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1. INTRODUCTION

Abstract

Thereareanumberof reasonswhysoftwareconstructionisaninherently
hardprocessto master. Specificationplaysacentralrolehere;therefore,
bettermeansof specificationimprove productivity. Oneway of achiev-
ing thismaybetheuseof formalspecificationlanguages,whichhavethe
advantageof beingunambiguous.This thesisproposesandmotivatesa
new formal specificationlanguagecalledAFSL (Almost Formal Spec-
ification Languageor AnotherFormal SpecificationLanguage).AFSL
is not a full-grown tool thatcanbeusedproductively in thesoftwarein-
dustryright away. Rather, its developmenthasbeena questfor creative
ideasthatmayenhancetheapplicabilityof formalspecificationin thefu-
ture. This introductionexplainswhat formal specificationis andargues
why it is useful,discussesthehistoricalbackgroundof AFSL, andgives
anoverview of therestof thethesis.

1.1 SoftwareCrisis

Poorlyfunctioningcomputersoftwareis nowadaysprobablythelargestsourceof an-
noyanceafter traffic jamsandbadweather. Themostoftenheardcomplaintsabout
softwarearethatit is buggy, thatit doesnot functionadequately, thatit is tooexpen-
sive,andthatit is deliveredlate.Of course,onecanwonderwhetherthesegrievances
arereallyveryconsequential;judgingfrom thelargeamountof money spentonsoft-
ware, apparentlyit is worth it. However, it is clear that the public expectsbetter
achievementfrom thesoftwareindustry. Many softwareengineeringexpertsbelieve
thedevelopmentof softwareis ahardto controlprocessfor whichtherearenometh-
odsandtechniquesavailable (yet) (Brooks1987). This stateof affairs is often re-
ferredto asthesoftwarecrisis.

It is very hardto analyzescientificallywhy it is sodifficult to produceadequate
software. The underlyingmechanismsarehardto observe andit is not feasibleto
study the processin a laboratory. The reasonsgiven in the literatureare,at best,
educatedguesses.McDermid (1991) identifiesfive problemsinherentin software
developmentwhich I think many expertswill agreewith:
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� Softwareis oftentoocomplex to beentirelyunderstoodby asingleindividual.
Wecantry to managecomplexity by dividing thesysteminto subsystems,but,
assystemsgrow, theinteractionbetweensubsystemsincreasesnon-linearly.

� It is notoriouslydifficult to establishanadequateandstablesetof requirements
for asoftwaresystem.Oftentherearehiddenassumptions,thereis noanalytic
procedurefor determiningwhentheusershave told thedeveloperseverything
they needto know, anddevelopersandusersdo not have a commonunder-
standingof termsused.

� Theinteractionbetweenthedifferentpartsof asystemmakeschangedifficult.

� Softwareis essentiallythoughtstuff (that is, the resultof a thoughtprocess)
andmuchof what is importantaboutsoftwareis not manifestin theprograms
themselves(suchasthereasonsfor makingdesigndecisions).

� A requirementsspecificationfor a systemcontains,perhapsimplicitly, anap-
plicationdomainmodel (for example,describingthe rulesof air traffic). De-
velopmentof applicationdomaintheoriesis very difficult.

All theseaspectsaredirectly relatedto written communication.Managingcomplex-
ity dependson an ability to documentthe interfaces(parametersandfunctionality)
of themodulesinvolved.Requirementsareanimportantreferencefor thewholepro-
cessandshould,therefore,beunambiguouslyandaccessiblydescribedfor everyone.
To keeptrackof changesit is importantto documentwhatexactlyhasbeenchanged.
Softwarecanbemademorevisible by describingnon-materialartifacts,suchasthe
overall designof a program.Domainmodelsshould,just like the requirements,be
well documented.Thus,softwareengineeringcanbenefitfrom goodtechniquesto
describesystems(programs,subsystems,etc.).

1.2 Specifications

For communicationpurposes,oneis usuallynot interestedin theinternaldetailsof a
system.A specificationis anabstractdescriptionof asystemwhich focusesonwhat
it does(or shoulddo) ratherthanhow it doesit. The notion of “specification”is a
relative one;it only indicatesthat it is usedasanabstractdescriptionof something.
A systemcanbespecifiedasoneblackbox (that is, only describingtherelationship
betweenthe in- andoutputs),but, during therealizationof thesystemit maybedi-
videdinto many subsystemswhichcan,in turn,bespecifiedaslittle blackboxes.The
specificationof thelittle boxesis, in a way, animplementationof thebig box,which
is muchmoreabstract.For example,ablackboxspecificationof abridgeis thestate-
ment“an artifact thatenablespeopleto crosswater” (althoughthatstatementwould
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includeboats).A specificationatamoredetailedlevel is aconstructiondrawing of a
bridgewhich describesthepartsthebridgeis built of (which would excludeboats).
Thedrawing is animplementationof theblackbox,but is still anabstractdescription
of a realbridge.

Thus,specificationscanplay many differentrolesasa meansof communication
in the softwareconstructionprocess:ascontractbetweencustomerandbuilder, as
documentationof designor implementation,asworking paperduring requirements
analysisor design,asdefiningdocumentfor evaluationor standardization,asrefer-
encefor testingor verification,etc. Writing specificationshastheadditionaladvan-
tagethat it forcesoneto think very carefully aboutthe functionality of thesystem,
which leadsto abetterdefinitionof theproblem.

Thereis generalagreementamongsoftwareengineersthatspecificationsshould
bemadeduringsoftwaredevelopment(whichdoesnot meanthatit is actuallybeing
done). The alternativesareeitherusingno documentationat all (usingonly verbal
communication)or using programsourcesas non-abstractdescriptions. The first
option makes the processuncontrollable;the secondoption is not practicalsince
sourcescontaintoomany irrelevantdetailsandarehardto readby humans.

1.3 SpecificationLanguages

Specificationsareoftenwritten in naturallanguage.This maynot be themostsuit-
ableform of notationdueto its extremeambiguityin syntaxandsemantics,in which
peoplecanaddtheir own terminologywithout precisedefinition. Onehasto beini-
tiatedinto the cultureandterminologyof a certaindomainbeforeonecanjoin in.
Also, naturallanguageallows only limited automatedtool supportandlimited rigor-
ous(mathematical)analysis.Theadvantageof naturallanguageis thatpeoplealready
know it, which makesit themostnaturallanguageto use.Thedisadvantagescanbe
easedby usingastructuredform of naturallanguagewhich is limited to lessambigu-
ousconstructs.However, this sacrificesthenaturalnessof thelanguage.

Anotheralternative is theuseof mathematicalnotation,which is lessambiguous
andallows rigorousanalysis. The disadvantagesof naturallanguagealsohold for
thelanguageof mathematics,althoughsomewhatlessbecauseit is moreprecise.On
the otherhand,mathematicalnotationis harderto usebecauseof the many exotic
symbols,the often implicit notationalassumptions,and the private enhancements
many authorsmake.

Softwareengineeringis usingmoreandmoregraphicalnotations,suchasflow
diagrams,entity-relationshipdiagrams,andflow charts(see,for example,theUnified
Modeling Language(Si Alhir 1998)). In principle,graphicallanguagescanhave a
clearandunambiguousdefinition (althoughthey oftendo not). Moreover, graphics
seemtoappealtomany people;onepicturecanoftensaymorethanathousandwords.
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However, graphicallanguagesusuallyhave limited expressivenessandareaimedat
particularaspects.

1.4 FormalSpecification

In thisthesisanothertypeof languageis investigated:aformalspecificationlanguage
is a formal languagespeciallydesignedto beusedfor thespecificationof software.
A formal languageis anartificial languagewith well-definedsyntax(definingwhat
sentencesareallowed) andsemantics(defining what the meaningis of thesesen-
tences).

Theadvantagesof formal languagesarethat they areunambiguousandexplicit
andthat they canbe supportedby computerandby mathematicalanalysis.But all
this hasits price: staff hasto learnthe language(which mostpeoplefind difficult)
andformal specificationstake moretime to make (preciselybecausethey areunam-
biguousandexplicit). Therefore,industrialapplicationof formal specificationcould
turn out to be too expensive, but that is hardto tell. Casestudiesareoftennot rep-
resentative: they areusuallyperformedby personnelthat is academicallytrainedin
formal methods,which is not the profile of the averagesoftware engineer. Glass
(1999)shows that thereis asyet no hardevidencethat formal methods(or, in fact,
any other method)are cost effective. No wonderthat at this momentthereis no
consensusonthelevel of formality neededfor specifications.Whethercurrentlyeco-
nomicallyusefulor not, formalspecificationdoeshold thepromiseof moreeffective
communicationwhichmakesit worthwhileto investigateit.

The useof formal specificationlanguagesis part of a disciplinecalled formal
methods, whichusesmathematicaltechniquesto constructcorrectsoftware.Bowens
web site at ���
	���
�������	������������������ ��	!�#"%$
&(')�*���+���%,-�+��.*����/102�3�).(�1� givesan exten-
sive entryinto theworld of formal methods.Not all formal methodsuseformal lan-
guages;someusemathematicalnotation(which is not a formally definedlanguage).
I distinguishbetweentwo typesof formalmethods:straightedge, whichaimatcom-
pletecorrectnessproofsof software,andlight, which only useformal languagesas
anunambiguousform of notation. Thefirst requiresmathematicalmanipulationby
the user; the seconddoesnot. Of course,therecanbe mixturesbetweenthe two
types.Thework presentedin this thesisbelongsto thecategoryof light formalmeth-
ods.However, asmathematicalanalysisof softwaredependsonsoundspecifications,
straightedgeformalmethodsmayalsobenefitfrom theresearchpresentedhere.

1.5 TheFSA project

AFSL wasdevelopedaspart of the Formal SystemAnalysis (FSA) projectof the
departmentof ComputingScienceof theUniversityof Groningen.FSAaimedat the
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useof formalmethodsfor theanalysisof openrequirements(definedby Blum (1993)
aspoorly understoodanddynamicrequirements).Theprojectwasinspiredby expe-
rienceswith the useof formal methodsin the DETER project(Brookhuis& Oude
Egbrink1992).DETERwasconcernedwith thedevelopmentandtestingof systems
that influencedriver behavior by giving feedbackon traffic violations. The formal
specificationlanguageCOLD (Feijs,Jonkers& Middelburg 1994)wasusedfor an-
alyzing the requirementsandimplementationof the prototypesystemInDETER-1
(Saaman,Politiek& Brookhuis1994,deWaard,Brookhuis,vanderHulst& vander
Laan1994).Oneof themotivationsfor theuseof formal specificationwasthelegal
aspectwhich forcedusto bevery precise.

It turnedout that InDETER-1 had open requirements(althoughwe were not
awareof that at the time). Even for relatively simplerules(suchastraffic light vi-
olations)legislationis incompleteor ambiguous.Attemptsweremadeto producea
formal specification;thesedid not succeed(they did, however, improve understand-
ing of the requirementsanda working systemwasdeliveredin time). Therewere
two mainreasonsfor this failure.First,COLD wasadifficult languageto masterfor
whichnotmuchdocumentationor toolswereavailable.Secondly, therewasalackof
(public)guidelinesonhow aspecificationmustbemadefrom scratch,in particularif
therequirementsareopen.

Basedon theseexperienceswe decidedto developa specificationmethodbased
on principlesof object-orientedanalysisandlooked for a formal specificationlan-
guagethatwould suit this method.During theDETERcaseI startedexperimenting
with my own specificationnotation(which wasnot a real languageyet). Whenno
languagewasfoundthatmettherequirementsof theFSAproject(seeSection2.3),it
wasdecidedto expandtheexperimentalnotationto a formal specificationlanguage,
whichbecameAFSL. Althoughtheoriginalambitionof theprojectwasnot realized,
it led to severalvaluableinsights,whicharediscussedin this thesis.

1.6 CaseStudies

During its developmentAFSL wasusedin two majorspecificationcasestudies.The
first project, Formalizationof ANesthesia(FAN), was a cooperationbetweenthe
Departmentof Anesthesiaof the University Hospital in GroningenandtheDepart-
ment of ComputingScienceof the University of Groningen. The secondproject,
Minimalist Parser(MP), wasa joint activity with theDepartmentof Computational
Linguisticsof theUniversityof Groningen.

Prior to FAN, the feasibility of developing decisionsupportsystemshadbeen
investigatedandsomeprototypeswerebuilt (deGeus& Rotterdam1992,deGeus,
Rotterdam,van Denneheuvel & van EmdeBoas1991). This led to the insight that
both the limited degreeof exactnessand the complexity of the relatedknowledge
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domainweremajor bottlenecks,which led to this project. FAN produceda formal
specificationin AFSL of thedomainknowledgethatis neededto constructadecision
supportsystemfor anesthesiology(Groenboom1997,Groenboom& Renardelde
Lavalette1996).

The Minimalist Programproposedby Chomsky (Chomsky 1992) aims at the
developmentof a theorywhichexplainshow humansconstructnaturallanguagesen-
tences.A Minimalist Parseris anaturallanguageparserbasedontheMinimalist Pro-
gram.A formalspecificationof suchaparserin AFSL wasproduced(Veenstra1998),
which in fact includedthe formalizationof the underlyingMinimalist theory. Al-
thoughthis theoryis ratherstructuredandincorporatessomemathematicalnotions
(suchastrees),it is nowheredescribedformally (althoughStabler(1992)givesafor-
mal specificationof anearliertheoryof Chomsky) andmany detailsareleft implicit
or still open.

Thesetwo casesprovidedusefulfeedbackandnew ideasfor thefinal versionof
AFSL. Somefeatureswereaddedonly after thecaseswerefinishedand,therefore,
haveunfortunatelynotbeentestedin any sizableapplication.It hasbeennotedby van
Deursen(1994)thatlanguageandtoolsshouldbedevelopedsimultaneouslyin order
to benefitfrom theresultinginsightsinto thenatureof thelanguage.In parallelwith
the developmentof AFSL, a parser, type checker, andsignaturediagramgenerator
wereimplemented.As expected,thedesignof AFSL benefitedfrom this; thesyntax,
typesystem,andmodulemechanismespeciallyimproved.

1.7 Results

AFSL is a casestudyin languagedesignwhich combinesa numberof featuresthat
areessentialfor a broadapplicationof formal specificationin a simplelanguage.It
is thecombinationof featureswhich is importanthere.Too often languagefeatures
arestudiedin isolationwithout theguaranteethatthey canbecombined.Thedesign
of AFSL is basedonexperiencesgainedin thetwo majorcasestudiesin which it has
beenused(seeprevious section). Importantqualitiesof AFSL arethat it featuresa
simplefirst-orderalgebraicfoundation(all otherfeaturesaredefinedasanextension
of this kernel),thatnaturallanguageis allowed in informal definitions,andthat im-
plicit functionsmodelsubsortsandinheritance.But themaininnovationof AFSL is
theway it modelsnon-functionalfeaturesof operations.Thesearefeaturesthat go
beyond thefunctionalinput/outputbehavior of operations,suchasexceptions,state
changes,nondeterminacy, andcommunicationwith theenvironment.Non-functional
featuresaremodeledwithin AFSL in a way similar to theuseof Monadsin Haskell
(Wadler1993),althoughAFSL is a first-orderlanguage.At first, this resultsin con-
siderablenotationaloverhead,which,however, canbereducedby theuseof amech-
anismcalledapplicationredirectionwhich is introducedin this thesis.
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1.8 ThesisOverview

Chapter2 discussesthegeneralprinciplesof formal specificationlanguages(which
includesrelatedwork) andtheFSAmethod.Basedontheneedsfor theFSAproject,
requirementsareformulatedfor a specificationlanguageandit is discussedwhy it
wasdecidedto designanew language.An overview is givenof thefeaturesof AFSL.
Thesubsequentchaptersgivethedetaileddefinitionof AFSL,demonstratedby many
examples.ThesechapterscanbereadwithoutChapter2. Chapter3 describestheba-
sic language,Chapter4 describesgenericmodules(that is, parameterizedmodules),
Chapter5 describesimplicit functions(that is, subsortsandinheritance),Chapter6
describesthemodelingof non-functionalfeatures(suchaspartialfunctionsandstate
changes),andChapter7 describeslifting andapplicationredirection(the technique
usedto reducethenotationaloverheadof non-functionalfeatures).Finally, Chapter8
discussesthedesignchoicesmadein AFSL,how AFSL meetstheinitial languagere-
quirementsof Chapter2, andgivespossibledirectionsfor futureresearch.

All AFSL specificationsincludedin this thesisareonlineat:

4�4�4!576�8�8:9�9;5=<�>(?*@*ACB�<%DFE(@:G�H(I�J(@�ILK*6*8�M
4�4�4!576�8�8:9�9;5=<�>(?*@*ACB�<%DFE(@:G�H(I�J(@:B�N�K*OLP�Q�6�Q

Thefirst directorycontainsthecompletespecifications,includingpartsthatareleft
out in thethesis.All thesemoduleshave beenchecked by a prototypetypechecker
(seeSection8.9). Theseconddirectorycontainstheexpandedversionsof thespec-
ifications (although,the origins of nameshave beenomitted in order to make the
expansionsbetterreadable).
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2. AFSL RATIONALE

Abstract

This chaptermotivatesthedesignof AFSL. First, relevantpropertiesof
formal specificationlanguagesin generalarediscussed.Thenan out-
line is givenof theFormalSystemAnalysis(FSA)specificationmethod.
Basedonthediscussionof languagepropertiesandspecificationmethod,
criteria for a formal specificationlanguagearegiven. When the FSA
projectstartedtherewasno languagethatsatisfiedthesecriteria; there-
fore, a new one was designed,which becameAFSL. An overview is
givenof its features.

2.1 Aspectsof FormalSpecification

In principleany formal language,provided it is expressive enough,canbeusedfor
specification.For example,a simplelogical languagelike first-orderpredicatelogic
or adeclarativeprogramminglanguagelikePrologarepossiblecandidates.However,
specifyingin suchnon-specificlanguageswill often be needlesslycomplicatedand
maynot fit well into theoverall developmentprocess.For example,predicatelogic
is so rudimentarythat specifyingin it is a bit like writing programsin assembler.
Therefore,tailoredlanguagesshouldbeusedinstead.Someaspectsthatcanbedealt
with in a specializedlanguagearedatastructures,typical softwareaspects(suchas
input/output),prototyping,modularity, softwaredevelopmentmethod,tool support,
andcorrectimplementation.

Althoughformalspecificationlanguagesvarywidely in detail,theirgeneralstruc-
ture is similar. In this sectiona generaldescriptionis given of theselanguagesin
order to explain why it wasdecidedto designa new language.This discussionis
limited in scopeanddoesnot fully appreciatethe individual qualitiesof the differ-
ent languages.However, it is usefulto view all specificationlanguagesroughly as
aninstanceof thesameunderlyingconcept.Researchhasbeendonein formulating
a formal framework of so-calledinstitutionsthat capturesthe generalpropertiesof
formal languages(Goguen& Burstall 1992,Tarlecki1999),but institutionsaretoo
theoreticalfor thecurrentcontext.

A formalspecificationlanguagecanroughlybeseenasaprogramminglanguage
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R)9�Q:>�S�6UT*9�9�S�6�O:P)M
DVR*K�9�<�W%MXJ(O:Y�9:>(W
6�N�K�9�<�W%M
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Fig. 2.1: Specificationof booleansin ASF+SDF.
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x [:y l [:z�B�z�{|G�}�}�G�~dI l B x%� H �Lx G�{ � [:zx J�G(I�I
I([:}�{^G�<�<(O�Y ��G�}
H���z x k�O(SL>*6���G�<�<�O�Y^�^z�O�W�\�_eI�W�<)DCP�? ��G�}
l }*[ x 8L<�6�O�W�6���\�_eG�<�<�O�Y
[L��{ Ol }�B {�<�>�6
I�G�{ z�B��dG�<�<�O�Yl [�I�{^H*[:}�G(J�J`P!�3z(O�W g k�O(S->�6 g O��#P h(��h
l }*[ x >�K�Q�O�W�6���G�<�<�O�Yd�^z�O�Wd�jI�W�<)DCP�?�\�_� z O��#P;�VMl }�B {�<�>�6
I�G�{ y*[:�^k�O�S->*6 g O��#P hl [�I�{^k�O(SL>*6 g O��3P h q M

B�z��

Fig. 2.2: Specificationof arraysof strings in COLD (assumingz�O�W is the sort of natural
numbersand I�W�<%DCP(? of strings).(Theoperation

�
denotesundefinednessof aterm.)

in whichdefinitionsof operationsmaynotbeexecutable(thatis, cannotbecompiled
or interpreted). Eachformal specificationconsistsof a collection of declarations,
which determinewhich names(that is, identifiers)andvariables(that is, wild cards
thatcanbeusedasplaceholdersin definitions)canbeused,anda collectionof def-
initions, which determinethe propertiesof the names.Examplespecificationsare
given in Figure 2.1, which specifiesbooleansin ASF+SDF(Bergstra,Heering&
Klint 1989,Klint 1993),andFigure2.2,which specifiesmutablearraysof stringsin
COLD (Feijsetal. 1994,deBunje1992).

Therestof thecurrentsectiondiscussesdifferentaspectsof formal specification
languages:thebasicconceptsof formal specificationthat canbe found in (almost)
any language;variationsthat apply to somelanguages;semantics;structuring;and
applicationdomain.

2.1.1 BasicConcepts

SortsandOperations

Thecollectionof all declarationsof namesin a specificationis calledits signature.
Thereareat leasttwo kindsof names:sortnames( ���%�(� and �*�%����� in theexamples)
andoperationnames( .%�*"�� , ����/ , ���%��"
� , 	��)�)��.)� , etc.in theexamples).

Nameshave a value. Thevalueof a sortnameis a sort, which is a collectionof
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objects. Heretheterm“object” is usedwithoutany specificobject-orientedmeaning.
Thevalueof anoperationnameis anoperation, which,givenanumberof objects(the
arguments), returnsaresult (which is anobject)anddoes“something”(for example,
������"�� fails if an arraydoesnot have a valuefor the given index, "���/)��.�� changes
thecontentsof anarray).

Sortsaresometimescalledtypes. Somelanguagesdo not have sorts,which is
equivalent to having just onesort of all objects(suchlanguagesarecalledsingle-
sorted, asopposedto many-sorted).

Thenotionof operationasusedhereincludestheconceptsof functions,attributes,
methods,etc.thatsomelanguageshave. Thesecanall beseenasoperationsof some
kind. Somelanguagesallow operationsthatdonothavearesult,but thiscanbemim-
icked by returningany arbitraryresultwhich is subsequentlyignored(for example,
a special“void” objectwhich cannotbe usedfor anything). Many languageshave
constants(thatis, objectnames),but thesecanbemimickedby operationnameswith
zeroarguments.For example,in Figure2.1 .%��"
� and '�����0(� arenullary operations
thatreturnabooleanvalue.

In this thesisthe aspectsof an operationwhich go beyond simply returninga
resultarecallednon-functionalfeatures(suchasstatedependency, side-effects,and
raising error conditions). Our definition of “non-functional” is different from the
usualonewhich refersto propertiesthat arenot directly implementedin a system,
suchas reliability, efficiency, and price. In this thesisnon-functionalfeaturesare
assumedto beformalpropertiesof operations.Usuallyspecificationlanguagesallow
afixednumberof non-functionalfeatures,suchaspartialfunctions(Barringer, Cheng
& Jones1984,Cheng1986,Cheng1990,Jones1986)andstate-changingoperations
in COLD (Feijs & Jonkers1992,Feijs et al. 1994). As far asI know, thereareno
specificationlanguages(exceptAFSL) thatallow theuserto specifynon-functional
features.

Variables

Variableshave an arbitraryvalue; they areusedin specificationsat positionswhere
any valuemay be substituted(like variable � in ���%����� ). This kind of variablesis
sometimescalledlogical variablesin orderto distinguishthemfrom programvari-
ables(found in imperative programminglanguages)whosevaluesarestoredsome-
whereandcanbereadandupdated.

Terms

Fromoperationsandvariables,termscanbebuilt, whichareeithervariablesor oper-
ationcalls(with termsasarguments).Givenavaluefor theoperationsandvariables,
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a termhasa valueanddoeshave somenon-functionalfeatures(theaccumulationof
thenon-functionalfeaturesof theoperationsin theterm).

Typing

Many-sortedlanguagesareusuallytyped, similar to programminglanguages.That
is, every operationhasa so-calledtype (or arity) which determinesthe numberof
arguments,thesortsto which theargumentsmustbelong,andthesort to which the
resultbelongs.Also, in a typedlanguageevery variablehasa type,which is a sort
thatdeterminesthedomainthevalueof thevariablerangesover. The two example
specificationsin Figures2.1and2.2aretyped.For example,����/ hastwo arguments
of sort ������� and "%��/��(.�� hasthreeargumentsof sorts �*�%����� , ����. , and �(.%�1
:��� . An
operationcall is well-typed if it hasthecorrectnumberof well-typedarguments.In
a typedlanguageit is requiredthatall operationcallsarewell typed.

Usuallywell-typednesscanbe checked automaticallyby a type checker so that
somesemanticerrors(suchasaddingstringsto numbers)aredetectedeasily. Another
advantageof a typed languageis that the type of an operationgives a clue about
its meaning.For example,what canwe expect from an operation� that takestwo
numbersasargumentsandreturnsanumber?A disadvantageof atypedlanguagecan
bethatit is toorestrictive. Forexample,thelackof polymorphismin AFSL turnedout
to bea limitation (seeSection8.5).Mostspecificationlanguagesaretyped,although
thereis somediscussionaboutthenecessityof this (Lamport& Paulson1999).

Definitions

Definitions determinethe meaningof the namesdeclaredin the signature. Here
the term “definition” is usedliberally and includesambiguousdefinitions(under-
specification) and inconsistentdefinitions(over-specification). That is, definitions
restrict the possiblemeaningsof the namesratherthandeterminethem. Thereare
differentwaysin whichdefinitionscanbeformulated.

Themostbasicform of definitionis by usingaxioms, whicharelogicalassertions
thathave to besatisfied.For example,in Figure2.1 thebooleanoperators��� , ����/ ,
and ���*. aredefinedby listing a numberof equationsthatmustbesatisfied.COLD
alsoallows axioms,but thesearenot usedin the examplegiven here. In principle
theuseof axiomsprovidesenoughdefinitionalpower, providedthelanguagehasthe
appropriatelogicalprimitives.Most languagesallow axiomsin someform, but many
alsohave otherdefinitionconstructs.

One frequentlyoccurring form of definition is that of attributed declarations,
which is a declarationthat also containssomeinformation about the meaningof
thedeclaredname.In Figure2.1 theattribute 	(�(��0�.%��"�	�.��*� denotesthat .%�*"�� and
'�����0�� arethe constructorsof thesort ���%�(� (that is, the only elementsof ������� are
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.%��"
� and '�����0�� ). In Figure2.2 theattribute �)��� denotesthat �������(� and ���%��"
� are
variables(that is, they arestatedependent).Theseareexamplesof simpleattributes
that consistof only onesingularstatement.More complicatedforms canbe found
in thedeclarationsof 	��)�)��.)� and "���/��(.�� in Figure2.2wherethe �*�)  partsarethe
preconditionsfor successfulexecution,the �*�*¡ partsindicatethemodificationrights,
andthe ���%�(¡ partsrestricttheallowedstatesafterexecution.

2.1.2 Variations

Functions

An operationis calleda function if theonly thing it doesis mappingargumentsto a
result(accordingtosomeinput/outputrelation)withoutany additionalnon-functional
features.For example,theoperationsin theASF+SDFspecificationof Figure2.1are
all functions. A languagein which all operationsarefunctionsis calledfunctional
(suchasa functionalprogramminglanguage).

Predicates

In addition to sort andoperationnames,many specificationlanguagesdistinguish
predicatenames. For example, ¢ and �*�)/%�*�)��/ in thespecificationof Figure2.5on
page25 arepredicatenames.Like functions,a predicatecanbeappliedto a number
of argumentsanddoesnothavenon-functionalfeatures.But predicatesdonot return
anobjectasresult;instead,for givenarguments,apredicateis eithervalid or not. For
example, £`¢¥¤ is valid and ¤e¢¦£ is not. Beingvalid or notcanbeseenasa logical
value, but thatis somethingdifferentthananobject.Logical valuesarenotelements
of asortandcannotbeargumentsof operationsor otherpredicates.

Having logical valuesalsointroducestheneedfor logical operations, which are
similar to predicatesbut have logical valuesasarguments(or a mixture of logical
valuesandobjects).For example,therecanbelogicaloperationsfor “or”, “implies”,
and“if �L�L� then �L�L� else �L�L� ”.

Predicatesmodelrelationsbetweenobjects.Thoseargumentsfor which a predi-
cateis valid arerelated;therestis not. For example, £ and ¤ are ¢ -related,¤ and £
arenot. Predicatesareoftencalledrelations,but herewedistinguishtheconcept“re-
lation” from themathematicalnotion“relation”. Relationsareanimportantconcept
for modelingsoftware.Wecannotdo without relations,but we cando without pred-
icates.Relationscanalsobemodeledby functionsthatreturnbooleanresults,where
thebooleansaretheobjects“true” and“f alse”.For example,if ¢ is aboolean-valued
function,then £|¢¥¤ hasvalue“true” and ¤^¢�£ hasvalue“f alse”. Contraryto log-
ical values,booleansareobjectsandcanbeargumentsof operations.Thedistinction
betweenpredicatesandboolean-valuedfunctionsmayseemartificial andirrelevant.
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However, it allowsfunctionsandpredicatesto betreateddifferentlyin somerespects,
two importantexamplesof whicharegivenhere.

First, one can allow partial functionsbut forbid partial predicates.The result
of a partial boolean-valuedfunction may be undefined,which introducesa kind of
three-valuedlogic (“true”, “f alse”, and“undefined”)or even four-valued(Bergstra,
Bethke & Rodenburg 1994).A three-valuedlogic is not asstraightforwardasa two-
valued logic. For example,should the value of “true or undefined”be “true” or
“undefined”(seeCheng(1986)andAstesiano,Kreowski & Krieg-Brückner(1999)
for differentapproachesto three-valuedlogic). Evenif boolean-valuedfunctionsare
forbiddento bepartial (which would introducea specialclassof functions),thereis
aproblem.Most languageswith partialfunctionsarestrict in thesensethattheresult
of a function is undefinedif oneof its argumentsis undefined.Thus,even a total
boolean-valuedfunctionmayhave anundefinedresult.

Second,onecandefinealanguagesothatby defaultapredicateis notvalidunless
definedotherwise(this is similar to theclosedworld assumptionof Prolog(Sterling
& Shapiro1994)). This allows conciseandinductive definitionof predicates(CoFI
TaskGroupon LanguageDesign1997). For example,theless-than-equaloperation§ � on naturalnumberscanthenbedefinedby:

P©¨ q P
P©¨ q R%ª o ¨ q�q Pb¨XR

Withoutadefaultvaluefor predicatesit mustbestatedexplicitly for whicharguments§ � is not valid. This is not only lessconcise,but somelanguages(for example,
Prolog)do notevenallow suchanexplicit definition.

Default predicatevaluesis basedon initial semantics(seeSection2.1.3)wherea
predicate«1¬ is smallerthen «
­ if andonly if «1¬ is valid for fewerargumentsthen «1­ .
Initial semanticsselectsthe smallestpossibleinterpretationof the declarednames
(the initial model) as the interpretation. In order to guaranteethat suchan initial
modelexists,thekind of definitionsthelanguageallows mustberestricted.To illus-
tratethis,considertheexampledefinitionof predicate� :

l g o h ¨ q�q z�9:W l g s h
l g s h ¨ q�q z�9:W l g o h

Hereit is not definedwhether�¯®:°�± and �²®C³�± arevalid or not, but they cannotboth
be invalid at thesametime. This makesthedefault definitionof � (not valid for all
arguments)impossible.Therefore,a languagethatusesdefault valuesshouldforbid
definitionslike theabove,whichcouldbetoomuchof acompromise.

Usingboolean-valuedfunctionsinsteadof predicateskeepsa languagesimpler.
Thesyntaxandsemanticsdo not have to considerthreedifferentformsof operation
names(normaloperations,predicates,andlogical operations)andtwo formsof ex-
pressions(objectvaluedandlogicalvalued).Moreover, distinguishinglogicalvalues



16 2. AFSL Rationale

usuallymakesa languagelessflexible becauseall logical operationsarebuiltin and
cannotbedeclaredby thespecifier. This severely limits theadaptabilityof the lan-
guageandputsa burdenon its definition,sincesufficient logical operationsshould
bebuiltin.

AdvancedTypeSystems

Therearedifferenttypingmechanisms.Themostcommonspecialfeaturesarehigh-
er-ordertyping,polymorphism,andsub-sorting.

Higher-ordertyping allows argumentsof operationsto bethemselvesoperations.
Thismeansthatoperationsareconsideredto beobjects,accompaniedby specialsorts
(for example,́µ¬�¶·´�­ asthesortof operationsfrom ´C¬ to ´�­ ). A languagethatdoes
notallow higher-ordertyping is calledfirst-order.

Polymorphismallows anoperationtype to containsortvariablesthatcanbe in-
stantiatedby any arbitrarysort. The term “polymorphism” is sometimesusedin a
broadersensefor “having morethanonetype”, which includesoverloadingandin-
heritance.In this thesisit only refersto thepossibilityto instantiatesortvariables.

Sub-sortingallowsonesort ´C¬ to bedeclaredasasubsortof anothersort ´�­ . If an
operationexpectsanargumentof ´µ­ it is allowedto giveanargumenţ of thesubsort
´µ¬ . Thismechanismis calledinheritance, since ´C¬ inheritsthepossibilitiesof ´�­ . An
implicit conversionfrom ´µ¬ to ´�­ is appliedto ¸ to make it fit. For example,listscan
beseenasasubsortof sets,wheretheconversionfunctiontransformsalist to asetby
puttingall theelementsof thelist in theset.It is possiblethattheconversionfunction
is theidentity function(thatis, no conversionis necessary),whichamountsto ´C¬ be-
ing asubsetof ´µ­ . Dependingonthelanguagethespecifiermayor maynotdefinethe
conversionfunctionexplicitly. For example,ASF+SDFhasthepossibility to define
a specialkind of function from ´ ¬ to ´ ­ calledan injection which is an “invisible”
unaryfunction(thatis, it is denotedby anemptyname).Somelanguagesmayput re-
strictionson thedefinitionof theconversionfunctions:for example,thatthey should
beinjective. A potentialproblemof inheritanceis that it causesambiguitiesif there
aremultiplewaysto convert anargumentfrom ´µ¬ to ´µ­ (multiple inheritance).

Syntax

Somelanguagesuseonly ASCII symbols;othersalsoallow mathematicalsymbols
like ¹ and º (for example, in Figures2.4 and 2.5). Mathematicalsymbolsmake
specificationsmore readablefor thosewho are usedto thesesymbols. However,
specificationsshouldbereadableby peoplewhoarenotmathematicallytrained(such
asprogrammers);therefore,it maybebetterto usethemoreverbose»������%��� and �)�*.
instead.Moreover, sincemosttext editorsdonotsupportmathematicalsymbolsthey
have to beenteredusingspecialsymbolslike ¼�')�*���%��� and ¼��
��� . This leadsto two



2.1. Aspectsof FormalSpecification 17

differentpresentationsof the samespecification:the ASCII version(the file being
edited)andtheformattedversion,whichcancauseconfusion.

The standardnotationfor operationcalls consistsof the operationfollowed by
a list of arguments(that is, ½2¾3¸�¬�¿L�L�L�-¿�¸�À�Á , for operation½ andargumentş�¬ , �L�L� ,
¸�À ). Othercommonnotations,whicharenotsupportedby all languages,aretheinfix
notation( ¸ ¬ ½Â¸ ­ ), prefix notation(½�¸ ¬ ), andpostfixnotation( ¸ ¬ ½ ). A very liberal
syntaxfor operationcalls that is allowed by somelanguagesis the mixfix notation
wherethenameof theoperationconsistsof a numberof separatecomponents,and
theargumentsarewrittenbetweenthesecomponents.An exampleof mixfix notation
is:

DL]^P*_�Ã|W�Ä*6:P^P�\ o 6(S�M-6eÃ
in which 
�')Å�.*�
���
Å��)��0��%Å is theoperationand �
Æ�� , �1,1° , and � arethearguments.

The“fix” notations(in particularthemixfix notation)allow specificationswhich
arecloserto thetexts oneis usedto (eitherin mathematicsor someotherlanguage).
However, they caneasilyintroducesyntacticambiguities.That is, someexpressions
can be parsedin more than one way. For example, Ç��)È%&%³ can be readas both
®µÇ*��È�±(&%³ and Ç��!®CÈ�&%³
± . Theseambiguitiescan,in many cases,be solved by user-
declaredpriorities andassociativities. For example,in Figure2.1 ����/ hasa higher
priority than �*� (thus, ���*��É¥����/Ê� is parsedas �¦���Ë®CÉÌ����/Í��± ) andbothare
left associative (thus, ���*��ÉÎ���Î� is parsedas ® �¦�*��É
±©���Î��± ).

Overloading

Somelanguagesallow nameoverloading: that is, thesamenamemaydenotemore
thanonevalue. Overloadingmayleadto ambiguitieswhich areusuallyresolvedby
usingcontext information,suchasthenumberandtypeof argumentsof anoperation.
Theadvantagesof overloadingarethat it allows oneto give similar thingsthesame
name(intendedoverloading)andthatit is easierto combinespecificationsthatwere
written independently(accidentaloverloading). The disadvantageis that it canbe
confusing,evenif thereis someprocedureto resolve ambiguities.

Leanlanguages

A leanlanguageis asmalllanguagethatonly hasaminimalsetof baseconstructions;
morecomplicatedconceptshaveto bedefinedwithin specificationsthemselves.Most
algebraiclanguagesarelean,mostmodel-orientedlanguages(seeSection2.1.3)are
not (I donot know why). Themainadvantageof a leanlanguageis thatits definition
is simpler. Also, toolscanbesimplerbecausethey have to considerfewer language
constructions.Moreover, keepinga languageleanis a goodtestto seewhetherthe
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languageis expressiveenough.A disadvantageof a leanlanguageis thatsomethings
have to beformulatedmoreelaborately.

Thereis a trade-off betweeneconomyof languagedesignandeconomyof no-
tation. In orderto avoid verbose,unreadablespecifications,a leanlanguageshould
have appropriatefacilities for extendingthe baseconstructions,suchasparameter-
izedmodules,higher-orderoperations,typepolymorphism,andmixfix notation.For
example,higher-orderoperationsallow thedefinitionof quantifiersandmixfix notion
makesit possibleto have an 
('Î.��
�(���%��0�� construction.

KernelLanguages

Somelanguagesaredefinedby giving a syntacticaltranslationto a smallerkernel
language. For example,COLD-1 is definedby translatingit to thekernelCOLD-K
(Feijs,Jonkers,Koymans& RenardeldeLavalette1987). Thekernelcanbea sub-
language,but canalsobea completelyindependentlanguage(similar to translating
ahigherprogramminglanguageto assemblylanguage).A kernellanguageis not the
sameasa leanlanguage.Thederived conceptsaretranslatedto thebaseconstructs
of a kernel languageratherthandefinedin termsof the basicconstructsof a lean
language.The translationsarepart of the languagedefinition (tools, for example,
needto beawareof that),whereasthedefinitionsarepartof aspecification.Still, the
advantagesaresimilaraslongasthetranslationprocessis keptsimple.

2.1.3 Semantics

Models

A possibleinterpretationof all namesdeclaredin a signaturecan be represented
by an algebra, which is a mappingfrom eachdeclaredname ¸ to a mathematical
representationof theentity Ï denotedby ¸ . Whatexactlythestructureof Ï is depends
on the kind of specificationlanguagewe aredealingwith. If ¸ is a sort then Ï is
usuallyaset.If ¸ is anoperationthen Ï containsamappingfrom argumentsto results
togetherwith somerepresentationof thenon-functionalfeaturesof theoperation.For
example,text output canbe modeledby linking an outputstring to the resultand
non-determinismcanbemodeledby mappingargumentsto a setof possibleresults
insteadof onesingleresult.

A model is an algebrathat satisfiesall definitionsof a specification. Thus, a
specificationdefinesa classof models,which is what is actuallybeingspecifiedby
a formal specification:a numberof possibleinterpretationsof declarednames.The
notions“algebra” and“model” arenot alwaysexplicitly usedin the definition of a
specificationlanguage;still, they areusefulconceptsto explain formal specification
in general.
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Formal specificationcanbe seenasa meansof definingterminology. As such
it canbevery usefulto supportcommunicationduringsoftwaredevelopment.This
is theway AFSL wasusedin theMinimalist Programcasestudydiscussedin Sec-
tion 1.6. But, a formal specificationcanalsospecifysoftwareandhardwaremore
directly. An algebracanbe seenasan abstractionof an implementation.Thus,a
specificationdefinesa classof correctimplementations(thosecorrespondingto the
modelsof thespecification).Thereis no generaldefinitionof what it exactly means
for asystemto beanimplementationof analgebra.Onehasto agreeonthatbeforea
specificationcanbeusedasareferencefor implementation.Heretwo commonways
arediscussedin whichalgebrascanrepresentsystems.

Thesimplestway to view analgebraasanabstractimplementationis usingfunc-
tions asblack box descriptionsof a system. For example,a digital switch with Ð
inputscanbespecifiedby afunctionname�(Ñ1
�.1	:� with Ð booleanarguments(repre-
sentingtheinputs)andabooleanoutput(representingtheoutput).Themodelsof the
specificationof �(Ñ1
�.1	:� determinetheallowed input/outputbehavior of the switch.
A morecomplicatedsystemthatprocessesÐ streamsof digital information(that is,
theoutputdependson thecompletehistoryof receivedbits,notonly themostrecent
inputs)canbespecifiedby a function ������	��
0�0 with Ð lists of booleansasargument
(representingthereceivedbits up to somemoment Ò ) andreturnsasa resulta list of
bits (representingthetransmittedbitsup to Ò ).

Strictly speakingwehaveto bemorepreciseaboutthewaytheabstractionsmodel
physicalreality. For example,how do booleansrelateto theinput/outputvoltagesof
the switch/processor?In many casesthis is eitherimplicitly understood(engineers
alreadyusethebooleanabstractionfor digital signals)or not relevant (for example,
whenbuilding theswitch/processorfrom basicdigital ports).However, this is apoint
that caneasilybe overlooked. If the relationshipbetweenabstractionandreality is
notclearaformalspecificationwill notbeinterpretedcorrectly, nomatterhow formal
thelanguageusedis.

A black box specificationdoesnot describethe internalstructureof an imple-
mentation,only its observablebehavior. Often it is necessaryto give a moredirect
descriptionof theprogramcodethatimplementsasystem:for example,to document
thedesignof theimplementation.In thatcaseanimplementationis seenasa refine-
ment of analgebra.Detailedtreatmentof refinementcanbe found in vanLeeuwen
(1990),McDermid (1991),andAstesianoet al. (1999);hereonly a roughsketchis
given.

A programÓ is arefinementof analgebraÔ if for eachobjectof Ô thereis adata
structurein Ó representingthatobject(for example,anumbercanberepresentedby
asequenceof bits)andif for eachoperation½ of Ô thereis aprocedure(or function)
« in Ó thatfor inputsrepresentingobjectş(¬ , �L�L� , ¸�À computesa datastructurethat
representsthe resultof ½ for argumentş(¬ , �L�L� , ¸(À . Moreover, the non-functional
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featuresof « shouldbein accordancewith thoseof ½ . It fully dependson thenature
of thenon-functionalfeatureswhat thatmeans.For example,theimplementationof
string outputof ½ could meanthat « shouldoutputa string representationto some
buffer.

A notionof “refinement”canbeformally definedif theprogramminglanguageis
itself a formal language.However, suchadefinitionis notpartof thedefinitionof the
specificationlanguage(unlesstheprogramminglanguageis partof thespecification
language),but belongsto theagreementabouttheuseof thespecificationlanguage.

