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Abstract—We present a stochastic realization theory for In this paper we present a complete stochastic realization

sto-chastic jump-Markov linear systems (JMLSs). We derive theory of discrete-time stochastic jump-Markov linear-sys
necessary and sufficient conditions for existence of a realization, tems (JMLSs). JMLSs have a vast literature and numerous

along with a characterization of minimality in terms of reacha- licati f le 4 dth f therei
bility and observability. We also sketch a realization algorithm  aPplications (see for example [4] and the references threi

and argue that minimality can be checked algorithmically. The For simplicity, we consider only JMLSs with fully observed
main tool for solving the stochastic realization problem for discrete state. In addition, we assume that the continuous

JMLSs is the formulation and solution of a stochastic realization  state-transition depends not only on the current, but also
problem for a general class of bilinear systems with nonwhite- o3 the next discrete state and that the continuous state at
noise inputs using the theory of formal power series. . . . .
each time instant lives in a state-space that depends on the
I. INTRODUCTION current discrete state. In this way we obtain a more general
Realization theory is one of the central topics of contromodel, which we callgeneralized stochastic jump-Markov
and systems theory. Its goals are to study the conditiohigear systemslt turns out that the class of classical JMLSs
under which the observed behavior of a system can lgenerates the same class of output processes as the new more
represented by a state-space representation of a cerpain tgeneral class. However, by looking at more general systems
and to develop algorithms for finding a (preferably minimalywe are able to obtain necessary and sufficient conditions for
state-space representation of the observed behavior. existence of a realization as well as a neat charactenratio
For linear systems and deterministic bilinear systems, thaf minimality. We also formulate a realization algorithmdan
realization problem is relatively well understood thanks targue that minimality can be checked algorithmically.
the works of Kalman, Brockett, Fliess, Isidori, Sontag and The main tool for solving the realization problem for
Sussmann in the sixties and seventies. However, arguallyILSs is the formulation and solution to the following
the only paper on realization of stochastic bilinear systengeneralized bilinear realization problem. Consider arpout
is [5], which requires the input to be white noise. Thereand an input process and imagine you would like to compute
are a number of papers on identification of bilinear systentecursively the linear projection of the future outputsoont
with inputs that are not white noise, see e.g., [3], [6], [20]the space of products of past outputs and inputs. Under the
However, these papers require a number of conditions @ssumption that the mixed covariances of the future outputs
the underlying system to operate correctly. For more génenaith the products of past outputs and inputs formatonal
nonlinear systems, the realization problem is not as wefbrmal power serieswe will show that one can construct a
understood. There exists a complete realization theory fdilinear state-space representation of the output praoneks
analytic nonlinear systems (see [21] and references tijereforward innovation form. The results on realization theory
and for general smooth systems [8], [19]. However, thef JMLSs are then obtained by viewing the discrete state
algorithmic aspects of this theory are not well developedirocess as an input process. To the best of our knowledge,
There is a substantial amount of work on realization theorgur solutions to both the generalized bilinear realization
of polynomial systems [17], and rational systems [22] botlproblem and the JMLS realization problem are new.
in continuous and discrete time. However, the issue of
minimality for polynomial systems is not well understood.
For deterministic hybrid systems, one of the first works on This section presents several results on formal powersserie
realization is [7], though a formal theory is not presentedl], [18], [17]. These results will be used fll for solving a
Later work deals with switched linear systems [14], switthegeneralized bilinear realization problem. In turn, thessoh
bilinear systems [10], linear/bilinear hybrid systemshwitt to this bilinear realization problem will yield a solutioo t
guards and partially observed discrete states [9], [11d, anthe realization problem for JMLSs, as we will showsity.
nonlinear analytic hybrid systems without guards [15].][12 o )
presents necessary and sufficient conditions for existehce”: Definition and Basic Theory
a realization of piecewise-affine autonomous hybrid system Let > be a finite set called thalphabet The elements
with guards but it does not address minimality. To the besif 3. are calledletters and every finite sequence of letters
of our knowledge, the only paper on realization theory ofs called aword or string over 3. Denote byX* the set of
stochastic hybrid systems is [16], where only necessasll finite words from elements ift. An elementw € >*
conditions for existence of a realization are presented.  of length |w| = k£ > 0 is a finite sequence = o102 - -0,

Il. RATIONAL POWER SERIES



with oy, ..., 0, € ¥. The empty word is denoted kyand its for details).
length is zero, i.eje| = 0. Denote byX* the set of all non- Notice thatHy is an infinite matrix and hence the con-
empty words ovel, i.e. ¥ = ¥*\ {¢}. The concatenation struction in part (iv) of Theorem 1 is not directly computbl
of two wordsv = vy --- v, andw = o1 ---0,,, € £ is the  However, it is possible to compute a minimal representation
wordvw = vy - - v,oq - - - 04y FOr any two sets/ and A4, an  of ¥ from finitely many data using a generalization of
indexed subsedf A with theindex set/ isamapZ : J — A, the well-known Kalman-Ho partial realization algorithnr fo
denoted byZ = {a; € A|j € J}, wherea; = Z(j) for all linear systems. One defines a matfik, »; v as the finite
j € J. The elements;; need not be different. upper-left block of the infinite Hankel matrik/y obtained

