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Abstract. This paper presents an approach to defining distances betveee
linear and hybrid dynamical systems based on formal powdesstheory. The
main idea is that the input-output behavior of a wide rangéyofamical systems
can be encoded by rational formal power series. Hence, aahatistance be-
tween dynamical systems is the distance between the formaadpseries encod-
ing their input-output behavior. The paper proposes séeeraputable distances
for rational formal power series and discusses the appitaf such distances to
various classes of nonlinear and hybrid systems. In péaticthe paper presents
a detailed discussion of distances for stochastic jumgalisystems.

1 Introduction

In this paper, we present several possible definitions ofrapcable distance for ra-
tional formal power series and their representations. Tammotivation for studying
distances between rational formal power series is thatjhetioutput behavior of var-
ious classes of dynamical systems can be encoded by rattnedl power series. For
example, linear and bilinear systems, switched linear alimtehr systems, finite state
hidden Markov models, and linear and bilinear hybrid syst¢tw5]. Therefore, one
can define a distance between two dynamical systems as taaaisbetween the for-
mal power series that encode the input-output behavioreaéyistems. By construction,
the proposed distances will be invariant under any transftion that preserves the
input-output behavior of the systems. In addition, restrgcattention torational for-
mal power series will enable us to compute the distancesiby tise rational represen-
tations of the formal power series. In general, such ratioF@esentations can easily
be computed from the dynamical system. Another advantatfeeqiroposed approach
is that it connects well with identification and realizatitveory, because several iden-
tification methods are based on realization theory and hendmding an appropriate
rational representation of a family of formal power series.

Endowing the space of dynamical systems with a topology ametsic not only
is an interesting theoretical exercise, but also has skigesesting applications. A
classical application is in system identification, morecgsely, in finding a continuous
parameterization and suitable canonical forms of dynarjctems [6—9]. Another im-
portant application comes from the field of computer visimhere one is interested in
automatically recognizing different types of motions inideo sequence. That is, given
a sequence of images depicting moving objects and peoplfexedt time instances,
we would like to determine automatically the object claks, person identify, and the
type of motion we see in the video sequence. For instance,auédvike to determine



whether the video sequence depicts a running person or @gall deer. One of the
traditional mathematical tools for recognition and clisation is machine learning.
However, many of the classical machine learning technicgesire a metric on the ob-
servation space. Since our observations are video sequéapiting multiple motions,
itis rather natural to model such videos as the output of omeave dynamical systems,
where each dynamical system describes a particular m@ionobservations are then
outputs of dynamical systems, or, after an identificatiacpdure, dynamical systems
themselves. Therefore, in order to apply machine learniggrizhms for recognizing
motions in video sequences, one needs to define a suitahlie mued topology on the
space of dynamical systems. The study of topological andien@ioperties of dynam-
ical systems from this point of view is a relatively recentelepment, see [10-13].

The outline of the paper is as follows. Section 2 presentbalskground material on
the theory of rational formal power series. Section 3 prestre definition of several
possible distances for rational formal power series anit thdonal representations.
Section 4 discusses the relationship between formal posviErssand various classes of
dynamical systems. In particular, it presents a detailetrilgion of this relationship
as well as a distance for stochastic jump-linear systemsid®e5 discusses the rela-
tionship between the results of the current paper and eaelilts in the literature, as
well as issues concerning the practical computability efdifined distances.

2 Rational Power Series

This section presents several results on formal powersstvae will be used throughout
the rest of the paper. The material in Subsections 2.1 anda& e found in [1]. The
results in Subsection 2.3 are, to the best of our knowledge, Ror more details on the
classical theory of rational formal power series, the re&leeferred to [14, 3, 15].

2.1 Definition and Basic Theory

Let X be a finite set. We will refer t&( as thealphabet The elements o will be
calledletters and every finite sequence of letters will be calleticad or stringoverX.
Denote byX ™ the set of all finite words from elements X. An elementw € X* of
length|w| = k > 0 is a finite sequence = wiws - - - wi With wy, ..., wx € X. The
empty word is denoted byand its length is zero, i.¢s| = 0. The concatenation of two
wordsv = vy -+ - v, andw = wq - - - w,, € X*isthe wordvw = vy« - - vpw1 -« - Wop.

For any two sety/ and A, anindexed subseif A with theindex setJ is simply a
mapZ : J — A, denoted byZ = {a; € A| j € J}, wherea; = Z(j) forall j € J.
Notice that we do not require the elemeajgo be all different.