OperationalvsDeclarative Semantics

A specificationlanguagewith operationalsemanticsis in fact a programminglan-
guage(althoughit maystill bedesignedespeciallyfor specificationpurposes).Op-
erationalspecificationsdefinedatastructuresthatrepresentobjects;its definitionsof
operationsareprescriptionsfor computingtheresultandnon-functionalfeaturesfor
givenarguments.In specificationswritten in a languagewith declarative semantics,
definitionssomehow describethevaluesof nameswithout determininghow objects
arerepresentedandoperationsarecomputed.A specificationlanguagecanhaveboth
operationalanddeclarative semantics(similar to theprogramminglanguageProlog
(Sterling& Shapiro1994)),but mostspecificationlanguageshave only one.

The advantageof a languagewith operationalsemanticsis that specifications
canbe usedasprototypesin orderto validatedefinitions(do they definewhat they
ought to). There is discussionabout the necessityof operationalsemantics(see,
for example,Hayes& Jones(1989)). Executability limits the expressivenessof a
language,sincenot all definitionsareexecutable.For example,the definition of Õ
by the equation ¾3¸eÕ¦Ï)Á×ÖØÏÍÙÚ¸ will generallynot be executable(althoughthat
may dependon the clevernessof the interpreter/compiler). In general,executable
specificationswill containdetailsthatareredundantfrom a purespecificationpoint
of view.

Model-Orientedvs. Property-OrientedLanguages

Therearetwo typesof declarative languages:model-orientedandproperty-oriented
(Monahan& Shaw 1991,Barwise1989). In a model-orientedlanguageobjectsare
definedasstructuresbuilt fromanumberof givenbasicmathematicalstructures(such
assets,tuples,andsequences)andthe result(andnon-functionalfeatures)of oper-
ationsareexplicitly definedin termsof thesestructures.In a property-orientedlan-
guagethe internalstructureof objectsis not described(they areblack boxes) and
operationsareimplicitly definedby listing a numberof properties(axioms).An ex-
ampleof a model-orientedspecificationis thedefinitionof a databasetableasa list
of key/valuepairs. A property-orientedspecificationwould characterizea table in
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termsof its updateandlookup operations.A model-orientedspecificationis like a
scalemodel,whereasa property-orientedspecificationis like a constructiondraw-
ing. Examplesof model-orientedspecificationlanguagesare VDM (Jones1986)
andZ (Diller 1994);property-orientedspecificationlanguagesareOBJ (Goguen&
Winkler 1988)andCASL (CoFI TaskGroupon LanguageDesign1999).

Model-orientedspecificationscontainunnecessaryrepresentationdetailsthatblur
the view of the propertiesthat areactuallybeingspecified. Moreover, thereis the
dangerof implementationbias,sincethe modelcanbe usedasa startingpoint for
theimplementation.On theotherhand,model-orienteddefinitiongetspropertiesfor
free from the basicstructuresbeingused. For example,in a model-orientedspec-
ification it is clear that addingthe samevalue twice to a table resultsin the same
table,aproperty-orientedspecificationneedsextra informationfor that.Also,model-
orientedspecificationsaremoreconcreteand,therefore,may for somebe easierto
understand.I amnot awareof any researchaboutthecognitive prosandconsof the
two typesof specification(thatwould indeedbeinterestingresearch).

Initial Semantics

In orderto avoid amultitudeof axiomssomeproperty-orientedlanguagesonly allow
initial algebrasasmodels.Thesearealgebrasin which two objectsareequalif-and-
only-if this canbederivedfrom theaxioms,andsortsmayonly containobjectsthat
canbe constructedby the operationsof the signature. That is, therenever canbe
confusionabouttheequalityof objectsandthereareno ghostobjectsthatcannotbe
named.

Theadvantageof initial semanticsis that thepropertiessatisfiedby initial alge-
brasdo not have to beaxiomatized(they hold by default). A complicationof initial
semanticsis thataxiomshave to conformto somerestrictionsin orderto guarantee
that thereexist initial algebrasthat satisfythem. For an extendedtreatmentof ini-
tial semanticsseevanLeeuwen(1990)andAstesianoet al. (1999).A languagethat
allows any algebraasamodelis saidto have loosesemantics.

2.1.4 StructuringConcepts

Modules

Justlikecomputerprograms,specificationscanbecomevery large(thus,hardto han-
dle)andsharecommoncomponentsbetweenprojects(whichcallsfor reuse).There-
fore, it is worthwhileto split specificationsinto smallermoduleswhich areeasierto
manageandreuse.Abstractmodulesthatcanbeinstantiatedin differentwaysshould
alsobepossible.Theadvantagesof modularityandabstractionfor formal specifica-
tion arenotdiscussedhere;they arethesameasfor programming(see,for example,
McDermid(1991)). Virtually all specificationlanguageshave a modulemechanism
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Fig. 2.3: Exampleof a parameterizedspecificationof sequencesin ASF, whereformal pa-
rametersarespecifications,togetherwith anexampleimport thatdefinesstringsas
sequencesof characters.It is assumed

x Ä*O�<(O*8LW�6�<�M is somemodulethatspecifies
sort

x�à G�} andfunction 6�m .

andmostof themhave a form of parameterabstraction.Therearetwo main types
of parametermechanisms:the formal parametersareeitherspecificationsor names
(thatis, sortsandoperations).

An examplein whichthemoduleparametersarespecificationsis thespecification
of stringsassequencesof charactersgivenin Figure2.3 in ASF, which is takenfrom
Bergstraet al. (1989)whereASF is introduced.Note thatASF+SDF, thesuccessor
of ASF, doesnot supportthis parametermechanism.The formal parameterof the
module �*��â�"��(�+	��
0 is theabstractspecificationã�.����;0 which is (within ���*â�"
����	(�
0 )
beingextendedwith �( �É , �%"1��� , and 0���â .

For somelanguages(for example,ASF)parameterslike ã�.����Þ0 mayonly contain
declarations;others(for example,CASL usedin Figure2.5) alsoallow axiomsin
parameterswhich restricttheactualparametersthatcanbesubstitutedfor theformal
parameter. Somelanguagesallow formal parametersto bespecifiedwithin themod-
ule(like ã�.����;0 in theexample);othersuseareferenceto anexternalmodule(like ���
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Fig. 2.4: Exampleof a specificationparameterizedby namesin LSL. T*O�? specifiesthe sortT of bagswith elementsof moduleparameterB . Note that heresorts B and T are
declaredimplicitly by their occurrencein otherdeclarations.

in Figure2.5).
Within themodule ��.��1
:���10 theimport of �*��â�"��(�+	��
0 suppliesó(�1�(���)	�.����+0 as

actualparameter���("%��/Î.�� formal parameterã�.)���Þ0 . Becausethenamesin thesig-
natureof the formal parameterareoften differentfrom thecorrespondingnamesin
the actualparameterthey arebeing renamed.Here ã�¡% *ô is renamedto ó�õ)�*� and
��â to (a different instanceof) ��â . Furtherexplanationaboutthis typeof parameter
mechanismcanbefoundin Orejas(1999)andWirsing (1990).

Although the specifications-as-parameters mechanismis the most common(in
particularin theoryaboutformal languages),thereis yet anotherform, wherethe
formalparametersof amodulearenames(sorts,operations,etc.).An exampleis the
specificationof bagsin theLarchSharedLanguage(LSL) givenin Figure2.4,which
is takenfrom Guttag,Horning& Modet(1990). When ����� is importednameshave
to besuppliedasactualparameters.For example,a specificationof bagsof integers
canbe(assumingmodule ã-��.��*�)��� declaresthesort ã-��. ):� P(W�6�?(6�<�T*O�?ì�ÂW�<�O*DFW

DCP%8�S->�Q(6�M� P(W�6�?(6�<;��T*O:? gµ� P(W h
Theneteffectof theimportof ���*� is thatits declarationsandaxiomsareincludedin
ã:�).��*�)�*������� after   is replacedby ã-��. . In LSL �����²®-ã-��.+± is just shorthandfor the
renaming�����²®-ã-��.¥'%�*�¥ +± .

Thenames-as-parametersmechanismthusis a convenientalternative to renam-
ing. Theadvantagesarethat theimportsarelessverbose(only thenew namesneed
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to belisted)andrenamingis doneconsistently(thesamenamesarealwaysrenamed
andin thesameorder).

CompoundNames

An overloadingproblemoccursif thesameparameterizedmoduleis importedmore
thanonce(independentlyof the typeof parametermechanism).For example,if the
module �*��â("
�(�+	���0 of Figure 2.3 is importedtwice, oncewith ó(�1�(���)	�.����+0 and
oncewith ã-��.��*�)���+0 asactualparameter, therewill be two conflictingdeclarations
of �( �É . Apart from that,thename�� �É is nota very descriptive onefor eitherlists of
charactersor listsof integers.Therefore,importsareoftencombinedwith renamings
of importednames.Forexample,in theimportof ���*â�"
����	(�
0 thesort �( �É is renamed
to ��¡��+ã��%ö . An importof ����â("
����	���0 with actualparameterã:�).����%�*�10 couldrename
�� �É to ã��%¡%�1ã��(¡ , thusavoiding overloadingof �( �É andintroducingmoredescriptive
names.

Having many renamingscanbelaborious.Thiscanpartlybeavoidedby allowing
overloadingof operations(usingthetypeof their argumentsto resolve overloading).
Sucha mechanismcannot,however, be usedfor sorts(suchas �� �É ). Anotherway
to avoid renamingof an overloadedname ¸ is to add the actualparameterof the
import that declareḑ . For example,distinguishtwo instancesof �� �É by writing
�� �É�÷òó(�1�(���)	�.����)ø and �� �É�÷�ã-��.)���)���)ø . ASF doesnot actuallysupportthis, but, for
example,COLD (Feijsetal. 1994)does.A third wayto avoid renamingsof imported
namesis theuseof compoundnames.

An exampleof theuseof compoundnamesis thespecificationof orderedlists in
CASL given in Figure2.5 taken from Sannella& Wirsing (1999). Heresort name
 ��*��� (declaredin the parameterspecification��� ) is an index of compoundnames
�1
%0�.ù÷7 ��*���
ø and �(�)/��

)0�.ú÷7 ������1ø . Theimport:

[:}��(J � I�{ n z�G�{|]%DFWdB*S�6CRüû3\�_|z�O�W;� ç�ç�ýþç�ç p

causesthe declarationof sorts �1
%0�.ú÷#���(.)ø and ���%/��

)0�.ù÷7����.)ø , becausethe index
 ��*��� hasbeenreplacedby thecorrespondingname���(. of theactualparameter. An-
other import of �(�%ÿ%�+ã(��¡ which, for example,binds  ������ to ó��1�(� would declare
distinct sorts �1
%0�.ú÷òó(�
���)ø and ���%/��1
%0�.ù÷�ó(�
���%ø . Thecompoundnamemechanism
is very similar to addingthe formal parametersto importednames.But it is some-
what moreselective, becauseonecan freely determinewhich (namesdeclaredin)
parametersareusedasindices.

Hiding

Many languageswith moduleshavetheoptiontoselectively exportnamedeclarations
(hiding theothernamesfor importing modules).This is motivatedby the ideathat
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Fig. 2.5: Example of a parameterizedspecification in CASL with compound nameJ%D�MFW n B*S�6CR p (lists) and [:<(Q�J%D�MLW n B*S�6FR p (orderedlists).
l [ specifiespartialorder

ý and [:}��(J � I�{ orderedlists.

modulesthat import module � do not needto know anything aboutauxiliary sorts
andoperationsof � . Hiding auxiliary namesmakesit easierto change� without
affecting thosemodulesthat import � . Hiding is a generallyacceptedprinciple in
programmingbecausethe userof a moduleonly needsto know the specification
of the main operations(which usuallyonly specifythe interface),not the auxiliary
operationsusedto implementthem.Forspecificationlanguagestheneedfor hidingis
lessobvious,sincewithoutknowledgeof theauxiliarynamesit is unknown whatthe
meaningof theexportednamesis. On theotherhand,hiding canbeusefulbecause
having fewer declarednamesreducesthechanceof nameoverloading.

2.1.5 ApplicationDomain

Wide-SpectrumLanguages

Althougha languageusedfor specificationmustfit its purpose,its applicabilityneed
notbelimited to requirementsspecificationonly andmayextendto all aspectsof soft-
waredevelopment,includingrequirements,prototyping,design,coding,andtesting.
Sucha languageis calledwide-spectrum.

Usingdifferentlanguagesfor differenttexts within thesameprojectcausessyn-
tacticandsemanticgaps. That is, similar conceptshave differentnotationor mean-
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ing; therefore,translationshave to be made. For example,if onewantsto validate
a programwith respectto its specification,theprogramcodeandspecificationhave
to betranslatedto onecommonlanguagethatallows correctnessproofs.Translation
is laboriousanderror prone;therefore,it obscuresthe relationshipbetweendiffer-
ent documents,in particularif the differencesbetweenlanguagesaresubtle. Since
the softwaredevelopmentprocessis non-linear, translationshave to be mademore
thanonceandpossiblyin bothdirections.For example,requirementsaresometimes
changedbecauseof problemsrevealedduringimplementation.

General-PurposeLanguages

General-purposelanguagescanbe usedfor any type of system,asopposedto Do-
main-specificlanguageswhich aim at specificapplicationdomains,suchasknow-
ledge-basedsystems(for example,KARL (Fensel1995) and (ML) ­ (van Harme-
len & Balder1992)),concurrentanddistributedsystems(for example,LOTOS(van
Eijk, Vissers& Diaz 1989)),real-timesystems(for example,TRIO (Ghezzi,Man-
drioli & Morzenti 1990)andothers(Heitmeyer & Mandrioli 1996,Abrial, Börger
& Langmaack1996)),or financialproducts(for example,RISLA in (van Deursen
1994)).

Domain-specificlanguagesareoptimizedfor a particulardomain,makingit eas-
ier to write andmaintainspecifications.However, its limited groupof usersmakes
it moreexpensive to developa domain-specificlanguage(languagedefinition,tools,
genericlibraries, staff training, etc.). Moreover, it is difficult to anticipateall the
possibleusesof a language,evenwithin a specificdomain. A general-purposelan-
guagecanbeusedby amuchlargergroupof peopleandhasthepossibilityto model
aspectsthat at first sight lay outsidethe domain. That is the reasonwhy I prefer
general-purposelanguages,providedthey have facilitiesto configuresyntaxandse-
manticsfor arbitrarydomains.

Notethatalthough“wide-spectrum”is not thesameas“general-purpose”,facil-
ities for configuringsyntaxandsemanticsmayalsobeusedfor adaptinga language
to differentphasesof softwaredevelopment(ratherthanusingdifferenttypesof lan-
guages).

2.2 SpecificationMethod

A formal languageon its own doesnotgiveany clueor supportfor writing specifica-
tions. Therefore,a specificationlanguageshouldbepartof a specificationmethod,
which shouldincludetechniques(language,mathematicaltheory, etc.),guidelines,
and tools. Despitetheir name,most existing formal methodsare not methodsin
thissense.Formalmethodstendto beproduct-oriented(thatis, centeredon thetech-
niquesfor manipulationof mathematicalartifacts)andunder-exposetheprocess(that
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is, how theartifactsariseandevolve) of softwaredevelopment(Floyd 1995,Fraser,
Kumar& Vaishnavi 1994). Most formal methodsgive few guidelineson whenand
how to applytheformal techniqueswithin thesoftwaredevelopmentprocess(Bowen
& Hinchey 1994). Moreover, importantnon-mathematicalissues(suchasthe inter-
actionbetweenteammembers,planning,andthe constantchangeof requirements)
areoverlooked(Floyd 1995,Floyd, Züllighoven,Budde& Keil-Slawik 1992,Jirotka
& Goguen1994,Leith 1990).

Without a supportingmethod,formal techniquesaremainly suitedfor the de-
signof systemssatisfyingclosedrequirements, thatis, with alreadywell-definedand
stablerequirements(Blum 1993,Blum 1994). The requirementsfor new systems
(including the FSA casestudies)are often open. Thereforethe main goal of the
FSA projectwasto developa specificationmethod.Althoughthis methodis not the
subjectof this thesis,someof its underlyingprinciplesarerelevant for thechoiceof
specificationlanguagefor thecasestudies.Therefore,ashortoverview of themethod
is givenhere.

2.2.1 StepwiseFormalization

The FSA methodis basedon the idea of stepwiseformalization. That is, formal
specificationsareconstructedin threephases:

1. Dictionary: relevantterminologydefinedin naturallanguage.

2. Signature:a conceptualmodel that identifiesandstructuresrelevant entities
andtheir relations.

3. Definition: formalizationof thepropertiesof thesignatureelements.

Thesethreestepsrepresentthreemajoraspectsof aspecification:intention, structure,
anddetail. Formaldefinitionsarelessflexible thannaturallanguagedescriptions(the
interpretationof words is easierto bend). At the beginning of a specificationone
shouldconcentrateon thebroadpictureandexpressdefinitionsin generalterminol-
ogy thatis familiar, concise,andleavesroomto delaydetailsuntil a latertime. Next
it is importantto comeup with a suitablestructurefor a specification(which arethe
sorts,operations,andmodulesneeded).Restructuringat a later stagecanbe quite
laboriousif many formal definitionshave to be changed.Finally the formal details
have to befilled in.

The given orderof stepwiseformalizationdoesnot imply a strict waterfall-like
processin whicheachstephasto befinishedbeforeonecanmoveonto thenext one.
Eachstepmay reveal shortcomingsof the previous onewhich have to be repaired.
However, it is assumedthateachstepis completedasmuchaspossiblebeforegoing
onto thenext step.Thiswayeachof thethreeaspects-intention,structure,anddetail-
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canbehandledat themostappropriatelevel. Goingto anext steptooearlyis awaste
of energy (at least,thatis anassumptionof theproposedmethod).

2.2.2 StepwiseFormalizationin Practice

Stepwiseformalizationwasusedin the MP casestudy(seeSection1.6). It turned
out to be very hard to write comprehensive dictionarydefinitions. In the software
engineeringliteratureit is either taken for grantedthat oneknows how to write a
definition,or a (semi)formal languageis used.Many mistakesweremadeinvolving
theuseof a conceptnot in accordancewith its definitions(type errors). Therefore,
it wasdecidedto addto eachdictionaryitem restrictionson theuseof theterm, for
example:

{�B�}�y^?�<�O-P�QLR)9�W�Ä*6�<� � z��jO�W�W�<)DCi�>(W(6|9�]jOeP*9�Q(6� I�G P*9�Q�6
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Lateron it wasdecidednot to adoptthis idea,sinceit led to a largeamountof effort
devotedto work thatshouldnotbepartof writing adictionary:discussionsaboutthe
exactuseof the �+ã���ÿ and ã��*� information,andmany auxiliaryentriesthatwereonly
neededfor thedefinitionof otherentries.Moreover, theresultingdictionarywashard
to read. Adding the ��ã���ÿ / ã(�*� partsto a dictionarycomesdown to supplyingtype
information;it seemsmoreappropriateto delegatethatto thesignaturepart.Because
of thenon-sequentialcharacterof stepwiseformalization,this typing activity canbe
donein parallelwith makingadictionary.

Signaturerestructuringwasa centralactivity in the specificationprocess,espe-
cially whenthedomainwasnot very structuredyet. However, thepriceof restruc-
turing (in termsof the time neededto edit thespecifications)wasoftensohigh that
it wasdecidednot to performa sensiblechange.We think thatchangesareunavoid-
able,andthe bestthing onecando is to minimize themby delayingformalization
asmuchaspossible.It would helpto have a theoryof change(that is, whatkind of
changeis usefulin whatsituation)togetherwith toolsto performthechangeswithout
toomucheffort.

Evenif anidealdictionaryandsignaturearegiven,mostpeoplefind it very hard
to translateinformal definitionsinto formal axioms. Automaticor semi-automatic
translationof naturallanguageto formal languagecanbeaway to avoid problemsof
formalization(for researchonthissubject,see,for example,Ishihara,Seki& Kasami
(1992)). However, automatictranslationwill probablydependon having an ideal
dictionarywritten in arestrictedform of naturallanguage,which is alreadycloseto a
formal languagewith many of thesameproblems.Automatictranslationshiftssome
essentialproblemsof formal specificationto the informal dictionary. It seemsthat



2.3. Why YetAnotherLanguage? 29

any attemptto be morepreciseabouttheuseof naturallanguageis at conflict with
theoriginal intentionof theuseof naturallanguage,namelyfreedomof expression.

2.2.3 Object-OrientedMethods

Althoughthesimplestepwiseformalizationguidelinedoesgivesomesupportto writ-
ing formal specification,it doesnot tell how to discover therelevant,oftenimplicit,
informationneeded.Thereforewe hadtheideato combinetheFSA methodwith an
existingmethodfor requirementsanalysis.Onecoulduseaseparateanalysismethod
prior to the formal method.But usingtwo methodswith differentnotationshasthe
drawbackthat thetranslationof thespecificationsbetweenthetwo methodsis error
prone.It is thereforebetterto integratetheanalysisandspecificationmethodanduse
onespecificationlanguage.

Therearetwo goodreasonsto think thatconceptsfrom object-orientedanalysis
canhelp in makingformal specifications.First, it is claimedthatanobject-oriented
methodprovidesgoodguidelinesfor structuringrequirementsandsoftwaredesign.
Second,theconceptualmodels(a kind of entity-relationshipmodel)thatarethe re-
sult of object-orientedanalysiscanserve asthesignatureof a formal specification.
Object-orientedmethodsalsotendto be product-oriented,payinga lot of attention
to notation.However, they do give guidelinesfor domainmodeling(althoughmeth-
odsdo not agreeon theseguidelines)andstressthenon-technicalissuesof systems
development.Unfortunately, thereis noscientificproof thatobject-orientedmethods
areindeedeffective (Glass1999).

Theessenceof object-orienteddevelopmentis theidentificationandorganization
of application-domainconcepts(Rumbaugh,Blaha,Premerlani,Eddy & Lorensen
1991). This leadsto anemphasison thedescriptionof objectsratherthantheir use,
basedon theassumptionthatthespecificationsof objectsaremuchmorestablethan
the specificationsof operations. It is also thoughtto be “natural” to organizethe
world asa collectionof real-world objectsgroupedin classes.The resultingobject
modelsare structuredby using classification(classeswhich can be specializedin
sub-classes),inheritance(operationsaresharedamongclassesbasedonthesub-class
relationship),encapsulation(internaldetailsof objectsarehidden),polymorphism
(an operationmay behave differently on differentclasses),andmodularity (several
object-orientedmethodsprovide somekind of parameterizedmodules).

2.3 Why Yet AnotherLanguage?

Basedon the goalsof the FSA project(Section1.5) formal foundationof software
specification,tool development,specificationof opendomains,specificationguide-
lines,educationin formal specification)a numberof requirementswereformulated
thatshouldbesatisfiedby thespecificationlanguageusedin theproject:
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� Lean,clean,simple,andunambiguous: it shouldbeeasyto learnanduse,and
it shouldbesimpleto implementtoolsfor it.

� Stepwiseformalization: it must be possibleto specify signatureswith only
informal definitions.

� Wide-spectrum: it mustavoid semanticgaps.

� Generalpurpose: it mustallow reuseof methodandspecifications.

� Object-oriented: it mustsupportclassification,inheritance,encapsulation,and
polymorphism.

� Parameterizedmodules: inheritancealoneis notpowerful enoughfor structur-
ing andreuse.

In particularthe“lean,clean,andsimple”requirementwasimportantfor theFSA
project,sincethelanguagewasintendedto beusedby peoplewith only limited math-
ematicaltrainingandin coursesthatdo morethanonly teachinga formal language.
This excludesmostmodel-orientedlanguages(like Z andVDM), because,for some
reason,they tendto be rathercomplicatedand, in somecases,do not even have a
formal definition. Unfortunately, mostproperty-based(that is, algebraic)languages
have limited expressiveness(notobjectoriented,widespectrum,or generalpurpose).
Moreover, algebraiclanguagesoftenshow theirscientificrootsby usingdifficult con-
cepts(suchasspecifications-as-parameters) whichmaybeinterestingfrom atheoret-
ical point of view, but not easyto useby non computerscientists(althoughthese
conceptsmayvery well be“lean andclean”). Thebestway to guaranteethata lan-
guageis unambiguousis to demanda formal definition(althoughtherearedifferent
levelsof formality too).

We thoughtstepwiseformalizationwould benefitfrom thepossibilityof having
informal definitions;thatis, definitionsin naturallanguage,suchas:
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Informaldefinitionsaredifferentfromcomment,sincethey replaceformaldefinitions
insteadof clarifying them.Moreover, informaldefinitionsmaycontainquotedformal
partswhichhave to satisfythewell-formednessrulesfor formal terms(suchasbeing
syntacticallycorrectandwell-typed).Informaldefinitionscanbeusedwhenever full
formalizationis not that important: for example,asdictionarydefinitionsor during
thesecondstepof stepwiseformalization.They canalsobeusedasa form of doc-
umentationbesidestheformal definitions(similar to comment).We have not found
any specificationlanguagethatsupportsinformaldefinition.However, wecouldhave
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workedaroundthis by usingcommentsinstead,but thenwe would have missedthe
well-formednesstests.

It is hardto saywhatexactly is neededto make a languagetruly wide spectrum
andgeneralpurpose,but at leastit shouldhaveflexible syntaxandsemantics,in order
to usethenotationandoperationswhich aremostsuitablefor a giventask.Flexible
syntaxasksfor mixfix notationfor operationcalls. For example, the way this is
implementedin ASF+SDF(Klint 1993)allows the userto freely addnotationthat
canbe describedby a context free grammar. Therearemorelanguagesthat allow
someform of mixfix notation: for example,CASL (CoFI TaskGroupon Language
Design1999). With respectto flexible semantics,I think a specificationlanguage
shouldallow oneto modeloperationswith non-functionalfeaturesof any kind (as
longasthey canbedescribedformally, of course).Equallyimportant,it shouldallow
operationson non-functionalfeatures(suchasa while-door for-to-doconstruction),
sinceotherwisethe useris stuck to the builtin vocabulary of the language.As far
asI know thereareno formal specificationlanguagesthat allow user-definednon-
functionalfeaturesand/oroperationsonnon-functionalfeatures.An additionalbene-
fit of flexible syntaxandsemanticsis thatit allowsaleanerlanguagedefinition,since
mostconstructionscanbedefinedwithin thelanguage.

Both object-orientationandmodularityarerequiredto supportsystematicdevel-
opmentandreuse(seeSection2.2.3). Parameterizedmodulesarerequiredbecause
object-orientationdoesnot supplythis form of abstraction.They are,for example,
neededfor specifyingtypedlists(thatis, listsin whichall elementsmustbeof agiven
sort).

In order to keepthe languagesimple it doesnot have to fully formalizesome
object-orientedmethod.Whatis neededis classification(any languagewith sortswill
do), inheritance(someform of sub-sorts,for example,by usingimplicit functions),
encapsulation(objectsareblackboxes),andpolymorphism(thesameoperationname
canbeusedfor differentsorts;thiscanberealizedby allowing arbitraryoverloading).
Thesefeatureswereconsideredenoughto technicallyallow anobject-orientedstyle
of modeling. Typical object-orientedfeaturesthat were not required: state-based
operations(all commonobject-orientedmethodsarestate-based),joining a sortand
accompanying operationsinto a “class”, andall kinds of specificterminologylike
“attribute”, “method”, “link”, “association”,“static”, etc.

WhentheFSA projectstartedwe couldnot find a languagethatsatisfiedall the
requirementsin theway discussedhere(asa matterof fact,at themomentof writ-
ing this thesisI am still not aware of any languagethat doessatisfy all thesere-
quirements).LanguagesthatwereconsideredareVDM (Jones1986),COLD (Feijs
et al. 1994),EHDM (Rushby, von Henke & Owre1991),Larch(Guttag& Horning
1993),andOBJ3(Goguen,Kirchner, Kirchner, Mégrelis& Meseguer1988,Goguen
& Winkler 1988). It wasdecidedto designa new language:AFSL. The challenge
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wasto makealanguagethatsatisfiedall wishesat thesametime. Languagesdoexist
thatsatisfysomeof theindividual requirements,but thatdoesnotmeanthesecanbe
combinedat will. Oneof themainobstaclesin languagedesignis theinteractionof
languagefeatures.

A secondaryargumentfor developing a new languagewas that formal speci-
ficationcould functionasa connectingelementbetweenrelatedresearchwithin our
department(in thefield of compilerconstruction,formal languages,programcorrect-
ness,andsoftwaredevelopmentmethods).For thoserelatedinterestsit wasimportant
thatwe useda relatively simplelanguagewhichcouldeasilybefit to specialneeds.

2.4 Main Featuresof AFSL

AFSL wasinspiredby predicatelogic, COLD (Feijs et al. 1994),EHDM (Rushby
et al. 1991),andLSL (Guttaget al. 1990),but hasa numberof typical featuresin
orderto implementtherequirementslistedin theprevioussection(althoughI do not
claim that theserequirementshave beensatisfiedcompletely, seethe discussionin
Chapter8). In this sectiona brief overview of AFSL is given. Subsequentchapters
give anin depthdiscussion.

Formal AFSL is a formal language.Thesyntaxis definedin a BNF-like notation.
It washarderto give a precise,andstill comprehensible,definitionof thesemantics.
Ideally the semanticsof a formal languageshouldalsobe formulatedin a special
meta-language.Unfortunately, thereis no suchmeta-languagewhich is generally
accepted(like BNF for syntaxdefinitions). Therefore,the semanticsof AFSL is
now basedon a very simplekernelwith obvious semantics(which is moreor less
mathematicallydefined).Theadvancedlanguagefeaturesaredefinedasextensions
of thekernelthatcanbeeliminatedby rewriting rules.

Initially I tried to definethesemanticsof AFSL mathematically, but, mathemat-
ics is not suitablefor thedefinition of a full language(that is, anything biggerthan
idealizedtoy languages).Mathematicsis mainlysuitedfor deriving propertiesof rel-
atively simplestructures,insteadof definingcomplex ones.Formalspecificationsare
complex structureswhich arehardto handlein a languagewhich hasno structuring
mechanism,typemechanism,or tool support.Moreover, mathematicsis itself poorly
defined(every “school” usesits own notation),which makesit hardfor thosewho
needto know thedefinitionof a language(usersandtool developers,who areoften
notmathematicallytrained)to readthedefinition.

Typed AFSL is typed in order to avoid semantical“mismatch” errorsand to en-
ableclassification(which is neededto supportobject-orientation). The typesystem
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is keptassimpleaspossibleand,therefore,is first-orderanddoesnot supportpoly-
morphism. Initially sucha type systemseemedpowerful enough,in particularin
combinationwith parameterizedmoduleswhichallowsakind of parameterizedpoly-
morphism.However, duringthedevelopmentof AFSL it turnedout thathigherorder
conceptswereneededto modelnon-functionalfeatures(seebelow). At that time I
did notwantto changethebasisof thelanguage(with possiblyfar-reachingimplica-
tions).Therefore,so-calledfunctionrepresentations(whichareobjectsthatrepresent
functions)wereintroducedasanad-hocsolution.

IndexedNames AFSL hascompoundnamesin orderto avoid overloadingwithout
renaming(seeSection2.1.4).

Implicit Functions Unary functionscanbe declaredto be implicit functions, that
canbe usedimplicitly (that is, without actuallywriting themdown) to convert an
argumentof a function.Declaringanimplicit functionfrom ´C¬ to ´µ­ hastheeffectof
making ´µ¬ asub-sortof ´µ­ (seeSection2.1.1).

Informal Terms Termscan be descriptionsin natural language. Theseinformal
termsdonothaveaformalsemantics,whichexplainsthenameAlmost FormalSpec-
ificationLanguage.Therearenorestrictionsontheuseof informal language(in fact,
almostany sequenceof symbolsis allowed). Informaltermsmayincludeformalparts
which aremarkedassuch.This allows tool support(for example,typechecking)for
theformalpartsof aninformal term.

Overloading Becausenameoverloadingis virtually indispensablein somesitua-
tions (for example,a � for different typesof numbersor concatenationoperations
�%� for different typesof lists), it is allowed in AFSL. Overloadingof operationsis
resolvedbasedon thetypeof argumentsandresult. Thereareno restrictionson the
useof overloadingin order to keepthe languagesimple. It is, for example,possi-
ble to have multiple instancesof thesameoperationnamewhich all have thesame
type(provided theseoperationsaredeclaredin distinctmodules).This may leadto
confusingsituations,but it is up to theuserto make sensibleuseof overloading.

Syntax AFSL allows prefix, postfix, and infix notationfor applications. Mixfix
notationwas consideredtoo complicatedto implementin the context of the FSA
project.Also, it is notclearto whatextentmixfix notationconflictswith otherAFSL
features.User-definedprioritiesandassociativities canbespecified.
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Assertions A distinctionis madebetweenthreekindsof assertions(that is, logical
statements):axioms,requirements,and lemmas. Axioms play the samerole as in
any property-basedlanguage:they definepossiblevaluesof thedeclarednames.Re-
quirementsareusedto put restrictionson futuredefinitionsof names.Lemmasare
usedfor validationpurposes;they indicatewhatpropertiesshouldfollow from theax-
iomsandrequirementsif they areformulatedcorrectly(with respectto theintended
specification).

In languagesthathaveaspecifications-as-parameters mechanism,formalparam-
etersof modulescanusuallycontainaxiomsthat restrictthe possiblevaluesof the
actualparameters.AFSL usesthenames-as-parametersmechanism.In orderto re-
strict theseparameters,requirementscanbeused.

Requirementscanalsobeusedto put restrictionson functions½ thatarenot yet
definedin module � . The requirementsthenrestrictthepossibledefinitionof ½ in
modulesthatimport � . Such½ playa similar roleasabstract(or virtual) methodsin
object-orientedprogramming.A specificationin whichall requirementsfollow from
the axiomsis saidto be satisfied(that is, all namesaredefinedin accordancewith
their requirements).

Semantics AFSL is property-orientedandhasloosesemantics.Encapsulationis
consideredincompatiblewith model-orientedlanguagesbecausethey definethe in-
ternalstructureof objects(unlessrepresentationdetailscansomehow behiddenfrom
beingusedin the restof thespecification).In this respectlanguageswith initial se-
manticsare also unwanted,sincethey also specify exactly one model. In a way,
languageswith initial semanticsaremodel-oriented,becausethey modelall objects
astrees(in whichtheconstructorsusedto makeanobjectform thenodesof thetree).
Moreover, initial semanticsrestrictsthekind of axiomsthatareallowed andmakes
thedefinitionof thelanguagemorecomplicated.

In particular, combininginitial semanticsandmodularitycausessomedifficulties
becausesomedefaultpropertiesareassumed.Assumemodule��¬ declaressort ´ and
is importedinto module � ­ . If in � ­ wewantto addnew constructors(all functions
areconstructorswith initial semantics!)or equalityaxiomsfor ´ , someof thedefault
propertiesfor ´ in �á¬ areoverwritten.Thisleadsto aform of non-monotonicmodule
import (thatis, notall propertiesthatholdwithin thecontext of ��¬ still hold in ��­ ).

I think it is unwantedto havenon-monotonicimportsbecauseit canbeverycon-
fusingif differentmodulescanoverwritepropertiesatwill (maybeevencontradicting
eachother).Therefore,initial semanticsrequiresthatsomehow it is forbiddento add
new constructorsor equationsto importedsorts. But, this very muchconflictswith
the ideathat in a specificationnon-relevant information(suchasrepresentationde-
tails) is postponedto a laterstage(thatis, someimportingmodule).
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InductiveSorts Sortscanbedefinedinductively by specifyingwhatits constructors
are. Actually, this featurewas addedto the languagein order to allow definition
of inductive structuressuchasnumbers,lists, andtrees. This compensatesfor the
absenceof initial semantics.

Declarationof inductivenessis necessaryasa speciallanguagefeaturebecause
without it it is impossibleto specify in a first-orderlanguagethat a sort doesnot
containinfinite datastructures. AFSL is not a pure first-order language,function
sortsandlambda-abstractionsdomake it possibleto specifyfinitenesswithout using
speciallanguageconstructs.However, this is doneby addinganinductionaxiomfor
eachinductive sort;which is rathercumbersome.

Non-Executable Definitionsarenon-executable.Executabledefinitionsarein form
and expressivenessmore restrictive than non-executableones,which was thought
to be too much of a limitation. Executabledefinitions,for example,do not allow
implicit definitionslike thedefinitionof Õ by ¾3¸�ÕeÏ)Á
ÖrÏ�Ù�� . In retrospect,I think
it wasa wrongdesigndecisionto make AFSL non-executable(seethediscussionin
Section8.4).

Modules Specificationsareorganizedin moduleswhichcanbeparameterized.Pa-
rametersarenames(insteadof specifications)becausethat is consideredsimplerto
useanddefine(seeSection2.1.4).

Non-FunctionalFeatures All operationsin AFSL aretotal functions(that is, with-
out non-functionalfeatures). Becausethe languageshouldbe wide spectrumand
generalpurpose,therearespecialprovisionsto modeloperationswith non-functional
features.The treatmentof non-functionalfeaturesis basedon the ideathat they are
not propertiesof the operationbut of the result. An objectthat carriesinformation
abouta non-functionalfeatureis calledan action. Actions have to be “performed”
in orderto “release”thenon-functionalfeatureandreturntheactualvalueof theop-
eration. For example,the resultof a statemodifying operationis a statemodifying
action,whichwill changethestateandreturnavaluewhenperformed.A statemod-
ifying actioncanbemodeledby amappingthatmapstheinitial stateto themodified
stateplustheresultvalue.Thismightseemanunusualway to look atnon-functional
features,however Chapters6 and7 show thatit canbevery effective.

The advantagesof modelingoperationswith non-functionalfeaturesby func-
tions that return actionsover having different typesof operationsbuiltin, are that
it is genericandmoreflexible. The definition of the languagedoesnot have to be
changedfor eachnew typeof operation.In factweonly needfunctions,whichkeeps
the languagesimple. Becauseactionsare ordinary objects,functionsthat handle
non-functionalfeaturescanbe defined. For example,we candefineif-then-elseor
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while-doconstructionsfor statemodifications.This is notpossiblein languageswith
non-functionalfeaturesbuiltin to operations;thosewouldhaveonly alimited,prefab-
ricated,setof builtin operations(suchasan“if thenelse”and“while do” operation).

Theuseof actionsin AFSL is inspiredby monads,whicharemathematicalstruc-
tures. Thenotionof “monad” originatesfrom category theoryandwasput forward
by Moggi (1991)asastructureto representnon-functionalfeaturesin functionalpro-
gramming. Becausemonadsarenot addresseddirectly in this thesis,we will not
go into detail. The way non-functionalfeaturesarehandledin AFSL is similar to
the useof monadsin the functionalprogramminglanguageHaskell (Wadler1992,
Wadler1995,Bird 1998). However, therearetwo major differences,which areex-
plainedherefor thosereadersfamiliar with Haskell.

First,AFSL allows bindingsto beimplicit. Thatis, insteadof
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(which first performsaction Ï , binds its result to ¸ , and thenperforms½!¾3¸+Á ), one
canwrite simply '!®V�+± (usingso-calledapplicationredirectionto insertthenecessary
monadoperations,seeSection7.5). This not only saveson notation,but alsoreal-
izesa notationcloserto that of languagesthat have builtin non-functionalfeatures.
For example,onecouldhave ���%�*/���"*�
��� asanexpressionthatfirst readsa number
from someinput andthenaddsfour to it. This contrastswith theapproachfollowed
in Haskell, wherethe operationsassociatedwith a monad(suchas /)� ) arealways
explicitly used,whichcluttersprograms.

Second,theactionmechanismis treateddifferenttechnicallyin AFSL. Haskell
useshigher-orderpolymorphicfunctionsto modelmonads,which arenot available
in AFSL (a decisionwhich wasmadebeforeactionswereconsideredasa way to
handlenon-functionalfeatures).The lack of higher-order functionswassolved by
the ad-hocsolution of addingso-calledfunction representationsas builtin objects
to AFSL; polymorphismhasbeensimulatedby the useof parameterizedmodules
(which unfortunatelyleadsto a flood of moduleimports). Althoughthesesolutions
work, they arenot very elegantandat conflict with thewish for a simplelanguage
(seethediscussionin Section8.7).

Predicates Thereareno predicates;booleanvaluedfunctionsareusedinstead(see
Section2.1.2).

Tools Sometoolshave beenimplementedfor AFSL. A parser/type-checker is im-
plementedfor thefirst versionof AFSL thatwasusedin theFSA casestudies(this
versiondid notsupportapplicationredirectionandhadaslightly differentwayof re-
solvingambiguities).Also, thereis atool thatgeneratesdiagramsfrom thesignatures
of modulesof thisearlyversionof AFSL. Thesetoolswereimplementedin Standard
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ML (Harper, McQueen& Milner 1986,Myers, Clack & Poon1993) (error mes-
sageswereinterfacedwith theeditorEmacs)andthediagramsaredrawn by daVinci
(Fröhlick & Werner1995).For thefinal versionof AFSL, aspresentedin this thesis,
a prototypetype-checker is implementedin Haskell (Fasel,Hudak,Peyton-Jones&
Wadler1992,Bird 1998),which is discussedin Section8.9.
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3. THE BASIC LANGUAGE

Abstract

This chapterdefinesthe basicconceptsof the specificationlanguage
AFSL. This includesall languagefeaturesexceptgenericmodules,im-
plicit functions,andimplicit binding,whicharediscussedin subsequent
chapters.It is assumedthat the readeris familiar with the conceptof
predicatelogic or algebraicspecification,even thoughthis chapteris
mostlyself-contained.

3.1 Example:Bits andLists of Bits

Firstaspecificationof listsof bits is given,whichwill serveasanexampleto explain
thebasiccharacteristicsof AFSL throughouttherestof thecurrentchapter.

Module �

�.�°Lô in Figure 3.1 definesan inductive sort �1
�.�� of bits with con-
structors���*�)� and ����� that representthe two bits zeroandone. Furthermore,the
operation � and the ordering § � are definedfor bits. Definition of other relevant
operationsfor bits areomittedfrom this example(throughoutthis thesisomissions
areindicatedby commentstartedwith ���%�%� ). Becausethereis no specialsyntactic
category for constants,�%����� and ����� aredeclaredasfunctionswithout arguments.
Sinceanemptytupleof argumentsmaybeomittedfrom functionapplications(that
is, �%����� is shorthandfor �%�����2®:± ) functionswithoutargumentscanbeusedasif they
aretrueconstants.

The attribute ã��*ÿ���ó*¡+ã��%  indicatesthat �

�.�� is an inductive sort,which means
it containspreciselythoseobjectsthatcanbecreatedby its constructors(which are
functionswith attribute ó)�(���(¡�����ó*¡��(� ).Thatis, �

�.�� containsexactly �%�*�)� and ����� .
SeeSection3.13for adetaileddiscussionof inductive sorts.Bothsortsdefinedin the
currentsection( �1
�.�� and �1
�.%�

)0�.�� ) areinductive, however, in generalsortsdo not
needto beinductive.

Thefirst axiom,thatstatesthat �%�*�)� is notequalto ���
� definesequalityfor bits.
Thisaxiomis necessaryto excludethepossibilitythat ���*��� and ����� denotethesame
object.Thelemmadoesnotaffect theactualdefinitionof �1
�.�� , but givesadifferent
view on thedefinition(seeSection3.12).This particularlemmais anexampleof an
informal term,which meansthat it usesnaturallanguageinsteadof formal language
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� Q(6*8�S�O:<�O�W)D-9-P^O:P�Q^Q(6�]%DCP�DFW%D-9:Pd9�]rS�6*M�M�\:W�Ä*O-P�\�6�m�>�O(SÜ<�6(S�O�W%D-9:Pj¨ q
H���z x ¨ q ��T)DFW�I���T�DCW�Id\�_|T�9�9(S�I
G�� � [:y ��6�<(9j¨ q i
G�� � [:y g [-P�6j¨ q i h q g i q [-P*6 h
� 5�5�5ÂR%9�<�6e]�>�P)8FW)D-9:P)Mß](9�<ei�DFW%M
B�z��^y*[-���*J�B

Fig. 3.1: A specificationof bits.
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(seeSection3.11).Naturallanguagecanbeusedeitherin situationswhereaninfor-
mal descriptionis preferredbecauseit is easierto write or read(dependingon the
audience,of course),or asa temporarydescriptionif full detailsarenot yetavailable
or irrelevant(suchaninformal descriptioncanbereplacedby a formal oneat a later
stage).