A formal power seriesS with coefficientsn R” is a map by taking all the rows ofHy indexed by words oveE of
S :¥* — RP. The valuesS(w) € RP, w € ¥*, are called length at mostM, and all the columns offy indexed by
the coefficients ofS. We denote byR? < ¥*>> the set of words of length at mostV. If rank Hy vy = rank Hy
all formal power series with coefficients iR”. A family of holds, then there exists an algorithm for computing a mihima
formal power seriess an indexed se? = {S; € R? <  representatio®y of ¥ by factorizing the matrixfy n 1 -
¥*>| j € J} with an arbitrary (not necessarily finite) index The conditionrank Hy y v = rank Hy holds, if, for
set.J. A family of formal power seriegl is calledrational example,N is chosen to be bigger than the dimension of
if there is an integen € N, a matrixC' € RP*", a collection some representation df. More details on the computation
of matricesA, € R"*" indexed byos € 3, and an indexed of a minimal representation from a Hankel-matrix can be
setB = {B; € R" | j € J}, such that for eachi € J and found in [13] and the references therein.
for all sequences,...,or € 3, k >0,

Sj(O’l(J'Q"'O'k) :CAakAok,l "'AalBj- (1)
The 4-tupleR = (R",{A,},ex, B,C) is called arep-

B. A Notion of Stability for Formal Power Series

To derive results on stochastic realization theory, we will
need a notion of stability of a representation. To that end,

re.senta.tionof ¥ and the numpen = dimR is cl;alled.the consider a formal power serigs € R? < ¥*>>, and denote
dimensionof R. A representatiorR,,,;, of ¥ is calledmini- by || - ||» the Euclidean norm ifR?. Consider the sequence,

malif all representations? of ¥ satisfydim Ry, < dim R.  ;° _ DS > 11S( 5

i — (R" n = 2k=0 2oores 2oopex |[S(0102 - op)[[3. The se-
e rep;esgntatmnsNoIi, R = (R {4d;}oex, B,C) and jeq g g calledsquare summabléf the limit limy,— 400 L,
R = (R" {4s}sex, B, C), are caIIeXd|somorph|c if there  oyicts and it is finite. We call the family — {5, ¢ B <
exists a nonsingular matrif’ € R” " such thatT'4, = s« | j € J} square summabjeif for eachj € J, the
AoT forall o €3, TB; = B; for all j € J, andC' = CT'. - gorpg power seriesS; is square summable.

Let R = (R?, {AU.}”EZ’B’C) be a representation of. . We now characterize square summability of a family of
In the sequel, we will use the following short-hand notation, o hower series in terms of the stability of its repre-
Aw = A Ao,y Ag, TOr w = 01000 € X' and - qopation Letr = (R™, {A,}ses, B,C) be an arbitrary

01,...,0k € I, k > 0. The mapA. will be identif]ied" representation o = {S; € R? < %* >| j € J}. Assume
with the identity map. Denote by (n) the number of a thatX = {oy,...,04}, whered is the number of elements

words overX of length at most: — 1. Define thereachability of 3. and consider the matrix — Zd A A . where
. _ ] * _ . ’ - i=1“to; o

matrix Orflﬁw%_m’% _d[Aﬁ’BJlJ v ebz'l' [wl < n . %Jbe ® denotes the Kronecker product. We will cél stable if

J] € R PR anE*t eo<serva ity EE%E?:)OPM Wy the matrix A is stable, i.e. if all its eigenvalues lie inside

OITI _h[(c w)” | w < ® > |l he gl _'fl]d' GR ~ ank W € the unit disk (A\] < 1). We then have the following result.

call the representation reachableit dim /£ = ran R Theorem 2 ([16]): A rational family of formal power se-

a”S (?[b;erzab?f keﬁROpR :E{’?}. < 71 be a familv of ries is square summable if and only if all minimal represen-
et = {S; € RP < ¥">| j € J} y tations are stable.

formal power series. We define the Hankel-matrixioés the

matrix Hy € R">1x(E"<7) whose entries are given by |,
(Ho) (u,iy(v,5) = (Sj(vu));, wherel = {1,2,...,p}. That - _ _ o
is, the element offy whose row index igu,) and whose This section formulates and solves a stochastic realizatio
column index is(v, j) is simply theith row of the vector problem for bilinear systems with nonwhite noise inputs
S;(vu) € RP. The following result on realization of formal using the results igll. Particular cases of this generalized

REALIZATION OF GENERALIZED BILINEAR SYSTEMS

power series can be found in [18], [17], [13]. bilinear realization problem include realization of cliass
Theorem 1 (Realization of formal power seriespt linear and bilinear systems. Also, by allowing finite-state

U= {5, € R? <« ¥* >| j € J} be a family of formal Markov processes as inputs, we will obtain a solution to

power series indexed by. Then the following holds. the realization problem for JMLSs, as we will show§iy.

(i) Wis rational < rank Hy < +00.