A formal power serie$ with coefficients inR? isamapS : X* — RP, We will call
the valuesS(w) € R?, w € X*, thecoefficientof S. We denote bR? < X* >> the
set of all formal power series with coefficientsRi. Consider the indexed set of formal
power serieg = {S; € RP « X* >>| j € J} with an arbitrary (not necessarily finite)
index setJ. We will call such an indexed set of formal power seridaraily of formal
power seriesA family of formal power serie@ is calledrational if there exists an
integern € N, a matrixC' € RP*™, a collection of matricesgl, € R"*" wheres € X



runs through all elements of, and an indexed sé& = {B; € R™ | j € J} of vectors
in R™, such that for each indeke J and for all sequences,...,or € X,k >0,

Sj(O’lUg'-'Uk)ZCAgkAUk71 -"Ag]Bj. (1)

The 4-tupleR = (R™, {A, },cx, B, C) is called aepresentatiorf ¥, and the number
n = dim R is called thedimensiorof the representatioR. If S € R?P <« X* > isa
single power series, thefwill be calledrational if the singleton sef S} is rational, and
by a representation & we will mean a representation ¢5'}. A representatiomi, .,
of ¥ is calledminimalif all representations? of ¥ satisfydim R,,,;,, < dim R. Two
representations &, R = (R", {A, }scx, B,C) andR = (R",{A, }scx, B,C), are
calledisomorphig if there exists a nonsingular matrik € R™*" such thatT' A, =
A,Tforalloc € X,TB; = B;forall j € J,andC = CT.

Let R = (R", {A,},cx, B, C) be arepresentation g@f. In the sequel, we will use
the following short-hand notatioA,, = A,,, Ay, .- Aw, fOr w = wy -+ w, € X*.
A, will be identified with the identity map. The representati®ns calledobservable
if Or = {0} andreachablef dim R = dim Wg, whereWx andOp, are the following
subspaces @k"

W = Span{A,B; |w € X*,jw| <n—1,j€J} and O = [ kerCA,. (2)

weX*, |w|<n—1

Observability and reachability of representations canhexked numerically. One can
formulate an algorithm for transforming any representattda minimal representation
of the same family of formal power series (see [1] and theregfees therein for details).

Let¥ = {S; € R <« X* >»| j € J} be a family of formal power series,
and define the Hankel-matriidy of ¥ as the matrixiy € R *D>x(X"XJ) \where
I'={1,2,...,p} and(Hy)(y)(v,5) = (Sj(vu));. Thatis, the rows ofiy are indexed
by pairs(u, i) wherew is a word overX andi is and integer in the rangk ..., p.
The columns offy are indexed by pair&v, j) wherev is a word overX andj is an
element of the index sef. The element offy whose row index igu, i) and whose
column index i(v, j) is simply theith row of the vectoiS;(vu) € RP. The following
result on realization of formal power series can be foun@jip, 1].

Theorem 1 (Realization of formal power series)Let¥ = {S; € R? < X* >| j €
J} be a set of formal power series indexedbyTlhen the following holds.

() ¥isrational <= rank Hy < +o0.

(ii) R is a minimal representation af <= R is reachable and observable—-
dim R = rank Hy.

(i) All minimal representations o¥ are isomorphic.

(iv) If the rank of the Hankel matri¥iy is finite, i.e.n = rank Hy < +o00, then one
can construct a representatidd = (R", { A, },ex, B, C') of ¥ using the columns
of Hy ( see [1] for detalils).

2.2 Realization Algorithm

In this subsection, we present an algorithm for computingramal representation of a
family of formal power serie® from finite data, more precisely, from a finite left-upper



block of the infinite Hankel matri¥{y. The theorem guaranteeing the correctness of
the algorithm, Theorem 2, will also enable us to define a digdetween families of
rational formal power series.

Let¥ = {5, € R? <« X* >»| j € J} be a family of formal power series indexed
by afinite set.J. Let Hy n v € R/~ pe a finite upper-left block of the infinite
Hankel matrixHy obtained by taking all columns dfy indexed by words ovek of
length at mostV, and all the rows of{y indexed by words of length at moaf. More
specifically,Hy y v € R/mxJn js the matrix whose rows are indexed by elements of
the setly; = {(u,i) | v € X*,|u|] < M,i = 1,...,p}, whose columns are indexed
by elements of the sety = {(v,j) | j € J,v € X*, |v| < N}, and whose entries are
defined by(Hg@N’M)(u_’i)y(v_’j) = (SJ(UU))l

The following algorithm computes a representatio@dfom Hy n11,n-

Algorithm 1 [16] (R",{A,}secx,B,C) = ComputeRepresentatidiy n11,n)

1: Let r = rank Hy n,n and chooseji,...,jr € J, i1,...,4» € {1,...,p},
UVlyeovy Uy Uty ..., ur € X* suchthatforall = 1,...,r, |v| < N and|y| < N,
and the minofl” = ((S;,, (vkui))s,))i,k=1,...,» € R"*" of Hy n, is of rankr.

