given an ideal C R[x| with [V (])] < oo,
find the(complex) variety V() and theradical ideal 7 (V¢ (7)).

Linear algebra in the finite dimensional space|x|//
~~ Need a linear basis d@|x|// and a normal form algorithm

Ve (1) can be computed e.g. with:

e Linear algebra methods+ Eigenvalue method
[Stetter-M0ller, Stickelberger, Rouillier]

e Homotopy methods [Verschelde].

Seidenberg [1974]:1 (Ve (1)) = (T U{q1,...,q,}), Where
q; 1S the square-free part pf, the monic generator afN R[x;].
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Stickelberger theorem:
Letm ¢ be the'multiplication by f' linear operatorin R|x| /1.

1. Theeigenvalueof m, are{f(v) | v € Vc(I)}.

2. Theeigenvectoref m} give the points) € Ve (1).

MTCs, = f(0)Cs0 Vo€ Vi)

where)M ¢ Is the matrix ofm ¢ In a baseB of R[x|/I and
8w = (b(v))benB

Moreover, wher3 is a set of monomials ande 5, aborder
basisof I can be read directly from the multiplication matrices
Mxm R M.Tn

Real solving polynomial equations with semidefinite progmang — p.6



e Typically: G is aGrobner basisands is the set oktandard
monomialsfor a given monomial ordering (e.g. via
Buchberger’s algorithm)

e More generally: Assumg8 = {b; = 1,bs,...,by} IS @ Set Of
monomials withborder 0B := (x1BU ... Ux,B) \ B.
Write any border monomial

N

Xz'bj = Z a,iij>bk + g(ij>
=1 el
N ——
eSpanB)

Then: G := {4\ | x;b; € OB} is a (border) basis af and
carries thesame informationas the multiplication matrices
My, , ..., My,
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For f € R[x|

Hermite bili form: Hyp: Rix]/Ix R/ —R
ermite bilinear form: (g,h) — Tr(Mygp)

Theorem: For f =1

vank(Hy) = Ve (1)), SignHy) = Ve (1), Rad(H,) = I(Ve(I))

o rank(Hy) = [{v € Ve(I) | f(v) # 0}

o Sign(Hy)
= H{ve V()| f(v) >0} = v e V()| f(v) <O}
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Vr(I)

I (Ve(]))

... It suffices to have bBnear basis B of R|x|/I(Vr([)) and the
multiplication matrices in R[x|/I(Vg(I))!

New tool: Moment matrices

y € RN% s M (y) = (Yot 8)a,seNn

Nt = {a € N | [a| = ¥, 0 < s}
~ monomialsx® of degree< s

Motivation: Fory = (v%)aenn. =: (25,0 Wherev € R

MS (y) — Cs,v

T

S,V

~ 0 and KerM;(y) C I(v)
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Lemma: Forv € Vg(/) andt > D := max; deg(h;)
the vectory = ¢y, = (v%)|4|<; Saltisties:

e the linear constraintd.C): [ve V()]
yT(hjx®) =0 Vj=1...m Vas.t|a|+deg(h;) <t

e the PSD constraint: M|:/2|(y) = 0 [v € R"]

Set:| i :={yeRY | (LC), M 4/9)(y) = 0}

Obviously: IC; D cond(, | v e Vr(I)}
Theorem: 3t > s > D 74(Ky)=CON€(s, | v € Vr(I)}
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Theorem 1: Lety be ageneric elementbof K, I.e.
y liles in therelative interior of the coneC,;. Then

(KerM /o) (y)) € I(VR(]))
with equalityfor ¢ large enough.

e Geometric property of SDP:
y IS generic= rank M, 5| (y) IS maximum

< KerMLt/Qj (y) C KerMLt/2J (Z) Vz e Ky
Thus: forv € VR(I), KefMLt/ﬂ (y) C KeI’MLt/% (Ct,v)g [(U).

e Let{g:,...,gr} beabasisof (Vg(I)).
Real Nullstellensatzy;™ + >, 57 = > ujh.
This implies:g; € KerM ;5 (y) for ¢ large enough.
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Theorem 2: Let y be agenericelement offC;.
Assume one of the following twiatness conditionkolds:

(F1) rankM(y) = rank M1 (y) for someD < s < |t/2]
(Fd)rankMg(y) = rankM,_,4(y) for somed = [D/2] < s < [t/2].

Then:
o [(Vi(])) = (KerM(y))
e Any baseB of the column space ao¥/,_;(y)
Is a base oR x| /I(Vk(]))
e The multiplication matrices can be constructed frofp(y ).

Real solving polynomial equations with semidefinite progmang — p.12




e Thm [Curto-Fialkow 1996}, (y) has &flat extension
g € RN, i.e. such thatankM () = rankM,(y).

e Thm [La 2005] AsM (y) = 0, (KerM;(y))=KerM (y) Is a
real radical O-dimensional ideal.