Thebinary function � is definedby two axiomsthatdeterminethe resultfor all
possiblearguments. Here � is usedas an infix operation,this is allowed for any
function(seeSection3.8). Theaxiomsusevariable� to denoteanarbitrarybit. The
declarationof � not only declares� to beof type �1
�.�� , but alsoany extensionof �
with anaturalnumber( ��� , �Þ° , �1³!� , etc.).

Therelations&�� and � arebuiltin functions,which meansthat they canbeused
without beingdeclared(seeSection3.6). Theequalityoperationsareordinaryfunc-
tionswith co-domain���%�%�%� , they donothaveaspecialstatusasarelation.Thesame
holdsfor logical operations(booleanargumentsandresult),thesearealsofunctions.
SeeSection2.1.2 for a discussionof the reasonswhy AFSL doesnot distinguish
predicatesbut usesboolean-valuedfunctionsinstead.

Module �1
�.��1
%0�.�°Lô in Figure3.2 definesthe inductive sort �1
�.%�

)0�.�� of finite
listsof bits,whereconstructor (�)��.�� is theemptylist andconstructor" is theopera-
tion thataddsabit in front of a list of bits. Thedefinitionof �

�.�� , plusits operations,
is madeavailablewithin �1
�.%�

)0�.�°-ô throughtheimport of �1
�.�°Lô .

Module import is similar to the 
:�%��"�. constructin LATEX or the modulemech-
anismthat someprogramminglanguageshave. A modulewith imports is called
a structuredmodule. More informationon the import mechanismcanbe found in
Section3.3. In Chapter4 genericmodulesarediscussed,which areparameterized
modules.

Theimportof �)����
%	�ô providesthedefinitionof logicaloperations.Thereareno
builtin logicaloperations.If they areneededthey have to bedefinedwithin thespeci-
fication.This is possiblebecauselogicaloperationsareordinaryfunctions.Through-
out this thesisthemodule ���*�

�	�ô , given in Figure3.3, is usedfor thedefinitionof
logicaloperations.Notethat ���*�

%	�ô doesnotdefine�)�%�%�%� asaninductivesort(with
constructors¡��*"�� and »��%��0(� ) because���%�%�%� is a builtin sortandassuchcannotbe
declaredto be inductive. However, �)�%�)��� hasa fixed interpretation,it containsex-
actly the two, distinct,objects“true” and“f alse”. ���%�%�%� is builtin becauseit hasa
specialstatus:all assertions(axioms,lemma’s, andrequirements)mustbe of type
�����)��� . The interpretationof all specifiednamesmustbe suchthat the valueof all
axiomsis “true”. This guaranteesthat in ������
%	�ô thevalueof ¡%�*"�� is “true” andof
»�����0�� is “f alse”.

Theimportof module����.*ô (seeFigure5.8onpage94)providesthedefinitionof
thesort ����.�� of naturalnumbersplusoperationslike � . It is assumedthereis a total
order

§ � onlists. Therelation
§ � is declared,but notdefinedin �1
�.%�1
%0�.�°-ô , it is only
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y*[:�:�*J�B|T�DFW�J%D�MLW o y
� Q(6*8�S�O:<�O�W)D-9-P^9�]^k�O�<)DLO:i�S�6*MÜiì��i o ��i s �j5�5�5áO:P�QjS�� S o �íS s �j5�5�5
��G�} i ��T�DCW�I
��G�} S���T�DCW(J%D�MLW(I
� DVR*K*9�<�W%M� y l [:}�{|T�DFW o y � H)DF?25 t 5 o K*O�?(6 u Ã� y l [:}�{ez�O�W�y � H)DF?25 v 5$#|K*O�?(6&% u� y l [:}�{^J(9�?%D�8Ly � H)DF?25 t 5 t K*O�?(6 u�t
� Q(6�]%DCP)DFW)D-9:P^9�]eW�Ä*6�M:9�<�Wj9�]|i�DFW�\�S*D�MLW�M
I([:}�{ T�DFW�J%D�MLW�I gµ� z���� x { � ��B h
H���z x B-R*K�W�Y � \�_|T)DFW(J%D�MFW�I g�x [:z(I�{�}�� x {*[:} h
H���z x ' ��T�DCW�I���T�DFW�J%D�MLW�I|\�_|T)DFW(J%D�MFW�I g�x [:z(I�{�}�� x {*[:} h� Q(6�]%DCP)DFW)D-9:P^9�]bDCP*6�m�>�O(S*DFW�Ye9�]jS*D�MLW%M
G�� � [:y i ' S @ q B-R*K(W�Y
G�� � [:y i o ' S o @ q i s ' S s ¨ q�q i o @ q i s [:< S o @ q S s
� Q(6*8�S�O:<�O�W)D-9-P^O:P�Qe<�6�m�>�DF<�6CR)6:P(W%Mê](9�<jOdW(9�W�O(S|9�<�Q(6�<)DCP�?^9:PbS*D�MLW%M
H���z x ¨ q ��T)DFW(J%D�MFW�I���T�DCW(J%D�MLW(Ie\�_`T*9�9(S�I
}�B*Û S ¨ q S
}�B*Û S o ¨ q S s G�P�Q S s ¨ q S t q�q _ S o ¨ q S t
}�B*Û S o ¨ q S s G�P�Q S s ¨ q S o q�q _ S o q S s
}�B*Û S o ¨ q S s [:< S s ¨ q S o
� Q(6�]%DCP)DFW)D-9:P^9�]eW�Ä*6^]�>�P)8LW%D-9:PeW�Ä�O�W^<�6�W�>(<�P)MZW�Ä*6dS�6:P�?�W�Äj9�]jOrS�D�MLW
H���z x J(6:P�?�W�Ä ��T�DFW(J%D�MLW�I^\�_`z�O�W(I
G�� � [:y J(6:P�?�W�Ä^B-R*K�W�Y q Ã
G�� � [:y J(6:P�?�W�Ä g i ' S h q J(6-P(?�W�ÄrSeª o
� Q(6�]%DCP)DFW)D-9:P^9�]eW�Ä*6^]�>�P)8LW%D-9:PeW�Ä�O�WjO:K�K*6:P(Q�MU9:P*6dS*D�MFWdW(9jO:P�9�W�Ä*6�<
H���z x ª�ª ��T)DFW(J%D�MFW�I���T�DCW(J%D�MLW(Ie\�_`T�DFW(J%D�MLW�I
G�� � [:y S o ª�ªrS s q aµW�Ä*6r8:9:P%8:O�W�6:P�O�W)D-9:P|9�]�î S o î�O:P(QØî S s îVc
J�B�y�y�G J(6:P�?�W�Ä g S o ª�ªrS s h q J(6:P(?�W�ÄrS o ªdJ(6:P�?�W�ÄrS s
� 5�5�5�]:>(<�W�Ä*6:<d9:K*6�<�O:W)D-9:P)Mê](9�<rS*D�MFW%M
B�z��^y*[-���*J�B

Fig. 3.2: A specificationof listsof bits.
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y*[:�:�*J�B^J(9�?%D�8Ly
��G�} i ��T*9�9(S�I
H���z x {�<�>�6Ø��\�_`T*9�9(S�I
G�� � [:y {�<�>�6
H���z x H�O(S(M:6��í\�_UT*9�9(S�I
G�� � [:y H�O(S(M:6d@ q {�<�>*6
H���z x z�9�W ��T*9�9(S�I^\�_|T*9�9(S�I
G�� � [:y g z�9:Wd{�<�>*6 h q H�O(S(M:6
G�� � [:y g z�9:WdH(O(S�M:6 h q {�<�>�6
H���z x G�P�QØ��T*9�9(S�I���T*9�9(S�I^\�_|T*9�9(S�I
G�� � [:y g {�<�>*6 G�P�Q|i h q i
G�� � [:y g H�O�S�M:6`G�P�Q|i h q H�O(S�M:6
H���z x [:< ��T�9�9(S�I���T�9�9(S�Id\�_UT*9�9�S�I
G�� � [:y g {�<�>*6 [:<^i h q {�<�>*6
G�� � [:y g H�O�S�M:6^[:<^i h q i
H���z x q�q _���T*9�9(S�I���T*9�9(S�I^\�_|T*9�9(S�I
G�� � [:y g i o q�q _|i s h q g z�9:W^i o [:<di s h
H���z x ¨ q�q ��T*9�9(S�I���T*9�9(S�I^\�_|T*9�9(S�I
G�� � [:y g i o ¨ q�q i s h q g i s q�q _Ui o h
H���z x ¨ q _���T*9�9(S�I���T*9�9(S�I^\�_|T*9�9(S�I
G�� � [:y g i o ¨ q _|i s h q g�g i o q�q _Ui s h G�P�Q g i o ¨ q�q i s h�h
B�z��^y*[-���*J�B

Fig. 3.3: Definition of thestandardlogical operations.
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required(indicatedby �% �É ) that § � will bedefinedasa total orderin somemodule
that imports �

�.��1
)0�.�°Lô (seeSection3.12for anexplanationof requirements).Fur-
thermore,list operations�)�(����.*� and �%� aredefined.In �

�.�°Lô the lemmafor �1
�.��
is completelyinformal, but assertionscanalsobe partly informal. For example,in
thedefinitionof ��� only thepart (-.��
��)*)*)�+V�%³
+-, is informal.

Themodule�1
�.��1
%0�.�°Lô is actuallyonly apartof thespecificationof listsof bits,
sinceit lacksinformationon themeaningof the importedmodules���*�

�	�ô , �

�.�°Lô ,
and ����.�ô . Therefore,a specificationconsistsof a moduleM plusa setof modules,
which is the context in which M shouldbe interpreted: for example, the context
of �

�.%�

)0�.�°-ô consistsof �)���

�	�ô , �1
�.�°-ô , and ����.*ô . Within a specificationeach
modulemusthave auniquenameto ensureunambiguousidentificationof modules.

3.2 Lexical Syntax

Thetokensusedin AFSL are(excludingthosesequencesthatarekeywords):

� Moduleidentifiers(thenameof amodule),which is asequenceof lettersstart-
ing with a capitalandendingwith an ô : for example,�1
�.�°-ô .

� Sort identifiers(the main part of a sort name),which is a sequenceof letters
startingwith acapitalandendingwith an � : for example,�

�.%�

)0�.�� .

� Functionidentifiers(themainpartof a functionname),whichcanbe:

– Sequencesof alpha-numericsymbolsstartingwith acapitalandnotend-
ing with an ô or � : for example,�)�(���*.*� or �1
�.�³�����. .

– Non-emptysequencesof thenon-lettersymbols:. �	/ ' �|ªr\d@ 5d�0� ¨ q _��01 � ç32 ûíA
for example,� , �%� , � § , or 4�� .

– Strings, which aresequencesof symbolsenclosedby doublequotes:for
example, 5C %�1
�$65 or 587����%���*�*�)�
0�ô
�(�%�95 .

– Numeralsaredefinedto be nonemptysequencesof digits, suchas °�³;: ,<
, or �%� < . Leadingzerosaresignificantin numerals(which is relevant,

for example,in thespecificationof floatsin Figure5.10on page96).

� Variables, which arenonemptysequencesof lowercasecharactersoptionally
followedby a sequenceof digits, theso-calledsubscript: for example,� , �+°��
(subscript°�� ), or �%�%� < (subscript��� < ).

� Natural language(the building stonesof informal terms,seeSection3.11),
which canbe almostany sequenceof symbols,excluding space,tab, � , ( , , ,
and + .
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The formal definition of the (lexical) syntaxwritten in SDF can be found in Ap-
pendixA. Notethatstringsandnumeralshave nospecialstatus,they areall function
identifiers. That is the reasonwhy ���*��� and ���
� canbe declaredas functionsin
�1
�.�°Lô . The tokensandkeywordsof a modulemay containcomment, which starts
with the symbol � or ¼ and endswith a newline. The reasonthat moduleidenti-
fiers shouldendwith an ô andsort identifierswith an � is that it helpedto make
the first parserfor AFSL (this wasa generatedYACC-like parserin SML (Harper
et al. 1986,Myers et al. 1993)). More advancedparsingtechniquesmight allow a
moreliberal lexical syntax.

3.3 Modules

Thesyntaxfor modulesis definedin Figure3.4(anSDFversionof theAFSL syntax
canbefoundin AppendixA). HereanextendedBNF-notationis used,where = ¸?> de-
notesanoptionaloccurrenceof ¸ , ¸A@ denotesasequenceof zeroor moreoccurrences
of nonterminaļ , and (�¸ZÏB,C@ denotesasequenceof zeroor moreoccurrencesof non-
terminal ¸ separatedby theterminal Ï (thatis, ¸ÜÏ�¸��L�L�-Ï�¸ ). A moduleconsistsof a
headingandabody. Theheadingof amoduleis formedby themoduleidentifierand
optionallya list of formal parameters. Theexamplemodulesin thecurrentchapter
have no formal parameters.SeeChapter4 for a discussionof moduleswith formal
parameters.Thebodyof amoduleis asequenceof threekindsof specificationitems:
imports( ã�ô)���(�%¡ followedby a list of actualparameters), declarations( ���(�)¡ , »;���)ó ,
and �%�*� ), andassertions( ��D1ã(�(ô , �) �É , and �% *ô%ô)� ).

3.4 NamesandVariables

3.4.1 SortandFunctionNames

Any nameusedin a modulemust be declaredsomewherewithin that moduleor
in an importedmodule(except for the builtin names).Namesusedin declarations
andimportsmustbe declaredbeforethey areused.The definition of thesyntaxof
declarationsandnamesis givenin Figure3.4.Theoptionalorigin of anamedenotes
the modulethe namebelongsto (the terminology“origin” is taken from Bergstra
etal. (1989)).Theoptionaltypeinfo of a functionnamedenotesthedomainandco-
domainof the function it represents.Usuallyoriginsareomittedfrom declarations,
in which casethenameof themodulethatcontainsthedeclarationis assumedto be
its origin. In its declarationa function nameis obligedto have type info. A name
declarationmay be concludedby a sequenceof attributeswhich specifyadditional
propertiesof thenamedeclared(thedifferentattributesareexplainedlateron).

Sort namesplay a similar role astypesin programminglanguages,except that
sortsare not definedto be equal to sometype expression. Instead,sortsare im-



46 3. TheBasicLanguage

E moduleF GHG Ù “ ô
��ÿ��)�%  ” E module-idFI= E name-listFJ>E itemF&@
“  %�*ÿ ” “ ô��(ÿ��)�%  ”E itemF GHG Ù “ ã�ô%�����)¡ ” E module-idFI= E name-listFJ>K E declarationFK E assertionFE name-listF GHG Ù “ ÷ ” ( E nameF “ L ” ,M@ “ ø ”E declarationF GHG Ù “ �%���)¡ ” E sortFN= E attributesFO>K
“ »;�)��ó ” E functionFI= E attributesFP>K
“ �)��� ” E variableF “ 4 ” E sortFE assertionF GHG Ù E qualifierF E termFE qualifierF GHG Ù “ ��D
ã���ô ”

K
“ �% *ô%ô)� ”

K
“ �) �É ”E termF GHG Ù �L�L� seeSection3.8E nameF GHG Ù E sortF K E functionFE sortF GHG Ù = E originFJ> E sort-idFI= E indexesF�>E functionF GHG Ù = E originFJ> E function-idFQ= E indexesFR>�= E type-infoFO>E origin F GHG Ù E module-idF “ 4 ”E indexesF GHG Ù “ ÷ ” ( E nameF “ L ” ,M@ “ ø ”E type-infoF GHG Ù “ 4 ” ( E sortF “ L ” ,S@ “ ,�Æ ” E sortFE attributesF GHG Ù “ ® ” ( E attributeF “ L ” ,S@ “ ± ”E attributeF GHG Ù “ ã��*ÿ���ó*¡+ã��%  ”K

“ ó)�(���(¡�����ó*¡��(� ”K
“ ã�ô%�%�1ã(ó
ã�¡ ”K
“ �����%�1ã(ó��*¡+ã(��� ”

Fig. 3.4: Syntaxof modules.
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plicitly definedby the functionsthataredefinedon them. Functionnamesplay the
samerole as functionsin a functional programminglanguage. Thereare no spe-
cial namesfor constants,they aremodeledasfunctionswithout arguments(suchas�%�����T4 ,%ÆÍ�1
�.�� ).

The namedeclarationsof a module(including the namedeclarationsof its im-
portedmodules)form its so-calledsignature. If, given a signatureU , sort ´ is de-
claredwe write UWVX´ . If function ½ is declaredto be of type ´C¬XLC�L�L�?LC´�À�,%Æ)´ , we
write UWV�½OG)´µ¬�¿L�L�L�-¿F´µÀá¶ ´ ( UYV canbeomittedif it is clearwhat U is).

3.4.2 IndexedNames

An indexed nameis a namethat containsa list of indexes. Examplesof indexed
namesare:

J%D�MLW�I n T�DFW�I p
I�9�<�W n ¨ q p
{�O:i�S�6�I n I�W�<%DCP(?�I�� � P�W�I p
J%D�MLW�I n J%D�MLW(I n T�DFW(I p�p

If thelist of indexesis omittedfrom anameit is assumedto beempty. Within amod-
ule an indexednameis treatedasan indivisible whole: for example, �1
%0�.���÷7�

�.���ø
is treatedasif it werethenon-indexedname�1
%0�.��(�1
�.�� . Theimportanceof indexed
nameslies in the fact thatan index canbea formal parameter(seeChapter4). For
example,in Figure4.4 thesort �1
%0�.���÷�D)�*ø is declared,where D)� is a formal param-
eter. Whenunfolding a moduleimport, indexes that areformal parametersarere-
placedby their correspondingactualparameters:for example,�

)0�.���÷$D���ø becomes
�1
%0�.���÷7�

�.��*ø if �1
�.�� is suppliedasactualparameterto replaceD�� .

3.4.3 NameAbbreviations

A namethat includesall its optionalparts(origin and type info) is calleda com-
pletename. A namethat lackssomeof its optionalcomponentsis calleda name
abbreviation. All thecompletenamesdeclaredin �1
�.�°-ô and �

�.%�

)0�.�°-ô arelisted
in Figure3.5,all namesusedin theexamplemodulesareabbreviations.If nameÐ is
anabbreviation of completename Ð[Z , then Ð[Z is calleda completionof Ð , which is
denotedby Ð]\ñÐ^Z .

Completenamescan be quite long. Therefore,usually the optional partsare
omittedwhena nameis used.This may leadto overloading.A nameabbreviation
is calledoverloadedif it hasmultiple completions:for example,

§ � is overloadedin
�1
�.%�

)0�.�°-ô . Whenanoverloadednameisusedasafunctionin afunctionapplication,
thecontext of its usemayresolve thisconflict (seeSection3.8).However, in all other
situationsnameabbreviationsshouldnot be overloaded.Note that completenames
cannotbe overloaded. That is, a completenamealwaysdenotesthe samesort or
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T�DFW o y2�=T�DCW�I n3p
T�DFW o y2�$��6:<�9 n3p �7\�_-T)DCW o y2� T�DCW(I n=p
T�DFW o y2�ò[-P�6 n3p �ò\�_-T�DCW o y2�=T%DFW(I n3p
T�DFW o y2�_� n=p �=T�DFW o y2� T)DCW�I n p �3T)DFW o y;�=T)DCW�I n3p \�_-T%DFW o yì� T�DµW�I n3p
T�DFW o y2�ò¨ q n3p �=T�DCW o yì� T)DFW�I n3p �3T�DCW o y2� T)DFW(I n p \�_FT�>)D:S-W%DCPì�=T�9�9�S�I n p
T�DFW�J%D�MLW o y2�=T�DFW�J%D�MFW(I n3p
T�DFW�J%D�MLW o y2�3B-R*K�W�Y n=p �7\�_-T%DFW�J�D�MFW o y2� T)DFW�J%D:MLW�I n3p
T�DFW�J%D�MLW o y2� ' n3p �=T�DCW o y2�=T%DFW(I n3p �#T%DFW�J�D�MFW o y2�=T%DFW�J%D�MFW�I n3p \�_LT)DFW�J%D�MFW o y2� T�DFW�J�D�MLW�I n3p
T�DFW�J%D�MLW o y2�ò¨ q n=p �=T)DCW�J%D�MCW o yì�=T)DFW�J%D�MFW�I n3p �#T�DµW(J�D�MFW o y;�=T)DFW�J�D�MCW�I n=p

\�_LT�>�D:S:W%DCP!�=T*9�9(S�I n=p
T�DFW�J%D�MLW o y2�#J(6:P�?�W�Ä n=p �=T�DµW(J�D�MLW o y;�=T)DCW(J�D�MCW�I n p \�_:z(O:W�y;�3z(O�W(I n3p
T�DFW�J%D�MLW o y2�#ª�ª n=p �=T)DCW�J%D�MCW o yì�=T)DFW�J%D�MFW�I n3p �#T�DµW(J�D�MFW o y;�=T)DFW�J�D�MCW�I n=p

\�_LT�DFW(J%D�MLW o y2� T�DFW�J�D�MFW�I n3p

Fig. 3.5: Thecompletenamesdeclaredlocally in T�DCW o y and T)DFW(J%D�MFW o y .

function,no matterthecontext in which it is used.Becausedoubledeclarationsof
thesamenameareconfusing,a declarationshoulddeclarea completenamenot yet
declared.

3.4.4 Variables

Variableshave to bedeclaredlocally beforethey areused,variabledeclarationsare
not imported.Togetherthevariabledeclarationsof a module ` form theso-called
typecontext of ` . Variablesaregivenasortastypein theirdeclaration,for example,
the type of � is �

�.�� . A singlevariabledeclarationnot only declaresthe variable
mentionedbut alsoany extensionof this variablewith a naturalnumber, called its
subscript. For example,thedeclaration�)���Î�a4ê�1
�.�� declaresthevariables� , �Þ° ,
�1³ , etc.,all of type �1
�.�� . If, givena typecontext b , variable c is of type ´ we writebOVdceG)´ ( b&V canbeomittedif it is clearwhat b is)

3.5 Valueof NamesandVariables

Thenamesdeclaredin a specificationdenotea value. Theremaybemany possible
valuesfor thenamesin asignature.A particularassignmentof valuesto thenamesof
a givensignatureU is calleda U -algebra. Onecanthink of analgebraasa possible
interpretationof the namesin a signature.Formally, an algebrais a mappingfrom
namesto values.Therefore,thevalueof name Ð for algebraÔ is denotedby Ôß¾�ÐÞÁ .
A sort ´ denotesa setof objects Ôê¾ò´�Á anda function ½JG�´µ¬)¿L�L�L�-´µÀ�¶ ´ denotesa
mappingÔß¾ ½�Á from thetuplesin Ôê¾ò´ ¬ Ágf&)*)*)^f Ôê¾ò´ À Á to elementsof ÔÜ¾ò´�Á .

A variableof type ´ is, givenanalgebraÔ , a placeholderfor anarbitraryobject
in Ôê¾ò´�Á . Theremaybe many possiblevaluesfor thevariablesin a typecontext. A
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T�>�D:S:W%DCP(y2�=T�9�9(S�I
T�>�D:S:W%DCP(y2� q �ih)�]hU\�_`T�>�D:S:W%DCP(y2�=T�9�9(S�I
T�>�D:S:W%DCP(y2�ò@ q �eh��]h`\�_UT�>�D-S:W)DCP(yì�=T*9�9(S�I
T�>�D:S:W%DCP(y2�3H�>�P)8:I n h j2�kh l p
T�>�D:S:W%DCP(y2�$1Ì��T�>)D:S:W)DCP�y2�3H�>�P%8:I n h j!�mh l p �Rh jÊ\�_	h l

Ôß¾ �)�%�)����Á�Ùn(*Òpo-qsr*¿3½*t�u ´vr!,
Ôß¾=��ÁF¾3¸(¬�¿�¸�­%Á�Ù

w
Òpoxqsr if yAz×Ù�y[{
½*t�u ´*r otherwise

Ôê¾#&*��ÁF¾3¸(¬�¿�¸�­%Á�Ù
w
½*t�u ´*r if yAz×Ù�y[{
Òpoxqsr otherwise

Ôê¾ »*"%�+	*��÷V´µ¬|LC´�­�ø)Á�Ù thesetof totalmappingsfrom Ôß¾~}CzµÁ to Ôß¾~}�{-Á
Ôß¾~�%ÁF¾ ½ì¿LÏ)Á�Ùr½2¾�Ï�Á

Fig. 3.6: Builtin namesandtheir semantics.(Givensignature� and � -algebra� . For sortsh , hk� , and h_� , objects � �!� � � è ��� hx� and � è ��� hk��� , andtotal mapping� from��� hm�8� to ��� h_��� .)
particularassignmentof valuesto variablesis calleda valuecontext (alsoknown as
valuationor variableassignment).Onecanthink of a valuecontext asa context in
which eachplaceholderis filled with a particularvalue.Formally, a valuecontext is
a mappingfrom variablesto values.Therefore,thevalueof variable c for algebra�
is denotedby �×¾ c)Á .

3.6 Builtin Names

Somesortsandfunctionsarebuiltin, which meansthat they arealwayspart of an
AFSL signature(without declaration).Given a particularinterpretationof the non
builtin names,builtin nameshave a fixed semantics.The builtin namesand their
semanticsarelisted in Figure3.6 (nameabbreviationsareusedin the definition of
thesemantics).��"�
���.1
:�)ô is a reservedmoduleidentifierthatis usedastheorigin of
builtin names.Thefunctionidentifiers� , &*� , and � areoverloadedwhichmeansthat
therearedifferentcompletenamesfor differentinstancesof ´ , ´µ¬ , and ´�­ .
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3.6.1 Booleans

Thesort ���%�%�%� of truth values Òpo-qsr and ½*t�u ´vr is builtin becauseit is thetypeof for-
mulas(aparticulartypeof terms)andtheco-domaintypeof theequalityoperations�
and &�� , whicharethebasicoperationsthatallow thespecificationof new functions.

3.6.2 FunctionRepresentations

In Chapter7 functionsthathave functionsasargumentsareusedto handleso-called
non-functionalfeaturesin a properway. Functionsasargumentsarenot allowed in
a first-orderlanguagelike AFSL (in which argumentsmustbeobjects,functionsare
no first-orderobjects). Therefore,a trick is used: for all sorts ´ ¬ and ´ ­ thereis
a builtin function sort »�"%�+	*��÷ ´C¬9LC´�­�ø of total mappingsfrom ´C¬ to ´�­ . Note that
»*"���	���÷V´ ¬ Lµ´ ­ ø is not thesameas ´ ¬ ,%Æ)´ ­ , theformeris asort,thelatteris a function
type. However, they both representthe samecollectionof mappings! In order to
emphasizethedistinctionbetweenthefunctionsortandthefunctiontype,anelement
of a functionsort is calleda function representation. For terms Ò=¬�G�»*"���	*��÷V´µ¬|Lµ´µ­�ø
and Ò ­�G�´C¬ the function-applicationÒ=¬ì®:Ò ­�± is not a legal term. Therefore,thereis a
builtin function � suchthat Ò ¬ � Ò ­ denotestheapplicationof themappingdenotedby
Ò=¬ to theobjectdenotedby Ò ­ .

Functionsortsmay seeman ad-hocextensionof an otherwisefirst-order lan-
guage.Themainreasonwhy AFSL is notextendedto a full higher-orderlanguageis
thatit wouldcomplicatethelanguagetoo muchin thecurrentsetting.Still, it is very
well possiblethatthelanguagewouldbenefitfrom having realhigher-orderfeatures,
seeSection8.1 for a furtherdiscussionof this subject.

Functionrepresentationswereaddedto AFSL in orderto facilitatenon-functional
features,but they canalsobe usedfor otherpurposes.For example,somequanti-
fiersthatoperateon representationsof booleanvaluedfunctions(thatis, elementsof
»*"���	���÷V´[L �����)���*ø ) arespecifiedin theparameterizedmodule É�"1���).1
�'

����+0:ô (Fig-
ure 3.7). The lambdaabstractionsusedhereare introducedin Section3.8. Note
that theuseof thequantifiersspecifiedin É�"1����.

('

(�*�10�ô requiresa separateimport
for eachdomainthat needsto be quantifiedover. This could lead to considerable
overheadwhich canbeavoidedif polymorphismwould beaddedto thetypesystem
(seethe discussionin Section8.5). Preliminaryversionsof AFSL hadbuiltin con-
structsfor universalandexistentialquantification.Thesewereremovedwhenlambda
abstractionswereaddedto thelanguage.

3.7 Literals

The given builtin namesare sufficient to specify the standarddata structuresfor
strings,naturalnumbers,integers,andfloating points. However, it is not possible
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y*[:�:�*J�BjÛ->*O-P(W)DL]%DL6�<%MLy n ��I p
��G�} N ����I
��G�} K(<�6�Q ��H�>�P%8:I n ��I��#T*9�9(S�I p
I([:}�{ ��I
� y l [:}�{^J(9�?%D�8Ly � H)DF?25 t 5 t K*O�?(6 u�t
H���z x H�9�<(O(S�S¦��H�>�P)8:I n ��I��#T�9�9(S�I p \�_UT*9�9�S�I
G�� � [:y H�9�<(O(S�SXK(<�6�Q q g K(<(6�Q q g N²û�{�<�>*6 h�h
H���z x B�N)D�MLW%M¥��H�>�P)8:I n ��I��#T�9�9(S�I p \�_UT*9�9�S�I
G�� � [:y B�N)D�MLW%MßK(<�6�Q q g K(<(6�Qj@ q g N¯û�H�O(S�M:6 h�h
J�B�y�y�G B�N)D�MLW%MßK(<�6�Q q g z�9:WdH(9�<�O(S�S g N¯û�z(9�WeK(<�6�QC1:N h�h
� 5�5�5á9:W�Ä*6�<^m�>�O:P(W)DL]�D-6�<%M
B�z��^y*[-���*J�B

Fig. 3.7: Specificationof quantifiers.

to usethestandarddenotationsfor thesedatastructures(so-calledliterals), suchas5F����"
�Î����/Êô
�����|5 , :���� , ,%³
°8: , and :��_�1°�È . Insteadmore complicatedtermsare
neededto denotethesevalues,suchas ��"�	%	Þ®C��"�	%	Þ®-�L�L�(®µ�1±�±%± ( �!��� times ��"+	%	 , the
successorfunction for naturalnumbers,insteadof :���� ), which leadsto unreadable
specifications.

Therefore,two typesof literalsaretreatedasbuiltin names:stringsandnumer-
als. Stringsaresequencesof symbolsenclosedby double-quotesandnumeralsare
sequencesof digits. Thesebuiltin literals,togetherwith thecorrespondingsortsand
somebasicoperations,arelisted in Figure3.8 andtheir semanticsaregiven in Fig-
ure3.8.Stringsandnumeralsareinterpretedin any algebraasthemselves(thatis why
they arecalled“literals”). Becauseof possibleleadingzeros,numeralsaredifferent
from naturalnumbers:for example, �!�(£ is not the sameas £ . Leadingzerosare
significantif a numeralis usedin thefractionalpartof a floatingpoint number. Nu-
meralscanbeusedto denotenaturalnumbersby definingan implicit function from
numeralsto thenon-builtin sort ���(.�� of naturalnumbers(seeChapter5 for implicit
functions).Theminus-notationcanberealizedby defining , asa unaryfunctionon
numbersandthedot-notationfor realscanberealizedby defining � (dot)asabinary
operationon numerals(seeSection5.5).

Thebuiltin literalsandtheiroperationsareaddedfor convenience.It dependson
theapplicationsof a languagewhatis convenient.For example,if efficientexecution
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T�>�D:S:W%DCP(y2�7I:W�<)DCP(?(I
T�>�D:S:W%DCP(y2�_h �í\�_`T�>�D-S:W)DCP(yì�7I�W�<)DµP(?(I
T�>�D:S:W%DCP(y2� x 9:P)8:O�WÌ��T�>�D:S:W%DCP(y2�7I:W�<)DCP(?(I�� T�>�D:S-W)DCP(y2�#I�W�<)DCP�?�I

\�_UT�>�D:S:W%DCP(y2�7I:W�<)DCP(?(I
T�>�D:S:W%DCP(y2�3z�>:R)6�<�O�S�I
T�>�D:S:W%DCP(y2�3z�>�S�S ��\�_UT�>�D:S:W%DCP(y2�3z�>:R)6�<�O�S�I
T�>�D:S:W%DCP(y2�m� ��\�_`T�>�D:S:W%DCP(y2�3z�>:R)6�<�O�S�I
T�>�D:S:W%DCP(y2� x 9:P)8:O�WÌ��T�>�D:S:W%DCP(y2�3z�>:R)6�<�O�S�I�� T�>�D-S:W)DCP(yì�3z�>:R)6:<�O(S�I

\�_UT�>�D:S:W%DCP(y2�3z�>:R)6�<�O�S�I

Ôß¾#�(.%�1
:���)�*Á¯Ù setof all strings

Ôß¾ò´:ÁF¾#Á�Ù�´
Ôê¾3ó%�(�+	*�(.�ÁF¾ò´ ¬ ¿F´ ­ Á¯Ù theconcatenationof } z and } {

Ôê¾ �*"��+�*���%���*Á¯Ù setof finite sequencesof digits

Ôê¾ �*"
�%�*ÁF¾#Á�Ù theemptysequence

Ôß¾�Ð�ÁF¾#Á�Ù�Ð
Ôß¾3ó��(��	���.)ÁF¾�Ð�¬�¿LÐ�­%Á¯Ù theconcatenationof �Xz and �A{

Fig. 3.8: Builtin literals plus operationsand their semantics. (Given signature � and � -
algebra� . For strings h , hk� , and h_� anddigit sequences� , ��� , and �!� .)
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E termF GHG Ù E variableFK E argsF E functionF E argsFK
“ ® ” E variableF�= “ 4 ” E sortFR> “ � ” E termF “ ± ”K E informal-termFE argsF GHG Ù “ ® ” ( E termF “ L ” ,S@ “ ± ”K E termFKE informal-termF GHG Ù “ ( ” E informalF�@ “ , ”E informalF GHG Ù E natural-languageFK
“ + ” E nameF “ + ”K
“ + ” E termF “ + ”
Fig. 3.9: Syntaxof terms.

of specificationsis an issuedifferentkinds of numbersshouldbe a builtin together
with a large collectionof efficient operations.Also, it could be usefulto have lists
asbuiltin datatypes,including a speciallist-notation. SinceAFSL is a prototype
language,its collectionof builtin namesis very limited, only to avoid the roughest
notationaledges.

3.8 Terms

A term is either a variable c , a function application t�¬L½*t�­ , a lambdaabstraction
®vc�4�´9��ÒF± , or aninformal term (seeFigure3.9). A singleterm Ò asfunctionargument
is shorthandfor ®-ÒF± andno argumentis equivalentto theemptyargument ®-± . The
sort ´ in a lambdaabstractionis optional,it maybeomittedprovided c is declaredas
avariableof type ´ .

All function applicationsin AFSL are actual infix applications. But, because
empty argumentsare allowed, both prefix and postfix notation is possible. The
syntaxalso allows lessusual forms of function application,suchas ®�¸SLCÏ+±�½ and
¸Î½ú®LÏ�Lk�
± . The secondform enablesa kind of object-orientednotationwherethe
receiver (first argument)is written in front of amessage(functionplustherestof the
arguments).Section3.9 discuseshow ambiguousfunction applicationsareparsed.
Because®-Ò=¬6L^�L�L�b±�½ú®r�L�L�MLLÒ À
± is equivalentto ½ú®-Ò=¬6Ld�L�L�MLLÒ À
± , thediscussionof
functionapplicationswill useonly thesecond,morefamiliar andsimpler, notation.

A termthatcontainsabbreviatednamesis calledanabbreviatedterm, otherwise
it is a completeterm. A term that containsoverloadedfunctionsis calledan over-
loadedterm. Eachcompletionof anoverloadedfunctioncanhave a differentvalue.
Therefore,it is in generalnot possibleto associatea valuewith anoverloadedterm,
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c���c
½]\ ½ Z

Ò=¬��·Ò Z¬ )*)*) Ò À�� Ò ZÀ
½ú®-Ò=¬6LF�L�L�?LLÒ À
±�� ½ Z ®:Ò Z¬ LF�L�L�?LFÒ ZÀ ±

´�\·´ Z
Ò �·Ò Z

®*cg4V´|��ÒC±�� ®vc�4�´¡Zv��Ò�Z=±
r ¬�¢ r Z¬ )*)*) r À£¢ r ZÀ(�rL¬ú�L�L�8rCÀ?,¤�¥(�r�Z¬ �L�L��r�ZÀ ,

ÐBu ¢ ÐBu ÐB�¦\ ÐB� Z+FÐB�§+ ¢ +FÐB�£Z-+ Ò
� Ò Z+FÒ�+ ¢ +FÒ Z-+
Fig. 3.10:Rulesfor abbreviation expansion.(Givena signature.For variable ¨ ; sorts h andh-© ; functions� and � © ; terms ª , ª © , ª � , ª ©� , «¬«¬«Xª®­ , ª ©­ ; informals ¯ � , «¬«-« ¯ ­ ; natural

language��° ; andnames��± and �;±²© .)
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E prioritiesF GHG Ù “ �*��ã�����ã�¡+ã� �� ” E groupFQ@ “  %��ÿ ” “ ���+ã��(�+ã� �� ”E groupF GHG Ù “ ö��
���)� ” ( E operatorF “ L ” ,C@E operatorF GHG Ù E function-idF�= E associativity Fd>E associativity F GHG Ù “ ® �% %»�¡�± ”
K
“ ® ��ã�ö*õ%¡�± ”

Fig. 3.11:Syntaxof apriority section.

unlessall overloadedfunctionsarereplacedby completionsfirst. Givena signature,
term Ò Z is a expansionof Ò (denotedby Òi� Ò Z ) if andonly if Ò Z canbe obtained
from Ò by replacingall its abbreviationsby completenames,which is formally de-
fined in Figure3.10. Here r ¢ r�Z denotesthat the informal r (naturallanguageor
quotedname/term)canbeexpandedto r Z . Thenotion“expansion”will beextended
in Section5.8.

3.9 Priorities

The syntaxof termsis ambiguousbecauseargumentsareoptionalandparentheses
maybeomittedif an argumentis a singleterm. For example,how should½£³£´ be
parsedfor functions½ , ³ , and ´ ? To enableunambiguousparsingof termswithout
usingmany parentheses,a relative priority andan associativity (“left”, “right”, or
“none”) is associatedwith eachfunction. By default, all functionshave the same
priority andareright-associative, thiscauses½e³£´ to beparsedas½ ( ³ ( ´ )), or actually
()½ (() ³ (() ´ ())).

Non-default priorities and associativities canbe declaredin a priority section,
the syntaxof which is definedin Figure3.11. Eachspecificationhasexactly one
priority section.Theoneusedthroughoutthis thesisis givenin Figure3.12.A prior-
ity sectiondeclarestheparsinginformationof function identifiers,not of functions.
Therefore,all functionswith thesameidentifierhave thesamepriority andassocia-
tivity. Thispreventsambiguousparsinginformationfor functionnameabbreviations.
Non-defaultprioritiesarealwaysweakerthanthedefault, identifierswithin onegroup
have thesamepriority, andgroupsarelistedin orderof decreasingpriority. Notethat
a functioncanonly really be usedinfix or postfix if it hasa non-default priority. If
not, for example, °��)³ would beparsedas °+®��²®µ³
±�± insteadof ®:°�±��²®C³�± ( ° and ³ are
functionstoo!). Termsthat cannotbe parseduniquelybasedon thepriority section
areconsideredill-formed andhencedisallowed. In AFSL functiontypesplaynorole
atall in theparsingof terms(contraryto, for example,ASF+SDF).

Theversionof AFSL usedin thecasestudiesdid not usea priority section.In-
stead,functionnamescouldbedeclaredwith priority attributes �*��ã(�(��ã�¡�µØÐ , �% %»�¡ ,
and ��ã�ö*õ%¡ , where Ð is a naturalnumberindicatingtheabsolutepriority of thefunc-
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Fig. 3.12: Prioritiesusedthroughoutthis thesis.

tion. This mechanismhad someseriousdrawbacks. If priorities are declaredin
attributesscatteredall over the specification,thereis no clearview on the mutual
relationsin thepriority hierarchy. Declaringabsoluteprioritiesmakesit difficult to
insert an operationin the priority hierarchywithout renumberingthe priorities of
functionsalreadydeclared.Thepriority of anameabbreviation canbecomeambigu-
ousif prioritiesarelinked to completenames.Finally, theuseof priority attributes
makesit harderto parseamodule,sinceall importedmoduleshave to beparsedfirst
in orderto collectall parsinginformation.

3.10 TypeandSemanticsof Terms

Given a signatureU anda type context b , a completeterm Ò canhave a sort ´ as
its type, which is denotedby U ¿kbdV|ÒgG�´ (or just ÒeG�´ if it is clearwhat U and b
are). The rules for determiningthe type of a term aregiven in Figure3.13. Here
thenotation b�=¶c�·¶ ´¡> is usedfor theassignmentof sort ´ to variable c in typecon-
text b (leaving the type of all othervariablesunchanged).SeeSection3.11 for an
explanationof thetyping rule for informal terms.

Termsthathave a typeaccordingto theserulesarecalledwell-typed, theothers
arecalledill-typed. A formula is a non-overloadedtermof type �)�%�%�%� . Formulas
aretreatedasordinarytermsasa consequenceof the choiceto model relationsby
functions(seeSection2.1.2).

GivenanalgebraÔ anda valuecontext � , a completeterm Ò²GÞ´ hasa value in
Ôß¾ò´:Á , which is denotedby = = Ò�> >®¸
¹ º (or just = = Ò$> > if it is clearwhat Ô and � are). The
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UWV`´ bOVPciG�´UÂ¿kbdVPciG�´
U§V�½OG)´ ¬ ¿L�L�L�-¿F´ À ¶ ´ UÂ¿kbOV|Ò ¬ G�´ ¬ )*)*) U ¿kbdV|Ò À G)´ ÀU ¿kbOVá½ù®:Ò=¬|LF�L�L�?LLÒ À
±»G)´

UWVX´µ¬ U ¿kb�=¶c�· ¶ ´µ¬�>[V|ÒgG�´µ­U ¿kbOVé®*cg4V´C¬ ��ÒF±�G�»*"%�+	*��÷V´µ¬|LC´�­�ø
U ¿kbOVP(�rL¬ú�L�L�8rCÀ?,�G�´

Fig. 3.13:Typing rulesfor non-abbreviatedterms. (Given signature� andtype context ¼ .
For any variable ¨ ; completesorts h , hk� , «¬«-« , h ­ ; completefunction � ; complete
terms ª , ª � , «¬«-« , ªH­ ; andinformals ¯ � , «-«¬«9¯_­ suchthatquotedtermshaveaunique
type.)

= =¶c;> >®¸
¹ º Ù½�×¾ c)Á= = ½ù®:Ò=¬XLF�L�L�¾LFÒ À
±�> > ¸
¹ º ÙÊÔß¾ ½�ÁF¾m= = Ò=¬C> > ¸ ¹ º ¿L�L�L�-¿�= = Ò À!> > ¸
¹ º Á= =#®*cg4V´|��ÒF±*> > ¸
¹ º ¾3¸�Á¯Ù
= = Ò�> > ¸
¹ º¾¿ À-ÁÂ�Ã¡Ä
Fig. 3.14:Semanticsof terms. For any algebra� , valuecontext Å , variable ¨ , function � ,

terms ª , ª � , «¬«-« , ª®­ , sort h , andvalue � è ��� h¡� .
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definitionof = =*> > is givenin Figure3.14.Thevalueof avariableis takendirectly from
the valuecontext. The valueof a function applicationis obtainedby applyingthe
mappingdenotedby thefunctionnameto thevaluesof its arguments.Thevalueof a
lambdaabstractionis themappingthatmapsany possiblevalueof its boundvariable
to thevalueof its body (which maycontainoccurrencesof theboundvariableand,
therefore,is dependenton its value). Note that = =#®vc�4�´9��ÒF±v> >®¸ ¹ º is a mappingand,
therefore,canbe appliedto an object ¸ . The notation �g=¶cÆ·¶ ¸B> is usedto denote
theassignmentof value ¸ to variable c in � (leaving thevalueof all othervariables
unchanged,but possiblyoverwriting the previous valueof � for c ). The valueof
an informal term is undefined,which is due to the fact that naturallanguagedoes
not have a formal semantics.In Section3.11theinformal valueof informal termsis
discussed.