2: For each symbal € X let A, € R"*" be such that

A,T = Z, whereZ, = ((Sj, (vkowr))i; ) i,k=1,...,r-
Let B = {B; | j € J}, where for each index € J, the vectorB; € R" is given by
By =T (S(u1)ir), (Sj(u2))ias - - (S (ur))i,)"

LetC € RP*" be given byC' = [Cy --- C,], whereC; = Sj, (v), forl =1,...,r.

Theorem 2 ([1, 3, 16]) If rank Hy n v = rank Hy, then the representatioﬁN of
¥ returned byComputeRepresentatias minimal. Furthermore, ifank Hy < N,
or, equivalently, there exists a representatifinof ¥, such thatdim R < N, then
rank Hy = rank Hy n, v, henceRy is a minimal representation af.

From a computational point of view, algorithBomputeRepresentatiomay not be
the best way to compute a representatio@ oHowever, we have chosen to present it,
because it makes theoretical reasoning easier. The dlgoidt essentially a reformu-
lation of the construction presented in [16]. An alternatalgorithm, which uses the
factorization of the finite Hankel-matriy n n 41 can be found in [1].

2.3 A Notion of Stability for Formal Power Series

Since our ultimate goal is to compare formal power seriesmight want to restrict
our attention to formal power series that are stable in scgnses In this subsection,
we consider the notion of square summability for formal posegies, and translate the
requirement of square summability into algebraic propsrtif their representations.



Consider a formal power serigs € R? <« X* >, and denote by| - ||2 the
Euclidean norm iRP. Consider the following sequence,

Lo=Y"% - Y lIS(0102---on) 3. ®3)

k=001€X oreX

The seriesS will be calledsquare summabjef the limit lim,,—, ;- L, exists and is
finite. We will call the family? = {S; € R? < X* >>| j € J} square summab]éf
for eachj € J, the formal power serieS; is square summable.

We now characterize square summability of a family of forpw@der series in terms
of the stability of its representation. L& = (R", {A, }scx, B, C) be an arbitrary
representation af = {S; € R? < X* >| j € J}. Assume thalX = {o1,...,04},
whered is the number of elements &f, and consider the matrix

AG’l %] Aa’l Aa2 ® Aa'g e Aa’d & Aad
~ Aal ®A01 AUz ®A02 AUd ®A0d 2 2
AR _ . . . . c R dxn d’ (4)

Aa’1 & Aa'l Aaz ® A0’2 T AG’d ® Aad

where® denotes the Kronecker product. We will callstable if the matrixﬁR is sta-
ble, i.e. if all its eigenvalues lie inside the unit disk|| < 1). We have the following.

Theorem 3 A rational family of formal power series is square summabénd only if
all minimal representations are stable.

Notice the analogy with the case of linear systems, whereihénal realization of a
stable transfer matrix is also stable.

3 Distances for Rational Power Series

The goal of this section is to present a notion of distancédimiilies of rational formal
power series, or equivalently, a distance between theiinaihrepresentations. The
choice of a distance is by no means unique, in fact, we wilgssg several different
distances. The common feature of all these distances ightegtall can be computed
either from a minimal representation of the family, or frorbig enough but finite set
of values of the formal power series constituting the faesili

Through the section, we will fix the space of coefficieRtsand the alphabeX .
Also, we will fix a finite index setJ and consider the space of all rational families of
formal power series indexed by, i.e. Py = {¥ = {S; e RP <« X* >| j € J} |
¥ is rational}. Define the subse®; y = {¥ € P; | rank Hy < N} of all rational
families of formal power series whose Hankel-matrix is ofkkat mostN. Then it is
easytoseeth&®, y C P,k forall N < K, andP; = U;(,(’:OO Pin-



3.1 Distances Based on Truncation

We will first consider distances based on truncation, thatisséances that compare
finitely many values of formal power series.

Fix a natural numbeN, and denote byn = card(J) the cardinality ofJ. SinceJ
is finite, without loss of generality, we can assume that {1,...,m}. Assume that
the alphabefX is of the formX = {z,..., z4} whered is the number of elements
of X. ForeachV > 1, let Fy ; : R™N x R™N — R be a distance oR™?" and
denote byF' = {Fn, s | N € N} the family of distances.