(i) Ris aminimal representation &f < R is reachable
and observable— dim R = rank Hy. Let the output processy € RP be a wide-sense sta-

(i) All minimal representations oft are isomorphic. tionary and zero mean discrete-time (i.e. the time axis is

(iv) If n = rank Hy < 400, then one can construct a Z) stochastic process. Let theput processe a collection
representation o using the columns offy (see [13] {u, € R},ex of discrete-time stochastic processes indexed

A. Generalized Bilinear Stochastic Realization Problem



by the elements of a finite alphabEt For each nonempty  Assumption 1 (Admissible words)et L be a given set of
wordw = oy09-- 0, € XY, k> 1,0q,...,0, € X, define  non-empty words ovek, i.e. L C X*. We call L the set
of admissible wordsEvery symbolo € ¥ is an element of
Zu(t) =¥ (t = K)o, (= k) -+t (= 1). @ Furthermore, if for some word € ¥+ and letters € &
We call the random variables, (t),w € £ the predictor the wordwo € L or ow € L, thenw € L. Also, if w is not
variables We assume that the output and predictor variablegdmissible, i.ew € ¥+ \ L, thenz,, = 0 andA,, = 0.
(y(t),{zw(t) | w € £1}) are jointly wide-sense stationary, This assumption allows us to deal with the case where not
i.e. for allt, k € Z, and for allw,v € ¥+ we have every sequence of inputs is admissible. In particular,whils
T T be the case for IMLSs, where the discrete state process will
Ely(t+k)z,(t + k)] = Ely(t)z, ()], and  (3) play the role of an input. We will discuss this casegIN'.
Elz,(t + k)2, (t + k)] = Elz,(t)z] (t)]. 4 Assumption 2 (Square-summable formal power series):
Notice that for anyp > 0 the spaceH, of zero-mean For eachj € I = {1,...,p} ando € ¥, define the formal
square-integrable random variables with valuesRihis a power seriesS(; ,) € RP <X*> as
Hilbert-space with the scalar produet x,z >= E[x'y], g . _ (A 4 9
see [2]. Recall the notions of closure and orthogonal projec Gy (W) = (Aow) ©)
tion for Hilbert-spaces. 1fZ is an arbitrary subset of{, where(A,,,). ; denotes theith column of thep x p covari-
and z is an element ofH,, then E;[z | Z] denotes the ance matrixA,,. Define the family of formal power series
orthogonal projection ofr onto the closure of the linear ¥ with the index set/=1 x ¥ as
space spanned by the elements/fNotice that both the _
outputy(¢) and the predictors,, (¢) at timet belong toH,,. U={Sje |jel,oe} (10)
Denote byH(t) the closure inf{, of the linear span of the \yg assume tha¥ is square summable.
predictors{z,(t) | w € %"} at time¢. We will call 7(t) Assumption 3 (Positive definiteness of finite covariance):
the predictor space at time. For eachN > 0, let TV = (T,.)
We are now ready to introduce our generalized bilinea¢nite covariance matrix formed by all matrice®,, ,

stochastic realization problem. _ . _indexed by admissible words,v € L of length at most
Problem 1 (Generalized Bilinear Stochastic Realization):\r ko each NV > 0, the matrix TV is strictly positive

Given an output procesg and an input proces§u, foes  definite, that is, for allS # 0, where S, € RP, we have
indexed by a given finite alphabet, find a forward > ST . S >0
innovation state-space realization pfof the form wv€Lolw VSV v v

w,veL,|lw|,|v|<N be a

This is mainly a technical condition, which simplifies the

x(t+1)= Z(A"X(t) + Kye(t))u, () proofs. It is analogous to the assumption of the strict p@sit
oes (5) definiteness of the Toeplitz-matrix for the linear case.
y(t) = Cx(t) + e(t), Assumption 4 (Full rank innovation procesdjor each

. T )
where the equalities are assumed to hold in the square—me% = the covarianceEle(t)e” (t)u, (¢)] is of rankp.

sense. In equation (5), the system matrices are of the foryn.gf ;S alrséoss_éicpor;;cal sgﬁ{?ﬁa“rog’:\tlz:gz 'stubssfstggb;am
A, € R K, € R™*? andC € RP*" for all o € X, ICE Expressi o ! y » 1L DO W

to the classical requirement thmtbe afull rank procesq2].

Assumption 5:There are nonzero rea$, },x such that
for all admissible wordsw, v € L satisfyingwe, vo’ € L,
and symbolsr, ¢ € =, we have

andx(t) is a random process taking valuesRft such that
Cx(t) is the orthogonal projection of the outpuft) onto
the predictor spacéi(t), i.e. Cx(t) = Ej[y(t) | H(¢)] and
e(t) is the forward innovation process

e(t) = y(t) — Eify(t) | H(t)]. ©® o | _(pTevo=o o [pAlo=0
Remark 1 (Realization of Linear System#):> = {z}  “7" 0 oFfo v 0 o#o.
andu. = 1, then Problem 1 reduces to the classical Iinea]rn

E - addition, if wo € L then for allve ¢ L, T, ,, = 0, and

realization problem and (5) becomes a linear state-space ) ’
- . . conversely, ifve € L, then for allwo ¢ L, T, ., = 0.

model in the forward innovation form. ’