3.10.1 Formula

A formulais acompletetermof type �)�%�%�%� . EachassertionÇ�Ò (with qualifier Ç and
term Ò ) in a specificationmustbe suchthat Ò hasexactly oneexpansionÈ that is a
formula(that is, È is theonly formulasuchthat Ò��ÉÈ ). This guaranteesthat, for a
givenalgebraandvaluecontext, all assertionsin aspecificationhaveanunambiguous
booleanvalue.

A formula È is calledsatisfiedby analgebraÔ if andonly if the(informal)value
of È for Ô is Òpoxqsr for any arbitraryvaluecontext. If ` hasno imports, thenan
algebraÔ is calleda model of ` if andonly if all expandedassertionsof ` are
satisfiedby Ô . If ` doeshave imports,then Ô is amodelof ` if andonly if Ô is a
modelof theunfoldingof ` (seeSection3.14).A formula È is calledaconsequence
of ` if andonly if all themodelsof ` satisfy È .

3.11 InformalTerms

An informal termis a termthatcontainsnaturallanguageandassuchhasno formal
semantics.ThisexplainsthenameAlmost FormalSpecificationLanguage.Informal
termscanbeusedif theexactformulationof anassertionis not that important,or as
aninformal explanationbesidesa formal assertion.Examplesof theuseof informal
termscanbefoundin both �1
�.�°Lô and �1
�.%�

)0�.�°-ô :

J�B�y�y�G a�î#T)DFW�I�î D�MUW�Ä*6rM:9:<�Wj9�]^i)DFW%MZ4�DFW�ÄdW�4�9^Q�D�MLW)DCP%8LW^6(S�6CR)6:P(W%M
î ��6�<�9�îáO:P�Q�î [-P*6�î(5 c

G�� � [:y S o ª�ª�S s q aCW�Ä�6�8-9:P)8:O�W(6:P*O�W)DL9:Pe9�]Øî S o îáO:P�Q�î S s î c
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3.11.1 Syntax

An informal term is a sequence(enclosedby brackets)of naturallanguage(which
can be almostany sequenceof symbols,seeSection3.2), quotednames(a name
enclosedby + ), and quotedterms (a term enclosedby + ). Examplesof informal
termsare:

a�î#T)DFW�I�î D�MUW�Ä*6rM:9:<�Wj9�]^i)DFW%M�c
aCW�Ä�6�8-9:P)8:O�W(6:P*O�W)DL9:Pe9�]Øî S o î�O:P�Q�î S s î c
a�î S o ª�ª�S s î D�MUW�Ä*6r8:9:P)8-O�W�6:P*O:W)D-9:P|9�]�î S o î�O:P�Q�î S s îVc

Quotednamesandtermsallow toolsto recognizetheformalpartsof aninformalterm
andcheckwhetherthey arewell-formed. A quotedfunctionname½ is considereda
quotednameratherthana quotedterm(½ is a namebut alsoanalternative notation
for theterm ®:±µ½×®-± ).

3.11.2 TypeandSemantics

Dueto its informalnatureit is impossibleto associateaformal typewith aninformal
term. Therefore,aninformal termcanhave any type,provided its quotednamesare
non-overloadedandits quotedtermshave exactly onewell-typedexpansion. This
explainsthe last typing rule in Figure3.13. Quotedtermsmusthave uniquewell-
typedexpansionsbecausetheir context doesnot provide any informationto resolve
overloading.

An informal term Ò alsodoesnot have a formal value = = Ò$> > ¸ ¹ º . However, a com-
pleteinformal term Ò¤G�´ doeshave aninformal value, which is thenaturalinterpre-
tation of Ò in ´ . This meansthat Ò shouldbeinterpretedaccordingto the“common”
meaningof thenaturallanguagein Ò andtheformalmeaningof thequotednamesand
termswithin Ò . If Ò doesnothaveanaturalinterpretationin ´ , thentheinformalvalue
of Ò is arbitrary. Someexamplesof naturalinterpretationaregivenin Figure3.15.

3.11.3 InformalTermsvs.Comment

Informal termsaredifferentfrom comments.First thereis a differencein use.Com-
mentsareusedfor documentationonly, they do not contribute to the definition of
the namesdeclaredin a specification.Informal terms,however, areusedto put re-
strictionson thedefinitionsof names.They cannotbe left out without changingthe
informal meaningof a specification. Secondly, thereis a syntacticdifference: an
informal termcanbe usedinsteadof a formal term,whereascommentcanonly be
addedto a specification.Finally, the typing rulesextendto thequotedtermswithin
informal terms,whereasnothingpreventscommentfrom containingill-typed terms.
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= =Ê(Ë+-°��)³
+-,*> > ¸ ¹ º
ÙÌ�

= =Ê(Ë+ �

�.��X+e
)0b.��
��0(���%.¦�*'Í��
�.10�,¡> >®¸
¹ º
Ù

w
Òpo-qsr if Ôê¾ �1
�.���Á is thesortof bits

½¡tCu ´vr otherwise

= =Ê(-.*����	��(�+	*�(.��(�
��.

��(�¥��'Í+V�1°Ë+`����/Í+V�%³X+x,¡> >®¸
¹ º
Ù theconcatenationof �×¾#�
°(Á and �×¾#�%³�Á

= =Ê(Ë+V�1°�������³
+|
%0é.��
�¦	(�(�+	*��.)�(�
��.1
(�(�Ì��'Í+��
°A+U����/Í+V�%³
+-,*> > ¸
¹ º
Ù ÎÏÐ

ÏÑ
Òpoxqsr if Ôß¾=�%�)ÁF¾~�×¾#�
°(Áµ¿¬�×¾#��³)Á Á is theconcatenation

of = = �1°*> > ¸
¹ º and = = ��³C> > ¸
¹ º
½*t�u ´*r otherwise

Fig. 3.15:The informal valueof someexampleinformal terms. (For given algebra� and
valuecontext Å .)
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3.12 Assertions

Thereare threekinds of assertions:axioms(indicatedby the qualifier ��D
ã��(ô ), re-
quirements(indicatedby �) �É ), andlemmas(indicatedby �% �ô�ô�� ). All threeforms
canbefoundin theexamplemodule�1
�.%�1
%0�.�°-ô . Thereis nodifferencebetweenthe
threekindsof assertionsin syntax,typing,or semantics.Thedifferentkindsof asser-
tion areusedfor differentpurposesandarethereforequalifiedassuch.It is thesame
distinctionthat is commonin mathematicaltheoriesthatusuallycontaindefinitions
(axioms),assumptions(requirements),andconclusions(lemmas).

The threekinds of assertionsgive rise to threedifferentclassesof models: the
axiommodelsthatsatisfyall axioms,thelemmamodelsthatsatisfyall lemmas,and
therequirementmodelsthatsatisfyall requirements.

Axioms are usedto do the actualspecification(that is, definition of sortsand
functions). If oneis only interestedin what is specifiedby a module,lemmasand
requirementscanbeignored.

Requirementsare usedwhenever actualspecificationof a name ¸ declaredin
module ` is not yet possibleor desirablein ` , but somerestrictionsneedto be
put on futurespecificationof ¸ in any modulethat imports ` . A moduleis called
satisfiedif andonly if all its requirementsarea consequenceof its axioms(that is,
theclassof requirementmodelsincludestheclassof axiommodels).For example,in
module�1
�.%�

)0�.�°-ô of Figure3.2therelation § � is declaredwithoutadefinition,but
with therequirementthat

§ � mustbeatotalorder;amodulethatimports �1
�.%�1
%0�.�°-ô
inheritsthis requirement.This exampleis somewhatartificial. However, supposean
orderingon lists of bits is neededfor efficient searchingin a databaseof lists, then
theactualorderingis irrelevant,aslong asit is a total order. Requirementsarealso
usedto restrictthepossiblevaluesof formalparameters(seeChapter4).

Lemmasareprimarily intendedfor validationpurposes(aspecificationadequate-
ly modelssomesystem).A moduleis saidto bevalid if andonly if all its lemmasare
aconsequenceof its axiomsandrequirements(thatis, theclassof lemmamodelsin-
cludestheintersectionof theclassesof axiomandrequirementmodels).Lemmascan
alsobeseenasa way of documentinga specification,sincelemmasgive a different
view on whatis specifiedby theaxiomsandrequirements.

Why canlemmasandrequirementsnot all bechangedinto axioms?In fact they
can,but thatconcealsthe fact thatdefinitionsshouldbeconsistentwith the lemmas
andrequirements,which thenarenot recognizableassuchanymore. Of course,all
definitionsshouldbe consistentwith otheraxioms;but proving validity of lemmas
andsatisfactionof requirementsis lesswork thanproving consistency of all axioms,
andprobablymorerelevant. Anotheradvantageof separatingaxiomsfrom lemmas
andrequirementsis thatthelatterarenotpartof theactualspecification.If aspecifi-
cationis usedasthebasisof therealizationof asystem,thelemmasandrequirements
areignored.
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Module validation (proving it is valid) andverification (proving it is satisfied)
canin principlebedoneby formal proof, possiblysupportedby anautomaticproof
assistant.However, formal proof rulesfor AFSL areoutsidethescopeof this thesis,
which is primary focusedon the expressivenessof formal specificationlanguages
ratherthantheirmathematicalproperties.

A minordisadvantageof theuseof requirements,insteadof axioms,for thespec-
ification a name ¸ is that the eventualdefinition of ¸ often needsto replicatethe
requirementsasaxioms.If therequirementswerereplacedby axioms,thespecifica-
tion only needsto beextendedto completethedefinition. It is unlikely that this is a
realdisadvantage,sinceit is clearerto have a self containeddefinitionanyhow.

3.13 InductiveSorts

A sort canbe declaredto be inductively defined,which meansthat all its elements
canbeconstructedby usinga finite numberof so-calledconstructors.An inductive
sort is a sortwith theattribute ã���ÿ;�
ó�¡+ã���  . A constructorof aninductive sort ´ is a
functionwith co-domaiń andattribute ó)������¡*���
ó�¡���� . Constructorsof ´ have to be
declaredin thesamemoduleas ´ in orderto guaranteethemonotonicityof module
import. That is, if module ` ¬ imports ` ­ thenall derivedpropertiesof ` ­ also
hold for ` ¬ . It is allowedfor thedomainof a constructorto containnon-inductive
sorts.

In theexamplemodules,�1
�.�� and �

�.%�

)0�.�� areinductive sortsand ���*�)� , ����� ,
 (�)��.�� , and " areconstructors.No non-inductive sortsaredeclaredin theexample,
but in generalmodulesmaycontainnon-inductive sorts. Freesortsoccurin partic-
ular as formal parameters(seeSection3.3). For example,in Figure4.4 a general
specificationof lists is given wherethe type D�� of theelementsin the lists is a for-
mal parameterand as sucha non-inductive sort. But also non-parameterscan be
non-inductive sorts,for example,if asortcannotbefully specified(yet).

The role of inductive sorts is similar to that of algebraicdata types in func-
tional programming.For example,thespecificationof the inductive sorts �1
�.�� and
�1
�.%�

)0�.�� is similar to the following definitionsof algebraicdatatypesin the pro-
gramminglanguageHaskell (Bird 1998) (the identifiers �%�*�)� , ����� , and " arenot
allowedasfunctionsin Haskell and,therefore,arereplacedby ���*��� , ����� , and ��/%/ ):

Q(O�W�O`T�DFW(I q ��6�<(9 ûá[-P*6
Q(O�W�O`T�DFW�J%D�MLW�I q B-R*K�W�Y û�G�Q�Q^T)DFW�I`T�DFW(J�D�MLW�I

ContrarytoHaskell, in AFSL inductivenessof asort ´ doesnotimply thatelementsof
´ thatareconstructedwith differentconstructorsarenotequal.For example,without
theinequalityaxiomin �

�.�°Lô , it is notprohibitedthat ���*��� is equalto ���
� .
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3.13.1 FormalDefinition of Inductiveness

Someauxiliary definitionsareneededin order to definewhat it exactly meansfor
a sort to be inductive. Given a signatureand type context, a semigroundterm is
a term that consistsof constructorsand variablesof non-inductive sorts. Given a
signatureU , analgebraÔ is minimal if andonly if for eachsort ´ in U andobject ¸PÒ
Ôß¾ò´:Á thereexist a typecontext b , valuecontext � , andsemigroundterm Ò�G�´ such
that ¸jÙÍ= = Ò�> > ¸
¹ º (that is, Ò representş ). Note thateachnon-inductive sort satisfies
this condition by definition. In a minimal algebraall elementsof inductive sorts
canbeconstructedby a finite numberof constructors(andmaybesomevariablesas
placeholderfor objectsof non-inductivesorts).A semigroundtermis similar to what
is known asa groundtermin thetheoryof initial semanticsfor algebraiclanguages,
except that a groundterm may containany function (all functionsare considered
constructors),and no variablesof non-inductive sorts(all sortsare inductive with
initial semantics).

All modelsof an AFSL specificationmustbe minimal, which limits the possi-
ble interpretationof inductive sorts. For example,the only elementsof �1
�.�� are
(thevaluesof) �%����� and ���
� , sincethesearetheonly semigroundtermsfor �1
�.�� .
A semigroundterm for �1
�.��1
%0�.�� is of the form  (���).%� or Ò=¬!"^)*)*)¬"1Ò À;"� (�)��.�� for
terms Ò=¬)¿L�L�L�:¿-Ò À	Ò½( “ �%����� ” ¿ “ ���
� ” , ). So, �1
�.%�1
%0�.�� containsthe emptylist and
lists with a finite numberof elementsof �

�.�� . In theseexamplesall relevant sorts
areinductive, no variablesarepossiblein the semigroundtermsof either �1
�.�� or
�1
�.%�

)0�.�� . In theparameterizedmodule �1
)0�.�°Lô (Figure4.4) the formal parameterD�� , thesortof theelementsof thelist, is noninductive. Therethesemigroundterms
of �1
%0�.���÷�D)�*ø areof the form  (�)��.�� or c�¬�"^)*)*)¬"^c-À!"� ����).%� for sometype context
thatdeclaresthevariablesc:¬ , �L�L� , c-À to beof type D)� . Now, �

)0�.���÷$D��*ø still con-
tainstheemptylist andlistswith afinite numberof elementsof D)� , but thevariables
in thesemigroundtermfunctionasplaceholdersfor arbitraryelementsof D�� .

3.14 ModuleImport

Theimportof amodulehastheeffectof includingthebodyof theimportedmodule.
Theprocessof recursively replacingeachimport in a module ` by thebodyof the
importedmoduleis calledunfolding. For example,theunfoldingof thespecification
of listsof bits �1
�.%�1
%0�.�°-ô is givenin Figure3.16.With respectto theexpressiveness
of the languagethe import mechanismis redundant,sincea modulecanalwaysbe
replacedby its unfoldedversion. The import mechanismis, however, an important
tool for structuringandreuseof specifications.

By definition,thesignatureof a structuredmoduleis thesignatureof its unfold-
ing,astructuredmoduleiswell-formedif itsunfoldingiswell-formed.Thesemantics
of astructuredmoduleequalsthemeaningof theunfoldedversion.
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y*[:�:�*J�B|T�DFW�J%D�MLW o y
��G�} N ��T�DCW�I
I([:}�{ T�DFW o y2�=T�DCW�I gµ� z���� x { � ��B h
H���z x T�DFW o y2�$��6:<�9Ì�í\�_UT�DFW�I g�x [-z�I�{�}�� x {*[:} h
H���z x T�DFW o y2�ò[-P�6 �í\�_UT�DFW�I g�x [-z�I�{�}�� x {*[:} h
J�B�y�y�G a�î#T�DFW�I�î D�MXW�Ä*6�M:9�<�Wj9�]|i�DFW�MX4)DFW�ÄdW�4*9^Q%D�MLW%DCP)8LW^6�S�6FR)6:P�W%M

î ��6:<�9�îáO:P�Q�î [LP*6�î�5 c
G�� � [:y ��6�<(9j@ q [-P�6
H���z x T�DFW o y2�_�¥��T�DFW�I���T�DFW�Id\�_`T�DFW�I
G�� � [:y ��6�<(9	�UN q ��6:<�9
G�� � [:y [-P*6 �UN q N
� 5�5�5�>�P�](9(S�Q�DCP(?|<�6�MLWj9�]|T�DFW o yÞ��>�P�](9(S:Q%DCP(?^9�]jJ(9:?)D�8LydO:P(Qdz�O:W�y
��G�} i ��T�DCW�I
��G�} S���T�DCW(J%D�MLW(I
I([:}�{ T�DFW�J%D�MLW�I gµ� z���� x { � ��B h
H���z x B-R*K�W�Y � \�_|T)DFW(J%D�MFW�I g�x [:z(I�{�}�� x {*[:} h
H���z x ' ��T�DCW�I���T�DFW�J%D�MLW�I|\�_|T)DFW(J%D�MFW�I g�x [:z(I�{�}�� x {*[:} h
G�� � [:y i ' S @ q B-R*K(W�Y
G�� � [:y i o ' S o @ q i s ' S s ¨ q�q i o @ q i s [:< S o @ q S s
� 5�5�5�<(6*MLWj9�]^W�Ä*6`i*9�Q�Yj9�]eT�DFW�J%D�MLW o y
B�z��^y*[-���*J�B

Fig. 3.16:UnfoldingmoduleT)DFW(J%D�MFW o y of Figure3.2.
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Unfolding involvesabit morethanjust copying thebodiesof importedmodules.
Somechangeshave to bemadein thebodiesof theimportedmodulesto ensurethat
theunfoldedmodulehastheright signatureandassertions:

� All occurencesof namesin the importedmodulemustbe completed.This is
necessarybecausetheunfoldedmodulehasalargersignaturethantheimported
module. This may leadto anoverloadingin the includedbodywhich cannot
be resolved in thecontext of the importingmoduleor will beresolved differ-
ently. Completionalsoavoidsthatnamesdeclaredin theimportedmoduleget
the nameof the importing moduleastheir origin (that is, �

�.��1
)0�.�°LôM4_���*�)�
insteadof �1
�.�°-ôÓ4_�%����� ). Completionof namesin assertionsinvolves over-
loadingexpansion,implicit functionsexpansion(seeChapter5), andimplicit
bindingexpansion(SeeChapter7).

� If an importedmodule ` is parameterized(seeChapter4) all occurrencesof
formal parametersin thebodyof ` arereplacedby thecorrespondingactual
parameterbeforethebodyof ` is copiedto theimportingmodule.

� If, afterunfolding, thesamenamedeclarationoccursmultiple times,thenall
but the first areremoved. Multiple declarationoccursif the samemoduleis
importedmultiple timesor becauseformal parametersarereplacedby actual
parameters.

� If necessary, variablesof the importedmodulearerenamedto avoid multiple
declarationsof the samevariable. This is the reasonwhy the variable � of
�1
�.�°-ô is renamedto � in Figure3.16.

Theresultof unfoldingof amodulè dependson thespecificationwhich ` is
partof. Thebodiesof importedmodulesareobtainedfrom thatspecification.If an
importedmodulecannotbefoundin thespecificatioǹ is ill-formed.

Unfolding would resultin an infinite body if a moduleimportsitself directly or
throughintermediatemodule.Therefore,circularimportsarenotallowed.

Completionof namesand expansionof assertionsmay lead to a syntacticex-
plosionof importedmodules. For example,the completespecificationof �

�.�� in
Figure3.16shouldreally be:
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I([:}�{ T�DFW o yì�=T�DFW�I gµ� z���� x { � ��B h
H���z x T�DFW o yì�$��6�<�9Ì�í\�_`T�DFW o y2�=T�DCW�I g�x [:z�I�{�}:� x {*[:} h
H���z x T�DFW o yì�ò[-P*6 �í\�_`T�DFW o y2�=T�DCW�I g�x [:z�I�{�}:� x {*[:} h
J�B�y�y�G a�î#T)DFW o y2� T�DFW�I�îáD�MUW�Ä*6rM:9�<�Wr9�]^i�DCW%MZ4�DFW�ÄdW�4*9eQ%D�MLW)DCP)8FW

6(S�6FR)6-P(W%MÊî#T�DCW o y2�$��6�<�9;�ò\�_-T)DFW o y2� T�DCW�I�î�O-P�Q
î#T�DFW o y2�ò[-P*6Þ�ò\�_-T�DCW o y2� T�DFW�I�î(5 c

G�� � [:y T�DFW o yì�$��6�<�9Þ�ò\�_-T�DCW o y2� T�DFW�I
T�>�D:S:W%DCP(y2�ò@ q �=T�DFW o yì�=T%DFW�I+�#T)DFW o y2� T�DCW�I�\�_-T�>�D:S-W%DµP(y;�=T*9�9�S�I
T�DFW o yì�ò[-P*6;�7\�_-T�DFW o yì�=T%DFW�I

To reducethesyntacticoverheadunfoldedmodulesmaybesimplified(by usingab-
breviations,implicit functions,andimplicit bindings)provided thesimplified mod-
ule hasthesameexpansionasthenon-simplifiedversion.Theexamplesof unfolded
modulesin this thesiswill alwaysbesimplified. Notethat it is a non-trivial exercise
to automatesuchasimplificationtask.



4. GENERICMODULES

Abstract

A genericmodule is a parameterizedmodule, that is, a modulewith
a non-emptylist of formal parameters.Module parametersarenames
that have to be declaredsomewherewithin the module. The imports
of a genericmodulemust be suppliedwith namesas actualparame-
ters.Whenunfoldingtheimport of a genericmoduleall occurrencesof
its formal parametersarereplacedby the correspondingactualparam-
etersbeforeit is copiedto the importingmodule. This includesoccur-
rencesof formal parametersin names(asindexesor aspartof function
types). This causesthesenamesto behave like a kind of polymorphic
sorts/functions.

Theparametermechanismof AFSL is significantlydifferentfrom thatof
mostotherspecificationlanguages.Thepro’s andconsof thedifferent
kinds of genericmodulesarediscussedin Section2.1.4. This chapter
gives a numberof examplesof different usesof genericmodulesand
discussesrestrictionsthatapplyto parameters.

4.1 Example:GenericAssertions

A simpleuseof a genericmoduleis to collectassertionsfor a parameterizedname
¸ in a separatebuilding block, which canbe usedmany timeswith different sub-
stitutionsfor ¸ . An exampleof sucha collectionof genericassertionsis given in
Figure 4.1, where it is requiredthat the parameterizedrelation � is a total order
( D�� is an auxiliary formal parameterneededto passthe domaintype of � ). Mod-
ule ¡)�*.��%�%�(�)/%�*��ô is usedin Figure4.2 for thespecificationof lists of bits whereit
replacesthefour requirementsfor § � of �1
�.��1
%0�.�°Lô in Figure3.2. Theunfoldingof
thisnew versionof �

�.��1
)0�.�³�ô (givenin Figure4.3) is equivalentto �1
�.%�1
%0�.�°-ô .

Theeffect of replacingformal parametersby actualparametersduringunfolding
is similar to renaming(seeSection2.1.4).AFSL doesnothavearenamingconstruct,
but a hypotheticalextensionof the languagecould allow an import with renaming
like:
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y*[:�:�*J�Be{�9�W(O(S�[:<(Q�6�<�y n ��I���} p
��G�} N ����I
� y l [:}�{^J(9�?%D�8Ly � H)DF?25 t 5 t K*O�?(6 u�t
I([:}�{ ��I
H���z x } ����I�����Id\�_`T*9�9�S�I
}�B*Û N }jN
}�B*Û N o }jN s G�P�Q N s }jN o q�q _ N o q N s
}�B*Û N o }jN s G�P�Q N s }jN t q�q _ N o }jN t
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B�z��^y*[-���*J�B

Fig. 4.1: Specificationof a totalordering.

y*[:�:�*J�B|T�DFW�J%D�MLW s y
��G�} i ��T�DCW�I
��G�} S���T�DCW(J%D�MLW(I
� y l [:}�{|T�DFW o y � H)DC?25 t 5 o K*O�?�6 u Ã
I([:}�{ T�DFW�J%D�MLW�I� 5�5�5�Q�6�]%DCP�DCW)D-9:Pe9�]^T)DFW(J%D�MFW�I
H���z x ¨ q ��T)DFW(J%D�MFW�I���T�DCW(J%D�MLW(Ie\�_`T*9�9(S�I� y l [:}�{e{�9�W(O(S�[:<(Q�6�<�y n T�DFW(J%D�MLW�I��ÂT�DFW(J%D�MLW s y2�7¨ q pO� H)DF?ì5 u 5 o K*O�?�6 w #
� 5�5�5�Q�6�]%DCP�DCW)D-9:Pe9�]r9-K*6�<�O�W%D-9:P)Mß9:P©S�D�MLW%M
B�z��^y*[-���*J�B

Fig. 4.2: Reformulationof thespecificationof listsof bitsof Figure3.2,now usingageneric
modulefor the requirementson ¨ q . Note that the import argument ¨ q needsits
origin becauseit is overloaded,thereis alsoonefor T�DCW�I .
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y*[:�:�*J�B|T�DFW�J%D�MLW�y
��G�} i ��T�DCW�I
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Fig. 4.3: Unfoldingof moduleT�DFW(J%D�MLW s y of Figure4.2.
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� y l [:}�{e{�9�W�O(S�[:<(Q(6�<�y`}�B�z�G�y � z(Ýd�(Ie{�[|T�DCW(J%D�MLW(I
� } {�[|T�DCW(J%D�MLW s y2�ò¨ q
B�z��

as an alternative for the import statementof ¡)�*.����%�(�)/)����ô (the parameterlist in
¡���.����%���%/)����ô canthenbeomitted). A renamingconstructis moreflexible thanthe
parametermechanismbecauseit is not fixedwhich nameshave to be renamed.On
theotherhand,importswith actualparametershave lesssyntacticoverhead,sincethe
namesthathave to bereplaceddonothave to bementioned.

Parameterreplacementdiffersfrom renamingin asubtleway: formalparameters
arereplacedby existing names.Theactualparametersof an import mustbenames
that aredeclaredbeforethe import. That is why declarationsof formal parameters
areremoved from the importedmoduleduring unfolding: the replacementsareal-
readydeclared(seeSection3.14). Renamingdoesonly changethesyntaxof names
declaredin theimportedmodule.Thedeclarationsof thenamesthatarerenamedare
not affectedin any way. For example,if theimport of ¡���.��%�����%/)�*�*ô in �1
�.%�1
%0�.�³(ô
werereplacedby theabove mentionedimport with renaming,thentheunfoldingof
�1
�.%�

)0�.�³(ô would containdeclarationsof two differentversionsof �

�.��1
)0�.�� and§ � . Onecouplewill have origin �1
�.%�1
%0�.�³(ô , theother ¡)�*.����%�(�)/)����ô . Bothversions
will be syntacticallysimilar, but semanticallyunrelated. This is not the intention
of the import of ¡)�*.��%�%�(�)/%�*��ô , which is meantto add requirementsfor the

§ � of
�1
�.%�

)0�.�³(ô .

4.2 Restrictionson Parameters

Within amodulethereis nodistinctionbetweenaformalparameterandothernames:
it mustbe declared,assertionscanuseit, it canbe usedasan index, it canbe used
asactualparameter, etc. Formalparametersdo not needto beintroduceddirectly in
thebeginningof amodule.Thiscanbeusefulwhenthetypeof aparametercontains
a sort which hasto be importedfirst from anothermodule. A formal parameteris
not allowed to be an indexed name,inductive sort, constructor, or implicit function
(implicit functionsarediscussedChapter5).

The actualparametersof an import mustbe declaredbeforethe import. In or-
der to ensurethat an unfoldedmoduleis well-typed,eachactualparameteŗ must
be of the samekind (sort or function) and type (in caseof a function) as the cor-
respondingformal parameterÏ . If Ï is a function, the type of Ï may containother
formal parameters.For example, the type of � in ¡���.��%�����%/)�*�*ô contains D�� . In
that case,̧ mustbe of the sametype as Ï after substitutionof the formal param-
etersin the type of Ï by the correspondingactualparameters.For example, for
the import of ¡���.��%�����%/)�*�*ô in �

�.��1
)0�.�°Lô theactualparameter

§ � mustbeof type
�1
�.%�

)0�.��
LÜ�1
�.��1
%0�.��Ê,%ÆÍ�����)��� , which it indeedis.
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Fig. 4.4: Specificationof typedlists.

4.3 Example:ParametricOverloading

A genericnameis anamewhichcontainssomeformalparametersaspartof its com-
pletename(asindexesor in its type info). Recall that an indexed nameis a name
whichhasasequenceof names(its indexes)directly following its identifier(seeSec-
tion 3.4). In theprevioussection¡)�*.��%�%�(�)/%�*��ô hasno genericnames.Thegeneric
specificationof lists in Figure4.4doesdeclareagenericsortname�

)0�.���÷$D���ø (with
index D�� ) andgenericfunctions (���).%� , " ,

§ � , and ��������.�� ( D)� occursin thetypesof
thesefunctions).

When unfolding a module import the occurrencesof formal parametersin a
genericnamearereplacedby thecorrespondingactualparameters.This changesthe
genericnameinto a new namecalledan instantiation. Thus,an import of a generic
moduleresultsin a renamingof all its genericnames.This is true renaming:for-
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Fig. 4.5: Exampleof importsof theparameterizedlist module.

mal parametersarereplaced,genericnamesarerenamed.Multiple importsof the
samemodulemay result in different instantiationsof the samegenericname. This
causesgenericnamesto behave like a kind of polymorphicsorts/functions.This is
demonstratedin �1
%0�.% %���:���1�*��ô givenin Figure4.5,theunfoldingof which is given
in Figure4.6. In �1
%0�.� )���:���
����ô two differentlist sortsaredeclared( �1
%0�.���÷7�

�.��*ø
and �

)0�.���÷���.%�

������*ø ), eachwith their own setof operations.Note that in theun-
folding of thedefinitionsof thetwo ��������.�� functionstheoccurrencesof  (�)��.%� are,
partly, completedin orderto avoid overloadedabbreviations.

4.4 Polymorphism

Theuseof indexesis essentialfor specifyingpolymorphicsorts,which is thereason
why indexesareavailablein AFSL.Withouttheindex D�� in �

)0�.���÷$D���ø two different
importsof �

)0�.�°-ô would declareonly onelist sort �1
%0�.�� (thesortof all lists) with
oneconstant (�)��.%� (the empty list), and two versionsof " (since D�� is thenstill
part of the type of " ). Becausethe type of a function is part of its completename,
thereis no needto useindexesfor functionshere. For example,in �

)0�.% )�)���)�1���(ô
two distinct constantsfor theemptylist aredeclared: (�)��.��Ó4 ,�Æ��

)0�.���÷#�1
�.��*ø and
 (�)��.��Ó4 ,�Æ��

)0�.���÷���.%�

������*ø . Functionscan have indexes, but thoseare usedfor
otherpurposesthanpolymorphism(seetheexamplein Section4.8).

Theform of polymorphismdemonstratedhereis notquitethesameasit is known
in many functionalprogramminglanguages,wheretypevariablescanbereplacedby
any arbitrarytype(sortsarecalledtypesin programminglanguages)withoutexplicit
instantiation.For example,themodule �1
%0�.�°Lô canbe formulatedin the functional
languageHaskell (Faseletal. 1992,Bird 1998)asfollows (here " is renamedto ��/%/
and �)�(���*.*� to ����� ):
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Fig. 4.6: Theunfoldingof J%D�MLW�B�N�OCR*K�S�6�y .
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Oneimport of �

)0�.�ô is sufficient to declare�

)0�.��Í�
0 for any possiblesubstitution
of �
0 . In AFSL eachinstantiationof �1
%0�.���÷�D)�*ø hasto becreatedexplicitly by an
importof �

)0�.�°-ô .

In Haskell �*�(� is a functionwith a polymorphicfunction type. AFSL doesnot
havepolymorphicfunctiontypes.Instead,theparametermechanismis usedto create
overloadedversionsof ���(����.�� , onefor eachtypeof list. Actually, this kind of over-
loadingresemblestheconceptof typeclassin Haskell ratherthanthatof polymorphic
functiontypes.

Overloadingis sometimescalledadhocpolymorphismandthekind of polymor-
phismusedin theHaskell exampleis thencalledparametricpolymorphism. Over-
loading is consideredad hoc becausein generaldifferent instancesof overloaded
namesaresemanticallyunrelated,whereasa parametricpolymorphicfunction be-
haves uniformly for eachinstance. The way different instances�������*.*� areover-
loadedis not thatadhocsincethey all aredefinedin thesameway. Therefore,the
terminologyparametricoverloadingis usedherefor thekind of overloadingcaused
by differentinstantiationsof agenericname.

To keep the languagesimple, addingparametricpolymorphismto AFSL has
never beenconsideredalthoughpotentiallyit hassomeimportantbenefits(seeSec-
tion 8.5). Parametricoverloadinghassomeadvantagestoo. First, it is a relatively
simplelanguagefeature. Provided a languagealreadyhasoverloadingandgeneric
modules,it only needsindexed names;which is a simplesyntacticmechanismthat
doesnot affect the semanticsof the language. Second,parametricoverloadingis
moreflexible thanparametricpolymorphism,asis shown in the examplesgiven in
Sections4.5and4.8.

4.5 Example:RestrictedOverloading

For somegenericnamesnot all instantiationsaredesirable.Explicit instantiationof
genericnamesprovides control over which instantiationsareallowed. With para-
metric polymorphismthis is not possible:thenit is all or nothing. Restrictionson
instantiationsof a genericnamearegiven by requirements.For example,module
¡���.����%���%/)������/�ô in Figure4.7doesspecifygenericnames§ � and § � . Theimported
requirementsfrom ¡���.��%�����%/)�*�*ô restrictinstantiationsof Æ*� to totalorders.Thatis,
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Fig. 4.7: Examplespecificationof genericfunctions.

in a satisfiedmodulean instantiationof § � is only allowed if it is definedasa total
order.

Without restrictionsthe definition of an instantiationof
§ � can be completely

arbitrary. This mayeasilyleadto confusingspecifications,sincethesymbol § � sug-
gestsatotalorder(or at least,somekind of well-behaving order).Therefore,require-
mentsareput on the futuredefinitionsof § � to guaranteesomecommonproperties
for differentinstantiationsof

§ � .
The relation

§ � cannotbe definedwithin ¡��*.��%�����)/%�*�)��/*ô becausenothing is
known about D�� there.Thedefinitionof

§ � is, therefore,postponedto themodules
that import ¡��*.��%�����)/%�*�)��/*ô . Note that Æ�� is completelydefinedwithin themodule
¡���.����%���%/)������/�ô , althoughits actualmeaningdependsonthefuturedefinitionof § � .

Figure4.8showshow bitscanbespecifiedwithoutlocally declaring
§ � , usingthe

generic§ � importedby ¡)�*.��%�%�(�)/%�*���*/*ô instead.Therestrictionsonthedefinitionof§ � in ¡��*.��%�����)/%�*�)��/*ô aresatisfiedby thedefiningaxiomsfor
§ � in �1
�.�³(ô . It does

not needto bethecasethat the restrictionsaresatisfiedright away in the importing
module.For example,in Figure4.4 thedeclarationof § � togetherwith theimportof
¡���.����%���%/)����ô canbereplacedby animportof ¡���.��%�����%/)�*�)��/�ô , thedefinitionof

§ �
is thenforwardedto themodulethatimports �1
%0�.�°-ô .

4.6 CoherentOverloading

Apart from the usualadvantagesof modularization,the declarationof overloaded
namesasa singlegenericnamewith a forwardeddefinition(suchasthefunction § �
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Fig. 4.8: Reformulationof thespecificationof bitsof Figure3.1,now usingagenericmodule
to introducë

q
.
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in ¡)�*.����%�(�)/)�����*/*ô ) hasanadditionalbenefit.Therequirementson thedefinitionof
a genericname Ð guaranteesomecoherenceamongthe definitionsof the different
instancesof Ð . For example,we know for surethat in a satisfiedspecification(see
Section3.12) every instanceof the

§ � of ¡���.��%�����%/)�*�)��/�ô is a total ordering. Al-
thoughthe definition of

§ � is not containedin the genericmodulethat declaredit,
parametricoverloadingis lessadhocthanunrelatedoverloading.

The advantageof this coherentoverloading is that it makes the propertiesof
overloadednamesmorepredictable.It is a goodmodelingprinciple to have a clear
relationbetweennamesandtheir meaning;it makesthemeaningof nameseasierto
understandandremember. Knowing themeaningof theindividualwordsis essential
for understandinga text. Maintainingarelationshipbetweensyntaxandsemanticsis
difficult for anoverloadednamesinceit hasmorethanonemeaning.Thecontext of
theuseof anoverloadednamemustprovideadditionalcluesaboutits meaningin that
case(seeSection3.8). Coherentoverloadingguaranteesthat thedifferentmeanings
of an overloadednamehave at leastsomepropertiesin common,regardlessof the
context of its use.Within theFSA casestudiesit wasa guidelineto avoid unrelated
overloadingwhenever possible,eitherby usingparametricoverloadingor by using
inheritance(seeChapter5). It turnedout that elimination of unrelatedoverload-
ing canbe a driving force in the processof structuringa specificationandcreating
reusablemodules.

Coherentoverloadingdoesnotcomeautomatically, evenif theonly form of over-
loadingusedis parametric.The level of agreementin thesemanticsof differentin-
stancesof a genericnamedependson the actualchoiceof requirements.This is a
modelingdecisionwhich hasto be madewith care. Too many restrictionsmake a
genericmodulehard to reuse,to few weakenscoherence.A balancebetweenre-
usabilityandcoherenceis noteasyto find if it is notknown in advancehow ageneric
nameis goingto beused.Thatis why well-establishedmathematicalpropertieswere
usedasrequirementsfor thegenericnamesdeclaredin the library of theFAN case
study(Groenboom1997) (for example,

§ � mustalwaysbe a total order). Even if
mathematicalpropertiesareused,therecanbe discussionaboutthe level of coher-
ence.For example,should

§ � bea totalorderor just apartialorder?
If coherentoverloadingis thatdesirable,why not forbid any otherform of over-

loadingthanparametric?For example,theonly way overloadingcanberealizedin
the programminglanguageHaskell is throughthe useof type classes(which area
kind of genericmoduleswith genericnames).However, thepossibilityto allow plain
overloadingcanbehandyin somesituations.First, if modulesarewritten indepen-
dentlyof eachotherunintendedoverloadingmayoccur. Secondly, in theearlystage
of writing aspecificationeliminationof adhocoverloadingmaynotyetbeapriority.
Finally, therecanbeformsof non-parametricoverloadingthatarestill coherent,such
asrestrictionoverloading(seeSection4.5).
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Fig. 4.9: Examplespecificationof genericfunctions.

4.7 Example:ArithmeticOperations

Coherentoverloadingis demonstratedin Figure4.9 where � is an additionopera-
tion that formsanAbelianmonoidwith identity element�%�*�)� . Figure4.10extends
this specificationwith ,�, asa unaryminusthat formsanAbeliangroupwith � and�%����� . Note thatwithout its requirements����"�0�ô1
��%"�0�ô is not a valid module,since
thelemmasdo dependon therequirements.����"�0�ô1
���"�0�ô is usedin thespecification
of integersgivenin Figure4.11.

The specificationof arithmeticoperationscould be extendedto a hierarchyof
moduleslike in Figure4.12.TheAFSL library discussedin Groenboom(1997)con-
tainsa small fragmentof this hierarchy(with differentnamesthanusedhere)plus
thespecificationsof othergenericfunctionslike booleanoperationsandorderingre-
lations. The properties“Abelian monoid” and“Abelian group” could be definedin
separatemodules,just like “total order” is definedin ¡)�*.��%�%�(�)/%�*��ô . Suchmodules
areomittedherefor brevity. Thelibrary of Groenboom(1997)doesspecifygeneral
algebraicstructureslike field, group,andordering. Thesespecificationsfollow the
definitionsin theLarchlibrary (Guttag& Horning1993).

Someof theaxiomsfor � in ã:��.�°-ô (for example,thefirstaxiom)couldbeomitted
if the requirementsof the importedmoduleswerechangedinto axioms. In general,
onecanreducethe total numberof assertionsin a specificationif all requirements
arechangedinto axioms. If theassertionfor a genericfunctionareaxioms,instead
of requirements,they serve asa partial definition which have to be completedin a
laterstage.It is a matterof stylewhethergenericfunctionsarerestrictedby require-
ments(asin thegiven examples)or partly definedby axioms. However, theuseof
requirementsis preferredfor anumberof reasons.First, it is clearerif all axiomsfor
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Fig. 4.10:Examplespecificationof genericfunctions. (Here \�\ is usedasunaryoperation
because\ is usedasinfix operator.)

a particularinstantiationof a genericfunctionaregroupedtogether;if a definitionis
scattered,contradictingaxiomsmaybeoverlooked. Second,requirementsstandout
aspropertiesthathave to bemet(maybeevenproven)by theeventualdefinitions.

4.8 Example:Higher-OrderNames

Up till now indexes only occurredin polymorphicsorts like »*"���	*��÷V´µ¬|Lµ´µ­�ø and
�1
%0�.���÷V´Lø . Here both the indexed namesas well as the indexes are sorts. How-
ever, indexesarenot restrictedto sorts,functionsalsocanhave indexesandindexes
canbefunctions.It is unlikely thereis muchusefor asortasindex of a functionbe-
causeits typewill mostlikely alreadycontainthatsort.But, functionswith functions
asindexescanbeusedto modelhigher-orderfunctions(whichis afunctionthattakes
anotherfunctionasanargumentor returnsa functionasresult).

Higher-orderconstructsin programminglanguageshave proven to be effective
toolsfor abstraction,for example,to passanorderingasargumentto asortingopera-
tion. Higher-orderfunctionscanbemodeledin AFSL usingfunctionrepresentations
(seeSection3.6.2). For example,a higher-order function of type ¾ò´C¬�¶ ´µ­*Á�¶ ´-Ö
canbemodeledby a first orderfunction ½ of type »*"���	*��÷V´ ¬ Lµ´ ­ øá¶ ´ Ö . However, a
function ³]G)´C¬�¶ ´�­ cannotbepasseddirectlyasanargumentto ½ , function ³ must
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y*[:�:�*J�B � P(W o y
��G�} DÌ� � P�W�I
I([:}�{ � P(W(I g�� z���� x { � ��B h
H���z x ��6�<(9 � P(WØ� \�_ � P(W(I g�x [:z�I:{�}�� x {�[:} h
H���z x I:>)8�8 � � P(W�Id\�_ � P(W(I g�x [:z�I:{�}�� x {�[:} h
H���z x l <�6�Q � � P(W�Id\�_ � P(W(I g�x [:z�I:{�}�� x {�[:} h
� 5�5�5á6�m�>*O(S*DCW�Y^O�N)DL9FR
MX](9�< � P(W(I
� y l [:}�{ l S->%MLy)DCP�>%MLy n � P(W�I p0� H)DF?25 u 5 o Ã|K�O�?�60Ô�%
G�� � [:y ��6�<(9 q ��6�<(9 � P(W
G�� � [:y D ª���6�<�9 q D
G�� � [:y D o ªrI->)8�8dD s q I:>%8�8 g D o ªéD s h
G�� � [:y D o ª l <�6�QbD s qdl <(6�Q g D o ªéD s h
G�� � [:y \�\0��6�<�9 q ��6�<�9
G�� � [:y \�\^I:>)8�8dD qdl <�6�Qj\�\�D
G�� � [:y \�\ l <�6�QbD q I->)8�8|\�\�D
� 5�5�5á9:W�Ä*6�<d9:K�6�<�O�W)DL9:P)MZ](9:< � P(W�I
B�z��^y*[-���*J�B

Fig. 4.11:Specificationof integersusinggenericfunctions��6�<�9 , ª and \�\ . (Theconstructor��6�<�9 � P(W cannotbe renamedto ��6�<(9 herebecausethatwould resultin unresolv-
ableoverloadingof ��6�<(9 .)
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Zero +

Zero + - One *
PlusMinusTimesM

PlusMinusTimesDivM
Zero + - One * /

PlusTimesM
Zero + One *

Zero + One * /
PlusTimesDivM

PlusMinusM
Zero + -

TimesDivM
One * /

TimesM
One *

PlusM

Fig. 4.12: A possiblehierarchyof modulesthatspecifygenericarithmeticaloperations.

first betransformedto a functionrepresentationof typeFuncS[́C¬ , ´µ­ ] (for example,
by usingthelambda-abstraction®��g4V´C¬
��³¯®V�+±%± ).