We now define a pseudo-metric @y using the family of distanceE. The main
idea is the following. IfS € R? <« X* >> is a formal power series, then it can be
viewed asamap : X* — RP onwords ovelX. Thereard/ (N) = Z?ivgrl d’ words
of length at mos2 NV + 1 over the alphabeX, if X hasd elements. Hence, we can view
the restriction of the mag to the set of all words of length at mds + 1 as a vector
in RM()»_We can then define the distandg v s (¥, ¥,) between two families of
formal power series indexed by ¥; and¥s,, as the distanc€y(y), s (41, ¢2) between
the vectorsp, and¢, in R”?M(N) representing the restriction of the elementslgf
andvs, respectively, to the set of words of length at m2at + 1. More formally,

1. Define an enumeration of all the words over the alphabeis the bijective map
1 : X* — N defined as follows. For the empty woedlet)(e) = 0 and for each
letterz;, ¢ = 1,...,d, lety(z;) = i. Then, for each word of the formn = vz;,
j=1,...,d,v € X* definey(w) recursively asp(w) = d - 1(v) + j.

2. Denote byX =2N+1 = [y € X* | |w| < 2N + 1} the set of all words ok of
length at mosg N + 1. Notice that the restriction af to the setX <2V+! yields a
bijective map with the rang®, M (N) — 1].

3. Foreaclf € R” < X* > definery () as the vectotZg , Z{ ..., Z}, ),
in RPM(N) "whereZ; = S(~1(i)) € RP. Since the integeir goes through all the
values|0, M (N) — 1], 4»—1(i) goes through all possible words of length at most
2N + 1. Hencery (S) is just the vector of all valueS(w) where|w| < 2N + 1.

4. For each rational family of formal power serigs= {S; €e R? <« X* >|j € J}
define the vectotrj x () = (mn(S1)7, ..., 7an(Sm)T)T € R™PMIN)  That is,
7y~ (%) is obtained by stacking up the vectarg(S1), ..., 7w (S, ) representing
the values of5, . . ., S, on words of length at mo&tvV + 1.

5. For eachVy, ¥, € P;, define the function8p v, : Py x P; — R by

)T

dr,N,0(W1, %) = Fywy, s (man (Y1), mi,n (P2)) (5)
We then have the following result.

Lemma 1 (Properties ofdr n,7) dr,n,s is a pseudo-distance iR;. That is, for each
wlv WQa Wg S PJ

dp,n, (W1, %) = dp N, (P2, ¥1) > 0,
drn, (W1, %) <dp N, (P1,¥3) + dr N, (P2, P3) and (6)
U, =Wy, = dpnN,j(W,¥;) =0.



The following theorem formulates an important propertylgfy ; and it relies on the
partial realization result of Theorem 2.

Theorem 4 (Distance for Rational Formal Power Series)The restriction ofdg n,s
to Py,; is a distance. That is, in addition to the properties listedLiemma 1, the
following holds.

VU,V ePny: V=W < drny1,¥)=0 (7)

Proof. If ¥, and¥, belong toPy ;, then by Theorem 2ank Hy, n v = rank Hy,
holds fori = 1, 2. It is easy to see thaty v, ;(¥1,P2) = 0if and only if my ;s (1) =
7wn,7(P2), i.e. the values of the elements &f and¥, coincide for all the words of
length at mose N +1. Hence Hy, n+1,8 = Hw, n+1,n. Therefore, by Theorem 2, the
representatiorﬁN produced byAlgorithm 1 with the inputHg, n+1,n5 is @ minimal
representation of botl; andw,, which implies that?; = Ws.

3.2 The Hilbert Space of Square Summable Families of Formal ®ver Series

In what follows we will define a scalar product on the spacejobse summable rational
families of formal power series. With this scalar produet §pace of square summable
rational families becomes a Hilbert space, and the corretipg distance will take all
values of the formal power series into account.

Consider the seP; ; = {¥ € P; | ¥ is square summableof square summable
rational families of formal power seriedssume that is finite. It is clear thatP;_;
is a vector space, if we define addition and multiplicationabsgcalar as follows. Let
U ={S; e RRK X* >»|je Jtand¥, = {T; € RP <« X* >| j € J} be two
square summable rational families of formal power seriégnlfor eachy, 5 € R, let
ol + Y = {aTj + 65 € RP <« X~ >|j e J} wherea.S; + 571} is just the
usual point-wise linear combination on formal power setj&4]), i.e. for allw € X*,
(aS; + BT;)(w) = aS;(w) + BT} (w). Now, for ¥; and®, defined as before, define
the bilinear map< -,- > ;: Ps y x Ps.; — Ras

ULy > =< Sy (W) =Y Y S(w) T (w) 8)
jeJweX*

SinceJ is finite andS;, T; are both square summable, the infinite sum in (8) is well
defined and finite. The following lemma characterizes soropgrties of< -, - > ;.