Remark 2 (Realization of Bilinear System#)u,. = 1 This assumption is crucial for finding a time-invariant
uy, = 1, . . . e
w., is white noise, and — {z1, 2}, then Problem 1 reduces matrix K. For linear systems, it follows from the wide-sense

to the classical bilinear realization problem and (5) beesm stationarity of the outputs. For bilinear systems, it fako

- ; . : he assumption that the input is white noise.
a bilinear state-space model in the forward innovation forn’%lrom t :
P Assumption 6:For allt € Z, k > 0, andv € 1, y(t—k)

B. Generalized Bilinear Stochastic Realization Theory andzv (t_k) be'ong to the C|Osure (|n the mean_square Sense)
To solve the generalized bilinear stochastic realizationf the linear space spanned by, (¢),w € 7 }.
problem, we will make a number of assumptions on the This assumption is needed to ensure that the innovation
covariances between the output and predictor variables processes are uncorrelated.
We the assumptions above, we have the following result.
Ay = Ely(t)zL(t)] € RP*P, and 7 ) M o
v y(#)z, (¢)] () Theorem 3: (Stochastic realization of bilinear systems

Ty = El2,(t)2,,(t)] € RP*P. (8)  with non-white inputs):Assume that the processgsand

w



{u, }sex satisfy Assumptions 1-6. Theg, has a realization ~ 5) SubstituteX, and the matrices associated with the represen-

by a generalized bilinear system of the form (5) if and only if tation R into 11. AsN goes to infinity, the matrices of the

¥ is rational. Furthermore, the generalized bilinear stetiha thus obtained realization converge entry-wise to the matrices
. ’ . of a generalized bilinear realization gt

realization problem has a solution of the form

IV. REALIZATION THEORY OF GENERALIZED JMLSs

1
t+1)= — A x(t Kqe(t))u,(t . L L
x(t+1) Z(pg x(t) + Koe(t))us (?) (11 The goal of this section is to present a realization theory

gEY
_ for JMLSs [4]. However, for the purposes of realization

y(t) = Ox(t) +e(?) theory we will look at stochastic hybrid systems of a slightl
whereR = (R", {As }oes, {B(j,0)} (j.o)erxs, C) is a mini-  more general form than the ones defined in [4].
mal representation o¥, e(t) is the (uncorrelated and zero- _ .
mean) innovation process defined in (6), and for eachy, A Generalized Jump-Markov Linear Systems

1 A generalized jump-Markov linear systef@JMLS), H,

T Ty\—1 .
K, = (B, — p—AaPaC )Ty — CP,C") (12) s a system of the form

x(t+1) = Mo(t),0t+1)%(t) + Bot).ot+1)V(t)

H: {
P, = Ex(t)xT(Hu, (u, ()] € R™™  and  (13) y(t) = Cowx(t) + Do v(t)
B, = [B(Lg), Booy, s B(w)] € R™*P,  (14) Hered, x, y andv are stochastic processes defined on the set
Proof: [Sketch] Recall the definition of the observability matrix of integers, i.e¢ € Z. The procgsﬁ IS called- thediscrete
Or € RVpxn of B Define theR" (™?-valued random variable State procesand takes values in theet Qf d|scr(_at§a states
Y. (t) = [2,(t) | we o |w| < n—1]7, wherez! (t) = yT(t) @ ={1,2,...,d}. The proces® is a stationary finite-state
a?d for aIITw = o105 € X7, 01,...,0, € ¥, k > 0, Markov process, with state-transition probabilitips; =
zu(t) =y (t+ F)uo, (t +k —Dugy , (t+k —2)---us (). Prob(0(t+1) =i | 6(t) = j) > 0forall i, j € Q. Moreover,

The variableY ,(¢) can be thought of as the products of future S et ; o
outputs and inputs. SincR is observable, the matri®r has a left the probability dlstrlt;utlon of the discrete stalr) ',S given
7a)', wherer; = Prob(0(t) = i). The

inverse, which we will denote b®". Then, we define the state by = = (7r.1, S .
x(t) as the linear projection @5 (Y, (t)) onto the predictor space Processx is called thecontinuous state procesand takes
H(t). It follows that Cx(t) = Ei[y(t) | H(t)]. We are left with values in one of thecontinuous state-space¥, = R"s,
showing thatx(t) satisfies the recursion in (11). To that end, |etq c Q More precise|y’ for any time € Z, the continuous
Hx(t) be the linear space spanned by(f), wherew € 7 and  giate v () lives in the state-space componet ). The
|w| < N. It follows thatx(t) = limn— 400 X~ (t), Wherexy (t) = . .

El[0-1(Ya(t)) | Ha(2)]. Inturn, using Assumption 5 we can show Processy is the co.ntlnuous output procesnd takes_values
that there exists a collection of matricad ™! € R™*?, such that N the set of continuous outpu®”. The process is the
xn1(t+1) = 2 ex(GEAoxn(t) + of Tlen(t))u, (t), where  continuous noiseand takes values iiR™. The matrices
en(t) = y(t)— Ely(t) [Hn (t)]. Thus limy o en(t) =e(t). M, ,, and By, ,, are of the formM,, ,, € R"=""« and
Also, we can show thatmy_. o o) 7" = K, exists and satisfies By,.q, € R %™ for any pair of discrete stateg, g2 € Q.