A function ³ canbepasseddirectly asa kind of argumentto a function ½ if ³ is
madean index of ½ . This is demonstratedin Figure4.13where �*�*��. takesa total
order � as“argument” to sort a list. Within �����%.%�

)0�.�ô formal parameter� canbe
viewed asthe formal parameterof ���)/%�*�)��/ , ã:��0(�*��. , and ���*��. . If �����%.%�

)0�.�ô is
imported,for example,by:

� y l [:}�{dI�9�<�W(J�D�MLW�y n T�DFW�I���¨ q p

then ���*��.ú÷ § �%ø will be definedon lists of bits. Here the index
§ � functionsasan

“argument”of ���*��. . Note that here D)� doesnot needto be an index of �(�)/)�����*/ ,
ã:��0(���%. , and �����%. becauseit is alreadypart of the typesof thesefunctions. Since
thesetypesarepartof thecompletenames,differentinstantiationsof D�� will result
in differentdeclarationsof thesefunctions.

In module �����%.%�

)0�.�ô function �����%. is not a higher-orderfunction in theusual
senseof theword. �*�*�%. is not a functionat all, it is an integral part of the indexed
name �����%.ù÷#��ø . For eachfunction thatoccursasan “argument”of �����%. a separate
importof �*�*�%.��1
%0�.�ô is needed.And, finally, thereis no form of lambdaabstraction
that canbe usedto createanonymous“arguments”for �����%. , only namedfunctions
can be usedas actualparameters.Theseshortcomingsare the reasonto consider
�����%. apoor-manshigher-orderfunction.

Thedefinition of poor-manshigher-orderfunction �����%. in �*�*��.%�1
%0�.*ô hasone
major advantageover a true higher-orderdefinition: the formal parameter� is ex-
plicitly restrictedto totalorders.This restrictionis essentialfor thecorrectdefinition
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y*[:�:�*J�BdI�9�<�W(J%D�MLW�y n ��I���} p
��G�} N ���(I
��G�} S �áJ�D�MLW�I n ��I p
I([:}�{ ��I
� y l [:}�{^J%D�MFW o y n ��I pÕ� H)DF?ì5 u 5 u K*O�?�60Ô o
H���z x } ����I�����Id\�_`T*9�9�S�I� y l [:}�{e{�9�W(O(S�[:<(Q�6�<�y n ��I���} pÕ� H)DC?25 u 5 o K*O�?�6 w #
H���z x [:<(Q�6�<�6�Q n } p �áJ%D�MLW�I n ��I p \�_|T�9�9(S�I
G�� � [:y [:<(Q�6�<�6�Q n } p B-R�K(W�Y
G�� � [:y [:<(Q�6�<�6�Q n } p g N ' B-R*K(W�Y h
G�� � [:y [:<(Q�6�<�6�Q n } p g N o ' N s ' S h ¨ q _ N o }dN s G�P(Q [:<(Q(6�<(6�Q n } p g N s ' S h
H���z x � P)M-6�<�W n } p ���(I��áJ%D�MLW�I n ��I p \�_^J%D�MLW�I n �(I p
G�� � [:y � P)M-6�<�W n } p g N;� B-R�K(W�Y h q N ' B-R*K�W�Y
G�� � [:y � P)M-6�<�W n } p g N o ��N s ' S h q N o ' N s ' S ¨ q�q N o }dN s
G�� � [:y � P)M-6�<�W n } p g N o ��N s ' S h q N s 'Í� P%M:6�<�W n } p g N o � S h ¨ q�q z(9�W^N o }dN s
H���z x I�9�<�W n } p ��J%D�MLW(I n ��I p \�_|J%D�MLW�I n ��I p
G�� � [:y I�9�<�W n } p B-R�K(W�Y q B-R*K(W�Y
G�� � [:y I�9�<�W n } p g N ' S h q � P)M:6�<�W n } p g N;� I�9�<�W n } p S h
J�B�y�y�G [:<(Q�6�<�6�Q n } p I�9:<�W n } p S
B�z��^y*[-���*J�B

Fig. 4.13:Specificationof poor-man’shigher-orderfunctions [:<(Q�6�<�6�Q ,
� P)M:6:<�W , and I�9�<�W .
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y*[:�:�*J�Bj[:<(Q�6�<�6�Q�J�D�MLW�y n ��I���} p
��G�} N ���(I
��G�} 9(S��í[-<(Q(6�<�6�Q�J%D�MLW(I n } p
I([:}�{ ��I
H���z x } ����I�����Id\�_`T*9�9�S�I
� y l [:}�{e{�9�W(O(S�[:<(Q�6�<�y n ��I���} pÕ� H)DC?25 u 5 o K*O�?�6 w #
� y l [:}�{dI�9�<�W(J%D�MLW�y n ��I���} pÕ� H)DF?25 u 5 oCt K�O�?�60# s
I([:}�{ [:<(Q�6�<�6�Q�J�D�MLW�I n } p gµ� z���� x { � ��B h
H���z x B-R*K�W�Y � \�_d[:<(Q�6�<�6�Q�J�D�MLW�I n } p g�x [:z�I:{�}�� x {�[:} h
H���z x � P)M-6�<�WØ����I�� [:<(Q(6�<(6�Q�J%D�MFW�I n } p \�_d[:<(Q�6�<�6�Q�J�D�MLW�I n } p g�x [:z�I:{�}�� x {�[:} h
G�� � [:y 9(S o q 9(S s ¨ q�q B*S�6FR)6-P(W%MU9(S o q B*S�6FR%6:P(W%MX9�S s
H���z x B*S�6CR)6:P(W%MÊ�í[:<�Q(6�<�6�Q�J%D�MLW�I n } p \�_^J�D�MLW�I n ��I p
G�� � [:y B*S�6CR)6:P(W%MêB-R*K(W�Y q BLR*K(W�Y
G�� � [:y B*S�6CR)6:P(W%M � P)M:6�<�W g N;�í9(S h q � P)M:6�<�W n } p g NÞ�áB�S�6FR)6:P�W%MU9(S h
J�B�y�y�G [:<(Q�6�<�6�Q n } p B*S�6FR)6:P(W�MU9(S
B�z��^y*[-���*J�B

Fig. 4.14:Specificationof orderedlists.

of �����%. . As a matterof fact, �*�*�%.��1
%0�.�ô would not be formally valid without the
importof ¡)�*.����%�(�)/)����ô ; it is neededto make thelemmatrue.

Functionscanalsooccurasindexesof sorts,wherethey too serve asa kind of
higher-orderparameters.For example,in Figure4.14 �(�)/)�����*/��1
%0�.���÷#�)ø is thesort
of lists that are orderedaccordingto the total order � . Higher order sortsare not
availablein commonhigher-orderlanguages.
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5. IMPLICIT FUNCTIONS

Abstract

In object-orientedmethodsfor systemmodeling,or programming,the
organizationof datatypesin subclasshierarchiesplaysa centralrole in
thestructuringof models.Theuseof inheritancesimplifiestheconstruc-
tion, maintenance,andreuseof conceptualmodels.Sincethis is alsoa
pointof concernfor formalspecification,whichis aform of systemmod-
eling, it seemsworthwhileto incorporateaninheritancemechanismin a
specificationlanguage.

In AFSL inheritanceis realizedby allowing implicit functions. Some
examplespecificationsaregiven that usethis form of inheritancein a
numberof differentways.Theexamplesarefollowedby adiscussionof
theambiguityproblemsthatcanbecausedby inheritance.A mechanism
is introducedthatcanresolve many of theseambiguities.

5.1 Inheritance

Thekey aspectof thesubclassrelationshipis thata “class” ×-¬ “inherits” all “proper-
ties” of any of its superclasses×F­ , meaningthatany operationdefinedfor objectsof
class × ­ canalsobeappliedto objectsof class × ¬ . In AFSL inheritanceis realized
by allowing implicit functions, which areunaryfunctionsthataredeclaredwith the
attribute ã�ô)���+ã�ó
ã�¡ . An implicit function ½PG�´µ¬�¶ ´µ­ canbeappliedto theargument
of a function ³�G!´µ­U¶ ´-Ö without actuallyshowing ½ . That is, for term Ò�G!´µ¬ the
application³¯®:ÒF± canbeusedasshorthandfor ³¯®#½ù®:ÒC±%± . Heretheeffect of ½ being
implicit is that ´µ¬ inheritsproperty ³ from ´µ­ .

Implicit functionsarealsoknown ascoercions(Cardelli& Wegner1985). Im-
plicit functionsaresimilar to injectionsin ASF+SDF(Klint 1993),exceptthatthese
injectionsaresyntax-less,that is, they aredenotedby aninvisible name.Thetermi-
nology“implicit function” is usedin thisthesisinsteadof “injection” becauseimplicit
functionsdo not needto beinjective in themathematicalsense(thatis, mappingun-
equalargumentsto unequalresults).

It is not the intentionof AFSL to be an object-orientedlanguage(accordingto
whatever definition).Apart from implicit functions,therearenootherlanguagecon-
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structsthat specificallyfacilitateobject-orientedmodeling. On the otherhand,im-
plicit functionscanbeusedin situationswheretraditionalobject-orientedinheritance
is not applicable,suchasinheritancefor has-arelationships(seetheexamplesgiven
in thischapter).In object-orientedmethodsobjectsusuallyhaveaninternalstate.For
a propermodelingof statesin AFSL so-calledimplicit lifting is used,which is not
introduceduntil Chapter6. Therefore,the given examplesdo not usestate;in that
respecttheexamplesareatypicalfor object-orientedmodels.

Thereareno specialrestrictionson the possiblevaluesof an implicit function;
implicit functionsare in every respectordinary functions,except that they can be
usedimplicitly. Wewrite ´C¬ E ´�­ if andonly if thereis at leastoneimplicit function
½�G�´ ¬ ¶ ´ ­ . Sort ´ ¬ is saidto bean inheritor of ´ ­ if andonly if ´ ¬ EÙØ ´ ­ , whereE Ø is thereflexive transitive closureof E . Theterminology“ ´C¬ is aninheritorof ´�­ ”
is usedhereinsteadof “ ´C¬ is subsortof ´�­ ” becausetheword “subsort”suggeststhat
´µ¬ representsasubsetof ´µ­ , whichdoesnotneedto bethecase.

Making implicit functionsin a termexplicit is partof theexpansionmechanism
that wasintroducedin Section3.8. That is, ÒÚ� Ò Z denotesthat term Ò canbe ex-
pandedto term Ò�Z by completingnamesandaddingimplicit functions,for example:

³¯®-ÒF±²�Û³¯®#½ ®-ÒF±%±
For clarity, addedimplicit functionsare sometimesunderlined. For simplicity, in
examplesthenamesin anexpansionareoftenabbreviated.An implicit functionthat
is insertedin a expansionis called a conversion (½ in the example). The formal
(re)definitionof � is givenin Section5.8.

5.2 Example:List Notation

AFSL doesnot have a builtin sort for lists, thereforea genericspecificationof lists
was given in 4.3. This self madedefinition of list doesnot allow the usualnota-
tion for lists (suchas ÷C°ËL�³
Lm:�ø ) many languageshave builtin. Therefore,a minor
inconvenienceis thateachlist hasto be terminatedby theconstant ����).%� (suchas
°�")³;"�:�"� ����).%� ). Thiscanberemediedby addingto thedefinitionof lists (Figure4.4)
animplicit functionthatmapselements� of D�� to thesingletonlist containingonly
� :

H���z x I�DCP(?*S�6�W�9:PØ����Ij\�_eJ%D�MLW�I n ��I p g�� y l J �Fx%� { h
G�� � [:y I�DCP(?*S�6�W�9:PeN q N ' B-R*K�W�Y

Now °�"�³!"¾: canbeusedasshorthandfor °�"�³;"�:�"* (���).%� .
Heretheimplicit function �)
���������.���� is injective. Therefore,D�� is arealsubsort

of �

)0�.���÷$D���ø in thesensethat D�� is “included” in �

)0�.���÷$D��*ø . A genericimplicit
function for subsortsis definedin ��"%��0(�*��.�ô (Figure5.1). Using this moduleit is
clearerto definetheimplicit functionfrom elementsto singletonlists by:
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y*[:�:�*J�BdI:>�i%M:9�<�W�y n ��I���~�I p
��G�} N ����I
��G�} Y ��~�I
I([:}�{ ��I
I([:}�{ ~�I
� y l [:}�{^J(9�?%D�8Ly � H)DF?25 t 5 t K*O�?(6 u�t
H���z x � P;Ü�6*8LWØ����Ir\�_e~�I gµ� y l J �Lx%� { h
}�B*Û N o @ q N s q�q _ � P!Ü�6*8LWeN o @ q � P;Ü�6*8LW^N s
B�z��^y*[-���*J�B

Fig. 5.1: Specificationof subsortrelationship.

� y l [:}�{dI:>�i)M:9:<�W�y n ��I���J%D�MLW�I n ��I p�p
G�� � [:y � P;Ü�6*8FWeN q N ' B-R*K�W�Y

Notethat ã:�sÝ���	�. is notaparameterof module��"%��0(�*��.�ô becausethatwouldrequire
thedefinitionof an“inject” functionfor eachimportof ��"���0��*�%.*ô .

5.3 Example:Aliases

Sortnameswith nestedindexescanbecomelengthyandbarelydescriptive. For ex-
ample,if informationaboutpersonsis storedasa list of pairsof type:

J%D�MLW�I n l O�DF<(I n l 6�<�M:9-P*I+� l 6:<%M-9:P � P�]�9�I p�p

it canbe useful to renamethis sort to �)�*�10(�(�)¡����1���%� , but AFSL doesnot have a
renamingmechanism.An earlierversionof AFSL hadasortdefinitionconstructthat
allowed ���*�10(����¡����1�*�)� to bedeclaredasanaliasof thenestedname.Aliaseswhere
usedfrequentlyin theFAN casestudy.

If implicit functionsareavailableno speciallanguageconstructfor sort defini-
tions is needed. Instead,two sorts ´µ¬ and ´�­ can be semi-identifiedby declaring
that they areeachotherssubsorts.This is donein the genericmodule ���)
*��0:ô in
Figure5.2. Now ���*�10(����¡����1�*�)� canbedefinedto beanaliasby:

I([:}�{ l 6�<%M:9-P({�O:i�S�6�I� y l [:}�{eG*S*D-O*MFy n l 6�<%M-9:P({�O:i*S�6�I���J%D�MLW(I n l O�DC<�I n l 6:<%M:9-P�I�� l 6�<%M-9-P � P�]�9�I p�p�p

Notethattheaxiomsof �)��
���0�ô areambiguoussinceimplicit functionscanbeadded
in numerousways,for example:
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y*[:�:�*J�BeG*S*DLO*MLy n ��I��á~(I p
��G�} N ����I
��G�} Y ��~�I
I([:}�{ ��I
I([:}�{ ~�I
� y l [:}�{dI:>�i%M:9�<�W�y n ��I���~�I pÕ� H)DF?25 v 5 o K*O:?�60#�Ô� y l [:}�{dI:>�i%M:9�<�W�y n ~�I�����I pÕ� H)DF?25 v 5 o K*O:?�60#�Ô
G�� � [:y � P;Ü�6*8LW � P;Ü�6*8LWeY q Y
G�� � [:y � P;Ü�6*8LW � P;Ü�6*8LWeN q N
B�z��^y*[-���*J�B

Fig. 5.2: Specificationof aliasrelationship.

G�� � [:y � P;Ü�6*8FW � P;Ü�6*8FW � P;Ü�6*8FWdY q � P;Ü�6*8FWeY
G�� � [:y � P;Ü�6*8FW � P;Ü�6*8FWeY q � P;Ü�6*8FW � P;Ü�6*8FWeY

Resolvinginheritanceambiguitieslike this is discussedin Section5.7.

5.4 Example:Shapes

A typical object-orientedexamplemodelis thedescriptionof differenttypesof ge-
ometricalshapes,which hereare two-dimensionalobjectsplacedin an imaginary
three-dimensionalspace(for example,a window in a graphicaluser-interface). A
simplifiedmodelis givenwhichservesto demonstratetheuseof inheritance.Shapes
(Figure5.4) have a positionandan area,no more featuresareassumedfor shapes
in general.The positionof a shapeis a three-dimensionalcoordinate(Figure5.3).
De z-coordinateof the position is the depthat which the shapeis placedin space.
Thecomponentsof a coordinateandtheareaareassumedto befloatingpoint num-
bersfor simplicity, but shouldincludea unit of measurement(suchas“meters”and
“squaremeters”)to beprecise.Threespecialforms of shapesarespecified:circles
(Figure5.5), with an additionalradiusfeature;rectangles(Figure5.6), with height
andwidth features;andsquares,whicharerectanglesthathaveaheightequalto their
width (Figure5.7).

Thesortsin this examplearenot definedinductively; insteadthey arespecified
by listing a numberof key featureswhich fully determinetheobservableproperties
of its elements.Herea featureof sort ´ is a functionwhosefirst domaintype is ´ .
Thekey featuresof ´ arethefeaturesof ´ that togetherdeterminetheequalityof ´ .
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y*[:�:�*J�B x 9�9:<(Q%DCP*O:W�6�y
� y l [:}�{eH*S�9�O�W�y � H)DF?25 v 5 o Ã|K�O�?�60% w
I([:}�{ x 9�9:<(Q(I
H���z x � x 9�9�<(Q�� x 9�9�<(Q�I^\�_eH�S�9�O�W�I
H���z x ~ x 9�9�<(Q�� x 9�9�<(Q�I^\�_eH�S�9�O�W�I
H���z x � x 9�9�<(Q�� x 9�9�<(Q�I^\�_eH�S�9�O�W�I
� 5�5�5�]:>(<�W�Ä*6:<^Q(6�]%DCP)DFW)D-9:Pe9�]d]�>�P)8LW%D-9:P)MZ]�9�< x 9�9�<(Q�I
B�z��^y*[-���*J�B

Fig. 5.3: Specificationof coordinatesin threedimensionalspace.

y*[:�:�*J�BdI:Ä*O-K*6�y
��G�} MFÄ ��I-Ä*O:K*6�I
� y l [:}�{^J(9�?%D�8Ly � H)DF?ì5 t 5 t K*O�?�6 u�t
� y l [:}�{ x 9�9:<(Q%DCP*O:W�6�y � H)DF?ì5 v 5 t K*O�?�60#�%
I([:}�{ I:Ä*O-K*6�I
H���z x l 9*M�DFW)D-9:P���I:Ä�O:K*6�Id\�_ x 9�9:<(Q(I gµ� y l J �Lx%� { h
H���z x G�<�6�O ��I:Ä�O:K*6�Id\�_`H*S�9�O�W�I
G�� � [:y l 9*M�DFW)D-9:PrMFÄ o qdl 9�M(DFW)D-9-P�MFÄ s G�P(Q

G�<�6�O�MCÄ o q G�<(6�OrMFÄ sq�q _
MFÄ o q MFÄ s

H���z x � P(H�<�9:P(W*[:]���I-Ä*O:K*6�I��áI:Ä*O:K*6�I^\�_|T�9�9(S�I
G�� � [:y MFÄ o � P�H�<�9:P(W�[�]jMFÄ s ¨ q _ � x 9�9:<(QrMFÄ o ¨ q � x 9�9:<(QrMFÄ s
H���z x T�DF?�?�6�<�{�Ä�O:P���I:Ä*O:K*6�I���I:Ä*O-K*6�I^\�_`T*9�9(S�I
G�� � [:y MFÄ o T�DC?�?�6�<�{�Ä*O:P�MFÄ s ¨ q _ G�<�6�O�MCÄ o _ q G�<�6�OrMFÄ s
� 5�5�5�[-W�Ä*6�<d9:K�6�<�O�W)DL9:P)MZ](9:<©MCÄ*O:K*6*M
B�z��^y*[-���*J�B

Fig. 5.4: Specificationof shapes.
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y*[:�:�*J�B x DF<�8�S�6�y
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8(DF<�8 o q 8(DC<%8 s
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Fig. 5.5: Specificationof circles.

For example,thekey featuresof ���1���
�)� are �)�
0*
�.1
(�(� and �*���)� . That is, shapes
with thesameareaandpositioncannotbe distinguishedaselementsof ���1���
�)� . In
fact,shapescanbeviewedasrecordswith fields �)�
0�
�.1
(�(� and �*���%� .

���
���
�%� is anabstractsortin thesensethatit hasderivedfeatures( �*���%� ) thatcan-
notbedefinedfor shapesin general,but thatcanbedefinedfor someof its inheritors
( ó�
��1	����)� and ����	�.��������*�)� ). In this respect���)�)� behaves like what is sometimes
calledavirtual methodin object-orientedprogramming.

It canbe arguedthat in a true object-orientedspecificationthe equalityaxioms
shouldbeomittedsince,for example,arectangleis ashapeandtwo rectanglesarenot
equalevenwhenthey have thesamepositionandarea.It might evenbetruethatany
definitionof equalityfor shapesis not neededandthereforeover-specific.However,
definingequalityfor any sort ´ hastheadvantagethatit makesclearright awaywhich
propertiesof theelementsof ´ arerelevant for thespecification,evenif theequality
itself is not used. For example,no matterhow they are defined, ã:�)»%������.��*' and
�1
��%�%�*� atmostdependon thepositionandareaof theirarguments.

����0�
�.

���� is an implicit function so that the individual coordinatesof (the po-
sition of) a shapecanbe referredto directly usingoneof the coordinateselection
functions,suchas �%ó��%���)/ . The resultinginheritanceby ���
���
�%� from ó%���*�)/)� is
usedin theaxiomthatdefinestherelation ã:�)»%������.��*' in termsof thez-coordinateof
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y*[:�:�*J�Be}�6*8FW�O:P(?*S�6�y
��G�} <�6*8FW ��}�6*8FW�O:P(?*S�6�I
� y l [:}�{dI:Ä*O-K*6�y � H)DF?25 v 5 u K*O�?(6&#�%
I([:}�{ }�6*8FW�O:P(?*S�6�I
H���z x I:Ä*O-K*6 ��}�6*8LW�O-P(?*S�6�I|\�_eI:Ä*O:K*6�I g�� y l J �Fx%� { h
H���z x à 6�DC?�Ä(WØ��}�6*8LW�O-P(?*S�6�I|\�_`H*S�9�O�W(I
H���z x ��DLQ�W�Ä ��}�6*8LW�O-P(?*S�6�I|\�_`H*S�9�O�W(I
G�� � [:y I:Ä*O-K*6|<�6*8LW o q I:Ä�O:K*6`<�6*8FW s G�P(Qà 6�DC?�Ä(We<�6*8FW o q à 6*DF?�Ä(We<�6�8LW s G�P(Q

��DLQ�W�Äd<�6*8LW o q ��DFQ�W�Ä^<�6*8FW sq�q _
<�6*8FW o q <�6�8LW s

G�� � [:y G�<�6�Oe<(6*8LW q à 6�DF?�Ä(We<(6*8LW§�U�)DLQ�W�Äd<�6*8FW
� 5�5�5�[LK*6�<�O�W%D-9:P)Mê](9�<d<�6*8LW�O-P(?*S�6*M
B�z��^y*[-���*J�B

Fig. 5.6: Specificationof rectangles.
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y*[:�:�*J�BdI�m�>�O�<�6�y
��G�} M-m �áI�m�>�O�<�6�I
� y l [:}�{e}�6*8FW�O:P(?*S�6�y � H)DF?25 v 5 w K*O:?�60% o
I([:}�{ I�m�>�O�<�6�I
H���z x }�6*8FW�O:P(?*S�6¦��I�m�>*O�<�6�I^\�_`}�6*8LW�O-P(?*S�6�I gµ� y l J �Lx%� { h
G�� � [:y }�6*8FW�O:P(?*S�6dM-m o q }�6*8LW�O-P(?*S�6dMLm sq�q _

M-m o q M-m s
G�� � [:y à 6�DC?�Ä(W�M-m q �)DLQ�W�Ä©M-m
J�B�y�y�G G�<�6�O�MLm q gòà 6�DC?�Ä(W�M-m h � gòà 6�DC?�Ä(W�M-m h
� 5�5�5�[LK*6�<�O�W%D-9:P)Mê](9�<©M-m�>*O�<(6*M
B�z��^y*[-���*J�B

Fig. 5.7: Specificationof squares.

shapes.This axiomis shorthandfor theexpansion:
G�� � [:ybMFÄ o � P(H�<�9:P�W*[�]jMFÄ s

¨ q _0� x 9�9�<(Q l 9*M(DFW)DL9:P�MFÄ o ¨ q � x 9�9:<(Q l 9*M(DCW)D-9:P�MCÄ s
ó�
��1	*�*�)� is madeaninheritorof ���1���
�)� by theimplicit function ���1����� . Onekey

feature�
�*/�
�"�0 is addedto circlesasan extensionof shapes.Note that �)�
0�
�.1
(�(�
and ���)�)� areindirectly key featuresof ó�
��1	���� because���
����� is a key feature.The
dependency betweentheareaandtheradiusof a circle is laid down in anaxiomthat
usesinheritanceby ó�
��1	����%� from ���
���
�%� , it is shorthandfor theexpansion:

G�� � [:y^G�<(6�O^I:Ä*O:K*6j8�DF<%8 qdl DÕ�U}�O�Q%Dµ>)Me8(DF<%80�U}�O�Q%Dµ>)Me8(DF<%8
In asimilarway ����	�.��������*�)� isaninheritorof ���1���
�%� and ��â�"1�(���%� of ����	�.����������%� .
Forsquaresnoadditionalkey featuresareaddedto its rectanglefeatures,only thepos-
siblevaluesof õ���
(�(��. and Þ1
(/*.*� arerestricted.Inheritanceis usedin thedefinition
of �*���)� for rectangles,in theaxiomthatrestrictssquaresto rectangleswith a height
equalto theirwidth, andin thelemmafor squares.

The inheritancefrom coordinatesto shapesthrough ����0�
�.1
���� is conceptually
differentfrom the inheritancefrom shapesto circlesthrough ���1���
� . Thefirst case
correspondsto a so-calledhas-arelationship(a shapehasa position)andthesecond
to an is-a relationship(a circle is a shape). Technically, in AFSL thereis no dif-
ferencebetweenthesetwo kindsof inheritance.This is wherethe implicit function
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approachdivergesfrom inheritancein object-orientedmethodswhich treatis-aand
has-adifferently(it is commonthatthereis no inheritancefor has-arelationships).

5.5 Example:Numbers

Thenext exampledemonstratesformsof inheritancethatcannotbeachievedin com-
mon object-orientedlanguages,but arequite commonin programminglanguages.
Threetypesof numbersandtheimplicit conversionsamongthemarespecified:nat-
urals(that is, naturalnumbers)in Figure5.8, integersin Figure5.9,andfloats(that
is, floatingpoint numbers)in Figure5.10.Thespecificationof integersgivenin Fig-
ure5.9 is analternative for theonein Figure4.11(which doesnot defineintegersin
termsof naturals).

Theseexamplesinstantiatethe standardsetof arithmeticoperationsthat is dis-
cussedin Section4.7. The binary function � (the dot) in »��*�)��.*ô can be usedto
constructtheusualdenotationsfor floats(for example, ³�� ³*��: < ° ). Notethat � is de-
claredonnumerals(seeSection3.7)ratherthannaturalsbecausetheleadingzerosof
thefractionalpartaresignificant(otherwise°ì���)È wouldbeequalto °ì� È ).

Subsortrelationshipsaredefinedto convert naturalsto integersandintegersto
floats.Theimplicit function ����. convert numeralsto naturals.This is not a subsorts
relationshipbecause����. is not injective. Therelationshipcanbothbeviewedasan
is-arelationship(anumeralis a representationof anatural)or ahas-arelationship(a
numeralhasa naturalasvalue). Fortunately, the implicit functionmechanismdoes
not forceoneto choose.

This exampleis differentfrom a typicalobject-orientedmodellike theshapeex-
ampleof theprevioussection.Thethreenumbersortsaredefinedinductively instead
of listing key features. The inheritancerelationshipsbetweenthe threesortsare,
therefore,not declaredby implicit key features.Object-orientedlanguagesin gen-
eraldo not have inductive types.But, apartfrom that, in a object-orientedlanguage×L¬ canonly be declaredto be a subclassof ×L­ aspart of the declarationof ×-¬ . In
theexamplegiven herethesituationis opposite:the “subclasses”aredefinedinde-
pendentlyof their “superclasses”.For example, ����.�� is madea subsortof ã:��.�� as
partof thedefinitionof ã-��.�� . This flexibility in defininginheritancerelationshipsis
possiblebecauseimplicit functionsaredeclaredindependentlyof sorts.

5.6 Example:RetractFunctions

From an object-orientedpoint of view numericoperationssuchas � shouldbe de-
claredonly onceat the most generallevel ( »����%��.�� ), and passedto more specific
levelsby inheritance.But, theadditionof two numberswill thenalwaysbeof type
»��*�)�(.�� , evenif theargumentsareof type ã-��.�� . Termslike ÈÍÿ+
��Ë®�°��)³
± will then
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y*[:�:�*J�Bez�O�W�y
��G�} P ��z�O�W�I
��G�} P�>:R ��z�>:R)6�<(O(S�I
� y l [:}�{^J(9�?%D�8Ly � H)DF?25 t 5 t K*O�?(6 u�t
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G�� � [:y I:>)8�8XP o @ q I:>%8�8ZP s ¨ q�q P o @ q P s
H���z x z�O�W ��z�>:R)6�<(O(S�Ie\�_|z�O�W(I gµ� y l J �Lx%� { h
G�� � [:y z�O�WeP�>-R q aCW�Ä*6`P*O�W�>(<(O(SZP�>:R�i*6�<e<�6:K�<�6*M:6:P�W�6�QUi(Y�î#P�>:R²îVc
� y l [:}�{ l S->%ML{)DVR)6�MLy n z(O�W�I p
G�� � [:y ��6�<(9 q ��6�<(9�z�O�W
G�� � [:y ��6�<(9 ªeP q P
G�� � [:y I:>)8�8XP o ªeP s q I:>%8�8 g P o ª^P s h
G�� � [:y [-P*6 q I:>)8�8P��6:<�9
G�� � [:y ��6�<(9 �XP q ��6:<�9
G�� � [:y I:>)8�8XP o �XP s q P o �XP s ªdP s
� 5�5�5ÂR%9�<�6^9:K*6�<(O�W)D-9:P%Mß](9�<^P*O�W�>(<�O(S�M
B�z��^y*[-���*J�B

Fig. 5.8: Specificationof naturalnumbers.
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y*[:�:�*J�B � P(W s y
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� 5�5�5ÂR%9�<�6e]�>�P)8FW)D-9:P)Mß](9�<©DCP(W�6:?�6�<%M|MC>)8FÄrO*MU�)DFkjO:P�Q^y�9�Q
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Fig. 5.9: Specificationof integers. This specificationis an alternative for the onegiven in
Figure4.11.
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Fig. 5.10:Specificationof floatingpointnumbers.
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Fig. 5.11: Specificationof genericretractfunction.

be ill-typed (assumingthe co-domainof ÿ+
�� is ã-��.�� ). Typedobject-orientedpro-
gramminglanguagesfacethesameproblem;a solutionsomelanguagesoffer is the
useof type-castingto make °:��³ officially a termof type ã-��.�� (for example,by writ-
ing ÈÍÿ+
��Ë®�°:��³�4�ã:�).��
± ). It is possibleto definean implicit type-castoperation,a
so-calledretractfunction(namedafterthesimilarconceptof retractsin OBJ(Goguen
etal. 1988)).

Theretractfunction from a sort D�� to a subsortµ�� is theinverseof theinjection
from µ�� to D�� . Thespecificationof retractfunctionsis givenin Figure5.11.Strictly,
����.%����	�. is a partial function becausenot all elementsof D)� have to be in the co-
domainof ã-�sÝ���	�. . Partiality is not discusseduntil Chapter6. In Section6.5 it is
shown how theretractfunctioncanbespecifiedasapartialfunction.

Usingtheretractfunctionfrom »��*�)�(.�� to ã-��.�� (madeavailableby replacingthe
import of ��"���0��*�%.*ô in module »����%��.�ô by ���*.�����	�.�°Lô ) is analternative for having
overloadedarithmeticoperationsfor bothfloatsandintegers.For example,theretract
functioncausesÈéÿ1
��Ë®�°:��³�± to bewell-typedbecauseit thenis anabbreviation of
Èéÿ+
��Ë® ���*.%����	�. ®�°:��³
±�± . SeeFigure5.11.

A disadvantageof definingthe retractfunction from floatsto integersis thatall
termsof type »����%��.�� can then passas integers,even if they do not representan
integer. The retractfunction causes»��*�)�(.�� to behave like an alias of ã:��.�� . Re-
tractfunctionshave to beusedwith care,otherwisetheseparationbetweensortsgets
blurredandtoomany termsarewell-typed.
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5.7 InheritanceAmbiguity

Thegivenexamplescontaina numberof ambiguousassertions;that is, conversions
canbeinsertedin morethanoneway. Declarationof implicit functionsoftenresults
in ambiguousassertions,makingit virtually impossibleto write unambiguousspeci-
fications.However, theseambiguitiesareoftenharmlessbecauseeithertheassertion
is semanticallyunambiguous(that is, all possibleexpansionshave thesameseman-
tics) or therearegoodreasonsto preferoneparticularexpansionover all others.In
thecurrentsectionanumberof examplesof inheritanceambiguitiesaregiven. In the
next sectionapreferencemechanismis presentedthatreducesinheritanceambiguity
to anacceptablelevel.

The effect of inheritanceon ambiguity is similar to that of overloading. For
example,consideranimplicit function ½ anda non-implicit function ³ suchthat:

½PG)´µ¬�¶ ´µ­³]G)´µ­�¿F´-Ö�¶ ´_ß
theneffectively thereis a second“overloaded”versionof ³ of type ´µ¬)¿F´xÖ�¶ ´ ß . If
thereis alsoanoverloadedversionof ³ of type ´µ¬�¿F´xÖ�¶ ´ ß , theneffectively thereare
threeoverloadedversionsof ³ of which two have thesametype.Therearetwo types
of ambiguitiesthatcanbecausedby inheritance:overloadingconflictsandrepeated
inheritance.

5.7.1 OverloadingConflicts

Overloadingconflicts occurwhen in a function application½ù®-�L�L�:± the overloaded
abbreviation ½ can be completedin more than one way. For example,using the
definitionsof thenumberexample,theterm ��� È��²®:°���³�±��)³�� È is ambiguoussincethe
numerals° and ³ canbesummedusingtheoverloaded� eitherfor naturals,integers,
or floats:

Ã;5 v ª g H�S�9�O�W � P�W g�g z�O�W o h ª g z�O�W s h�h�h q t 5 v
Ã;5 v ª g H�S�9�O�W g�g�� P(W z�O�W o h ª g�� P(W z�O�W s h�h�h q t 5 v
Ã;5 v ª g�g H*S�9�O�W � P(W z�O�W o h ª g H�S�9�O�W � P�W z(O�W s h�h�h q t 5 v

All of theseexpansionshave thesamesemanticsand,therefore,it is unsatisfactoryto
consider��� È*�²®:°��)³
±���:�� È ill-formed becauseof its syntacticambiguity.

In generalit is nottruethatdifferentexpansionshavethesamesemantics.For ex-
ample,usingthedefinitionsof theshapeexample,theequation����	�.�°����)��	�.�³ (where
����	�.�° and ����	�.�³ arerectanglevariables)haswell-typedexpansions(the first one
withoutany conversions):
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<�6*8LW o q <�6*8LW sg I:Ä*O:K�6 <�6*8LW o h q g I:Ä�O:K*6 <�6*8FW s hg l 9*M(DCW)D-9:P I-Ä*O:K*6 <�6*8FW o h q g l 9*M(DCW)D-9:P I-Ä*O:K*6 <�6�8LW s h

Thesethreeexpansionsdo not needto have thesamesemantics.Assume,for exam-
ple, that ����	�.�° and ����	�.�³ denotedifferentrectanglesthat have the sameareaand
position. Thenthe first expansionis false,but theothertwo aretrue. Two unequal
rectanglescanbe equalasshapesbecausepositionandareaarethe key featuresof
shapes,not of rectangles.Sincea rectangleis a shape,this couldbeconsideredbad
modelingpracticeanda reasonto remove the equalityaxiomsfor ���1���
�%� ; adding
anaxiomfor the injectivity of the implicit function ���
����� instead.The lastexpan-
sion thenstill would have a differentvaluethanthe first two because�)�
0�
�.1
(�(� is
not injective. This could be a reasonto rejecttheuseof inheritancefor has-arela-
tionships.Evenif theambiguitiesarenot eliminated,thefirst expansionis themost
obviousreadingof �)��	�.�°��*����	�.�³ becauseit doesnot useany conversions.So,even
if atermis semanticallyambiguoustherecanbegoodreasonsto preferoneparticular
expansionover theothers.

An ambiguoustermcanbebothsemanticallyunambiguousandhave a mostob-
viousreadingat thesametime. For example,possibleexpansionsof °:��³��¾: are:

g z�O�W o h ª g z�O�W s h q g z(O�W t h
gµ� P(W z�O�W o h ª gµ� P(W z�O�W s h q g�� P(W z�O�W t h
gµ� P(W g�g z(O�W o h ª g z�O:W s h�h�h q g�� P(W z�O�W t h
g H*S�9�O:W � P(W z�O�W o h ª g H�S�9�O�W � P�W z(O�W s h q g H*S�9�O�W z�O�W t h
g H*S�9�O:W g�gµ� P(W z�O:W o h ª gµ� P(W z�O:W s h�h�h q g H*S�9�O�W z�O:W t h
g H*S�9�O:W � P(W g�g z�O�W o h ª g z�O�W s h�h�h q g H�S�9�O�W z�O:W t h

All theseexpansionshavethesamesemantics,but it is alsopointlessto insertconver-
sionsfrom naturalsto integersor floatssincetheequationcanalreadybeevaluated
at the level of naturals.Also, for ��� È*�!®�°��)³
± =3.5 it canbe arguedthat thefirst ex-
pansionis themostobviousreadingsincethereis no point in converting ° and ³ to
integersor floatsbeforeaddingthem.

5.7.2 RepeatedInheritance

Thesecondkind of inheritancerelatedambiguityis causedby repeatedinheritance
by a sort ´µ¬ from ´µ­ . That is, if therearedifferentsequencesof implicit functions
from ´µ¬ to ´µ­ .

Thesimplestcaseis directrepeatedinheritancewherethereareimplicit functions
½C¬ and ½�­ bothof type ´C¬�¶ ´�­ . Then,for function ³]G)´µ­�¶ ´-Ö andterm ÒSG+´µ¬ , the
term ³¯®:ÒF± canbeexpandedto ³¯®3½ ¬ ®-ÒF±%± and ³¯®3½ ­ ®-ÒF±%± . In this situationthereis no
reasonto favor oneexpansionover theother. But, thereseemsto benoreasonto have
multiple implicit functionsfrom ´ ¬ to ´ ­ in thefirst place,oneis enough(thatis why
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norelevantexampleof this form of repeatedinheritanceis givenhere).So,in caseof
ambiguitycausedby directrepeatedinheritanceit is acceptableto rejectanassertion
asbeingill-formed.

A more complicatedsituationariseswith indirect repeatedinheritance, where
´µ¬ EÙØ ¸ E�Ø ´µ­ and ´C¬ E�Ø Ï E�Ø ´µ­ for distinct intermediatesorts ¸ and Ï . Sucha
form of repeatedinheritance,wherethepropertiesof ¸ and Ï arecombinedin ´ ¬ , is
similar to multiple inheritancein object-orientedlanguages.It cansometimesbeuse-
ful; Meyer (1988)discussesrepeatedinheritanceandgivestheexampleof transcon-
tinental drivers, which are drivers that drive carson two different continents. An
adaptationof this exampleis given in Figure5.12(here“France”and“US” refer to
theplaceswherecarsaredriven,not citizenship).This exampleis a bit farfetched,
but it doesillustratetheproblem. Meyer notesthat repeatedinheritancedoesoccur
in practice,but not frequently. In ÿ)�

��)�*��ô theaxiom

G�� � [:y z�<*[�]��%D-9(S�O�W%D-9:P)MÜ]�>�Qq H�<(O:P)8:6��%D-9(S�O�W%D-9:P)M ]�>�Qdª|��I��)D-9�S�O�W)D-9-P)Mß]�>(Q
would beambiguouswithout thedefinitionof theadditionaloperationÿ)�1
������ , be-
causethen �����*'*�1
(�)�%�(.1
(�(��0j'�"�/ couldbeexpandedin two ways:

z�<*[�]��%D-9(S�O�W%D-9:P)M ��<)DFk(6�< H�<�O:P%8:6 ]�>�Q
z�<*[�]��%D-9(S�O�W%D-9:P)M ��<)DFk(6�< ��I ]�>�Q

The symmetryof the example prohibits that one expansioncan be favored over
the other. This is remediedby the additional conversion function ÿ%�1
��)�*� from
»%�����+	��C�
�(ÿ%�1
��)�*��� to ÿ)�1
�������� . With this implicit functiontheexpansion

z�<*[�]��%D-9(S�O�W%D-9:P)M ��<)DFk(6�< ]�>�Q
maybefavoredovertheothertwo becauseit useslessimplicit functionsto convertan
elementof »%�����+	��C�
�(ÿ%�1
��)�*��� to ÿ%�1
����*��� . Moreover, theaxiomsfor ÿ%�1
����*�Ì'("�/
alsoguaranteesemanticunambiguity. It is not anelegantsolution,but it doesdo the
job.

A specialform of repeatedinheritanceis repeatedself inheritance, that is, re-
peatedinheritancebetweena sort ´ and ´ itself. By definition ´ inheritsfrom itself
throughtheemptychainof implicit functions.Thus,if thereis atleastonenon-empty
chainof implicit functionsfrom ´ to ´ , thenthereis repeatedself inheritance.This
occurs,for example,in thedefinitionof aliases(seeSection5.3)andretractfunctions
(seeSection5.6).

Repeatedself inheritancealwayscausesambiguousexpansionif a term Ò�G2´ is
usedin an assertionsinceconversionsfrom ´ to ´ canbe appliedto Ò an arbitrary
numberof times.However, suchcyclic conversionsarealwaysredundant,therefore,
expansionswithout themarethemostobvious.
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y*[:�:�*J�Be��<)DCk�6�<�y
��G�} ]�>�QØ��H�<�O:P)8-6-��I���<%DFk�6�<�I
� y l [:}�{ � P(W s y � H)DC?25 v 5$%`K*O�?�60% v
I([:}�{ ��<)DCk�6�<�I
H���z x G�?�6 ����<)DFk(6�<�I^\�_ � P(W(I
H���z x G(Q�Q�<�6*M�M ����<)DFk(6�<�I^\�_eI�W�<%DCP(?�I
H���z x z�<*[:]��)D-9(S�O�W)D-9:P%MÍ����<)DFk(6�<�I^\�_ � P(W(I
I([:}�{ H�<�O-P)8:6���<%DFk�6�<�I
H���z x ��<)DCk�6�< ��H�<�O:P)8:6:��<)DFk�6:<�I`\�_e��<%DFk�6�<�I g�� y l J �Fx%� { h
H���z x H�<�O-P)8:6��)DL9(S�O�W)DL9:P)M©��H�<�O:P)8:6:��<)DFk�6:<�I`\�_ � P�W�I
I([:}�{ ��I���<)DFk�6�<(I
H���z x ��<)DCk�6�< ����I:��<)DFk�6:<�Ie\�_`��<)DCk�6�<�I gµ� y l J �Lx�� { h
H���z x ��I��%D-9(S�O�W%D-9:P)MÍ����I:��<)DFk�6:<�Ie\�_ � P(W(I
I([:}�{ H�<�O-P)8:6-��I:��<)DFk�6:<�I
H���z x H�<�O-P)8:6���<%DFk�6�<¦��H�<(O:P)8:6-�*I���<)DFk(6�<�IX\�_|H�<�O:P)8-6���<)DFk(6�<�I gµ� y l J �Lx%� { h
H���z x ��I���<)DFk�6�< ��H�<(O:P)8:6-�*I���<)DFk(6�<�IX\�_U��I���<)DCk�6�<�I g�� y l J �Fx%� { h
G�� � [:y z�<*[:]��)D-9(S�O�W)D-9:P%Mê]�>(Q q H�<�O-P)8:6��)DL9(S�O�W)DL9:P)M ]�>�Qdªe�*I��)D-9(S�O�W)D-9:P%Mê]�>(Q
� G(Q�Q%DFW%D-9:P*O(SU9:K*6�<�O:W)D-9:P`W�9eK�<�6�k�6:P�WdOFR*i�DF?�>�DFW�Y
H���z x ��<)DCk�6�<Ø��H�<�O:P)8-6-��I���<%DFk�6�<�IU\�_`��<)DCk�6�<�I gµ� y l J �Lx�� { h
G�� � [:y ��<)DCk�6�<^]�>�Q q ��<)DFk�6:<eH�<�O:P)8-6���<)DFk(6�<`]:>�Q
G�� � [:y ��<)DCk�6�<^]�>�Q q ��<)DFk�6:<`��I���<)DCk�6�<e]�>(Q
B�z��^y*[-���*J�B

Fig. 5.12:Specificationof transcontinentaldrivers.
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5.8 PreferredExpansions

If anassertionis ambiguoussolelybecauseof overloadingit is reasonableto reject
it as being ill-formed. There is not much choicehere: the different instancesof
overloadedfunctionsare probablysemanticallyunrelated. But even if they were
related,it is hardfor anautomatictype-checker to verify thatanambiguoustermis
semanticallyunambiguous.On the syntacticside, thereis no suchthing as “most
obviousreading”of a termwith ambiguousoverloading,becausethereis nomeasure
to comparedifferentexpansions.Inheritanceambiguity is different in this respect.
The previous sectionshows that sometimesthe ambiguitiesare innocent,because
eitherthepossibleexpansionsaresemanticallyequivalentor ambiguityis causedby
unnecessaryconversions.