Lemma 2 The map< -,- > is a scalar product and the spa@®, ; with the scalar
product< -, - > is a Hilbert space.

As a consequence, we can Vi@y ; as a normed space with the nofjnf| s induced by
<>y, e

12l = > > ISl = V<0 > (9)

jeJ weX*

The following theorem gives a formula for computirg ¥, ¥, > for all ¥, %, €
Ps,s, provided that the representationslofandy¥, are available.



Theorem5 For i = 1,2, assume tha?; = (R™,{A;,}scx,Ci, B;) is a stable
representation o¥; € P, ; and thatB; = {B; ; € R™ | j € J}. Then there exists a
unique solutionP € R™ *"2 to the Sylvester equation

P=> Al ,PAsy,+ClCy (10)
oeX
and the scalar product. ¥, W, > ; can be written explicitly
<, Wy >,;=Y Bl ,PB,;. (11)
jeJ

Notice from Theorem 3 that i, and R, are minimal representations &f and¥; in
Ps, s, respectively, then the condition of Theorem 5 holds. Hemeean use any min-
imal representation to compute ¥, W, > ;. From this we may compute the distance
betweenl; and¥; as||¥; — Ws||% =< ¥, ¥ >; —2 < W1, ¥s > + < U, Wy > .

4 Rational Power Series and Input-Output Behavior of Dynamcal
Systems

The main motivation for introducing the framework of ratariormal power series
is that it provides a common algebraic framework for regiimatheory and system
identification of a wide-variety of input/output systems#elclasses of systems whose
behaviors can be described in terms of rational formal p@sges include linear sys-
tems [17, 9], bilinear systems, [15, 3, 2, 18], multidimensil systems [4], finite state
hidden Markov models [5], continuous-time linear and tafin switched systems [1]
and continuous-time linear and bilinear hybrid systems [1]

Hence, if we pick two dynamical system§ andX’; from any of the classes men-
tioned above we can compare them as follows. We can constriéamilies of formal
power seriesV; and¥, corresponding to the input-output behaviorsof and Xs,
respectively. Then, we can compake and¥, using one of the distances defined in
Section 3. Note that the choice of the familigs i = 1,2 is unique if X; belongs to
one of the classes of systems described in the previousna@tagilternatively, we can
construct the rational representatidRs, and Ry, of the families¥; and¥, respec-
tively. In general, the representatioRs;, and Ry, can be easily computed from the
parameters of’; and X». Then, we can us®y, and Ry, to compute the distance
between; and¥,. This approach is particularly appealingéif and¥, are square
summable and one wants to use the norm (9). Notice, that &¥graind¥, are square
summableR s, or Rx, might fail to be stable. In this case we have to minimize,
and Ry, first, and use the resulting stable minimal representa{ees Theorem 3 and
Theorem 5) for computing the distance. Algorithms for miiziimg representations can
be found in [1]. Notice also that, in general, there need eadity connection between
square summability af;, i = 1, 2 and stability of the dynamical systems, i = 1, 2.

In what follows, we will demonstrate the use of rational fatrpower series for
stochastic discrete-time jump-linear systems. This abdigs/brid systems has a wide
variety of applications including computer vision. To thesbof our knowledge, the
relationship between stochastic jump-linear systems amddl power series presented
here is new, though there are some similarities betweenpproach and that in [18].



4.1  Stochastic Jump-Linear Systems

The terminology and notation used in this section is basdd@oonventions adopted in
literature, see [19, 9]. Atochastic jump-linear systerfi9] is a discrete-time stochastic
system described by the equations

y(k) = Co(yx(k) ando(k) = A(6(k))