C
o & (KerMi(y)) & I(Vr(]))
(LC y generic

)
Thus: (KerM(y))=1(Vr(1))
e 3 indexes a base df/;_;(y) = B indexes a base df/ (y)
— Bis a base oR x| /KerM (7) = R|x|/I(Vkr(]))

~+ Use linear dependencies id;(y) to construct the
multiplication matrices.
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Input:  hy,..., hy € R[X]
Output: B base ofR[x]/I(Vr(I))
The multiplication matrices/, in R[x|/I(Vg(I))

Algorithm: Fort > D
Step 1. Compute a generic element ;.

Step 2: Check if(F1) or (Fd) holds.

If yes return a column basi§ of M;_;(y) and M, = M;' P,
e M= principal submatrix of\/;_ (y) indexed byB5
e P;:= submatrix ofM,(y) with rows in B and columns irx;5.

If no, go to Step 1 witht — ¢ + 1.
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(F1)

o Fort > ty, KerM, 9 (y) contains a Grobner base
{g1,...,g9r} of I(Vx (1)) for a total degree ordering.

e 5:={by,...,by}: setof standard monomials
~ base ofR[x|/I(Vr(I)).

Set: s := 1 + maxycp deg(b) and assume > tg, |t/2]| > s.

N L
Forjal < s, writex® = " Xibi+ Y ug
1=1 [=1

S—— ~~
deg<s—1  deg<|o|<s<|t/2]

Thus: z¢ — fo\il A\;b; € KeI’MLt/% (y)
That is: rankM;(y) = rankMs_1(y).

Real solving polynomial equations with semidefinite progmang — p.15



Ex. 1. I = (h:=x3 4+ x3)

Vr(I) = {0}, [Ve(I)| = oc.

Mi(y) =0, 0=y"h =y + yo2 = ya = 0 Va #0.
~ Any genericy € Ko ISy = (19,0, ...,0) with y5 > 0.
Thus: (KerM(y)) = (x1,x2) = I(Vr(I)).

Ex.2: [ = (h :=x;(x*+1)]i=1,...,n)

Vr(I) = {0}, [Ve(I)[ = 3™

Ma(y) = 0, 0 =37 (Xihi) = Yae, +y2e, Vi = ya = 0 Vo £ 0.
~~ Any genericy € K4 1Sy = (49,0, ...,0) with g5 > 0.
Thus: (KerM;(y)) = (x1,...,Xn) = I(VR(])).
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How to find a genericy € K, I.e. with rank M, (y) max. ?
Solve the SDP programuin,ci, 1 with a SDP solver using

the ‘extended self-dual embedding property’.

Then the central path converges to a solution in the relative
Interior of the optimum face, i.e., togenericpointy € ;.

How to compute ranks of matrices ?

We use SVD decomposition, but this Is a sensitive numerical
ISSue ...

The method may work without (F1) or (Fd):
If rankMp(y) = rankMpugp(y) and the formal multiplication
matrices commute.
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Omit the PSD conditioand work with thdinear space:
= {y ¢ RN | yT'(h, XO‘) =0 Vj,awith |o| + deg(h;) <t}

Thesamealgorithm applies: Fot > D

e Pickgenericy € K;, 1.e.rankM,(y) maximum Vs < |t/2]
[choosey € K; randomly]

e Check if the flatness conditigir1) or (Fd) holds.

e If yes, find a basis oR[x|/.J whereJ := (KerM;(y))
satisfies/ C J C I(V(I)) and thuslc(J) = V(7).

e If Not, iterate witht + 1.
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The inclusion/ C (KerMs(y)) C I(Ve (1)) may be strict for
any generigq.

Example: For I = (x%,x3,x1x2), Vc(I) = {0},
I(Ve(D)) = (x1,x2), dmR[x]/I = 3,dimR[x]/I(Vc(I)) =1,
while dim R|x|/(KerM;(y)) = 2 for any generigy !

Recall: The algebrad := R|x]|/I is Gorensteinf there exists a
non-degenerate bilinear form ohsatisfying(f, gh) = (fg, h)
Vi ,g,h € A, le.Ifthere existy € K., with I = KerM (y)

Hence: Jy € K; s.t.rankM(y) = rankM;_1(y) and
I = (KerMg(y)) IFF A Is Gorenstein.
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Example: the moment-matrix algorithm for real/complex roots