Therefore,a preferencemechanismis introducedthat, in caseof innocentin-
heritanceambiguity, picks one of the expansionsas the expansion. In caseof a
semanticallyunambiguousassertionanarbitraryexpansioncanbechosen.However,
semanticunambiguitycannotbeverifiedautomaticallyby a type-checker (unlessan
automaticproof tool is used). In caseof unnecessaryconversions,it is feasibleto
choosethe expansionthat hasthe leastnumberof conversions,becausethereis no
point in addingredundantconversions.It will turn out that“leastnumberof conver-
sions”canbedefinedin suchawaythatsemanticallyunambiguousassertionslike the
onesin thegivenexamples,alsohaveapreferredexpansion.Fromanobject-oriented
point of view minimizing thenumberof conversionsreflectstheideathat in caseof
anoverloadedmethodthemostspecificinstancepossibleis used(thatis, theinstance
belongingto theclassclosestto theclassof thereceiving object).

We canpreferexpansionswith a minimal numberof conversionsfor eachindi-
vidual functionargument.Thisworkswell in somecases:for example,thepreferred
expansionsfor °:��³*��: and �)��	�.�°��*����	�.�³ thenare:

g z�O�W o h ª g z�O�W s h q g z(O�W t h
<�6*8LW o q <�6*8LW s

However, noneof the expansionsof ��� È*�!®�°:��³
±��¾:�� È hasa minimum numberof
conversionsfor all individual arguments.The problemhereis that conversioncan
be insertedat differentlevels,eitherfor theargumentsof °��)³ or for its result. Also
minimizing thetotalnumberof conversionsdoesnotwork. For example,expansions
of ,�,%³���³�� È*�%��� È with thesameminimal overall numberof conversionsare:

g H*S�9�O:Wj\�\ � P(W^z�O�W s h ª s 5 v q Ã;5 vg \�\|H*S�9�O�W � P(W^z�O�W s h ª s 5 v q Ã;5 v
Sincetreatingall argumentswithin a termequaldoesnot solve all harmlessam-

biguities,they will behandledin aparticularorder:expansionof argumentsin aterm
is minimized in postorder(that is, relative to the parsetreeof the term). Now the
preferredexpansionof ��� È*�!®�°:��³
±��¾:�� È is:
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+ *

1 .

Float,Int,Nat

Float,Int

[ 1, 1, 2, 0, 0, 0, 3, 0 ]

=

Nat

2

1 5

2

Nat

Fig. 5.13:The computation of the costs of the expansion of
o ª s q o 5 v � s toH*S�9�O:W � P(W g z�O�W o ªdz�O:W s h q o 5 v � g H*S�9�O�W � P(W z(O�W s h
.

Ã;5 v ª g H�S�9�O�W � P�W g�g z�O�W o h ª g z�O�W s h�h q t 5 v
With this form of preferencethe previous examples °:��³*��: and �)��	�.�°��*����	�.�³ still
have thesamepreferredexpansion.

Thispreferencemechanismis definedby associatingacostwith eachexpansion,
Ò �·Ò Z^G[× denotesthat Ò Z is an expansionof Ò with costs × . Here × is a sequence
of naturalnumbers,whereeachnumberrepresentsthenumberof conversionsadded
to oneparticularargument.That is, the costof an expansionof ½ù®:Ò=¬|LLÒ ­XLC�L�L��± first
containsthecostof expandingÒ=¬ , thenthenumberof conversionsappliedto Ò=¬ , then
the cost for expanding Ò ­ , the numberof conversionsappliedto Ò ­ , etcetera. An
exampleof thecomputationof expansioncostsis givenin Figure5.13. If a termhas
multiple expansions,the onewith the minimum cost is preferred,wherethe costs
areorderedlexically aslists. For example,thethreeexpansionsof °��)³*��: are(using
abbreviatednames):

o ª s q t � g z�O�W o h ª g z(O�W s h q g z�O:W t h Gs= £;¿:£Þ¿��Þ¿:£?>
°:��³��¾:�� ®Lã:�). ����. °*±b�Ë®-ã:�). ���(. ³
±b�Ë®-ã-��. ����. :
±�Gs= ¤2¿L¤ì¿��Þ¿L¤s>
°:��³��¾:�� ®Lã:�). ®%®V����. °*±©� ®V���(. ³
±�±%±��Ë®-ã-��. ����. :
±�Gs= £;¿:£Þ¿:£;¿L¤s>

Herethepreferredexpansionis thefirst onewith cost = £Þ¿:£;¿���¿:£B> .
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cÚ�¥ceGs=�>
½]\ ½ Z

Ò ¬ �·Ò Z¬ Gs× ¬ )*)*) Ò À � Ò ZÀ G^× À
Ò Z¬»à Ò Z Z¬ G[t�¬ )*)*) Ò ZÀ�à Ò Z ZÀ Gst�À

½ù®:Ò=¬XLC�L�L�?LLÒ À�±�� ½ Z ®-Ò Z Z¬ LC�L�L�?LLÒ Z ZÀ ±�Gs×L¬ Ö-Öá=Ht(¬�>)Ö-ÖÍ�L�L��Ö-Öâ×FÀ Ö-Ö½=Ht�ÀC>
´�\·´ Z

Ò � Ò Z Gs×
®vc�4�´|�VÒF±²� ®*cg4V´ Z �VÒ Z ±»Gs×

rL¬ ¢ r Z¬ Gs×-¬ )*)*) rFÀ ¢ r ZÀ G^×LÀ(�rF¬ú�L�L�8rFÀ?,��ã(�r Z¬ �L�L��r ZÀ ,»G^×-¬�Ö:ÖÍ�L�L��Ö-Öá×LÀ
Ðsu ¢ Ðsu|G^=�> ÐB�¦\ ÐB� Z+CÐs�§+ ¢ +CÐB� Z +ÓGs=�> Ò��·Ò Z G^×+FÒ�+ ¢ +FÒ Z +gGs×

Ò à ÒgG^� Ò à Ò Z Gst
Ò àåä ®:Ò Z ±�G^tÂÖ¥£

Fig. 5.14:Definition of expansionrules,includingimplicit functions.For any implicit func-
tion æ . (For any variable ¨ ; sorts h and h-© ; functions� and � © ; terms ª � , «¬«-« , ª®­ ,ª ©� , «¬«-« , ª ©­ , ª © ©� , «-«¬« , ª © ©­ , ª , and ª © ; integerlists ç � , «¬«-« ç ­ and ç ; informals ¯ � , «¬«-«¯_­ and ¯ ©� , «¬«-«6¯ ©­ ; naturallanguage��° ; names�;± and �;±²© ; andintegers è � , «¬«-« ,èx­ , and è .)
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Theredefinitionof theexpansionrelation � is given in Figure5.14(it replaces
thedefinitionof � in Figure3.10).Theauxiliary relation à is usedto addtheactual
conversionsto functionarguments: Ò à Ò Z^G[t denotesthat Ò Z is optainedfrom Ò by
applying t implicit functionsto it. The operationÖ-Ö concatenateslists. Note that
with respectto thecalculationof thecostof anexpansion,only functionapplications
arerelevant,variables,lambda-abstractions,andinformaltermsareignored.Thedef-
inition of � is extendedfurtherin Section7.5with so-calledapplicationredirection.
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6. NON-FUNCTIONAL FEATURES

Abstract

Specificationof softwareoften involvesoperationswith non-functional
features,which are operationsthat are not functional. Thereare for-
mal languagesthat do allow certainkinds of non-functionalfeatures,
suchasoperationswith side-effectsandpartial functions. The seman-
tics of theselanguagesis inherentlymorecomplex thanfor simpleal-
gebraiclanguagesandthey have a fixed setof non-functionalfeatures
they canhandle.This chaptershows, by example,how operationswith
non-functionalfeaturescanbemodeledby total functions.Threeexam-
plesaregiven: partial functions,state-dependentoperations,andstate-
changingoperations.Unfortunately, the techniquedescribedhassome
disadvantageswhich will bediscussed,togetherwith somesolutions,in
Chapter7.

6.1 Actions

An operationwith non-functionalfeaturesis an operationthat cannotfully be de-
scribedby a total function from its argumentsto its results(seeSection2.1.1). Ex-
amplesof non-functionalfeaturesare: partiality, exceptions,nondeterminism,user
interaction,statedependency, statechanges,real-timebehavior, efficiency, andcon-
currency. Of course,a non-functionalfeaturemust have a formal statusbeforeit
can be modeledin any formal language. Therefore,we consideronly thosenon-
functional featuresthat can be formalizedin someform. This may exclude non-
functional featuresthat are not directly implementable,suchas “maintainability”,
“robustness”,“costs”,and“reliability”.

Many operationswith non-functionalfeaturescanbemodeledby a total function
by passingextraargumentsandreturningenhancedresultswhichcontain,besidesthe
actualresult,additionalinformationaboutthenon-functionalbehavior of theopera-
tion. For example,apartialfunctioncanbemodeledby a total functionthatreturnsa
“partial value”(which is eitheranexceptionor anormalvalue)andastate-dependent
functioncanbemodeledby a total functionthattakesthestateasanadditionalargu-
ment.
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In fact, theadditionalargumentscanalsobe incorporatedin anenhancedresult
by makingthatresulta function,similar to Curryingin functionalprogramming.For
example,astate-dependentfunctioncanbemodeledby a total functionthatreturnsa
state-dependentvalue(thatis, amappingfrom statesto values).

So,operationswith non-functionalfeaturescanbemodeledby total functionsby
consideringthesefeaturesa propertyof theresultratherthana propertyof theoper-
ation itself. In this thesisresultsthatmodelvalueswith non-functionalfeaturesare
calledactions,whichsuggeststhatsomethinghasto bedone(theactionhasto beper-
formed) beforeanactualresultis returned.For example,performinga partialvalue
eitherfailsor returnsavalueandperformingastate-dependentvalueinvolvesquery-
ing thestate.Notethathere“action” and“performing” areitself no formal notions.
Eachtype of non-functionalfeaturewill have its own formal definition of “action”
accompaniedwith a formal definition of “performing an action”, which is actually
incorporatedin thedefinitionof “lifting”, whichwill bediscussedin Chapter7.

6.2 Specificationof Actions

Somegenericpropertiesof actionsarespecifiedin Figure6.1 where �
	�.1
����BD)� is a
sort of D�� -actionswith value type D)� . Not much is specifiedhere,only that every
value is alsoan action(that is, D�� is a subsortof �
	�.

����BD�� ). The intentionof the
subsortrelationshipis that the injection of an element� of D)� into �
	�.

����BD�� is a
trivial actionthatdoesnothingexceptreturningthevalue � .

Someauxiliary functionsaredefinedin �
	�.1
����)ô that will be usedto construct
actions. ã�' canbeusedto make conditionalactions,that is, conditionalin thesense
that performing ã�'²®L�L�L�-± performseither the secondor third argument,not both.
Thefunctions

§�§
and Æ%Æ will beusedto combinethenon-functionalfeaturesof two

actions,returningtheresultof thefirst andsecondargument,respectively. �%�+
�.�� is
specifiedin Figure6.2; it containsexactly oneelement����
�. which is usedas the
resulttypeof actionsthatareonly relevantfor theirnon-functionalfeatures.Therole
of �%�+
�.�� is similar to thatof ����
(/ in C. Thedefinitionsof §�§ and Æ�Æ aresomewhat
peculiarsincethey do not operateon actionsat all. It even seemspointlessto use
them: all they do is ignoreoneof their arguments(why write � §�§ " if it is � you
need?). However, as will be shown at the end of Section6.7, the so-calledlifted
versionsof §�§ and Æ%Æ do combinethenon-functionalfeaturesof botharguments.

6.3 Example:Partial Functions

A partial function is an operationthat doesnot have a result for all of its possible
arguments.Examplesof partial functionsarethedivision function for numbers(di-
vision by zero is not defined)and the operationthat returnsthe head(that is, first
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y*[:�:�*J�BeG%8LW%D-9:P(y n �(I���G%8LW)D-9-PC��I p
��G�} N ���(I
��G�} O�N ��G�8LW)D-9:P���I
��G�} > ����P�DFW�I
I([:}�{ ��I
I([:}�{ G%8LW%D-9:PC��I
� y l [:}�{^J(9�?%D�8Ly � H%DF?25 t 5 t K*O�?�6 u(t
� y l [:}�{`�(P�DCW�y � H%DF?25 w 5 s K*O�?�6 o Ã�%� y l [:}�{dI:>�i%M:9�<�W�y n ��I���G%8LW%D-9:PC��I pd� H%DF?25 v 5 o K*O�?�6&#8Ô
H���z x � ] ��T�9�9(S�I���G�8LW)D-9:P���I���G%8FW)D-9:PC�(Ie\�_|G%8LW)D-9-PC��I
G�� � [:y � ] g {�<�>�6�� O�N o ��O�N s h q O�N o
G�� � [:y � ] g H�O(S(M:6���O�N o ��O�N s h q O�N s
H���z x ¨�¨����(I����(P�DFW�Id\�_d��I
G�� � [:y N�¨�¨|> q N
H���z x _�_�����P�DFW�I����(Ir\�_d��I
G�� � [:y >b_�_eN q N
� 5�5�5á9:W�Ä*6�<^]�>�P)8LW)D-9-P)MZ](9�<rO*8LW%D-9:P)M
B�z��^y*[-���*J�B

Fig. 6.1: Genericspecificationof actions.

y*[:�:�*J�B`�(P�DCW�y
I([:}�{ �(P�DCW�I gµ� z���� x { � ��B h
H���z x �(P�DCW ��\�_U�(P�DFW(I g�x [:z�I:{�}�� x {�[:} h
B�z��^y*[-���*J�B

Fig. 6.2: Specificationof theunit sort.
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y*[:�:�*J�B l O�<�W)D-O(S:y n ��I p
��G�} N ����I
I([:}�{ ��I
I([:}�{ l O�<�W)D-O(S�I n ��I p gµ� z���� x { � ��B h
H���z x ��6�] ����Id\�_ l O�<�W)D-O(S�I n ��I p g�x [-z�I�{�}�� x {*[:} h
H���z x �(P�Q�6�]Ø� \�_ l O�<�W)D-O(S�I n ��I p g�x [-z�I�{�}�� x {*[:} h
G�� � [:y ��6�]eN @ q �(P�Q(6�]
G�� � [:y ��6�]eN o @ q ��6�]eN s ¨ q�q N o @ q N s
� y l [:}�{eG%8LW%D-9:P(y n �(I�� l O�<�W)DLO(S�I n �(I p�pJ� H)DC?25 w 5 o K*O�?�6 o Ã8%
G�� � [:y � P;Ü�6*8LWeN q ��6�]dN
B�z��^y*[-���*J�B

Fig. 6.3: Specificationof partialvalues.

element)of a list (anemptylist doesnothave ahead).
Partial functionscanoftenbeavoidedby returningarbitraryresultsfor “illegal”

arguments.For example,theresultof division by zerocanbezero,or evenunspeci-
fied. For agenericheadoperationappliedto theemptylist it is impossibleto choose
anarbitraryvaluebecausethe typeof the list elementsis unknown in a genericlist
specification.The only option thenis that the headof an emptylist is an arbitrary
object. But, this assumesthat theelementtype is non-empty(otherwisethereis no
arbitraryobjectin it), which it notalwaysis. If at all possible,choosingarbitraryre-
sultscoversup thefact thatsomeargumentsshouldbeconsiderederroneous,which
mayobscurea specification.However, theusefulnessof partial functionsis not the
issuehere,they merelyserve to illustratenon-functionalfeatures.

A partialfunctioncanbemadetotalby addingexceptionvaluesto its co-domain,
which areusedasreturnvaluesfor thoseargumentsfor which thepartial functionis
undefined.In Figure6.3 the sort �����%.

*���%��÷$D���ø of partial D�� -valuesis specified,
which is a copy of D)� (wheretheelementsof D�� areinjectedin ���(�%.1
��%����÷�D)�*ø via
ÿ��*' ) plusoneexceptionvalue ����/%��' . A partialfunctionwith co-domainD)� cannow
bemodeledasa total functionwith co-domain������.1
��%�%��÷�D)�*ø .

Thereis no particularreasonwhy �����%.

*���%��÷$D���ø containsonly oneexception
value,exceptthat this simplifiestheexample: thenumberof exceptionscanbe ex-
tendedin a straightforward manner, for example,by addingto �%��/)�*' a stringargu-
mentfor passinganerrormessage.
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Fig. 6.4: Extensionof the list specificationof Figure4.4 with thepartialheadandtail func-
tions.
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In Figure6.4thepartial õ��)�*/ and ¡���
�� functionsfor listsaredefinedin thisway.
Unfortunatelytheresultof õ��%�*/ or ¡���
�� cannotbeusedstraightforwardly. Actions
have to be“unpacked” beforethey canbeusedasanargumentfor functionsthatdo
notknow how to handlethenon-functionalinformation.For example,in thelemmas
thevaluesof ¡���
*�Ê�1° and õ��)��/¦�1° areunpackedbeforethey canbepassedto " or
�������*.*� . ÿ���' is usedhereinsteadof the implicit ã:�BÝ%��	�. to show clearly that ¡��)
*�
�1° is notequalto ��³ but to someaction“containing” ��³ .

6.4 FunctionLifting

One might prefer a formulation of the lemmasin Figure 6.4 in which the partial
valuesarenotunpacked,like in:

J�B�y�y�G Sj@ q B-R*K�W�Y q�q _ J�6:P(?�W�ÄrS q J�6:P(?�W�Ä^{(O�D:S^S^ª o
J�B�y�y�G Sj@ q B-R*K�W�Y q�q _ S q g7à 6�O�QdS hx'Þg {�O�D-S|S h

But, this lemmais ill-formed since ��������.�� and " do not acceptpartial values.The
condition that � is non-emptyguaranteesthat the resultof ¡��)
*�Î� is defined,but
they areof theform ÿ���'¦�%³ andassuchcannotbehandledby ���(����.�� and " . This
is unfortunate,sincethe alternative formulationof the lemmasis simplerandmore
to the point thanthe oneusedin in Figure6.4. As a matterof fact, the alternative
formulationis commonin everydaymathematicalnotation.

Thefunctions" and �)�(����.*� canbeuseddirectlyonpartialvaluesonly if they are
definedaslifted versionsof theoriginal " and �������*.*� . A lifted versionof a function
½ is a functionthatacceptsactionsasargumentsby first performingtheseactionsand
thenpassingthe resultsto ½ . Justas“performing” is not a formal notion, “lifting”
is not formal either(for themoment;lifting is treatedformally in thenext chapter).
Lifted (andoverloaded)versionsof " and �������*.*� aredefinedin Figure6.5.Now the
simpler, previously ill-typed, formulationof thelemmasis well-formed.Notethatit
is necessaryto alsodefinea lifted versionof � that acceptsthe partial resultof the
lifted versionof �)�(���*.*� . It is necessaryin �1
%0�.?:(ô to explicitly use ÿ���' (instead
of the implicit ã:�sÝ���	�. ) in someof theaxiomsthatdefinethe lifted functions,since
otherwisethe expansionof theseaxiomswould containthe non-lifted functionson
theleft sideof theequationsratherthanthelifted ones.

Thesameapproachof modelingpartial functionsastotal functionswith partial
resultscanbeappliedin any othersituation.Thenpartialresultshave to beunpacked
toobeforethey canbepassedto ordinaryfunctions.For example,adivision function
for realswould returnapartialreal,whichmakesit impossibleto write:

J�B�y�y�G©D s @ q Ã q�q _ g D o @*D s h �jD s q D o
unlesslifted versionsof & and � aredefined. The function � needsto be lifted be-
causethelifted versionof & returnsa partial real. Alternatively this propertycanbe
formulatedas:
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Fig. 6.5: Extensionof the list specificationof Figure6.4 with lifted J(6:P(?�W�Ä , ª ,
'

for partial
values.
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Fig. 6.6: Specificationof partialretractfunction.

J�B�y�y�G©D o @*D s q ��6�]©D t q�q _ D t �jD s q D o

6.5 Example:Partial RetractFunctions

Anotherexampleof theuseof partialfunctionsis theproperdefinitionof thegeneric
retractfunction(seeSection5.6) in Figure6.6. Herethepartial ���*.%����	�. is implicit,
whichmayleadto implicit conversionof adefinedvalueto �%��/)�*' . For example, °;� È
maybeconvertedto �%��/%��' if an integer is needed.Unfortunately, partial typecast
is notof muchuse:for example,it doesnotmake Èéÿ+
��Ë®µ��� È*�)³�� È
± awell-formed
termsinceÿ+
�� cannothandlepartialvalues,unlessa lifted versionof ÿ+
�� is defined.

6.6 Example:StateDependentOperations

A state-dependentoperationis an operationwhoseresultdependson somehidden
parametercalled the state. A statecan, for example,be the currentcontentof a
computermemory, the currenttime, or the currentphaseof someresearchproject.
Correspondingstate-dependentoperationsarethedereferenceof aprogramvariable,
theageof a person,or thenext thing to do to completethis thesis.Statedependent
functionscanbe usefulwhenaxiomsusemany functionsthat sharesomecommon
argument. Hiding sucha commonargumentas part of the statecan improve the
readabilityof axioms.Oftenit is evennaturalto do so: onewould rathersay“Bob’s
ageis greaterthanClair’s age” (time is implicit here)than“Bob’s ageat time Ò is
greaterthatClair’sageat time Ò ” (time Ò is explicit here).On theotherhandthiswill
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E expressionF GHG Ù E integerFK E simpl-variableFK
“ �)�)��/ ”K
“ ® ” E expressionF “ � ” E expressionF “ ± ”K
“ ® ” E expressionF “ , ” E expressionF “ ± ”E statementF GHG Ù “ 0:$+
:� ”K E simpl-variableF “ 4�� ” E expressionFK
“ Ñ%�1
�.�� ” E expressionFK
“ 	(�(��/

�.

���� ” E expressionF “ .*�
��� ” E statementFK
“ Ñ*��
���� ” E expressionF “ /)� ” E statementFK
“ ® ” E statementF “ é ” E statementF “ ± ”

Fig. 6.7: Syntaxof thesimpleimperativeprogramminglanguageSImPL.

complicatetheunderstandingof aspecification,functionalpuristswill claim.
In imperativeprogramminglanguagesthestateof thecomputermemoryis anim-

plicit parameterof all memorydependentoperations.Weshow how thesemanticsof
theexpressionsof asimpleimperative programminglanguageSImPLcanbedefined
usingstate-dependentoperations.First, thestate-dependentoperationsaremodeled
by functionsthat take the stateasan additionalargument;thenthe actiontypesof
state-dependentvaluesare introducedandused. Often state-dependentoperations
areusedin combinationwith state-changingoperations(thatis, operationswith side-
effects). Thesearediscussedin Section6.7 wherethe semanticsof the statements
of theSImPLaredefined;thecurrentsectiononly definestheevaluationof SImPL
expressions.

6.6.1 SImPL

The syntaxof SImPL is definedin Figure6.7 (given somesetof SImPL program
variables).A SImPLprogramis a statement,which is evaluatedin thecontext of an
environment,which mapsvariablesto integers,andinput/outputstreamsof integers.
The expressionsandstatementshave their usualsemantics(detailsaregiven later),
where���%�*/ returnsthefirst elementof theinput stream,Ñ)�

�.)�
r addsthevalueofr to theoutputstream,andtheguardof an 	�����/

�.1
(�(� - or Ñ��+
*��� -statementsucceeds
if andonly if its valueis zero.

SImPL is similar to the programminglanguagePICO, which is algebraically
specifiedin Bergstraet al. (1989)(without usingnon-functionalfeatures).Themain
differencesbetweenthetwo languagesare:SImPLis untyped(that is, theonly type
of datais integer),SImPLvariablesarenot declared,andSImPLhasoperationsfor
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Fig. 6.8: Theabstractsyntaxof SImPL.

reading/writingvaluesfrom/toaninput/outputstream.
In Figure6.8thesorts )���)��� and ��.��(.����+�(�).�� of abstractsyntaxtreesof expres-

sionsandstatementsaredefined.Eachconstructorrepresentsoneof theproduction
rules of the concretesyntax; where ó��(��0�.Ìê is the integer constantê , �����Ø´ is a
variablewith identifier ´ , and ó%�(��/²®�rALC´�± is thecondition-statementwith conditionr .

6.6.2 Semanticsof SImPLExpressions

The valueof an expressiondependson the environment that containsthe valueof
theprogramvariables.Environmentsarerepresentedby so-calledtables, a generic
specificationof which is given in Figure6.9. The valueof the lookup in an empty
tableis left unspecifiedherein orderto make �)�%�($�"%� a total function. ���%�($�"�� can
bechangedinto a partial functionby using ���(�%.

*�%����÷ëµ��*ø asco-domain(seeSec-
tion 6.3). However, that would involve combiningpartiality andstate-dependency,
which obscuresthecurrentexample. ¡����
���%��÷�D)�
L µ��*ø couldbemodeledasanalias
of »�"%�+	*��÷$D��XL_µ���ø . But, we try to usefunctionsortsasfew aspossiblesincethey are
not commonin algebraicspecification.

In Figure6.10theevaluationfunction  ������ is definedthatmapsanexpressions
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Fig. 6.9: Specificationof tables.

� andanenvironment ����� to thevalueof � for ����� . Thesort  ������ of environments
is definedasaliasfor ¡����
���)��÷ �(.%�1
:���)�
LFã-��.��*ø in orderto simplify notation. The
evaluationof ���)�*/ is left unspecifiedherebecausewe ignore side-effects for the
moment(thereadoperationchangestheinput streamasa side-effect).

Thegivendefinition is thecommonway to specifysemanticsof imperative lan-
guagesin an algebraicspecificationlanguage,such as the definition of PICO in
Bergstraet al. (1989). What is typical for thesekind of definitionsis that theevalu-
ationof a compoundexpression(suchas �+°:�)�%³ ) for a givenenvironmentis defined
in termsof theevaluationof its components( �+° and �%³ ) for thatsameenvironment.
Thismakestheenvironmentagoodcandidatefor beinghiddenaspartof astate.

6.6.3 State-DependentValues

State-dependentfunctionscanbemodeledusingthetypeof actionsspecifiedin Fig-
ure6.11. �)�%�($
��÷$D���ø is thesortof state-dependentD�� -values;that is, anentity that
hasa value in D)� for any valueof ��.��(.��%� . State-dependentoperationsfrom D)� toµ�� cannow bemodeledby anordinaryfunctionfrom D)� to ������$���÷$µ��*ø . Thetermi-
nology “peek” refersto the operationof the programminglanguageBASIC that is
usedto read(peek)the contentof a memorylocation. Associatedwith eachstate-
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Fig. 6.10:Semanticsof SImPL expressionswithout side-effects. Theevaluationof }�6�O�Q is
left unspecified.
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Fig. 6.11:Specificationof state-dependentvalues.
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Fig. 6.12:Definition of states.

dependentvalueis amappingfrom statesto thevaluefor eachstate.This is modeled
by thefunction ó����)� (for “compute”)thatmapsastate-dependentvalue � andastate
0�. to thevalueof � for 0�. . Thetrivial state-dependentvaluefor � alwayshasvalue
� , regardlessof thestateit is executedin. Otherinstancesof ������$
��÷�D)�*ø have to be
definedby specifyingthevalueof ó%����� for any state.

Thesort ��.��(.��%� of statesis declaredin Figure6.12. For themoment�(.���.)�)� is
left unspecifiedin module ��.��(.��(ô so that it canbe tailoredto the examplesin the
currentandthenext section. In Section6.8 ��.��(.��%� will get its actualdefinitionas
anenvironmentof typedstatevariables,similar to thestateof a computerprogram.
Alternatively, ��.���.)�)� couldbemadeaparameterof themodule�)�%�($%ô andanindex
of ������$�� (thatis, �)�%�($
��÷���.���.��%�
L_D��*ø insteadof �)�%�($
��÷$D���ø ). For eachuseof state-
dependentvaluesan appropriateinstanceof ��.��(.��%� can then be used. However,
usingdifferentnotionsof “state”obscuresspecifications.

6.6.4 Statesfor SImPL

A suitabledefinition of statesfor the evaluationof SImPL expressionsis given in
Figure6.13,where �(.���.)�)� is simply definedto be an aliasfor environments(that
is, statesarethesameasenvironments).This definitionof ��.��(.��%� is rathertrivial,
but it suitsour purposeshere.Module ��ãL���%���(.��(.��+°Lô containsa first exampleof a
state-dependentoperation:thefunction ���%��"
� returnsthevalueof aSImPLvariable.
������"�� canbeviewedasakind of, infinite, arraywith stringsasindexes.

6.6.5 State-DependentSemanticsof Expressions

In Figure6.14 theevaluationfunction  %���%� is redefinedasa state-dependentfunc-
tion. Althoughthetableis no longera parameterof  %����� , this doesnot bring much
relief herebecausetheuseof ó%����� on theresultof  ����%� and 0�. makestheenviron-
ment(disguisedasstate)aparameterof  ������ via adetour(andevenintroducesextra
overhead).The ideawasto hide thestatefrom thedefinitionof  ������ , but it is still
there.
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Fig. 6.13: Definitionof thestateusedfor thesemanticsof SImPLexpressions.



6.6. Example:StateDependentOperations 121

y*[:�:�*J�BeB�N�K�<�6*M�M(DL9:P*I�6FR%O:P(W%D�8�M s y
��G�} D � � P(W�I
��G�} k ��I:W�<)DCP(?(I
��G�} 6 ��B�N�K(<�I
��G�} MLW ��I:W�O�W�6�I
� y l [:}�{dI � R l J(I�Y�P�W�O�N�y � H)DC?25 w 5$#`K*O�?�6 o�oCw
� y l [:}�{dI � R l J(I�W�O:W�6 o y � H)DC?25 w 5 oFt K*O�?(6 oCs Ã� y l [:}�{ l 6�6:E�y n � P�W�I p � H)DC?25 w 5 o�o K*O�?(6 o�o #
H���z x B�k�O�S���B�N�K�<�Id\�_ l 6�6�E�I n � P(W�I p
G�� � [:y x 9FR�K g B�k�O(S x 9-P)MLW©D
�ÜMLW hq D
G�� � [:y x 9FR�K g B�k�O(SU��O:<jk �ÜMLW hq x 9FR*K g ��O�S->*6`k;�ÜMLW h
G�� � [:y x 9FR�K g B�k�O(S g 6 o ª(6 s h � MLW hq x 9FR*K g B�k(O(Se6 o � MLW h ª x 9FR*K g B�k(O(Se6 s � MLW h
G�� � [:y x 9FR�K g B�k�O(S g 6 o \�6 s h � MLW hq x 9FR*K g B�k(O(Se6 o � MLW h \ x 9FR*K g B�k(O(Se6 s � MLW h
B�z��^y*[-���*J�B

Fig. 6.14:Definition of thesemanticsof SImPLexpressionsusingstate-dependentvaluesin
orderto “hide” theenvironment.
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Fig. 6.15:Reformulationof the definition of the semanticsof SImPL expressionsof Fig-
ure6.14,now usinglifted versionsof ª and \ . This allows theenvironmentto be
removedfrom thedefinitionof B�k�O(S .

6.6.6 UsingLifted Functions

If lifted functionsareused,it is possibleto hidethestatecompletelyfrom thedefini-
tion of  %���%� asis shown in Figure6.15. In thefirst axiomthestateis hiddenusing
the implicit function ã:�BÝ%��	�. . In thesecondaxiomthestatecanbeomittedwithout
furtherado. In theaxiomsfor � and , thestateis only passed,without accessingit,
to theevaluationof thesub-expressions.This canbe left implicit by defininglifted
versionsof � and , . Theresultingdefinitionof  ������ is muchmoreto thepoint and,
asamatterof fact,similar to thewayaSImPLevaluatorwouldbeprogrammedin an
imperative programminglanguage.

In effect thedefinitionof  %���%� in Figure6.15determinesexactly thesameequa-
tionsasin Figure6.14,for example:
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6.7 Example:State-ChangingOperations

Thedefinitionof thesemanticsof SImPLin theprevioussectiondoesnot yethandle
the side-effectscausedby readinginput (removing the first elementfrom the input
stream),writing output (addingan elementto the outputstream),andvariableas-
signment(changingtheenvironment). This sectionshows how thedefinitionof the
evaluationfunction  %���%� canbe adaptedto incorporatetheseside-effects. A tradi-
tionalalgebraicspecificationcanbegivenweretheevaluationfunctiontakes,besides
theenvironment,additionalargumentsfor the input andoutputstreamsandthat re-
turnsthechangedenvironmentandstreams.Althoughthesedefinitionsarestraight-
forward, they show how the overheadof explicitly passingargumentscan lead to
unreadablespecifications.Of course,it is a matterof tasteandtrainingwhat is con-
sideredunreadableandwhatnot; but, at somepoint specificationslike this become
toohardto readand,therefore,difficult to understand,maintain,andreuse.

The useof non-functionalfeaturescanbring relief here,as is shown in an al-
ternative definition of a state-changingversionof the evaluationfunction. A state-
changingoperationis anoperationwhoseresultpossiblydependson a hiddenstate
(likeastate-dependentoperation)andwhichalsodefinesastatetransition.Examples
of state-changingoperationsarethereadandwrite operationsof SImPL.As will be
shown, state-changingoperationstoo canbe modeledby total functionsthat return
anelementof a suitableactiontype,in thiscaseastate-changingvalue.

6.7.1 Semanticsof SImPLStatements

Firsta traditionalalgebraicdefinitionof thesemanticsof SImPLstatementsis given,
similar to thatof PICOin Bergstraetal. (1989).

Inputandoutputof SImPLprogramsaremodeledby streamsof integers.Streams
areinfinite lists. As suchthey alwayshave a headanda tail. Theuseof streamsto
modelinput avoidsthecomplicationof partialsemanticscausedby thepossibleread
from an empty input stream(output could be modeledby finite lists without this
complication).Thedatatypeof streamsis specifiedin Figure6.16. In orderto have
functionsthat returncombineddatastructures,2-tuplesarespecifiedin Figure6.17.
It is assumedamodule¡*"��1����:�ô of 3-tuplesis definedsimilarly.

Figure6.18definesthesemanticsof expressionsandstatementsin thetraditional
way. The evaluationof expression� takes as argumentsthe environmentand the
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Fig. 6.16:Specificationof infinite streams.
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Fig. 6.17: Definitionof pairs.
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Fig. 6.18:Definitionof thesemanticsof SImPLexpressionsandstatementswith side-effects.
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Fig. 6.19: Definitionof statechangingvalues

input stream. It returnsthe valueof � togetherwith the input streamthat remains
afterexecuting � . Theevaluationof statement0 takesasargumentstheenvironment,
the input stream( 0 maycontainreadoperations),andtheoutputstream(theoutput
generatedup till now; lastoutputin front). It returnsthevalueof 0 togetherwith the
remaininginput streamandtheextendedoutputstream.

Differentchoicesfor theargumentsandresultsof both  %���%� ’s arepossible.For
example,theevaluationof statementsdoesnotneedtheoutputasargumentandonly
hasto returnthelist of elementsaddedto theoutput.However, thechoicesmadehere
betterfit thestatebaseddefinitionof evaluationwhich is discussednext.

6.7.2 State-ChangingValues

Thesort ���($��)��÷�D)�*ø of state-changingD)� -valuesis definedin Figure6.19.Thedef-
inition of ���($��)� is similar to that of ������$
� in Figure6.11; the differencebetween
ó%����� and  %�)��	 (for “execute”)is thatthelatteralsoreturnsthechangedstatebesides
theactualvalue. The statereturnedby  %�)��	Þ® �gLF0�.+± modelstheupdatedstateafter
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performingtheside-effect of � on 0�. . For example,assumethata statemodelsa file
systemby keepingthecurrentcontentsof thefiles andthepositionof thefile point-
ers,and ���)��/��(.%� is thestate-changingoperationthat readsa string from a text file;
then  %�)��	Þ® ���)�*/)��.��Î'�L^0�.�°*± shouldreturn:

� thestringin file ' at thepositionof thefile pointer(in state0�.�° ), and

� thestate 0�.�³ which is derivedfrom 0�.�° by moving thefile pointerof ' to the
next string.

Thetrivial state-changingvalue ã:�sÝ���	�.¥� returns� without changingthestate.
A state-dependentvaluecanbeseenasa state-changingvaluethatdoesnot ac-

tually changesthe state. Thereforein ���($��(ôZ���%�($
� is definedto be a subsortof
���($��%� ; state-dependentvaluescanthereforebe usedasif they werestate-changing
values. The correspondinginjection ã:�BÝ%��	�. transformsa state-dependentvaluein
a state-changingvaluewithout side-effects. This is definedin the lastaxiomwhere
theexecutionof (theinjectionof) state-dependentvalue �
�%�($ in state 0�. returnsthe
valueof �
����$ (in state0�. ) andtheunchangedstate0�. .

6.7.3 Statesfor SImPLStatements

Thedefinitionof ��.��(.��%� thatsuitsSImPLside-effectsis givenin Figure6.20.Here
statesaretriplescontaininganenvironment,input stream,andoutputstream.Same
state-dependentoperationsaredefinedto accessthedifferentcomponentsof a state
( ������"�� , ã:�%��"�. , and ��").*�%"). ) andstate-changingoperationsto modify thePartialSof
astate( ���*.�������"
� , ����.+ã-�%�%"). , and ����.���").*��"�. ).

6.7.4 State-ChangingSemanticsof Statements

The definitionsof the state-changingevaluationfunctionsfor SImPL are given in
Figure6.21. Note that the  %���%� for expressionshasmoreimplicit argumentsthan
needed,it coulddo without theoutputpartof thestate;however, two differentver-
sionsof �)��$��)� would thenbeneeded,eachwith its own definitionof state.

As with the definition of the state-dependent %����� in Figure 6.14, the useof
actionsonly hidesthestatesfrom thetypesof the  ������ ’s,not from their definitions.
Still, thenew definitionis a smallimprovementover theonein Figure6.18sincethe
structureof statesis hidden(thatis,environmentandstreamsdonotoccurexplicitly).

6.7.5 UsingLifted Functions

As with partialandstate-dependentvalues,specificationswith state-changingvalues
suffer from theoverheadof unpackingtheactions.This canbeavoidedby defining
theappropriatelifted functions,asis shown in Figure6.22.Theresultingdefinitions
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Fig. 6.20:Definition of thestatesusedfor thesemanticsof SImPLwith side-effects.This is
anadaptionof thedefinitionof I:W�O�W�6�I in Figure6.13.
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Fig. 6.21:Definitionof thesemanticsof expressionsandstatementsusingstate-changingval-
ues.
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Fig. 6.22:Definitionof thesemanticsof SImPLexpressionsandstatementsusinglifted func-
tions.



6.8. Example:StateVariables 131

of the  %���%� ’s aremuchmoreconcisethantheonesin Figure6.18andFigure6.21.
However, numerouslifted functionshave to be definedto make this possible.As a
matterof fact,theoverheadof unpackingactionsisonlyshiftedto thedefinitionof the
lifted function.Chapter7showshow thiscanbeavoidedby makinglifting animplicit
operation.This will allow a definition of  ������ which looks exactly the sameasin
Figure6.22,but withoutthedefinitionof thelifted functions(although,unfortunately,
somenew overheadwill be introducedin the form of numerousimportsof special
“lifting” modules).

��.���.����+����.��*���+����.

%	%0C:�ô shows theuseof thelifted versionof Æ�Æ and
§%§

which
weredefinedasratheruselessfunctionsin module ��	�.1
(�(�%ô (Figure6.1). Thelifted§%§ first executesbothits arguments(from left to right) andthenreturnstheresultof
thefirstargument(andsimilarly Æ�Æ ). Thus,for state-changingvaluesthelifted

§%§
and

Æ%Æ operatelike sequentialcompositionin imperative programming(the difference
betweenthe lifted

§%§
and Æ�Æ is the result they return). As mentionedbefore,the

non-lifted versionsof thesecompositionfunctionsare ratheruseless.Their lifting
nicelyshows thatlifting of functionsto state-changingargumentsinvolvessequential
compositionof theside-effectsof thearguments.

Therearefunctionsthatareonly lifted in someof theirarguments.Forexample,�
is not lifted in its secondargument,althoughit wouldnothurteither. This is different
for thelifted ã�' , which only canbelifted in its first argument(sincethesecondand
third argumentarealreadystate-changingvalues). It is essentialfor the lazinessof
ã�' that it is not lifted in its secondandthird argument;otherwiseexecutionof the
lifted ã�' would involve executingboththesearguments.

6.8 Example:StateVariables

Theway statesweredefinedin Figure6.13andlateron redefinedin Figure6.20is
ratherunpractical.For eachstatecomponentseparateaccessandmodificationoper-
ationshave to be defined. Furthermore,it is impossibleto extendthesedefinitions
in a laterstage.That is why ��.���.)�)� hadto becompletelyredefinedin Figure6.20
to incorporatein- andoutputstreams.This makesit impossibleto use �(.���.)�)� for
differentpurposeswithin asinglespecification.In thecurrentsectionamoregeneral
definitionof ��.���.)�)� is giventhathasgenericaccessandmodificationoperationsand
thatdoesallow extension.

Theideais to definea stateasa mappingfrom a new datatypeof statevariables
to values,togetherwith operationsto readandsetthevalueof variables.Suchastate
modelsthememoryof animperative programminglanguage,wherethereadopera-
tion correspondsto dereference(which is oftenimplicit in imperative programming)
andthesetoperationto assignment.
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6.8.1 TypingStateVariables

Thereis aproblemin formalizingsuchagenericdefinitionof states:it shouldbepos-
sibleto storeelementsof arbitrarytypein astate(for example,integersandstreams),
combinedwith someform of static type checkingon the readand set operations.
That is, a distinctionshouldbemadebetweenvariablesof differenttypes,suchthat,
for example,thevalueof anintegervariablecanonly beusedasanintegerandonly
integerscanbeassignedto integervariables.

It mayseemthat this requiresa typesystemwith parametricpolymorphism(see
Section4.3). However, sucha typesystemis probablynotcapableof definingastate
with typedvariables.For example,in Haskell it is notpossibleto define:

W�Y�K*6|��O�<jO q 5�5�5��
W�Y�K*6^I�W�O:W�6 q ��O:<rOj\�_^O

Theproblemhereis that typeparameter� cannotbeusedin thedefinitionof ��.��(.��
becauseit is not a parameterof �(.��(.�� . Moreover, what shouldthe definition of
���(��� be?AFSL doesnothaveparametricpolymorphismanyway, wehave to resort
to parametricoverloading(seealsoSection4.3).