(12). By taking the limits in the expression fer ;1 we obtain (11). . . " pxn
The rest of the theorem can be shown using Assumptions ®-6. Finally, the matrices, and.Dq are of the formC, € 7"
and D, € RP*™ for each discrete staige Q.

Theorem 3 implies the realization construction for linear We will make a number of assumptions on the system.
[2] and bilinear stochastic systems [5]. Notice also that if Assumption 7:Let D; = {6(t — k)},>0 be the collection
(y,{u, | w € X1}) are jointly ergodic, then we can replaceof past discrete states, and denotejy|D;] the conditional
stochastic processes with time series, and from the proof ekpectation otz given D,. We assume that for atl € Z,
Theorem 3 we get the following realization algorithm. — v(t) is conditionally zero mean give®;, i.e. E[v(t) |

Algorithm 1: (Generalized Bilinear System Realization): D,] = 0, and for alll > 0, v(t) andv(t—1I) are conditionally

1) Lety andu, be the time-series correspondingsteandu,,  ncorrelated giverD,, i.e. E[v(t)v(t — )T | D] =0,

respectively, fort = —N,...,0,..., N. Compute the time- .
seriesz,, z1,, andY,, corresponding to the processes, z{,, the collections(x(t —1), v(t—1),1 > 0} and{6(t+1),1 >

and Y., respectively, by replacing all occurrencesyoind 0} are conditionally independent givep,, _a_nd
u, with y andu,, respectively. For each stochastic process- for all [ > 0, x(¢) andv(¢ + ) are conditionally uncorre-
s € RY, let Px(s)(t) = (s(t),...,s(t+N-1)) e RN, |ated givenD,,,, i.e.Vl > 0, E[x(t)v(t+1) | Dii] = 0.

where . (15)

wheres is the time-series associated with the process Assumption 8:Let n — o The matrix
2) ApproximateA,, by L Py (y)(0)(Px (z.)(0)) for all w € P Letn=ni4mng -+ ng.

¥+, |lw| < N. Construct a finite Hankel matrix from the p1aMia @ Mig - pagiMar @ Mg

approximations ofA,, and use the algorithm described in Mo ® M M,o® M )

Section Il to obtain a representatidi of ¥ in (9)—(10). M= P12 1’2_ b2 P2 d’2_ @2 c R xn?
3) Compute the left inversé),;1 of the observability matrix : :

of R. Let zx(0) € R™*" be the orthogonal projection of M, M M, & M,

the rows ofO*P(PN(Yn)(O)) onto the rows of the matrix P1a3.d b Pd.ad,d b

T . . . Tr

[(Px(2w)(0))" |w € ¥F, [w| < N]*. is stablg i.e. for any eigenvalue. of M, we have|\| < 1.

4) Fori = 1,...,N, let xn,; be theith column of zn.

Assumption 9:The Markov proces® is stationary and

ApproximateP, by + SV 02k (02 (i—1), Tro :
PP Y & i o (02 (Oua (i = 1), To, ergodic. Therefore, for alj € Q, >_ o Tsps,q = 7g-

by + Py (z.)(0)Pn(z2)(0) and use (12) to comput&,.



Lemma 1:Let x be the indicator function, i.e¢(4) = 1if  For each nonempty word = o1 --- 0 € %, 01,...,0% €
the eventA is true, andy(A) = 0 otherwise. If Assumptions X, define the predictor variables as in (2), except that the
7-8 hold, then there exists a unique collection of matricesutputy is replaced by the given process i.e. z,(t) =
{P; € R"«*" ¢ € Q}, such that y(t—k)u,, (t—k) - u,, (t—1). Notice that ifw is not of

the formw = (qo,1)(q1,42) -+ (qk-1, ), for k > 0 and
_ T T ) ) ) =
Py = Zps’qM&qPSMs,q + Bs,QsqBsg (16) qo,---,qx € Q, thenz,(t) = 0. This prompts us to define

s€Q the set of admissible sequenckqsee Assumption 1) as
whereQ. , = E[v(t)v(t)"x(6(t + 1) = ,0(t) = s].
Lemma 1 is based on the well-known criteria for mean = {(20,@1)(a1,¢2) -~ (qk—1,4) | k> 0,41, ..., g1 € Q).