I = (x% — 2x1X3 + 5, xlx% + xox3 + 1, SX% —8x1x%x3), D =3,d =2

Ranks of M, (y) for genericy € K, IC; :

t=2 3 4 5 6 7 8 9
s=0 1 1 1 1 1 1 1 1
s=1 4 4 4 4 4 4 4 no PSD ~~ 8 complexroots
s =2 8 8 8 8 8
s = 11 10 9
s=4 12 10
t=2 4 5 6
s = 1 1 1 1
s = 4 4 2 2 with PSD ~- extract2 realroots
s =2 8 8 2
s=3 10
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8 complex/ 2 realroots:

vl = —1.101, —2.878, —2.821 ]

v2 = 0.07665 + 2.2431,0.461 + 0.4972,0.0764 + 0.008342 ]

v3 = 0.07665 — 2.2437,0.461 — 0.4977,0.0764 — 0.008347 ]

Vg = —0.081502 — 0.93107%, 2.350 + 0.04317, —0.274 + 2.199% ]
V5 = —0.081502 4 0.931072, 2.350 — 0.0431z, —0.274 — 2.1993 ]
Ve = 0.0725 + 2.2372, —0.466 — 0.4642,0.0724 + 0.00210¢ ]

vr = | 0.0725 — 2.2377, —0.466 + 0.4642,0.0724 — 0.002102 ]

vg = | 0.966, —2.813,3.072 ]
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I = (5x% — 6x‘i’xz + xlxgL + 2x1X3,
(1] = 20

D=9,d=5, V()| =

—2X?X2 + 2X%x§ + 2X9X3, x% + x% — 0.265625)

order rank sequence of extract. ordes accuracy comm. error
t Ms(y) (1 <s<|[t/2]) MON/SVD MON/SVD MON/SVD
10 148162534 — — —
12 13915222632 — — —
14 1381012162024 3(3)/—(—) 0.12786/— 0.00019754/—
16 1488812162024 4(3)/3(3) 4.6789e-5/0.00013406 4.7073e-5/0.0007500%

Quotient basisB = {1, x1, x2, X3, X

)

(—
) 3=
Real solutions
x5 = (
(—

1

0.515, —0.000153, —0.0124)
0.502,0.119,0.0124)
0.262,0.444, —0.0132)

0.262,0.444, —0.0132)

T4 =

(=
(
(—
(=

X1X2,X1X3,X2x3} ~> border basigr of size10

0.502,0.119,0.0124)
0.515, —0.000185, —0.0125)

2.07e-5,0.515, —1.27e-6)

1.05e-5,—0.515, —7.56€-7)
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Theorem: If (F1)holds, i.e. for somé < s < |t/2]

rankMg(y) = rankMs_1(y) for genericy € K;,

then| dimmas(Ky) = dimmos—1(Ky) = dim mos(Ki41)

Theorem (based on [Zhi-Reid 2004])1f for someD < s <t
(ZR) dim7s(Ky) = dimmws_1(K;) = dim7g(Kp11)

then one can construct a basekok| /I and the multiplication
matrices INR x| /I [and thus extract(/)].

Hence: The Zhi-Reid criterionZR) may be satisfied earlier
than the flatness criterigi-1).
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Example: [ = (x] — 2x1x3 + 5, X1X5 + Xox3 + 1, 3x5 — 8x1X3)

t=2 3 4 5 6 7 8 9
s=20 1 1 1 1 1
s=1 4 4 4 4 4 4 4 4  rankM3z(y)=rankMs(y)
s =2 8 8 8 8 8 fory € Ko
s = 11 10 9
s=4 12 10
t=3 5 6 7 8 9
s=1 4 4 4 4 4
s =2 8 8 8 8 8 8 8
s = 11 10 9 8 8 8 8
dim 73 (Ke)
s = 12 10 9 8 8
= dim 72 (Ks)
s = 12 10 9 8
=dim 73 (KC7)
s=206 12 10 8
s=17 12 10 9
s=38 12 10
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e In thecomplexcase K; = H;- where
Hi = {h;x% Vj,awith deg(h;x%) <t}

e In thereal caseK; Is a cone, contained in the linear space
P;-, with the same dimensiongim K; = dim P;-, where

Pri=H U{fx" | f € KerM|;)(y), deg(x®) < [t/2]}

Theorem: If for someD < s <t
(ZR+) dim WS(Pf) = dim 7TS_1(7D75J_) = dim 74 ((Pr U @Pt)L)

then one can construct a basejofvith / € J C I(Vk(/)) and
thus extract/r (1) = Ve (J) N R™.
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Theorem: In the PSD case, the flatness criter{6l):
rankMs(y) = rankMs_1(y) for genericy € K;

IS equivalentto the stronger version of tH&R) criterion:

(ZR++) dimm_1(P;) = dim mos(P;-) = dim mos((Pr U OP;) )

In which case we find the real radical ideal= 7(Vr(7)).

Hence:the algorithm based o R) may stop earlier than the
moment-matrix algorithm, based ¢R1).

Future work: Adapt other known efficient algorithms for
complex roots taeal roots by incorporating SDP conditions.
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