Variablesof different typeshave to be relatedto eachother in orderto specify
thatanassignmentto an ´C¬ -variabledoesnot alter thevalueof any ´�­ -variable(for
different sorts ´µ¬ and ´�­ ). This cannotbe doneif ´µ¬ and ´�­ -variablesbelongto
differentsortsbecauseonly elementsof thesamesortcanbecomparedin AFSL. To
overcomethis problembothuntypedandtypedvariablesarespecified.Thesortsof
typedvariablesaretreatedassubsortsof thesortof untypedvariables.

6.8.2 Definitionof StatesandVariables

In Figure6.23 �(.���.)�)� is definedasatablefrom ���(��� (untypedvariables)to ���%��"��)�
(untypedvalues).Sorts ������� and ������"
�%� areleft unspecified.The sort ��������÷�D)�*ø
of typed D)� -variablesis declaredasasubsortof ���(��� , whichallows thetreatmentof
typedvariablesasuntyped.Thesort ��������÷�D)�*ø is left unspecifiedhere.It is up to the
modulesthatusetypedvariablesto introduceelementsof ��������÷�D)�*ø (thatis, declare
statevariables).In orderto allow thetreatmentof elementsof D�� asuntypedvalues
the wrappingfunction ����.%���
� is declared.In orderto allow  %�)��	;®�ì:��������LC0�.+± al-
waysto bedefinedits valueis left unspecifiedwhenever �)�%�($�"%��®-0�.�L �*���(��± doesnot
haveavalueof theform �%��.��*���Ê� (thiscanbeavoidedif ì is madeastate-dependent
partial function). The read( ì ) andwrite ( 4ò� ) operationsaredefinedby disguising
typedvariablesandtypedvaluesasuntypedones(using ã:�sÝ���	�. and �%�).%�*��� respec-
tively).

The treatmentof typedvariablesgiven heremay seema form of illusion: how
canan untypedstatebecometyped,somethingmustbe wrong here! And indeed,
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Fig. 6.23:Definition of statesasuntypedvariableenvironmentsandspecificationof typed
statevariables.
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it is still possibleto assigna valueof an incorrecttype to a variable � by directly
accessingthe stateusing �10%0*
(�(� . After suchan ill-typed assignmentthe valueofì:� is unspecified,but it canstill beused.Thereis yet anotherreasonwhy ì-� might
be unspecified:if no valueever is assignedto � . In bothsituationsthevalueof ì:�
shouldreallybeundefinedratherthanunspecified.Thatis, ì shouldbeapartialstate-
dependentoperation.That would involve a slightly differentversionof ���%�($
� that
mapsstatesto partial values.This is very well possible,but is omittedhereto keep
theexampleassimpleaspossible.

6.8.3 UsingStateVariables

Using statevariables,in Figure6.24 the semanticsof SImPL can now be defined
without having to definea tailored versionof ��.���.��%� . The definitionsof the two
 %���%� ’s here is not much different from Figure 6.22, except that the readand set
operationsnow have an additionalargument(the variableto be reador set). What
is different is that ������"�� , ã:�%��"�. , and ��"�.*��"�. arenow declaredasvariable-valued
functionsratherthandefinedasstate-dependentoperationsaccompaniedby corre-
spondingstate-changingoperations.

The inequalityaxiomsfor the statevariablesareessentialto this specification.
They guaranteethat all the variablesusedaredistinct andthereforean assignment
to oneof the variablesdoesnot alter the valueof the others. Variablesof different
types(suchas ã-�%�%"). and ���%��"
�Ê� ) canbe comparedherebecauseof the implicit
injectionthatconvertstypedvariablesto untypedvariables.Theinjectivity of ���%��"
�
impliesthatdistinctSImPLvariablesaremappedto distinctuntypedstatevariables.
Therefore,anassignmentto oneSImPLvariabledoesnot alter thevalueof all other
SImPLvariables.

The needfor inequalityaxiomsresultsin an explosionof axiomsif many state
variablesareused:for any pair of statevariablestheremustbeaninequalityaxiom.
This maybeunacceptablefor largespecifications,in particularif statevariablesare
declaredin independentmodules. A possiblesolution for this is the extensionof
AFSL with a “uniqueness”attribute for functions. Two differentapplicationsof a
uniquefunctionalwaysdenotedifferentvalues.Thismeansthatuniquefunctionsare
injective, andthat two distinctuniquefunctionshave non-overlappingranges(even
if they have thesameco-domaintype).

For thestatevariablesexamplethefunctionsã:�sÝ���	�. (from typedtountypedvari-
ables),���%��"
� , ã:���%"). , and ��"�.��%"). , shouldbeuniquein orderto avoid theinequality
axioms. For example,the inequalityof ���%��"
�Í��° and ������"
�Ê��³ follows from the
injectivity of ���%��"
� . The inequalityof theuntypedversionsof ��"�.*��"�. and ã:�%��"�.
follows from thefactthattwo differentinstancesof theoverloadedfunction ã-�sÝ%��	�.
(with differentranges)areusedto convert ��"�.��%"). and ã-�%�%"). to type ������� . Unique-
nesscanalsobeusedfor specifyinginequalityof inductive datatypesby declaring
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Fig. 6.24: Alternativedefinitionof thesemanticsof SImPLusingtypedstatevariables.
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theconstructorsto beunique.

6.9 Noteon Lifted Equality

Onehasto becarefulwith theuseof lifted versionsof theequalityfunctions � and
&*� , like in the definition of  %����� for ó%����/ in the previous section. The problemis
thattherearebuiltin instancesof � for eachsort,in particularthereis onewith type:

q � l 9�E�6�I n � P(W�I p � l 9�E�6�I n � P(W�I p \�_`T*9�9(S�I
Therefore,from atypingpointof view it is notnecessaryto usealifted � in theaxiom
for ó%�(��/ , thenormalnon-lifted � canbeusedtoo. If a lifted � for �)��$��%��÷Vã:��.��*ø is
definedit is preferredin theexpansionof theaxiomfor ó%����/ , becausethat involves
fewerconversions.

Thepoint to notehereis thatit is very muchrelevantwhich instanceof � is used
becausethenon-liftedandlifted versionshave differentmeanings.In thenon-lifted
case, %�����Ê�¥�Ì� is a state-independentbooleanthat is true if andonly if  ����%�Î�
and � arethesameactions(that is, theequationis true if andonly if  ������Ê� hasno
side-effectsandis zeroin every state).Whereas,if thelifted � is used, ������Î�Ì�Ì�
is a state-changingboolean(with the sameside-effects as  %���%�Ê� ) that is true in
thosestateswherethe valueof  %���%�Ê� is equalto � . In the definition of  %���%� for
ó%����/ thesecondinterpretationof � is theoneneeded.First of all, theside-effectsof
evaluating � mustbe part of theevaluationof the conditionalstatement.Secondly,
thechoiceof evaluating 0 hasto bemadefor eachstateindependently(basedon the
evaluationof � in thatstate).

A similar distinctionbetweennon-liftedandlifted equalityholdsfor othertypes
of actions.For example,assumethereis a lifted � for ������.1
��%�%��÷7����.���ø , thatis:

H���z x q � l O�<�W)DLO(S�I n z(O�W�I p � l O:<�W)D-O(S�I n z�O�W(I p \�_ l O:<�W)D-O(S�I n T*9�9�S�I p
G�� � [:y g ��6�]|P o q �(6�]|P s h q ��6�] g P o q P s h
G�� � [:y g �(P�Q(6�] q �(6�]|P s h q �(P(Q(6�]
G�� � [:y g ��6�]|P o q ��P�Q(6�] h q �(P(Q(6�]

If Ò=¬ and Ò ­ aretermsof type ���(�%.

*�%����÷#����.��*ø , then Ò=¬(�1Ò ­ couldbeexpandedin two
waysto a term of type ������.1
*���%��÷7�����)���*ø . Oneusesthe non-lifted equalityandis
alwaysdefined(trueif both Ò=¬ and Ò ­ areundefinedandfalseif justoneis undefined),
theotherusesthelifted � andmight beundefined(if Ò=¬ and/or Ò ­ are/isundefined).

Non-liftedequalitycorrespondsto whatis sometimesreferredto asstrongequal-
ity , wherethe two valuesarecomparedincluding their non-functionalinformation.
Lifted equalitycorrespondsto theso-calledstrict equality (also-called“weak equal-
ity”), wherethe actionsarefirst performedbeforethey arecompared,andthenon-
functionalinformationof theargumentsis passedto theresultof theequation.The
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distinctionbetween“strongequality”and“strict equality”usuallyrefersto thebehav-
ior of equalitywith respectto partialvalues,but it appliesto non-functionalfeatures
in general. The terminology“strong” canbe confusingsincefrom a logical point
of view strongequalityis weaker thanstrict equality. That is, strict equalityimplies
strongequality.

What is confusingaboutusinglifted (in)equalityis theoverloadingof thesym-
bols � and &*� . Onehasto be awareof the type that the resultof an equationmust
have (eitherbooleanor booleanvaluedaction)in orderto know whichversionof the
(in)equalityfunctionapplies,whereasfor mostoverloadedfunctionsit is enoughto
know the typeof its argumentsto resolve overloading.Most languageswith partial
functionsusedifferentsyntaxfor strongandstrictequality(for exampleCOLD (Feijs
et al. 1994)). Indeed,it might help to avoid confusionto usea differentnotationfor
lifted (in)equalityin AFSL (for example,��� and &��%� ). However, thatwould require
a specialstatusfor � and &�� . In the next chapterso-calledapplicationredirection
is introducedwhich makesthedefinitionof lifted functionsobsoleteby lifting func-
tionsimplicitly if necessary. The(in)equalityfunctionsshouldbeexcludedfrom this
mechanismin orderto avoid theproblemabove.
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7. BINDING AND APPLICATION REDIRECTION

Abstract

Theuseof actionsallows operationswith non-functionalfeaturesto be
modeledby total functions,asdescribedin the previous chapter. The
advantageof usingnon-functionalfeaturesis that someaspectscanbe
left implicit in assertions.However, themethoddescribedalsohassome
seriousdrawbacks.Thecurrentchapterdiscussestheseproblemsandof-
fersasolution.This involvestheformaldefinitionof thenotionof bind-
ing. A mechanismcalledapplicationredirectionis introducedwhichal-
lows bindingto beappliedimplicitly. This leadsto anotationvery close
to thatof languageswhichhavespecialprovisionfor non-functionalfea-
tures(suchasimperative programminglanguages),but still in a purely
algebraicsetting.

7.1 Problemswith Non-FunctionalFeatures

Knowledgeof thestructureof actionsis neededwheneverthey arepassedto functions
thatexpect“normal” values(that is, without non-functionalfeatures)asarguments.
For example,recallthelemmafrom Section6.3:

J�B�y�y�G {�O�D:S^S o q �(6�]jS s q�q _ J(6:P�?�W�ÄrS o q J�6:P(?�W�ÄrS s ª o

Here one has to be aware of the fact that the partial value of ¡��)
*�¥�
° is of the
form ÿ���'Ì��³ or ����/)�*' andassuchcannotbepassedasargumentto �)�(���*.*� . This
obscuresthe actualpropertythat is formalized. Using lifted versionsof functions
(here�)�(���*.*� ) shiftstheproblemto thedefinitionof thesefunctions.

Thereis no fixedway in which actionarepassedto functionsthatdo not accept
actionsasarguments;this canleadto arbitrarydefinitions. For example,it is clear
what the lengthof definedlists shouldbe,but the lengthof ����/%��' is chosenrather
arbitrarily. Although it is plausibleto returnundefinedresultsfor undefinedargu-
ments,onecandivergefrom that.For example,a lifted “ , ” onpartialnumberscould
bedefinedsuchthat ����/%��'�,8�%��/)��' is � insteadof �%��/)��' . Sucharbitrarinessin han-
dling actionsmakesspecificationsharderto understandand,consequently, harderto
maintainand(re)use.
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Languagesthat have builtin provisions for non-functionalfeaturesdo not have
theseproblems.For example,in languageswith partial functionsa partial value ¸
canbe passeddirectly to a total function ½ without overhead(that is, the needto
unpack ¸ or definea speciallifted versionof ½ ) andwill alwaysbe handledin the
sameway.

In AFSL theuseof parameterizedmodulesmayreducetheproblemssomewhat:
modulescanbedefinedthat take a function ½ asparameteranddefinethelifted ver-
sionof ½ for a particulartypeof action.Theproblemsmentionedabove will thenbe
limited to thesemodules.However, this is not a satisfyingsolution: separatemod-
uleshave to beavailablefor every functionarity andfor everykind of non-functional
feature;for eachlifted functionanimporthasto bedone;andthelifted functionsthat
are importedwill have a differentnamethanthe non-lifted function (for example,
�1
�'�.ù÷ò�%ø asthelifted versionof � ) possiblywith a differentpriority andassociativ-
ity.

In thecurrentchaptera differentapproachis taken. It is shown how “passingan
actionasargument”canformally bedefinedwithin aspecification.Eachkind of non-
functionalfeaturehasits own so-calledbindingoperationwhichcanbeusedto apply
a function to an action. Using this operationdirect knowledgeaboutthe structure
of actionsis not neededanymore(sincethat informationis incorporatedwithin the
definition of the binding operation)andactionswill be passedconsequently(since
thesamebindingoperationis usedeachtime).

7.2 BindingOperations

The currentsectiongives a genericdefinition of the binding operation Æ�Æ*� . Sub-
sequentsectionswill instantiateÆ%Æ�� for the threeexamplenon-functionalfeatures
givenin thepreviouschapter(partiality, state-dependency, andstate-change).

Binding is an operationon functions: it passesan action to a function. As
suchit cannotbe formalizedin a first-orderlanguage.Therefore,AFSL includes
function representationsas first-orderdata types. Recall from Section3.6.2 that
»*"���	���÷V´µ¬|Lµ´µ­(ø is the builtin sort of representationsof total mappingsfrom sort ´µ¬
to sort ´µ­ , thebuiltin function � representsfunctionapplication,andlambdaabstrac-
tionscanbeusedto constructfunctionrepresentations.

Usingthesehigher-orderconcepts,Figure7.1specifiesthegenericoperationÆ%Æ�� .
For any kind of action Æ%Æ*� is supposedto besuchthat �*�¦Æ�Æ*�¥'%' first performs��� ,
returninga value � (that is, “binding” thevalueof �*� ), andthenperforms'%'â�Î� .
As notedbefore,“performing an action” is not a formal notion. It is the definition
of Æ�Æ*� thatactuallydefineswhat“performinganaction” meansfor a particularkind
of action.Therequirementguaranteesthatperformingthetrivial actiondoesnothing
but returningavalue.
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Fig. 7.1: Genericdefinitionof bindingoperation_�_ q .
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The functions � §�§ and � §�§ arevariationson Æ�Æ*� thatwill be discussedin Sec-
tion 7.5. Theattribute ���%���+ã�ó���¡1ã��(� indicatesthat theseareapplicationoperations,
that is, they canbe usedto apply functionsto arguments.Thesespecialoperations
areusedfor applicationredirectionin Section7.5.

The sorts ��	�.

��(�?D�� and �
	�.1
(�(�?µ�� areassumedto be the samekind of action
sorts(for example,both sortsof partial values). Unfortunately, this cannotbe for-
malizedhere.SinceAFSL doesnothave sortconstructors,theactionkind cannotbe
passedto module�

���/*ô asaparameter. SeeSection8.5for adiscussionof apossible
extensionof AFSL with polymorphismthatdoesallow a properdefinitionof Æ�Æ*� ).

TheoperationÆ�Æ*� is inspiredby themathematicalnotionof monad(Moggi 1991,
Wadler1995).The Æ%Æ*� specifiedhereplaysthesameroleasin Haskell (Bird 1998).
Besidesthe embeddingfrom valuesto actions(herethe subsortinjection from the
valuetypeto theactiontype)andthebindingoperationÆ�Æ*� , monadsalsohave three
laws which restrict thesetwo operationsin order to guaranteea “sensible”notion
of action. Thefirst monadlaw is the requirementin �

���/�ô . Becauseof the lack of
polymorphismtheothertwo laws cannotbe formalizedin AFSL (seeSection8.5).
The absenceof monadlaws is innocentin the sensethat it cannotdirectly lead to
“wrong” specifications.But, they do leave room for unintendeddefinitionsof Æ%Æ�� ,
whichmaycauseconfusionand,therefore,leadindirectly to mistakes.

7.3 Example:Partial Functions

In Figure7.2bindingis definedfor partial functions(seeSection6.3); in Figure7.3
Æ%Æ�� is usedto definethelifted versionof list operations�)�(����.*� , � , and " .

In order to definethe lifted versionof a function using Æ%Æ*� , it hasto be trans-
formedinto afunctionrepresentationusinglambda-abstraction.Here ã-�sÝ���	�. is used
to make �)�(����.*��� a partial value,which is neededsince Æ�Æ*� only works on func-
tionsthatreturnanaction.Theimplicit function ã:�BÝ%��	�. mustbeusedexplicitly here
sincefunctionscanonly beappliedimplicitly to functionarguments,not to thebody
of a lambda-abstraction.It is not alwaysnecessaryto use ã:�BÝ%��	�. to definea lifted
function.To illustratethis,thedefinitionof alifted versionof õ��)��/ hasbeenincluded
in Figure7.3. õ��)��/ is alreadyapartialfunction,therefore,noapplicationof ã-�sÝ%��	�.
is neededin thedefinitionof thelifted õ��)�*/ .

That the definitionsof the lifted �)�(���*.*� and " given in Figure7.3 are indeed
equivalentto theonesof Figure6.5is shown by thederivationsin Figures7.4and7.5
(for " only onecaseis proven).

Æ%Æ�� is only definedfor unaryfunctions,but functionswith Ð argumentscanbe
lifted by using Æ%Æ���Ð timeson anestedlambda-abstraction(suchasin thedefinition
of " ). Thegeneralformatof definingthelifted versionof a function ½ is (for suitable
declarationsof thevariables):
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Fig. 7.2: Definitionof bindingfor partialfunctions.
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The order in which the arguments�)�d�L�L���%� are boundmay seemarbitrary: for
example,thedefinitionof " in Figure7.3 is equivalentto:

G�� � [:y K(N ' K�S q K�Sd_�_ q g S2û K(N�_�_ q g N¯ûÂN ' S h�h
However, this is purely accidentalsincethe order in which partial valuesare“per-
formed” is irrelevant. But, if �
� and ��� were,for example,state-changingvalues,
thentheorderdoesmatter. Sincetheusualorderof evaluationin programminglan-
guagesis from left to right, we alwaysuseleft-to-right binding, even if orderdoes
notmatter.

7.4 Example:State-DependentFunctions

Binding for state-dependentfunctionsis definedin Figure7.6andusedin Figure7.7
in thedefinitionof thesemanticsof SImPLexpressions(ignoringfor themomentthe
side-effects).No lifted functionsaredefinedhere,Æ%Æ�� is useddirectlyto define %����� .
Alternatively, lifted versionsof � and , couldbedefinedandusedin thedefinitionof
 %���%� . In Figure7.8 it is shown thatthedefinitionof  ����%� for � is indeedcorrect.
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y*[:�:�*J�B^J%D�MFW u y n ��I p
��G�} N ���(I
��G�} S �áJ�D�MLW�I n ��I p
��G�} P ��z(O�W�I
��G�} K�S�� l O�<�W)D-O�S�I n J%D�MLW�I n ��I p�p
��G�} K�P � l O�<�W)D-O�S�I n z�O:W�I p
��G�} K(N � l O�<�W)D-O�S�I n ��I p
I([:}�{ ��I
� 5�5�5�Q�6�]%DCP�DCW)D-9:Pe9�]jJ�D�MLW�I n ��I p O:P(Qj9-K*6�<�O�W%D-9:P)M g M:6�6|H)DF?25 w 5 u K�O�?�6 o�o�o h
� y l [:}�{ l O�<�W)D-O(S:y n z�O�W�I p � H)DF?25 w 5 t K*O:?�6 o�o Ã� y l [:}�{|T�DCP(Q l O�<�W%D-O(S:y n J%D�MLW(I n ��I p ��z�O�W(I p � H)DF?25�Ô;5 s K*O:?�6 oµu�t
� y l [:}�{|T�DCP(Q l O�<�W%D-O(S:y n z�O�W�I���z�O�W�I p � H)DF?25�Ô;5 s K*O:?�6 oµu�t
� y l [:}�{|T�DCP(Q l O�<�W%D-O(S:y n ��I��áJ%D�MFW�I n ��I p�p � H)DF?25�Ô;5 s K*O:?�6 oµu�t
� y l [:}�{|T�DCP(Q l O�<�W%D-O(S:y n J%D�MLW(I n ��I p ��J%D�MFW�I n ��I p�pO� H)DF?25�Ô;5 s K*O:?�6 oµu�t
� y l [:}�{|T�DCP(Q l O�<�W%D-O(S:y n J%D�MLW(I n ��I p ����I p � H)DF?25�Ô;5 s K*O:?�6 oµu�t
H���z x J(6:P�?�W�Ä � l O�<�W)DLO(S�I n J�D�MLW�I n ��I p�p \�_ l O�<�W)D-O(S�I n z�O�W�I p
G�� � [:y J(6:P�?�W�ÄeK�S q K*Sj_�_ q g S2û � P;Ü�6*8FWjJ�6:P(?�W�ÄrS h
H���z x ª � l O:<�W)D-O(S�I n z�O�W(I p �Âz�O�W�Id\�_ l O�<�W)D-O(S�I n z�O�W�I p
G�� � [:y K�P o ª^P s q K�Pb_�_ q g P o û � P;Ü�6*8FW g P o ª^P s h�h
H���z x ' � l O:<�W)D-O(S�I n ��I p � l O�<�W)D-O(S�I n J%D�MLW(I n ��I p�p \�_ l O�<�W)DLO(S�I n J�D�MLW�I n �(I p�p
G�� � [:y K(N ' K�S q K(Nr_�_ q g N²ûÂK*Sj_�_ q g S2û � P;Ü�6*8LWeN ' S h�h
H���z x à 6�O�Q � l O�<�W)D-O(S�I n J%D�MLW(I n �(I p�p \�_ l O�<�W)D-O�S�I n ��I p
G�� � [:y à 6�O�QeK*S q K�Sd_�_ q g S2û à 6�O�QrS h
J�B�y�y�G Sd@ q BLR*K(W�Y q�q _ J(6:P(?�W�ÄrS q J(6:P�?�W�Äd{�O�D:SeS^ª o
J�B�y�y�G Sd@ q BLR*K(W�Y q�q _ S q gòà 6�O�QjS h¡'Þg {(O�D:S|S h
B�z��^y*[-���*J�B

Fig. 7.3: Specificationof lifted list operationsusingbinding.
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J(6:P�?�W�Ä^��6�]jS oq � Q(6�]%DCP�DFW%D-9:P^9�]�S*DF]�W�6�QeJ(6-P(?�W�Ä©DCPjH)DF?�>(<�6&Ô;5 t
��6�]jS o _�_ q g S s û � P;Ü�6*8FW^J(6:P(?�W�ÄrS s hq � Q(6�]%DCP�DFW%D-9:P^9�]�_�_ q DµPrH)DC?�>(<�6&Ô;5 sg S s û � P;Ü�6*8LW^J�6:P(?�W�ÄrS s h 1�S oq � i*6:W�O(\:<�6�Q�>)8LW)DL9:Pì�ÂQ(6�]%DµP�DFW)D-9-P � P;Ü�6*8LW©DCP H)DF?�>(<�6 w 5 t
��6�]^J(6-P(?�W�ÄrS o

J(6:P�?�W�Ä|�(P�Q�6�]q � Q(6�]%DCP�DFW%D-9:P^9�]�S*DF]�W�6�QeJ(6-P(?�W�Ä©DCPjH)DF?�>(<�6&Ô;5 t
�(P�Q�6�]d_�_ q g S s û � P!Ü�6*8LW^J(6-P(?�W�ÄrS s hq � Q(6�]%DCP�DFW%D-9:P^9�] � P!Ü�6*8LWbDCPjH)DF?�>(<�6&Ô;5 s
�(P�Q�6�]

Fig. 7.4: Correctnessof thedefinitionof thelifted J(6:P�?�W�Ä in Figure7.3.

g ��6�]^N o h�' �(P(Q(6�]q � Q(6�]%DCP�DFW%D-9:P^9�]�S*DF]�W�6�Q ' DCPjH)DF?�>(<(6&Ô;5 t
��6�]eN o _�_ q g N s û �(P�Q(6�]j_�_ q g S2û � P;Ü�6*8FW g N s ' S h�h�hq � Q(6�]%DCP�DFW%D-9:P^9�]�_�_ q DµPrH)DC?�>(<�6&Ô;5 s
��6�]eN o _�_ q g N s û �(P�Q(6�] hq � Q(6�]%DCP�DFW%D-9:P^9�]�_�_ q DµPrH)DC?�>(<�6&Ô;5 sg N s û ��P�Q(6�] h 1eN oq � i*6:W�O(\:<�6�Q�>)8LW)DL9:P
�(P�Q�6�]

Fig. 7.5: Correctnessof thedefinitionof thelifted
'

in Figure7.3(only onecase).
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y*[:�:�*J�B|T�DCP(Q l 6�6�E�y n ��I��#~�I p
��G�} N ���(I
��G�} 6�N � l 6�6�E�I n ��I p
��G�} ]�] ��H�>�P)8:I n ��I�� l 6�6�E�I n ~�I p�p
��G�} MLW ��I:W�O�W�6�I
I([:}�{ ��I
I([:}�{ ~�I
� y l [:}�{ l 6�6:E�y n ��I p&� H)DF?25 w 5 o�o K*O�?�6 o�o #� y l [:}�{ l 6�6:E�y n ~�I p&� H)DF?25 w 5 o�o K*O�?�6 o�o #
� y l [:}�{|T�DCP(Q�y n ��I��7~(I�� l 6�6:E�I n ��I p � l 6�6:E�I n ~�I p�p�� H)DC?25�Ô;5 o K*O�?�6 oµu�o
G�� � [:y x 9FR�K g 6�Nr_�_ q ]�]Þ� MLW h q x 9FR*K g ]�]Æ1 x 9FR*K g 6�N;�VMLW h ��MLW h
B�z��^y*[-���*J�B

Fig. 7.6: Definition of bindingfor state-dependentfunctions.

y*[:�:�*J�BeB�N�K�<�6*M�M(DL9:P*I�6FR%O:P(W%D�8�M u y
��G�} D � � P(W�I
��G�} k ��I�W�<)DCP�?�I
��G�} 6 ��B�N�K(<�I
� y l [:}�{dI � R l J(I�Y�P�W�O�N�y � H)DF?ì5 w 5$#`K*O�?�6 o�oFw
� y l [:}�{e��O�<�y n � P(W�I p � H)DF?ì5 w 5 s�t K*O�?�6 oCt�t
� y l [:}�{ l 6�6:E�y n � P�W�I p � H)DF?ì5 w 5 o�o K*O�?�6 o�o #� y l [:}�{|T�DCP(Q l 6�6�E�y n � P(W(I�� � P(W�I p&� H)DF?ì5ÚÔÞ5 w K*O�?�6 oµu�w
H���z x ��O(SL>*6���I�W�<)DCP(?�I|\�_e�(O�<�I n � P(W�I p
G�� � [:y ��O(SL>*6|k o @ q �(O(S->*6|k s ¨ q�q k o @ q k s
H���z x B�k�O�S���B�N�K�<�Id\�_ l 6�6�E�I n � P(W�I p
G�� � [:y B�k�O�S x 9:P)MLWbD q D
G�� � [:y B�k�O�S|�(O�<^k q ��g ��O(S->*6Xk h
G�� � [:y B�k�O�S g 6 o ª(6 s h q B�k(O(Se6 o _�_ q g D o ûÂB�k�O�S^6 s _�_ q g D s û � P;Ü�6�8LWbD o ª%D s h�h
G�� � [:y B�k�O�S g 6 o \�6 s h q B�k(O(Se6 o _�_ q g D o ûÂB�k�O�S^6 s _�_ q g D s û � P;Ü�6�8LWbD o \*D s h�h
B�z��^y*[-���*J�B

Fig. 7.7: Definitionof thesemanticsof SImPLexpressionsusingstatevariableandlet-terms.
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x 9FR�K g B�k�O(S g 6 o ª(6 s h � MLW hq � Q(6�]%DCP�DFW%D-9:P^9�]dB�k(O(SrDCPdH)DF?�>(<(6ÕÔÞ5$Ôx 9FR�K g B�k�O(S|6 o _�_ q g D o ûÂB�k�O(Se6 s _�_ q g D s û � P;Ü�6*8LWbD o ª%D s h�h � MLW hq � Q(6�]%DCP�DFW%D-9:P^9�]�_�_ q DµPrH)DC?�>(<�6&Ô;5 wx 9FR�K g�g D o û B�k(O(Se6 s _�_ q g D s û � P;Ü�6*8LWbD o ª�D s h�h 1 x 9FR*K g B�k�O(SU6 o �VMLW h � MLW hq � i*6:W�O(\:<�6�Q�>)8LW)DL9:Px 9FR�K g B�k�O(S|6 s _�_ q g D s û � P;Ü�6*8FW g�x 9FR*K g B�k�O(SU6 o �VMLW h ªéD s h�h � MLW hq � Q(6�]%DCP�DFW%D-9:P^9�]�_�_ q DµPrH)DC?�>(<�6&Ô;5 wx 9FR�K g�g D s û � P!Ü�6*8LW g�x 9FR*K g B�k�O(S`6 o �VMLW h ª©D s h�h 1 x 9FR*K g B�k�O(SU6 s �VMLW h � MLW hq � i*6:W�O(\:<�6�Q�>)8LW)DL9:Px 9FR�K g�� P;Ü�6*8FW g�x 9FR*K g B�k�O(SX6 o �VMFW h ª x 9FR*K g B�k�O(S`6 s �VMLW h�h �íMLW hq � Q(6�]%DCP�DFW%D-9:P^9�] � P!Ü�6*8LWbDCPjH)DF?�>(<�6 w 5 o�ox 9FR�K g B�k�O�S`6 o �VMFW h ª x 9FR*K g B�k�O(S`6 s �VMLW h

Fig. 7.8: Correctnessof thedefinitionsof B�k�O�S for ª in Figure7.7.

7.5 ApplicationRedirection

Whenusing Æ�Æ*� topassactionsasargumentsto functionsthereisstill someoverhead.
Ideally, it shouldbepossibleto useactionsdirectlyasargumentswithout theneedto
use Æ�Æ*� andlambdaabstraction.For example,thedefinition of  ����%� in Figure7.7
wouldbeclearerif we couldwrite (without defininglifted � and , ):

G�� � [:y B�k�O(S g 6 o ª(6 s h q g B�k�O�S^6 o h ª g B�k�O(Se6 s h
G�� � [:y B�k�O(S g 6 o \�6 s h q g B�k�O�S^6 o h \ g B�k�O(Se6 s h

In order to allow specialkinds of function application,like passingactionsas
normalarguments,a mechanismcalledapplicationredirectionis introduced. This
allows functionapplicationto betrappedandredirectedthroughaself-definedappli-
cationoperation, which is a functionwith theattribute �����%�+ã�ó��*¡+ã��(� . Examplesof
applicationoperationsare � §%§ and � §�§ in Figure7.1. Theseoperationsincorporate
thebindingoperation,thusredirectionvia theseoperationseffectively meansimplicit
binding.

Using applicationredirectionthe above “direct” axiomsfor  %���%� areabbrevia-
tionsfor:

G�� � [:y B�k�O(S g 6 o ª(6 s hq g D o û g D s ûáD o ª�D s h ª�¨�¨ g B�k(O(S|6 s h�h q ¨�¨ g B�k�O(S|6 o h
G�� � [:y B�k�O(S g 6 o \�6 s hq g D o û g D s ûáD o \�D s h ª�¨�¨ g B�k(O(S|6 s h�h q ¨�¨ g B�k�O(S|6 o h

whichareindeedequivalentto thecorrespondingaxiomsfor  %���%� in Figure7.7
As with overloadingand implicit functions,applicationredirectionis incorpo-

ratedin the rules for term expansion. The redefinitionof expansionrelation � is
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cÚ�¥ceGs=�>
½]\ ½ Z

Ò=¬��·Ò Z¬ Gs×-¬ )*)*) Ò À�� Ò ZÀ G^×FÀ
Ò Z¬ à Ò Z Z¬ G[t�¬ )*)*) Ò ZÀ à Ò Z ZÀ Gst�À

½ Z ®:Ò Z Z¬ LC�L�L�BLFÒ Z ZÀ ±²î ¬�Ò Z Z
½ù®:Ò ¬ LF�L�L�?LFÒ À ±²�·Ò Z Z G[× ¬ Ö-Öá=Ht ¬ >)Ö:ÖÍ�L�L��Ö-Öá× À Ö-Öá=Ht À >

´�\·´ Z
Ò � Ò Z Gs×

®vc�4�´|�VÒF±²� ®*cg4V´*Zv�VÒ Z=±»Gs×
rL¬ ¢ r Z¬ Gs×-¬ )*)*) rFÀ ¢ r ZÀ G^×LÀ(�rF¬ú�L�L�8rFÀ?,��ã(�r�Z¬ �L�L��rvZÀ ,»G^×-¬�Ö:ÖÍ�L�L��Ö-Öá×LÀ

Ðsu ¢ Ðsu|G^=�> ÐB�¦\ ÐB� Z+CÐs�§+ ¢ +CÐB� Z +ÓGs=�> Ò��·Ò Z G^×+FÒ�+ ¢ +FÒ Z +gGs×

Ò à Ò Z G[�
Ò à Ò Z Gstä ®:Ò Z ±²î ¬íÒ Z Z

Ò à Ò Z Z G^tÂÖ¥£

½ù®:Ò=¬XLC�L�L�?LLÒ À�±�î À�ï2¬�½ù®:Ò=¬6LC�L�L�?LLÒ À
±
½�®-Ò=¬6LF�L�L�?LFÒ À�±²îNð®ï2¬íÒ Z
½�®-Ò=¬6LF�L�L�?LFÒ À
±²îNð!Ò Z

½ù®:Ò=¬XLC�L�L�BLFÒñðñòÞ¬6L ó�LLÒñðHï2¬6LF�L�L�?LLÒ À
±�îNð®ï2¬íÒ Z
½ù®:Ò ¬ LF�L�L�?LFÒ À ±²î ð È×®%®kó�4V´|��Ò�Z=±9LFÒ Zð ±

Fig. 7.9: Definitionof expansionrules,includingimplicit functions.Forany implicit functionæ , variableô notoccurringfreein ª � , «-«¬« , ª ­ , andapplicationoperationõ . (For any
variable ¨ ; sorts h and h-© ; functions� and� © ; terms ª � , «¬«¬« , ª ­ , ª ©� , «¬«-« , ª ©­ , ª © ©� , «¬«-« ,ª © ©­ , ª , ª © , and ª © © ; integerlists ç � , «¬«-«6ç ­ and ç ; informals ¯ � , «¬«-«X¯ ­ and ¯ ©� , «¬«-«X¯ ©­ ;
naturallanguage�;° ; names�;± and �;±²© ; integers è � , «¬«¬« , è-­ , and è ; andnatural
numbers�iö�÷ and j ý�ø;ý � .)
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givenin Figure7.9(it replacesthedefinitionof � in Figure5.14onpage104).Here
½2¾��L�L�LÁÓîNðrÒ Z denotesthat thefunctionapplication½2¾��L�L�FÁ canbeexpandedto Ò Z by
possiblyredirectingtheapplicationof all but thefirst êìÕ©£ arguments.Thefirst rule
for î is thebasecasein which thereareno applicationsto redirect;thesecondrule
correspondsto thedirectapplication(thatis, withoutredirection)of ½ to argumentÒñð ;
andthethird rulecorrespondsto theredirectedapplicationof ½ to argument Ò ð .

Redirectionis appliedto implicit functionsbecausethey also may needto be
lifted. For example,if ÿ+
�� is a partial functionon ã:�).�� , then ®CÈéÿ1
���³�±��Í���_: is
expandedto thepartialnumber:

g <2�3H*S�9�O�W�I!û <��:Ã;5 t h ª�¨�¨g�g D+� � P(W�I!û � P;Ü�6*8LW D h ª�¨�¨ g�gµ� P;Ü�6�8LW z�O�W v h �)DFk gµ� P!Ü�6*8LW z�O:W s h�h�h

wherethe first ã-�sÝ���	�. (from integersto floats) is lifted suchthat it acceptspartial
integers.

Applicationredirectioncanbeusedto reformulatethelemmasof �1
%0�.*ô of Fig-
ure6.4:

� y l [:}�{|T�DCP�Q l O�<�W)D-O�S:y n J�D�MLW�I n ��I p ��z�O�W�I p� y l [:}�{|T�DCP�Q l O�<�W)D-O�S:y n z(O�W�I���z�O:W�I p
J�B�y�y�G Sj@ q B-R*K�W�Y q�q _|J(6:P(?�W�ÄrS q J(6:P(?�W�Ä^{�O�D:S^Seª o

This new formulation of the lemmais exactly as in Figure 6.4, but now without
theneedto definelifted versionsof list operations" and �)�(����.*� . The (simplified)
expansionof theabove lemmais:

J�B�y�y�G Sj@ q B-R*K�W�Yq�q _
J(6:P(?�W�ÄrS q g P�û P�ª o h ª�¨�¨ g�g S o û�J(6:P�?�W�ÄrS o h ª�¨�¨ g {(O�D:SeS h�h

Note that � and ����Æ arenot implicitly lifted herebecauseassertionscannotbe
partial(they mustalwaysbeof type ���%�%�%� ). This is notaproblemherebecausethere
is a � for partialnumbers.However, in generalonehasto becarefulwith undefined
termsin assertions.For example,thefollowing examplecausesaproblem(assuming
ÿ+
�� is apartialfunction):

J�B�y�y�G De_dÃ q�q _ o �)DFkéD|_dÃ
Since °�&�� is apartialvalue,both Æ and �%�)Æ have to belifted:

J�B�y�y�G g i�û�De_^Ã q�q _Ui h ª(¨�¨ g�g D s û�D s _^Ã h ª(¨�¨ g o �%DFk©D h�h

But, this is not allowed becauseit makesthe lemmapartial. A possiblesolutionis
usingan(implicit) function thatmaps�%��/)�*' to »��%��0�� or a conditionalimplication
operation,asin:
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G�� � [:y B�N�6�8 g O�N;� MLW o h q 2 g N;� MLW s h q�q _

B�N�6�8 g O�Nr_�_ q ]�]Þ� MLW o h q B�N�6*8 g ]�]Æ1^N;� MLW s h
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B�z��^y*[-���*J�B

Fig. 7.10:Lifting of state-changingoperations.

H���z x û q _���T*9�9(S�I�� l O:<�W)D-O(S�I n T*9�9�S�I p \�_`T*9�9(S�I
G�� � [:y g i o û q _`��6�]|i s h q g i o q�q _`i s h
G�� � [:y g i û q _X�(P�Q(6�] h q g z�9�Wei h
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7.6 Example:StateChangingFunctions

Bindingfor state-changingvaluesis definedin Figure7.10.An additionalapplication
operation��� §�§ is definedherewhich canbe usedto bind state-changingvaluesto
state-dependentfunctions.This form of bindingis possiblebecause���%�($
��÷�D���ø is a
subsortof �)��$��%��÷$D��*ø .

An alternative definitionof thesemanticsof SImPLstatementsusingapplication
redirectionis given in Figure7.11. The correctnessof the definition of  ������ for �
is shown in Figure7.12. Note that for state-changingfunctionsthe orderin which
argumentsareexecuteddoesmatter.
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Fig. 7.11:Definition of thesemanticsof SImPLexpressionsandstatementsusingstatevari-
ablesandapplicationredirection.Thismoduleis anadaptationof Figure6.24.
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Fig. 7.12: Thesemanticsof theadditionoperationª asdefinedin Figure7.11.
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Fig. 7.13: Thesemanticsof thearrayindexing operation� .

7.7 Example:VariableArrays

The definition of the semanticsof SImPL in Figure7.11doesnot make useof the
applicationoperation�%� §�§ of Figure7.10thatbindsstate-changingvaluesto state-
dependentfunctions. In order to show the useof this form of binding, the SImPL
programvariablesarechangedto variablearrays.

Assumethat,in theabstractsyntaxof SImPLin Figure6.8,theconstructors�����
and 4ò� arereplacedby:

H���z x � ��I�W�<)DCP(?�I���B�N�K(<(I \�_|B�N�K(<�I gòx [:z�I�{�}�� x {*[-} h
H���z x � q ��I�W�<)DCP(?�I���B�N�K(<(I���B�N�K(<(I \�_^I�W�O�W�6CR)6:P(W�I g�x [:z(I�{�}�� x {*[:} h

Here �!ù)� denotesthevalueof array � atposition � (usuallywrittenas ��÷ò��ø , but that
is not allowed by thesyntaxof AFSL) and ®µ�
L �+°�±|4��%�)³ denotestheupdateof � at
position �+° to value �)³ (usuallywritten as ��÷��1°�ø�4��)�%³ ).

Thedeclarationof ������"�� (seeFigure6.24)is changedsuchthat it canstorethe
valuesof arrays:
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Thedefinitionof  ����%� for thearrayoperationsis:

G�� � [:y B�k�O(S g k(��6 h q ��g ��O(S->*6 g k;��B�k�O(Se6 h�h
G�� � [:y B�k�O(S g�g kÞ��6 o h � q 6 s h q g �(O(S->*6 g kÞ�áB�k�O(Se6 o h � q B�k�O(Se6 s h

In Figure7.13thecorrectnessof thedefinitionof  %���%� for ù is shown. In thebefore-
laststeptheinjectionfrom ���%�($
��÷�D���ø to �)��$��)��÷$D���ø is used.

7.8 Explicit Binding

It cansometimesbeusefulto useexplicit bindinginsteadof implicit bindingthrough
applicationredirection,in particularto bind thevalueof anactionthatis goingto be
usedmorethanonce.For example,considerthenext two definitionsof theevaluation
of the ���)��/ operationof SImPL:

G�� � [:y B�k�O(S`}�6�O�Q q à 6�O�Q ��� P�K�>(Wj¨�¨ � P�K�>(W � q {�O�D:S ��� P�K�>(W
G�� � [:y B�k�O(S`}�6�O�Q q ��� P�K�>(Wj_�_ q g DCP¯û � P�K�>(WØ� q {�O�D-S�DµP©_�_ à 6�O�QbDCP h

Thefirst axiomis takenfrom Figure7.11,thesecondis analternative, thoughequiv-
alent,definition. In thesecondaxiom it is emphasizedthat thesub-term ì*ã-�%�%"). is
usedtwice. Moreover, theexplicit bindingof 
�� to theresultof ì*ã-�%��"�. allows usto
do theassignmentto ã:���%"�. beforereturningõ��%�*/�
:� asa result,which is thecom-
monorderof doing things. As a matterof fact, imperative programminglanguages
donothave anequivalentfor

§%§
, whereasÆ%Æ correspondsto sequentialcomposition.

A specialsituationariseswhenperforminganaction;that is, whenever perform-
ing thesameactiontwicehasadifferenteffect thanjustperformingit once.A typical
caseof non-idempotentactionsarestate-changingactions. Consider, for example,
thefollowing threestate-changingterms(with thedefinitionof  ������é���)��/ from the
previousexample):

g B�k�O(S`}�6�O�Q h ª g B�k�O(S`}�6�O�Q hg B�k�O(S`}�6�O�Q h _�_ q g D o û g B�k�O(S`}�6�O�Q h _�_ q g D s û�D o ª©D s h�hg B�k�O(S`}�6�O�Q h _�_ q g DÞûáDUªéD h
Thefirst two termsareequivalent,both readtwo integers 
�° and 
*³ from the input
streamandreturnthesumof 
�° and 
*³ . However, thelasttermreadsonly oneinteger

 from input andreturnstwice thevalueof 
 . Not only thevalueof the last termis
possiblydifferent from the former two, but alsothe returnedstate. In the first two
casestwo elementsareremovedfrom theinputstream,in thefinal caseonly one.So,
whenever thevalueof a non-idempotentactionis usedmorethanonce,oneshould
uselet-termsfor explicit bindingof thevalue.



8. DISCUSSION

Abstract

This chaptercontainsa critical discussionof someof the designdeci-
sionsof AFSL (seeChapter2). AlthoughAFSL doessatisfyits original
requirements,someimprovementscanbemadeto improve its usability
anddefinition. Also it is discussedhow the FSA specificationmethod
couldbedevelopedfurther.