square stability of IMLSs [4]. To make the continuous state ) (18)
and output processes(t) and y(¢) wide-sense stationary, otice that ifw = (qugl)(q%; q2) - (qr-1,qx) € L, then
we also need the following. th(icovarlagjge/\w = E[y(’t)zw(t)]l can be written as\,, =
Assumption 10:Under Assumptions 7-8, I§tP, },cq, be Ely(t+k)y ()x(6(t +1) = g;,i = 0,..., k)]. Asin (9),
the unique collection of matrices satisfying (16). Rectdba W€ €an associate the covariance sequengevith a family
the definition of D, from Assumption 7. For alt € Z, x(t) of formal power serieg(S(; o) € R? <,< 2>| 0 € Qx
is conditionally zero mean giveD;, i.e. E[x(t) | D] = 0, Qi=1,... ’P}' Wh_ereSm(w) IS thelt_h cqlumn OfA‘”i'
and for allg € Q, E[x(t)x(1)Tx(8(t) = ¢)] = P,. We denote thls.famlly byrs to emphasmg it depenqs gn
Remark 3:Note that the classical definition of a discrete- N order to find necessary and sufficient conditions for
time JMLS [4] differs from (15). The main difference is that®XiStence of a GIMLS realization fgr we need to make a
in our framework the continuous state transition rule dejgen "Umber of assumptions on and 6. _
not only on the current, but also on the next discrete state. ASSumption 11 (Conditional independenceyoind 6):
Nevertheless, the classical definition and (15) are ecenval FOT €acht < Z, the collection of random variables
in the following sense. On one hand, it is clear that acla!;sic,{-V(t — ).l = Q} and {f(t + 1) | I > 0} are conditionally
JMLS also satisfies our definition. Conversely, a GIMLS dftdependent giveé(i — 1) [ 1 > 0}. _
the form (15) can be rewritten as a classical JMLS with ASsumption 12 (Stability ofy): The family of formal
the same noise and output processes, but with the discrO@Ver seriesly is square summable.
state proces® replaced by@(t) — (0(1),6(t + 1)) and the Assumption 13 (Erqulcnyland strong cgnnectedness):
continuous state process and the system matrices replgced''® Markov proces® is stationary, ergodic and for each
a continuous state process and system matrices living in tfe 92 € Q the transmop_probat.nl!tyoqlm > 0 Is nonzero.
continuous spacB™ +72++n4_The reason why we choose Assumption 14 (Positive deﬂmtenessTof finite covariance):
to work with GIMLSs of the form (15) instead of classical " €achw,v € L, let T, ,, = Elz,(t)z,(t)]. We assume

w
o TN
JMLSs is that, as we will show later, systems of the fornjhat the finite matrixI™™ = (Tw,0)w,veL,|u|,jvj<n formed

(15) admit a nice realization theory. However, it is not clealf®m admissible words of length at most > 0 is strictly
if one can also obtain such results for classical JMLSs. Positive definite, i.e. it satisfies Assumption 3 in Sectitin |
. o Assumption 15 (Full-rank predictor spaceJhe innova-
B. Existence of a Realization by a GIMLS tion processe(t) = y(t) — E/[y(t) | {zw(t) | w € S+}]
Lety be a zero-mean wide-sense stationary process takirggfull-rank, i.e. it satisfies Assumption 4 in Section III.
values inR?. Let & be a Markov-process taking values in The following lemmas characterize the relationships
Q = {1,...,d}. Let H be a GJMLS of the form (15), among Assumptions 11-13 and Assumptions 1-10.
with discrete state proce#sand output procesg, satisfying Lemma 2:If y has a realization by a GIMLS for which
Assumptions 7-10. In the sequel we will ke€pfixed and Assumptions 7-10 hold, then Assumptions 11-13 hold. Also,
whenever we speak of a GIMLS realizationyafwe will if y and 6 satisfy Assumptions 11-15, then they satisfy
always mean a GJMLS of with discrete state proce#s Assumptions 1-6. In particular, Assumption 5 is satisfied
Definition 1 (Realization by GIMLSs)fhe GIJMLSH is  with p, defined as the transition probability of the Markov
said to be aealizationof y if the continuous output process processd, that is, foro = (q1,¢2), we letp(g, ¢.) = gy .o -
y of H is equals toy in the square-mean sense, that is, for We are now ready to formulate the main theorem.
any time instant € Z, E[(y(t) —y(®)" (y(t) —y(t))] = 0. Theorem 4 (Existence of a GIJMLS RealizatioAssume
This section presents necessary and sufficient conditiotisat y and 8 satisfy Assumptions 11-15. Thep has a
for existence of a realization of the output procgsdy realization by a GIMLS system if and onlyf; is rational.
a GJMLS with discrete state proceds The construction Proof: [Sketch] We first show that ift; is rational, theny
proceeds by associating a generalized bilinear systetd  has a realization by a GIMLS. ¥ is rational, then we can find a
the processesg and @ and building a formal power series minimal representatiol® = (R", {4, }oes, {B(i,0) tict,oex, C)
associated with the covariance sequencé.of of Wy. Then, by applying Theorem 3, we can obtain a generalized
Let the alphabefs of B be the set of pairs of discrete bilinear rea!lzatlon ofy of the fornj (11). lesed on this realization
states, i.e3 — Q x Q. For each lettefq,, ¢2) € X let the we can define a GIMLS realizatididiz of y of the form

input processes df be defined as X(t+1)= Mow),0¢+1)X(t) + Ko(t),0(t+1)€(t)

Hp: > - ; (19)
W ) () = x(O+1) =q,0() =q1).  (17) {y(t) = CowX(t) +e(t),



where

— Continuous state-spaceBor eachg € @ define X; C R"™ as
the subspace spanned By, ) AwB(,-) and B (q,,q)) for all
QnEQuwerT,cen,i=1,...
of &, with the elements oR"?, wheren, = dim A&j.

— State processObtain the continuous state procesg) of the
GJMLS from the continuous state(t) of the generalized bilinear
system (11) by viewing(¢) as an element ok ;) and identifying
it with the corresponding vector iR™< for ¢ = 0(t).