Here,x, 8, y, o andv are stochastic processes of the following form. The progess
called thecontinuous state processd takes values in tredntinuous-state spade™.
The proces$ is called thediscrete state processd takes values in theet of discrete
statesQ) = {1,2,...,d}. The procesy is the continuous output procesnd takes
values in theset of continuous outpulR’. The process is thediscrete output process
and takes values in theet of discrete output® = {1, 2,...,1}. Finally, the process
is thecontinuous noisand takes values iR™. The matricesA,, By, Cy, ¢ € @, are of
the formA, € R"*", B, € R™*™, andC, € RP*". The map\ : Q — O is called the
readout mapand it assigns a discrete output to each discrete state. IMessiime that
E[v(k)v(l)] = 0k, I andE[v(k)] =0, forall k,l € N, that isv is a zero mean process
andv(k), k € N are uncorrelated. Furthermore, we will assume that for éatk N,
x(0), v(k), 8(1) are mutually independent random variables. We will alsomssthat
the state-transition of the Markov proceésss governed by the transition probabilities
Dar.g25 41, q2 € @, wherep,, . is the probability tha® changes its value from to g1,
i.e.pg, qo = Prob(0r11 = ¢1 | 8 = ¢2). In addition, we will assume that the initial
probability distribution off is given by the vector = (71,...,74)" € R?, where
7y = Prob(6(0) = ¢) denotes the probability that the procésss in stateg at time0.
The evolution of system (12) is as follows. At each time insfa the continuous state
x and the continuous outpyt change according to the discrete-time stochastic linear
system(Agx), Bo(x), Co(x))- The discrete state proce8stogether with the discrete
output processe, form a finite state hidden Markov model [5].

In the next subsection, we study the concept of realizatiostbchastic jump-linear
systems. To that end, we will assume that the stochastiepsesx andy are wide-
sense stationary and zero mean, which is guaranteed urdiilttwing assumptions.

Assumption 1 The Markov proces8 is stationary and ergodic, hence for ajle @,
ZSerq,sﬂ's = Tq-

Assumption 2 There exists x n matricesP,, ¢ € @, such that for each € Q

Pq = qu,sAsPsAZ + Bngpq,sWsa (13)
seEQ

E[x(0)] = 0, and E[x(0)x(0)Tx(0(0) = q)] = P,, wherey denotes the indicator
function, i.e;x(A4) = 1 if the eventd is true, andy(A) = 0 otherwise.

These assumptions are not particularly strong. For instamaer suitable conditions [19],
there is a unique collection of positive semi-definite neaisiP, such that (13) holds.



4.2 Realization of Stochastic Jump-Linear Systems

Recall the notion ofveak realizatiorior linear stochastic systems [9]. In this subsection,
we will formulate a similar concept for stochastic jumpédar systems.

Consider a stationary processtaking values in the finite output spacg and a
wide-sense stationary, zero-mean stochastic prgcéaking values in the continuous
output spac®?. LetO™ be the set of all nonempty words i.e.OT = O*\ {¢}. For
all o, 01,...,0, € O, k >0, define the map®s : O — RandCs 5 : Ot — RP*P

Ps(0g01 - - 0) = Prob(o(i) = 0;,i =0,...,k)
Cs5(0001 - 0) = E[y(k)y(O)Tx(a(z) =0;,1=0,...,k)].

Notice that the mafP; gives the probability distribution of the stochastic prese,
while the mapCs 3 gives the covariance gf(k) andy(0), provided that the proces
takes valuesy, . . ., o in the firstk+ 1 time instances. That i€ y collects information
on the second-order momentsyat

Consider now a jump-linear system of the form (12) and recall the definition of
the processeg ando. If Assumption 1andAssumption 2hold, theny is wide-sense
stationary and zero-mean ands stationary. Hence, y, andP, are well-defined. In
fact, they depend only on the matricdg, B,, Cy, ¢ € @, the discrete state-transition
probabilitiesp,, 4., 91,92 € Q, the probability distribution of the initial discrete-sta
w, and the readout map To emphasize thal, y, andP, depend only on the parameters
of X', we will denote&C, y by Cs; andP, by Px.. These maps are important, because they
contain information about the probability distributiontb®& output processes generated
by X. In fact, the following is true.

(14)

Proposition 1 If x(0) andv are Gaussian@ = O, and\ = id, i.e. the discrete state
is fully observed, then the mal; uniquely determines the distribution pf

The assumption tha) = O is critical here. Intuitively, the more information about
the discrete state is preserved by the discrete outputheelosero is to 0, the better
estimate of the probability distribution gfis provided byCs;.

With the notation above, we are now ready to define a notioreailkwvealization for
stochastic jump-linear systems. l3ebe a wide-sense stationary, zero m&&nvalued
process, and lai be a stationary-valued process. A stochastic-jump linear systém
is said to be aveak stochastic realization ¢§, o), if Ps = Py andCs 3 = Cx.

Clearly, the fact that is a weak-realization of the procesggso) imposes some
constraints on the probability distribution of the proessandy. We will now show
that (y,0) has a weak realization by a stochastic jump-linear systenty, ib certain
families of formal power series are rational. We will constrtwo families of formal
power serieg;s ; andSs based on the majgk; y andPs, respectively, as follows.