— System matricesFor eachqi,q2 € Q, the matrix My, ¢, €
R™e2*"a1 is the matrix associated with the linear map

Xy D2

Agr,q:% € Xgy. (20)

Pqi1.92

,p- Then identify the elements

where Wy, 4, = E[v(OVT(Ox(B(t + 1) = ¢2,0(t) = 1))
and P, € R"a*"a js defined by (16). Notice thaty, 4, =
E[x(t)y" (t = 1)x(0(t) = g2,0(t — 1) = q1)].

The proof thatHg is a GIMLS realization ofy then follows
from Theorem 3. ]

C. Minimality of a Realization by a GIJMLS

As in the case of linear systems, it is possible that several
GJMLSs realize a given procesgs Hence, we are interested
in finding a realization ofy that is minimal in some sense.
We define the notion of a minimal realization as follows.

Definition 2 (Minimal Realization by a GIMLS)he di-
mensionof a GJMLS H with discrete state procegstaking

Forallq € Q, Cy € RP*"4 s the matrix associated with the linear values on@ = {1,2,...,d} is defined as

map X, > z — Cz € R?, i.e. C, is the restriction oiC to Aj.
— Noise processThe noise process is the innovation process

e(t) =y(O)—Ely(®) [ {y(t — k)x(O(t — k) = qo) - -

(21)
x(0(t) = ax) | qo,- - -, qx € Q, k > 0}].
— Noise gain.The matrix Ky, 4, € R"2*? is defined as
K‘h#h :(BQLQQ - MQ1VQ2P111»<1205)X
! — (22)

X (T(fn,qz),(qnqz) = Cq1 Py a2 qu)
In this expressionT (4 ,¢5),(q1,42) € RP*? is the self covariance
Tlgr.a2).(ar.22) = EFOF (OX(O() = 1,0(t+1) = g2)]. (23)

Moreover, the matrixP;, 4, € R™"1*"a1 s the self covariance

Ppge = BROX (DX (0(1) = 1,0 +1) = g2)].  (24)
Finally, the matrixBy, 4, € R"22*? is defined as
By ,q2 = [B(l,(q1,q2))v T B(Pa(QlyQZ))} ) (25)

where each vectaB; (4, ,4,)) IS an element oft,, and hence can
be identified uniquely with a vector iR"2.

dimH =ny +no + -+ ng, (27)

where n, is the dimension of the continuous state-space
associated with discrete statgi.e. n, = dim &y, for g € Q.

We call a realizationH of y minimal if dim H < dim H’

for all GIMLSs H' that are realizations of.

In the case of linear systems, a realization is minimal if and
only if it is reachable and observable [2]. In this subsegtio
we will formulate similar concepts for GIJMLSs. We first
define the notions of reachability and observability for a
GJMLS. We then show that a realization by a GIJMLS is
minimal if and only if it is reachable and observable.

To that end, letH be a given GIJMLS of the form (15)
that satisfies Assumptions 7-10. L&t = dim H be the
dimension ofH. For all (¢1,¢2) € @ x Q = X let

Gaige = By (t = Dx(6(1) = ¢2,0(t — 1) = q1)] (28)

be a matrix inR™«=*?. Recall the definition of. C (QxQ)*
from (18). For any admissible word) = o1 ---0 € L,

The systemHr is a well-defined GJMLS and it satisfies As- whereo; = (¢;,qi1) € X fori=1,...,k—1, let

sumptions 7-10. We will calHr the GIMLS associated with the

representationR.

We now show that ify has a GIMLS realization, thefry is
rational. To that end, assume thdtis a GIMLS of the form (15)
satisfying Assumptions 7-10. We will define a representafon
referred to as theepresentationRy associated withH, such that
Ry is a representation ofy. We defineRy as

Ru = (Rn’ {A(q17q2)}(q1,q2)627 B,C),
where the parameters @ty are given by

(26)

— State-spacelLet n = ny + na + ---ng and let the state-space ¥

M,

dk—1,9k

M

Ng, XN
. qp q1
qk—2,9k—1 € R .

M

q1,92

M, = (29)

If w¢ L, and|w| > 0, thenM,, denotes the zero matrix. If
w = ¢, then M, denotes the identity matrix whose domain
of definition depends on the context. For eacke @, let
L9(N) be the set of all words i of length at mostV that
end in some pair whose second componer, ise. L(N)

is the set of all words inv € L such thatjw| < N and

= v(q1,q) for someq; € Q andv € ¥*. Similarly, for

of Ry be R™. Notice thatR™ can be viewed as a direct sum of €achq € Q, let L,(N) be the set of words i, of length

the individual state-space¥, = R"9, i.e. R" =
eachX, can be viewed as a subspacelf.

— Matrices Aq, ,q,. FOr eachqi,qz € Q, let 4g, 4, € R™*™ be
the matrix defined by the following property: if € X,,, then
Ag.02® = Pay.azMay .07 € Xgy C© R and if z € Xy, q # qu,

then Ag, 4oz = 0.

— Matrix C. The p x n matrix C' is defined by the following
property; for allx € X, Cx = Cyx.

— Initial states B. Define the familyB = {B; (4,,4,)) | 01,92 €

Q,i =1,...,p} as follows. For eaclyi,q> € Q, ¢ , D

B (q1,q0)) IS theith column of then x p matrix

7@ Xy, hence

yt=1,...