LetX =0 ={1,2,...,l}andJs y = {1,...,p}xO be, respectively, the alphabet
and the index set over which the formal power series will biindd. For each integer
i=1,...,p, lettero € O, and wordw € O*, letCs 5 (; »»(w) € R'? be theith column
of the matrix

[Cg_i(owl)7 C’ET_&(ow2)7 cee CBT&(owl)]T c Rirxp, (15)

! Notice the similarity betwees y and the generalized covariances in [18].



We define the family of formal power serigg ; associated witli 5 as
Us5 = {Cog.(i0) € R" <O >| (i,0) € Jo g (16)

The construction 055 is much simpler. We can simply identify the m&j3 with a
formal power serie$s € R < O* > by definingSs(e) = 1 for the empty word and
Ss(w) = Ps(w) for all w € OF. By abuse of notation we will denotg; simply by
Ps. We will call (%5 5, Ps) the pair of formal power series associated with o).

The next step is to defineir of representationéR s ¢, Rx, p) associated with a
jump-linear systent’ of the form (12)

We define the representatidty, « as follows. For each € O andq, ¢1, 42 € Q,
let Cf = Cox(Mg) = o) € RP*", A9 = pgi.eX(Aq2) = 0)A4,4, € R™ ™, and
By = Pq(Cg)T € R™*P whereP, € R™"*" is the matrix defined in (13). Using this

notation, define the matrice, € R"4<d C ¢ R»*nd gandB, € R"¥*?, o € O, as

A7y ATy - ATy CpCy - Cy By

- A5, A5, - AS ~ Cc?C2...C? _ B3
o — ?71 .2,2 . ?7d 5 C= .1 .2 . .d ) andBo - .2
Aqy Ay Al Cl Cy - O B

Then, for eaclv € O,andi = 1,...,plet Ewm € R" pe theith column of B, and
define the seB = {B; ) € R" | (i,0) € J,,} indexed byJ,, = {1,...,p} x O.
We define the representatidiy; ¢ as

Ry.c = (R, {Ao}oco, B,C). (17)
As per the representatid®y p, we define it as
RZ,D = (Rd7 {MO}O€O7 {ﬂ-}a e)a (18)

wheree = (1,1,...,1) € R**4, and for eaclo € O andq, ¢2 € Q, the(qy, ¢2) entry
of the matrixM, € R%*? is defined from the transition probabilities of the proc@ss
aspq, .4 X(A(g2) = o). Notice the similarity between the definition &fx p and the
definition of a quasi-realization for the finite state hidddarkov model formed by
(6, 0) givenin [5].

We these definitions, we have the following result.

Theorem 6 (Weak Realization) A jump-linear systent. of the form (12) is a weak
realization of (y, o) if and only if Ry ¢ is a representation ofs ; and Ry p is a
representation oP5. Hence(y, 6) admits a weak stochastic realization by a stochastic
jump-linear system, only ¥; y is a rational family of formal power series ar} is a
rational formal power series.

An important implication of the theorem above is the follagi If we know that the
processesy, o) admit a weak stochastic realization by a stochastic jumgali sys-
tem, then we can find representationslgf; andPs from finite data. More precisely,
if rank Hy, ; < N andrank Hp, < N, then fromCs (0o - - - 0x), Ps(oo - ox)



k < 2N +1, 09,...,0, € O, we can construct the Hankel matricHs-,synyH_,N
andHp, y1,5 and compute a representatifig ; of U  and Ry of Pg respectively.
Note that if we know thafy, o) has a weak stochastic realization by a jump-linear
systemX’ with a continuous state-space of dimensioand a discrete state-space of
cardinalityd, then we can také&v > nd > 0. Finally, recall that the problem of esti-
matingCs 3 (0o - - - o) andPs(oo - - - 0,) is a classical statistical problem. In particular,
if y ando are ergodic, then these quantities can easily be estimateck long enough
sequence of measurements.

4.3 Distances between Stochastic Jump-Linear Systems

Imagine we would like to compare the probability distrilouns of the output processes
(61,¥1), and(oz,y2) of two stochastic jump-linear system and X,, respectively.
We can do that by using one of the distances defined in Sectioc@mpare their as-
sociated pairs of families of formal power serigs; 3, with ¥, 5, andPs, with Ps,.
When X', and X, are known, we can construct the representati®psc andRs, p,

i =1,2. Then, we can usx, ¢, i = 1,2 to compute the distance betwegg 3 and
Us, 5. Likewise, we can us&x, p, i = 1,2 to compute the distance betweBg, and
Ps,. The advantage of using distances on formal power seriegismaore apparent if
X, andX); are unknown, because the identification of stochastic jlingar systems is
poorly developed.Instead, one could use the estimates of finitely many valbés g,
andPs,, i = 1,2 to compute the minimal representatioRs ; of ¥5, 7,4 = 1,2 and
Rp,; of P, i = 1,2, and use the computed representations to compare the behavi
of the two systems. The procedure for computing such reptasens from their Han-
kel matrices is known [1, 15, 16] and it is likely to be compidnally less costly than
identifying the original jump-linear systems.