(01,4, G,

491,92

e

T T
q1,92 §d,q2 quyqz] :

In this equatiorny; ; = 1 if ¢ = j andd; ; =0 if 4 # j, and
Ga1,02 = Par,a2Mar,02 P 031 + Ba1,02War a2 Dy,

q1

at mostN that begin in some pair whose first component is
g, i.e. L,(N) is the set of wordsv € L such thatjw| < N
andw = (g, g2)v for somegs € Q andv € ¥*.
We define reachability and observability as follows.
Definition 3 (Reachability of GIMLS)For each discrete
stateq € Q, define the matrixzy , € R™«*IE*(M)Ip a5

[MUG(I17(I2 |Q1 S Q7q2 S Q)U S Z*a (QDQQ)U € LQ(N)]

We say that the GIML% is reachable if for each discrete
stateq € Q, rank (Rp,q) = ng.

Definition 4 (Observability of GIMLS)For each discrete
stateq € Q, define the matrbOp , € RIFa(V)IPxna g5

[(Cou M) | 0€Q, g €Q,v € 5%, 0(0, qx) € Ly(N)]".



We say that a GIMLST is observableif for each discrete
stateq € Q, rank (Op,q) = ng.
Recall from (26) the definition of the representatify;

V. DiIscussION ANDCONCLUSION

We presented a realization theory for stochastic JMLSs.
The theory relies on the solution of a generalized bilinear

associated with a GMJL${. Recall also the definition of yegjization problem. This solution represents an extenefo

reachability of a representation along with the definitionne known results on linear and bilinear stochastic retitina
of the observability matrixOr,, of Ry. Observability and  gpen research avenues include extending our results to more
reachability of /' can be characterized in terms of theyeneral classes of hybrid systems. In particular, it wowd b

observability and reachability of its representatiBy .
Lemma 3: The GIJMLSH is reachable if and only iRy

interesting to develop realization theory for jump-Markov
linear systems with partially observed discrete statesekle

is reachable, and/ is observable if and only if for each sy conditions for existence of a realization by a system of

q € Q, kerOr, N X, = {0}.

this class were already presented in [16]. Another intargst

The lemma above implies that observability and reachgbilitji,e of research is to use the presented theory for develop-

of a GIMLS can be checked by a numerical algorithm.

ing subspace identification algorithms for stochastic JSILS

We are now ready to state the theorem on minimality Ofste that the classical stochastic bilinear realizaticeotl

a GJMLS realization.
Theorem 5 (Minimality of a realization by a GIMLS):

gave rise to a number of subspace identification algorithms,
see [6], [20], [3]. It is very likely that the presented rdsul

Let y be an output process satisfying Assumptions 11-1%| jead to very similar subspace identification algoritam

A GJIMLS H of the form (15) is a minimal realization of
if and only if it is reachable and observable. In addition, if
H is another GIMLS realization g¢f given by

X(t +1) = Mpgy 00+1)X(t) + Bor)o(+1)V (t)

N A\ A (30)
y(t) = Co(t)x(t) + De(t)V(t)a

. . . - 1

where the dimension of the continuous state-spacéddof M
corresponding to the discrete statés 7, then the GIMLS  [2]
J (3]

H is minimal if and only ifn, = 7, for all ¢ € Q. Fur-
thermore, there exists a collection of nonsingular magtice [4]
T, € R"*", ¢q € @, such that for ally;,¢2 € Q

N . R (8]
TQ2 qulz Tq_ll = ]V[qwm ) CQ1 Tq_ll = Cth ) TQ2 GQ1,Q2 = GQ1>IJ27 (6]
where -
~ 7
Gy = By (t = Dx(0(t) = ¢2,0(t — 1) = q1)],

A o\ 8
G = BROFT (L= )X(0(1) = 42,00t - 1) = ). O
That is, H and H are algebraically similar in some sense. ol
Proof: [Sketch] First, we can show that iR is a minimal (10]
representation ofl'y, then the GIMLSHR defined in the proof [11]

of Theorem 4 is a minimal realization gf. It then follows from
Lemma 3 thatHR is reachable and observable. Moreover Hf [12]

is a realization ofy which is not reachable or observable, then
we can show thatlim Hr < dim H. Hence, minimality implies
observability and reachability.

Assume now thatH is a reachable and observable GIMLS[14]
realization ofy. Consider the representatioR, and transform
it to a minimal representatiof. Construct the GIMLSY, and [19]
notice thatH is mipimal. From reachability and obseryability [16]
of H it follows that i/ and Hj are isomorphic and hencH is
minimal. Hence, reachability and observability implies minimality.
The rest of the theorem follows from the properties of minima[17]
rational representations.

(23]

18

Remark 4:Notice that in (5) we do not require any[ ]
relationship betweerB,, ,, and By, ,,. This is consistent [
with the situation for linear stochastic systems. [20]

Remark 5 (GIJMLS Realization Algorithmlt is clear
that reachability and observability, and hence minimalify [21]
a GJMLS can be checked numerically. It is also easy to See
that Algorithm 1 can be adapted to obtain the realization
Hp, described in Theorem 4.
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