5 Discussion and Conclusion

In this paper several definitions of distances for rationaifal power series and ratio-
nal representations were presented. It was argued tha¢$hétg can be used to define
metrics and topology on the space of a wide variety of dynahsgstems. The key
argument is that for many classes of dynamical systems thereorrespondence be-
tween the input-output behaviors of the systems and rdtfonaal power series. In
particular, this is the case for a number of hybrid systenadssame nonlinear systems.
To the best of our knowledge, the problem of distances bethgbrid systems had
not been addressed so far. In the case of nonlinear systegns are some results on the
topological and geometric structure of the space of bilirsgagtems, see for example
[16], where the algebraic variety structure of that spacgdescribed. In contrast, there
is a fair amount of literature on distances between linestesys and on the topological
and geometric structure of the space of linear systems. tieteclationship between
input-output maps and output processes of linear systethfaamilies of formal power

2 Even in the linear case, the full identification procedureliftear stochastic systems is com-
putationally costly.



series over the one letter alphabiét= {z}. Because of this correspondence, any dis-
tance on rational families of formal power series will giveaidistance between linear
systems. Spaces of equivalence classes of minimal linsterag were already studied
before, for both the stochastic and deterministic settihg$act, it was shown in [7]
that, for eachV, the set of all equivalence classkg;” of minimal linear systems of
dimensionN with m inputs and outputs forms both an analytic manifold and an alge-
braic variety and admits a natural topology. Here two minilin@ar systems belong to
the same equivalence class if they are algebraically sinidenote by)/y"* the set

of equivalence classes of stable minimal linear systemasnTttwas shown in [8, 6] that
MP* andM? are diffeomorphic as analytic manifolds and the topology&§ **

as an analytic manifold can be obtained by the metric indogete H> norm. Itis easy

to see that the distance induced by fiig norm is a particular case of the distance in-
duced by the norm (9), if we identify equivalence classes wiimmal linear systems
with equivalence classes of minimal rational represemtat{two minimal representa-
tions are equivalent, if they are isomorphic). More receapigrs on distances between
stochastic linear systems can be found in [20, 21, 12]. Itiquaar, [12] introduces the
trace distance between linear systems and gives a formalantpute it. Surprisingly,
the distance induced by the norm (9) is closely related tdre distance.

In practical situations, the families of formal power serére likely to encode the
external behaviors of some dynamical systems. In such dhsegvailable information
is either a rational representation of each family of foralver series, or a finite
collection of values of the formal power series.

If we are given a rational representatidty of each family¥, then any of the
distances described in Section 3 can easily be computedceNtbtat if & is square
summable, then we can minimiZ&y and the obtained minimal representatiodf »
will be stable, due to Theorem 3. Hence, using Theorem 5 weaanpute the distance
induced by< -,- >; by solving the corresponding Sylvester equation from Tasor
5. Hence, except for the computational complexity, theesfew restrictions on using
any of the distances. Therefore, one may choose differstarties depending on the
particular application and the computational costs. Nad¢ the issue of computational
complexity is still open for the distances we presented. él@x, the computational cost
of computing distances of typér v, ; between formal power series is exponential in
N, if the underlying alphabeX has more than one element.

If only the finite collection of values is available then tlask of choosing the right
distance is more complex. Assume that we know the valuesdéldments of the fam-
ilies for all words of length at mosW. Then there are two cases to be considered. If
N > 2M + 1 andM = rank Hy for all families ¥ involved, then we may apply
the algorithm described in Theorem 2 to compute a minimalesgntationRy of V.

If ¥ is a square summable family, then the resulting represent&; is stable. Even

in this ideal case whelV is big enough several issues require attention. First of all
computingRy might be computationally expensive. If we want to compute ofithe
distancesir a7, M < N, then we might do better by using the data directly, rather
than computing the representations first and then compthindistance from the rep-
resentations. However, computing the representatitynsnight be a good idea if we
want to use the distances induced by the norm (9). Moredviig idata are noisy, we



do not know whether our algorithm will still produce a statdpresentation, which is
a prerequisite for the existence of the solution of the Sgtieeequation. If we cannot
ensure thatV is big enough, then the algorithm from Theorem 2 might fajptoduce
a representation af.
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