8.1 First-OrderFunctions

AFSL wasdesignedasa first-orderlanguagein order to keepthe languagedefini-
tion assimpleaspossible.It wasthoughtthat first-orderfunctions,in combination
with genericmodules,would be powerful enoughfor specificationpurposes(many
existing specificationlanguagesarefirst order). Although it is true that muchcan
bemodeledusingfirst-orderfunctions,it doesnot alwaysresultin clean(expanded)
specifications.The addition of function representationsto the builtin objects(see
Section3.6) is anad-hocextensionwhichwasneededfor theapplicationredirection
(which in turn is neededto modelnon-functionfeatures).Functionsmustbe trans-
formed into function representations(using lambdaabstraction)beforeapplication
redirectioncanbeapplied,which is ratherelaborate.A higher-orderlanguagewould
allow acleanerlanguagedefinition(seeSection8.8).

Whenit wasdecidedto addapplicationredirectionto AFSL, thetypesystemwas
fixed to a first-ordersystem(in fact, the languagewasalreadyin use). It was(and
still is) hardto assesswhethertruehigher-orderfunctionswould conflict with other
languagefeatures(in particular, thesyntaxof functionapplication,implicit functions,
andapplicationredirection).

8.2 Syntax

If a flexible syntaxis required(for example, to allow 
�')Å*.��
���
Å%�%��0��%Å notation),
a specificationlanguagereally needsmixfix operationcalls (seeSection2.1.2). It
seemsobviousto usea mechanismsimilar to SDF(Bergstra,Heering& Klint 1987,
Heering,Hendriks,Klint & Rekers 1992). SDF is basedon the elegant idea that
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declarationsof mixfix operationscanbe viewed asa grammardefinition wherethe
sortsarethenon-terminalsof thegrammar(seetheexampleASF+SDFspecification
in Figure2.1). Unfortunately, therearesomeotherwishes(polymorphism,higher-
orderfunctions,implicit functions,andapplicationredirection)thatmaystandin the
way of a straightforward employmentof a SDF-like syntaxwithin AFSL becauseit
complicatesparsing.

8.3 InformalTerms

Informal terms(Section3.11)do facilitatestepwiserefinement(Section2.2.1) in a
straightforward way. In thecasestudiesinformal termsturnedout to bevery useful
for a first definition of names.However, informal termswereonly usedon a lim-
ited scale: informal termswerenot usedassub-termsof formal termsandquoted
termswerehardly used. The remainingadvantageof suchinformal termsover or-
dinarycommentsis thatthetype-checker testswhetherthequotednamesareindeed
declared.

The limited useof informal termsmay justify a simplermechanism.An alter-
native is the useof descriptionitems which aremadeup of naturallanguagewith
quotednamesandterms,for example:

H���z x ª ��z�O�W�I���z(O�W�Id\�_|z�O�W�I
��B�I x } î#P o ª�P s î D�MUW�Ä*6rMF>:R©9�]�î#P o î�O:P(Q�î3P s î�5
G�� � [:y ��6�<�9eªeP q P
G�� � [:y I:>)8�8ZP o ª^P s q I:>)8�8 g P o ª�P s h

8.4 Non-executableSemantics

Definitionsin AFSL arenon-executable(seeSection2.1.3) in ordernot to limit its
expressiveness.However, within theFSA casestudies(seeSection1.6) it wasrec-
ognizedthat executableprototypesare an importanttool to validatespecifications
(thatis, to find outwhetheraspecificationspecifieswhatit is supposedto). It wasas-
sumedthatturningspecificationsinto prototypeswouldbeastraightforwardexercise,
but thatturnedout to bewrong.

In theMP casestudy, AFSL axiomsweretranslatedmanuallyto (moreor less)
logically equivalentPrologclauses.In principle this workswell, but the translation
turnedout to be very laborious. Not all axiomswereHorn clausesand, therefore,
neededto be convertedfirst. Becausethis wasdonemanually, the prototypesand
specificationsdivergedmoreandmoreover time,whichmadeany valuablefeedback
from prototypeto specificationimpossible.

For FAN asmallinterpreterwasmadethatcouldexecutesomeof theaxiomsthat
werespecificfor thatcase.This alsonever resultedin a workablesituationbecause
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the implementationof the interpreterwas part of the casestudy itself, whereasit
shouldhave beenavailableasa tool from dayone.

In retrospect,I think that definitions(that is, axioms,not lemmasandrequire-
ments)shouldalwaysbe executablein order to allow instantprototyping. In addi-
tion, many peoplefind it simplerto write executabledefinitionsinsteadof abstract
property-baseddefinitions.An operationalunderstandingof adefinitionoftenmakes
it easierto envision its implications(thereis only onementalmodel to consider).
Also, therestrictionsimposedby executabledefinitionsleadto moreuniform defini-
tionswith lessroomfor mistakes.

WhenI have to designanew specificationlanguagein thefuture,I will consider
anexecutablelanguagewith specialprovisionsfor theforwarddeclarationof names.
Thatis, namescanbedeclaredwithout a definition,which is forwardedto any mod-
ule down the import chain. Most definitionsin this thesisarein the form of rewrite
rules,so it shouldnot be difficult to changetheseinto executabledefinitions. For-
ward declarationsmay containrequirements,which arebooleanterms. A require-
mentdoesnot supplyany operationalinformationaboutthe declaredname,but is
itself acomputableterm(givenvaluesfor thefreevariables).Whenrequirementsare
accompaniedby a list of testvaluesfor their freevariables,thenthedefinitionscan
automaticallybe testedby computingall the requirementsfor the given testvalues
andcheckif theirvalueis ¡��*"�� . Similarly, declarationmaycontainlemmaswith test
values.Validity of aspecificationcanthenbetestedby computingtheselemmas.

8.5 Modules

The genericmodulemechanismdefinedin Chapter4 is very usefulasan abstrac-
tion, structuring,andreusemechanism.Moreover, it hasa straightforwarddefinition
basedon unfoldingof structuredmodules,which makesit easyto understandstruc-
turedspecifications.Thereis, however, oneseriousdrawbackin usingparameterized
modulesasanabstractionmechanism:for eachrequiredinstanceof a polymorphic
operationoneimport is needed.Particularly, in thecaseof modulesthatdefinebind-
ing operations(Chapter7) this leadsto many imports.

Also, it is not clearhow usefulthemechanismis for anexecutablelanguage.An
interpreter/compilerthat handlesstructuredspecificationsby simply unfolding all
importsmay faceanexplosionof code.Maybe,therearetechniquesthatcanavoid
this (for example,by eliminatingduplicatedefinitions).

Extensionof AFSL with parametricpolymorphism(seeSection4.4)canhelpto
reducethenumberof moduleimports. For example,a modulethatspecifiesa poly-
morphicsort of lists suchasin Figure8.1 hasto be importedonly onceto declare
lists of any elementtype(comparethis with to thespecificationof lists givenin Fig-
ure 4.4). Here an ad-hocextensionof AFSL is usedin which sort namesending
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Fig. 8.1: Specificationof typedlistsusingtypepolymorphism.

with ú aresort variablesthat canbe replacedby any othersort name.Thedeclara-
tion of �1
)0�.���÷�D?ú�ø now declaresawholecollectionof sortsnames( �1
%0�.���÷7�)�%�%�%�*ø ,
�1
%0�.���÷�ã-��.��*ø , �1
%0�.���÷7�

)0�.���÷Vã:�).��*ø�ø , etc.). So,only oneimport of this polymor-
phic �

)0�.*ô is sufficient for thedefinitionof all thisdifferentlist types.

Parametricpolymorphismreducesthe amountof moduleimports(andpossible
code explosion). Note, however, that polymorphismdoesnot make module pa-
rametersobsolete. Thereare situationsin which we do not want to instantiatea
genericspecificationfor arbitrary actualparameters.See,for example, the mod-
ule ¡)�*.��%�%�(�)/%�*���*/*ô in Figure4.7: we do not want a Æ*� for every sort. Here the
parameterizedmodulesof AFSL play a role similar to classesin Haskell (Fasel
etal. 1992,Bird 1998),whichalsosupportspolymorphism.

Parametricpolymorphismis particularlyusefulwhenmorethanonesortvariable
is involved. See,for example,thetwo specificationsof thecompositionoperation�
for function representationsgiven in Figure8.2. The first definition of � hasto be
importedseparatelyfor eachcombinationof valuesfor �)� , ��� , and ó)� , the second
hasto beimportedonly once.Herewecanseeanadditionaladvantageof parametric
polymorphism.The lemmain thesecondversionof ó%�������
0(�(ô cannotevenbe for-
mulatedwithin thecurrentAFSL becausemultiple instancesof � areinvolved here
(in thefirst versionof ó%�������
0(�(ô thereis only oneinstanceof � ). Differentinstances
of � canonly bedeclaredby importsof ó%�����
��0(�(ô . Evenif it wereallowedto import
modulesinto themselves,thatwould not besufficient becausethe lemmamusthold
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y*[:�:�*J�B x 9FR�K*9*M:6�y n G�I��#T�I�� x I p
��G�} ] ��H�>�P)8:I n G(I��#T*I p
��G�} ? ��H�>�P)8:I n T�I�� x I p
��G�} OØ��G�I
I([:}�{ G�I
I([:}�{ T*I
I([:}�{ x I
H���z x [���H�>�P)8:I n T�I�� x I p ��H�>�P%8:I n G�I��#T*I p \�_|H�>�P)8:I n G�I�� x I p
G�� � [:y g ?�[^] h 1dO q ?�1 g ]Õ1dO h
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��G�} ] ��H�>�P)8:I n G!/��#T�/ p
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��G�} Ä ��H�>�P)8:I n x /��7�;/ p
��G�} OØ��G;/
H���z x [���H�>�P)8:I n T;/�� x / p ��H�>�P%8:I n G;/+�#T�/ p \�_|H�>�P)8:I n G;/�� x / p
G�� � [:y g ?�[^] h 1dO q ?�1 g ]Õ1dO h
J�B�y�y�G g Äb[e? h [e] q Äb[ g ?r[e] h
B�z��^y*[-���*J�B

Fig. 8.2: Two definitionsof the compositionoperationon function representations;the first
usingmoduleparameters,thesecondusingsortvariables.
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y*[:�:�*J�BeG%8LW%D-9:P(y n G�8LW)D-9:P�I n �;/ p�p
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Fig. 8.3: Alternativedefinitionof actionsandbinding,includingthemonadlaws.

for arbitraryinstancesof thesortvariables,evenfor sortnamesnot yet declared.
Parametricpolymorphismwouldbeveryusefulfor modelingnon-functionalfea-

tures(Chapter7). Currently, for eachpossiblebindingoperation(Section7.2)asep-
arateimport is neededin orderto definetheright bindingoperation.Becausebinding
is oftenappliedimplicitly by applicationredirection(Section7.5),onecaneasilyfor-
getsomenecessaryimports.Moreover, thecurrentspecificationof Æ%Æ�� in Figure7.1
fails to satisfytwo of theso-calledmonadlaws (seeSection7.2,Moggi (1991)and
Wadler(1995))becausetheseinvolvemultiple instancesof Æ%Æ�� . Themonadlawsare
requirementsthathave to besatisfiedby any “tidy” definitionof binding(thereasons
why is outsidethescopeof this thesis).Figure8.3shows how bindingcanbespec-
ified usingsort variables,including themonadlaws (the requirementsat theendof
themodule).

Herea new form of formal parameter( �
	�.1
����1��÷�D?ú�ø ) is needed.This is a poly-
morphicparameterthatmayonly beinstantiatedby nameswith anequalnumberof
sort variables(suchas �1
%0�.���÷�D¾ú*ø from Figure 8.1). Note that the new �
	�.

����)ô
combinestwo previous modules( �
	�.

����)ô of Figure6.1 and �1
:��/*ô of Figure7.1).
The original separationwasneededbecause�1
:��/*ô usesmultiple instancesof sort
�
	�.1
(�(�1��÷òø .
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8.6 Implicit Functions

Theimplicit functionmechanismis well suitedto modelinheritance.Becauseof its
generalityit ismoreflexible thantrueobject-orientedinheritance.It can,for example,
beusedfor has-arelationshipsanddefiningaliases(usingmutualinheritance).

The main disadvantageis that a preferencemechanismis necessaryto resolve
ambiguitiescausedby multiple inheritanceandoverloading(Section5.8). Thispref-
erencemechanismis chosenratherad-hoc,althoughconceptuallyit is quitesimple
andit is relatively easyto implement(if efficiency is not an issue,seeSection8.9).
But, thatmayalsobetruefor otherdefinitionsof preference.

The left-to-right bias in minimizing the numberof conversionsintroducesan
asymmetryin theexpansionmechanism.Theorderof functionargumentsinfluences
theway assertionsareexpanded,andthereforetheir interpretationfor a given alge-
bra. Froma languagedesignpoint of view this is unwantedsincethesemanticsof a
languageshouldbeindependentof its syntax.

It is not clearto whatextentthechosenpreferencemechanismleadsto practical
problemsmoreseverethanany othersolutionfor theinheritanceambiguityproblem.
Beforeany preferencemechanismcanbe evaluated,criteria shouldbe formulated.
A possiblecriterionis thatthepreferredexpansionof anassertionis equivalent(that
is, hasthesamevalue)to all otherexpansions.Anotheroption is that thepreferred
expansionshouldbe the logically weakestonepossible(makingsurethe assertion
hasnounintendedimplications).

8.7 Non-FunctionalFeatures

As demonstratedin Chapter7, applicationredirectionallows a treatmentof non-
functional featureswithout notationaloverhead(that is, with a notationsimilar to
languageswith builtin non-functionalfeatures).The mechanismwasaddedto the
languagebasedon the FSA casestudies,but still hasto be testedin realisticcase
studies.For practicalusetheapplicationredirectionmechanismmay turn out to be
toocomplicated.

Applicationredirection(Section7.5)completelyeliminatestheoverheadthatwas
introducedby modelingnon-functionalfeaturesby actions.Unfortunately, overhead
thatstill remainsaretheimportsof theappropriatebindingmodules( �1
:��/*������.1
��%�(ô ,
etc.) that must ensurethat all necessaryapplicationoperations(suchas � §%§ ) are
indeeddefined. Many imports may be needed(with different actualparameters),
which is a potentialsourceof errorssinceit is hard to overseewhich imports are
exactly needed.The applicationoperationsthat needto be importedarenot used
explicitly andthereforeeasilyover-seen.

The problemis not so muchapplicationredirectionitself, but the lack of poly-
morphismin AFSL. If polymorphismwasavailable,thebindingmoduleswould not
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needformalparameters,insteadthey woulddeclarepolymorphicversionsof Æ%Æ�� . At
mostoneimport of eachbinding modulewould thenbe needed.Adding polymor-
phismto AFSL is, however, outsidethe scopeof this thesis;seeSection8.5 for a
discussionof apossibleextensionof AFSL with polymorphism.

Recallthediscussionin Section6.9 aboutthepotentialconfusionthat canarise
whenusing lifted versionsof the equalityoperations� and &�� . Now that binding
canbe implicit oneshouldbeevenmoreawareof this problem. Informal functions
(Section3.11)have a similarproblem.Informal functionsareextremelyoverloaded,
they canhaveany domain(similar to theequalityoperations),but alsoany co-domain
type(unlike theequalityoperations).Whenever anargumentin theapplicationof an
informal function ½ (that is, a quotedtermin an informal term) is anaction,for ex-
ample,of type ������.1
��%�%��÷�ã-��.���ø , andthecorrespondinginstanceof � §%§ is defined,
thenoverloadingambiguityoccurssincethereis achoicebetweenaversionof ½ that
workson ã:�).�� or onethatworkson ���(�%.1
��%����÷�ã-��.��*ø . Thesecomplicationscould
bea reasonfor excluding � , &�� , andinformal termsfrom applicationredirection.

8.8 ApplicationRedirection

Applicationredirection(Section7.5)couldpotentiallyleadto incomprehensiblespec-
ificationssinceoneis freeto defineasmany applicationoperationaswanted,with an
arbitrarydefinition. If this is donethoughtlessly, somefunctionapplicationmaynot
behave asexpected.Maybesomerestrictionson the useof applicationredirection
arein order, but at thispoint it is notclearhow theseshouldbeformulated

Althoughin itself astraightforwardconcept,thedefinitionof applicationredirec-
tion is rathercircumstantial.To a largeextent this is dueto the lack of higher-order
functions(seeSection8.1). If higher-orderfunctionwereallowed, it might bepos-
sible to handleapplicationredirectionby fittings. A fitting is a function thatcanbe
appliedimplicitly to functions,ratherthan to arguments. For example,the defini-
tion of actionsin Figure8.3couldbeextendedwith a fitting �1
�'�. (usingparametric
polymorphismasdiscussedin Section8.5):

H���z x J%DL]�W � g �;/d\�_`G%8LW)D-9-P*I n ~;/ p h
\�_ g G%8LW)D-9-P*I n �;/ p \�_|G%8LW)DL9:P*I n ~!/ p hrg H � {�{ � z(Ý h

G�� � [:y g J%DL]�Wd] h 1dO�N q O�Nb_�_ q ]
Thatis, �1
('*.¥' is thelifted versionof ' . Usinglifting asafitting makesit unneces-
saryto convert a function to a functionrepresentationbeforeapplicationredirection
canbeused.Assumingthefollowing declarations:

H���z x H ��}(6�O(S�Id\�_ l O�<�W)D-O(S�I n }�6�O(S�I p
H���z x } � \�_ l O�<�W)D-O(S�I n }�6�O(S�I p

theapplication»¥� canbeexpandedto ®V�1
�'�.Î»+±��
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In thecurrentAFSL, theinteractionbetweenapplicationredirectionandimplicit
functions(whichmayalsoneedto beredirected)is quitecomplicated(seedefinition
of � in Figure7.9).Maybe,theserulescanbesimplifiedby replacingimplicit func-
tionsby fittings. This leadsto a kind of inheritancewhich is moregeneralthanthe
object-orientedform. For example,theimplicit conversionfrom naturalsto integers
andfrom integersto realscanberealizedby thefollowing fittings:

H���z x H)DCW�z�O�WØ� gµ� P(W(I \�_d�;/ h \�_ g z�O�W�I^\�_&�;/ h g H � {�{ � z(Ý h
H���z x H)DCW � P(WØ� g }�6�O�S�I^\�_d�;/ h \�_ gµ� P(W�I^\�_&�;/ h g H � {�{ � z(Ý h

Assumingthefollowing declarations:

H���z x H ��}(6�O(S�Id\�_ l O�<�W)D-O(S�I n }�6�O(S�I p
H���z x � � \�_`z�O�W(I
H���z x ~ � \�_ l O�<�W)D-O(S�I n z�O�W�I p

theapplication»3D canbeexpandedto:
g H)DFW�z(O�W g H)DFW � P(WeH h�h �

That is, first » is fitted to acceptintegersinsteadof realsandthento acceptnaturals
insteadof integers. Theexpansionof theapplication»½µ involvesa lifting in order
to adapt» to partialarguments:

g J%DL]�W g H%DFW�z�O�W g H)DFW � P(WeH h�h�h ~
Thismechanismlooksvery promising,but needsfurtherinvestigation.

8.9 TypeChecking

For the versionof AFSL that wasusedin the FSA casestudies(Groenboom1997,
Veenstra1998)a typechecker wasimplementedin thefunctionalprogramminglan-
guageSML (Harperet al. 1986,Myerset al. 1993).Theversionof AFSL presented
in this thesishasevolvedfrom thatearlyversion.Apart from someminorsyntactical
andconceptualdetails,therearetwo maindifferencesbetweenthetwo versions.

Thepreferencemechanismfor addingimplicit functionsto terms(seeSection5.8)
for theold versionwashardwiredinto theimplementationof thetypechecker. There
wasno cleardefinitionof this mechanismsuchasin Figure5.14.In fact it wasquite
difficult to fully understandthepreferencemechanism(althoughthisdid notcompli-
catetheactualuseof thelanguage).

In the casestudiesno use was madeof actionsfor modeling non-functional
features(seeChapter6), thereforeno applicationredirection(seeSection7.5) was
needed.Insteadtheold AFSL hadbuiltin partialfunctions.

Moreover, thetypechecker wasoptimizedfor performanceandincludedversion
managementanderror handling. All this madeit impracticalto adaptthe original
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type checker to the final versionof AFSL in a straightforward way. Therefore,a
new typechecker hasbeenimplementedin orderto checkthespecificationgiven in
this thesis. This checker is a “quick anddirty” prototypewhich is not meantto be
usedfor any otherpurposes.No attentionwaspaidto performance,robustness,error
messages,andversionmanagement.

The new type checker is implementedin the functionalprogramminglanguage
Haskell (Faselet al. 1992,Bird 1998). Themainreasonto usethis languageis that
it useslazy evaluation,which SML doesnot. Lazinessis essentialherebecauseex-
pansionof a term Ò is implementedby generatingthe(potentiallyinfinite) list of all
expansionsof Ò in orderof theircosts(thecheapestfirst). Thepreferredexpansionof
Ò is thefirst in thelist (providedit is theonly expansionwith lowestcosts).Generat-
ing thelist of all expansionsmakesit easyto write a programthatstayscloseto the
rulesgivenin Figure7.9. As a matterof fact,therehasbeenfeedbackin bothdirec-
tionsbetweentheformulationof therulesandtheir implementation.Thelazinessof
Haskell guaranteesthatonly thoseexpansionsarecomputedthatarereally needed.

Thetype-checker usesaparserthatis generatedby aparsergeneratorfor thesyn-
tax definitionlanguageSDF-2(Visser1997).JoostVisserprovidedthetoolsthatal-
lowedtherepresentationsof theparsetrees,constructedby theSGLRparser(Rekers
1992,Visser1997)for SDF-2,to bereadfrom within a Haskell program.SDFtools
wereusedfor pretty printing (deJonge1999,van denBrand& deJonge1999)the
syntaxdefinitionof AppendixA.

If a languagecandeclareits own priorities (like AFSL) it is impossibleto use
parsergeneratorsthat assumefixed priority for operations(suchasYACC (Levine,
Mason& Brown 1992)or the ASF+SDFmeta-environment(The ASF+SDFMeta-
environmentUser’s Guide1995)). In principle it is possibleto usesuchgenerators
if thescannercanbeprogrammedsuchthatit first parsesthepriority section.When
scanninga function identifier in a moduleit canthenreturnspecialtokensfor each
priority group/associativity combination.But, this leadsto anexplosionof thenum-
berof syntaxrulesfor functionapplication.

Therefore,the type checker parsesspecificationsin two stages.The first stage
usesa generatedparserthat assumesall functionshave the samepriority and are
right associative. Thisparseris generatedfrom thesyntaxgivenin AppendixA. The
secondstageusesa handcodedprogramthatrearrangestheparsetreesbasedon the
informationreadfrom theprioritiesfile.

8.10 SpecificationMethod

TheFSA methodaspresentedin Section2.2 is far from a completemethodthatcan
guideandsupportpeoplein makingformal specifications.What hasto be doneto
make it acompletespecificationmethod?
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I distinguishtwo kindsof techniquesthatmake up amethod:hardandsoft tech-
niques.Hardtechniqueshaveaclearstatusandhaveto beeithercompletelyaccepted
or rejected(for example,theuseof formal languages,proof rules,libraries,or com-
putertools). Soft techniquescanbeinterpretedin many differentwaysandfunction
assuggestionsfor goodpractice(suchas“which classesdo we need?” or “which
thingsbelongin amodule?”).

Whenthe FSA projectstartedI expectedthat it would be possibleto formulate
usefulsoft techniquesthat canhelp peopleto make the right decisions.However,
their are few existing soft techniquesthat could be used(suchas clear guidelines
for settingup anobject-orientedmodel).Moreover, soft techniquestendto beunder
discussionall the time (even morethanthe definition of a language)andeveryone
changesthe rules at will. Now I think that it are the hard techniquesthat are the
driving force of a methodbecausethey force peopleto adapta particularway of
working. From this point of view, the successof object-orientationdependson its
languagesandtoolsratherthanits methodology.

Developmentof amethodof specificationshouldconcentrateon language,tools,
and library development. A nice idea is the developmentof a graphicalmodel-
ing tool whereobject-orientedmodelsaredrawn on the computerscreenandlarge
partsof the specificationaregeneratedfrom thosemodels. Details that cannotbe
capturedin the graphicalnotationthen have to be addedby hand. Suchtools al-
readyexist for generatingcomputerprograms.For example,thereareTogether(see
www.togethersoft.com)and RationalRose(seewww.rational.com)which use the
objectorientedmodelinglanguageUML (Booch,Rumbaugh& Jacobson1999)and
generateskeletoncodein someprogramminglanguage(that is, programsthathave
to completedby hand).Maybeany of thesetoolscanbeconfiguredsuchthatit gen-
eratesskeletonspecificationsinsteadof programs.

8.11 Conclusions

AFSL hasserved very well asa specificationlanguagefor theFSA casestudies.It
is simple,thoughexpressive enough.However, asdiscussedin the currentchapter
therearestill a few improvementsthatcanbemade:

� Typepolymorphismfor moreexpressivenessandfewermoduleimports.

� Mixfix functionapplicationfor amoreflexible syntax.

� Truehigher-orderfunctionsfor a cleanerlanguagedefinition.

� Integrationof thepreferencemechanismfor implicit functionsandapplication
redirectionfor a cleanerlanguagedefinition.

� Executabledefinitionsfor aquick validationof specifications.
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Futureresearchmaycontributeto thesepoints.
Fromthepoint of view of theoriginal goalsof theFSA project(Section1.5) the

decisionto develop a new languageturnedout to be not the bestchoice. Although
theargumentsto doso(seeChapter2) arestill valid, theamountof work involvedin
makinganew languagewasunderestimated.It is somuchwork becausedesigninga
formal language(or any othercompletelynew artifact) is inherentlydifficult. More-
over, therearevery few techniquesavailablethathelponeto make a new language.
In particular, the lack of a generallyacceptedformal meta-language(plus tools) for
thedefinitionof languagesemanticswasahandicap.As a result,AFSL is developed
attheexpenseof thedevelopmentof themethodof specification,whichwasthemain
motivationfor startingtheFSA projectin thefirst place.

This doesnot imply that the developmentof AFSL was useless.If we forget
abouttheoriginalgoalsof theFSAproject,it is fair to saythatanumberof important
aspectsof formal specificationareaddressedin the designof AFSL. The require-
mentslisted in Section2.3 canbe relevant for any specificationmethod. Although
AFSL doesnotcompletelysatisfyall theserequirements,it hasauniquecombination
of featuresthatdo form asoundbasisfor furtherdevelopment.In particular, theway
applicationredirectionfacilitatesnon-functionalfeaturesallows a flexibility in the
semanticsof operationsno otherlanguageoffers, but which is essentialfor a truly
wide-spectrumandgeneralpurposelanguage.
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A. SYNTAX DEFINITION

This appendixcontainsthe syntaxdefinition of AFSL in the syntaxdefinition lan-
guageSDF-2(Visser1997).Notethatin thesyntaxgivenhereall functionshave the
samepriority andareright associative (seeSection8.9).

Lexical Syntax

module Lexical
exports

sorts ModuleId SortId FunctionIdNumeralStr VariableNaturalLanguage
NaturalNumberSpecial

lexical syntax
[ ûvü8û t û n] ä LAYOUT
[ û %] ˜[ û n]* [ û n] ý LAYOUT
[ û�û ] ˜[ û n]* [ û n] ý LAYOUT
[A-Z] [A-Za-z0-9]* [M] ý ModuleId
[A-Z] [A-Za-z0-9]* [S] ý SortId
[A-Z] [A-Za-z0-9]* [A-LN-RT-Za-z0-9] ý FunctionId
[A-LN-RT-Z] ý FunctionId
Numeral ý FunctionId
Str ý FunctionId
Special ý FunctionId
[0-9]+ ý Numeral
“ þ ”” ˜[ þ ” ] “ þ ”” ý Str
[a-z] [a-z]* [0-9]* ý Variable
˜[ þ�ÿ*þ��*þ ’ þ��*þ t þ nþ %]+ ý NaturalLanguage
[ þ ! þ # þ $þ %þ & þ * þ + þ -þ . þ : �Aþ ; þ���þ = þ���þ ?þ @þ ˆ þ þ ‘ þ�� þ ˜]+ ý Special
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PrioritiesDeclarations

module Priorities
exports

imports Lexical

exports
sorts PrioritiesGroupOperatorAssociativity

context-fr eesyntax
“PRIORITIES” Group* “END” “PRIORITIES” ý Priorities
“GROUP” ÿ Operator“,” � * ý Group
FunctionIdAssociativity ý Operatorý Associativity
“(” “LEFT” “)” ý Associativity
“(” “RIGHT” “)” ý Associativity

Specifications

module Module
exports

imports Term

exports
sorts Module NameListItem DeclarationAttribs Attribute Qualifier

context-fr eesyntax
“MODULE” ModuleId NameListItem* “END” “MODULE” ý Moduleý NameList
“[” ÿ Name“,” � * “]” ý NameList
“IMPORT” ModuleId NameList ý Item
Declaration ý Item
Qualifier Term ý Item
“SORT” Sort Attribs ý Declaration
“FUNC” FunctionAttribs ý Declaration
“VAR” Variable“:” Sort ý Declarationý Attribs
“(” ÿ Attribute “,” � * “)” ý Attribs
“IMPLICIT” ý Attribute
“INDUCTIVE” ý Attribute
“CONSTRUCTOR” ý Attribute
“APPLICATION” ý Attribute
“AXIOM” ý Qualifier
“LEMMA ” ý Qualifier
“REQ” ý Qualifier
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module Name
exports

imports Lexical

exports
sorts Sort FunctionNameOrigin IndexesTypeInfo FunctionType

context-fr eesyntax
Origin SortId Indexes ý Sort
Origin FunctionIdIndexesTypeInfo ý Function
Sort ý Name
Function ý Nameý Origin
ModuleId “:” ý Originý Indexes
“[” ÿ Name“,” � * “]” ý Indexesý TypeInfo
“:” FunctionType ý TypeInfoÿ Sort “,” � * “ ý ” Sort ý FunctionType

module Term
exports

imports Name

exports
sorts Term NonAppl Appl VarType Informal Args

context-fr eesyntax
Variable ý NonAppl
Args FunctionArgs ý Appl
Args FunctionAppl ý Appl
“(” VariableVarType “ � ” Term “)” ý NonAppl
“ ÿ ” Informal* “ � ” ý NonAppl
NonAppl ý Term
Appl ý Termý Args
NonAppl ý Args
“(” ÿ Term “,” � * “)” ý Argsý VarType
“:” Sort ý VarType
NaturalLanguage ý Informal
“”’ Name“”’ ý Informal
“”’ Term “”’ ý Informal

context-fr eepriorities
“”’ Name“”’ ý Informal �
“”’ Term “”’ ý Informal
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module Main
imports Module Priorities

exports
context-fr eerestrictions

( LAYOUT )? -/- [ þ���þ t þ n þ %þ�þ ]
Informal -/- ˜[ þ�ÿ*þ��*þ ’ þ��*þ t þ nþ %]
Variable -/- [0-9]

lexical restrictions
Special -/- [ þ ! þ #þ $þ %þ & þ * þ + þ -þ . þ : �Aþ ; þ���þ = þ���þ ?þ @þ ˆ þ þ ‘ þ�� þ ˜]

context-fr eesyntax
“REQ” ý FunctionId ÿ reject�
“AXIOM” ý FunctionId ÿ reject�
“LEMMA ” ý FunctionId ÿ reject�
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SAMENVATTING

Dit proefschriftis het verslagvan de ontwikkeling van de nieuweformelespecificatietaal
AFSL die speciaalbedoeldis voor debeschrijvingvansoftware. Behandeldwordende rol
vanformelespecificatiein software-ontwikkeling,dealgemeneprincipesvanformelespeci-
ficatietalen,deontstaansgeschiedenisvanAFSL,deredenenomeennieuwetaaltemaken,de
definitievandetaal,ontwerpoverwegingen,voorbeeldenvanhetgebruikenideëenvoormo-
gelijkeverbeteringenaandetaal.DeafkortingAFSLstaatvoor“AlmostFormalSpecification
Language”waarbij “Almost” refereertnaarde mogelijkheidom (niet formele)natuurlijke
taal te gebruikenbinnenhetverderformeleAFSL. In detitel “AnotherFormalSpecification
Language”refereert“Another” naarhet feit dat er al veel formelespecificatietalenbestaan
(misschienal genoeg), maarhetgeeftook aandatAFSL andersis.

Eenspecificatieis eenbeschrijvingvandeeigenschappenvaneending. Eenspecificatie
is formeelals hij aanbepaaldevormafspraken voldoetzodatde doelgroepde beschrijving
begrijpt. Voorbeeldenvan specificatieszijn de partituur van eenmuziekstuk,eenpatroon
van eenbruidsjurken het elektronischschemavan eenradio. Het is vaakvan belangom
eenspecificatiete hebbenvoordathetding gemaaktwordt omdathetprocesandersin chaos
ontaardt.Jekunt eengroepbouwvakkersimmersgeenhuis latenbouwendoor zealleente
vertellenwat hetgewenstevloeroppervlakenaantalkamerszijn.

De hierboven gegeven voorbeeldenhebbenallemaaleenverschillendematevan for-
maliteit. De notenin de partituurgevenbijvoorbeeldtoonhoogteaanmaarbepalenniet de
klankkleurvan de noten. Dat is de redenwaaromdirigent en musici zo’n belangrijke rol
spelenbij de interpretatievanvaneenmuziekstuk.Het patroonmaaktgebruikvanspeciale
symbolendie eengeschooldekleermaker voldoendeaanwijzingengeeftom de jurk precies
op maatte maken, ook al zegt het nog niks over de kleur stof. Het elektronischschema
tenslottemaaktgebruikvanzulke gestandaardiseerdesymbolendatelke elektronicuser een
radiomeekanmaken.

De notatiedie gebruiktwordt voor eenspecificatienoemenwe eenspecificatietaal.No-
tenschriftis eenspecificatietaal,maarook desymbolendie gebruiktwordenin eenpatroon.
Eenspecificatietaalis formeelals dezezodanigis gestandaardiseerddat er geenruimte is
voor interpretatieverschillen.Notenschriftis dusniet echteenformelespecificatietaalmaar
denotatievoorelektronischeschema’swel.

Hebbenwespecificatiesnodigvoorhetmakenvansoftware?Er bestaatveelergenisover
dekwaliteit vansoftwareendeslechtebeheersbaarheidvanhetbijbehorendeontwikkelpro-
ces.Er is eenaantalredenenwaaromhetmoeilijk is softwarete maken. Softwareis meestal
teomvangrijkomdooréénpersoonbegrepenteworden.Hetis moeilijk omvasttestellenaan
welke eisenpreciesvoldaanmoetvoldoen. De onderlingesamenhangtussenverschillende
onderdelenmaakthet moeilijk om veranderingenaante brengen.Het maken van software
is eendenkproceswaarbij de redenenom eenbepaaldebeslissingte nemenniet altijd ex-



pliciet wordengemaakt.Ten slotteis de omgeving waarbinnende softwaremoetopereren
is vaakmoeilijk te doorgronden.Bij al dezeaspectenis communicatieeenbelangrijke ele-
ment,specificatieskunnendaarbijeenbelangrijkerol spelen.Bijvoorbeeldbij hetvastleggen
vanafspraken,documenterenvanontwerpbeslissingen,beschrijvenvandeverschillendeon-
derdelenvan de software,beschrijvenvan de omgeving, beschrijvingvan standaarden,etc.
Een bijkomendvoordeelvan het maken van specificatiesis dat het de betrokken partijen
dwingtgoednatedenkenoverhetop te lossenprobleem.

Er zijn verschillendesoortenspecificatietalen.Het meestvoorkomendzijn symbolische
talen(waarbijmet lettersenwoordengewerkt wordt) en grafischetalen(waarbijmet plaat-
jesgewerkt wordt). Over hetalgemeenvattengrafischebeschrijvingenslechtsdeelaspecten
vaneencompleetsysteem,zoalsbijvoorbeeldderelatiestussengegevensdie verwerktwor-
den.Als eengrafischetaalgebruiktwordtvooreenvolledigespecificatiewordendeplaatjeal
gauwteingewikkeld.Eenuitgangpuntvandit proefschriftis hetkunnenmakenvanvolledige
specificaties,daaromis gekozenvoor eensymbolischetaal. Veel symbolischespecificaties
van softwarewordengeschreven in natuurlijke taal (Nederlands,Engels,etc.). Het nadeel
vannatuurlijke taal is dat hij vaakniet goedgebruiktwordt, op verschillendemanierenbe-
grepenkan wordenen moeilijk automatischte verwerken is. Eenanderesymbolischetaal
die in kleine kring gebruiktwordt, vooral in de wetenschap,is die van de wiskunde. Deze
taal is minderdubbelzinnigdannatuurlijke taalenleentzich bovendienbij uitstekvoor sys-
tematischeanalysevansoftware,zoalshet correctbewijzen van programma’s. Toch is ook
de taal van de wiskundeniet gestandaardiseerden leentzich ook slechtvoor automatische
verwerking.Daarkomt nogeensbij dathij moeilijk in hetgebruikis.

Kortom,voor de specificatievansoftwareis eenechteformeletaal het meestgewenst.
Er bestaateenveelheidaanformele talen. De bekendstevan dezetalen is de eerste-orde
predikatenlogicaen gerelateerddaaraande logischeprogrammeertaalProlog. In principe
kunnende meesteformele talengebruiktwordenvoor de specificatievan software. In de
praktijk leidt dat echtertot omslachtigeen daardooronbegrijpelijke specificaties.Boven-
dien sluiten dezealgemenetalen slechtaanbij de rest van het software-ontwikkelproces.
Daarombestaaner talendiespeciaalgemaaktzijn voordespecificatievansoftware.Veelvan
dezetalenzijn ontwikkeldom gebruiktte kunnenwordenvoor hetcorrectbewijzenvanpro-
gramma’s,maardaaris AFSL niet voorbedoeld.Als gevolg daarvanontbrekenbijvoorbeeld
bewijsregels.

Nu we wetendat specificerenzinvol kan zijn en dat daarbij voorkeureenformeletaal
voor gebruiktmoetwordenkunnenwe dusaande slag. Helaasligt dat niet zo simpel. De
huidigeformelespecificatietalenzijn zo ingewikkelddatzeeenopleidingvergendieeenstuk
verdergaatdaneenprogrammeeropleiding.Los daarvanis hetboventafel krijgen vanspe-
cificatiesgeeneenvoudigetaak,daarvoor is veel inzicht enervaringnodig. Het zoudaarom
helpenalser eenmethodewasvoor hetmakenvanformelespecificaties.Dezemethodezou
moetenbestaanuit eenspecificatietaalplusaanwijzingenenhulpmiddelenvoor hetgebruik
vandezetaal.Zo’n methodebestaatniet,metnameontbreekthetaanconcreteaanwijzingen
voor het opstellenvan specificaties.Dit is de aanleidinggeweestvoor het startenvan een
onderzoekmetalsdoelhetontwikkelenvaneenspecificatiemethode.Uitgangspuntvormde
daarbijdeideëenuit objectgeorienteerdemethoden,aangeziendie zich nadrukkelijk richten
ophetbeschrijvenvansystemen.Onderdeelvanhetonderzoekwaseentweetalpraktijkstud-
ies.

Gebaseerdopdewensenvoordespecificatiemethodeis eenaantaleisenopgesteldwaar-



aandetegebruikenspecificatietaalmoestvoldoen.De taalmoeteenvoudigzijn zodathij ge-
makkelijk te lerenenautomatischteverwerkenis. Natuurlijketaalmoettoegestaanzijn zodat
eeninformelespecificatiestapsgewijs omgezetkanwordennaareenformele. De taalmoet
bruikbaarzijn in alle fasenvansoftware-ontwikkelingomvertaalproblementussenopeenvol-
gendefasentevoorkomen.Detaalmoetalgemeentoepasbaarvoorwillekeurigeprobleemge-
biedenzodatmethodeendeelspecificatieshergebruiktkunnenworden.Objectgeorienteerde
conceptenzoalsklassificatie,inheritance,encapsulationen polymorfismemoetenonderste-
und worden. Een modulemechanismemet parametersmoet hergebruik ondersteunen.Er
bleekgeentaalbeschikbaarte zijn die in voldoendematevoldeedaanal dezeeisen.Daarom
is besloteneennieuwetaaltemaken,datis AFSL geworden.

AFSL is gebaseerdop deeerste-ordepredikatenlogica,daarnaasthebbendespecificati-
etalenCOLD, EHDM en LSL grote invloed gehad.Belangrijke eigenschappenvan AFSL
zijn: eenvoudigebasistaalwaarbij alle geavanceerdemogelijkhedenterugvertaaldkunnen
wordennaardezebasis;natuurlijketaalis toegestaanin informeledefinities;functieskunnen
impliciet gebruiktwordenvoor het converterenvan functie-argumentennaarde benodigde
vorm,dit maakteenvormvaninheritancemogelijk; modulenzijn sjablonen,bij importwor-
denmoduleparameterstekstueelvervangendoor de opgegeven argumenten;polymorfie is
gebaseerdopoverloading.

De belangrijksteinnovatie van AFSL is echterde manier waaropzogenaamdeniet-
functioneleeigenschappenwordenbehandeld.De niet-functioneleeigenschappenvan een
operatiezijn verborgenaspectendie vallenbuitenhet purefunctioneleinput/output-gedrag.
Voorbeeldenhiervanzijn: afhandelingvanfoutmeldingen,lezenenschrijvenvanvariabelen
en communicatiemet andereprocessen.Niet-functioneleeigenschappenwordenin AFSL
op eenvergelijkbaremanierbehandeldalsbij deprogrammeertaalHaskell (hetzogenaamde
monads-mechanisme).Uitgangspunthierbij is datniet-functioneleinformatiewordt verpakt
in het resultaatvan de operatie.Specialeuitpakoperatieszijn nodig om de niet-functionele
informatieverderteverwerken.Hetnadeelhiervanis datdeverwerkingvanniet-functionele
eigenschappenzichtbaaris binnendespecificatie,waardoordezesomsmoeilijk te begrijpen
is. AFSL heeftdaaromde unieke mogelijkheidom via zogenaamdeapplicationredirection
deuitpakoperatiesimpliciet toete passen,waardoorzenietmeerzichtbaarzijn.

Alhoewel de huidige versievan AFSL heel dicht in de buurt komt van de originele
eisen,zijn er toch eenaantalverbeteringenmogelijk: type-polymorfismezal specificaties
eenvoudigermaken,metnamedoordebeperkingvanhetaantalmodule-imports;flexibelere
syntaxvoor functie-applicatieszal formuleringentoestaandiedichterstaanbij watgebruike-
lijk is binneneenbepaalddomein;hogere-ordefunctieszulleneeneenvoudigerbehandeling
vanniet-functioneleeigenschappenmogelijkmaken;operationelesemantiekmaaktvalidatie
en implementaievanspecificatieseenvoudiger. Al dezeverbeteringenvergenechterfunda-
menteleaanpassingenaanAFSL, daaromzijn zein dehuidigeversienietopgenomen.

Het is uiteindelijknietgeluktomeenmethodevanspecificerenteontwikkelen.Hiervoor
zijn tweeoorzakenaante wijzen. TeneerstekosttehetontwerpenenbestuderenvanAFSL
veelmeerwerkdanverwacht.Deverschillendeaspectenvaneentaalhebbenvaakinvloedop
elkaar. Zo staansyntax,overloading,implicietefunctiesenapplicationredirectionin verband
met elkaaromdatze allemaaltot ambiguiteitenkunnenleiden. Veranderingaanéén aspect
heeftdaardoorvaakgevolgenvoor derest. Daarnaastzijn er weinig richtlijnen enhulpmid-
delenvoor het ontwikkelenvan formeletalen. Met namehet ontbreken van eenalgemeen
geaccepteerdmechanismevoor hetdefinïerenvandesemantiekwaseengrotehandicap.De



tweedemoeilijkheid bij het ontwikkelenvan de methodewashet ontbreken van bruikbare
kenniswaarop voortgebouwdkon worden.Bestaandeobjectgeorienteerdemethodenbleken
weinigconcreteaanwijzingentebevattenvoorhethetmakenvanmodellen,meestalbeperken
zezich tot deuitleg vandegebruiktenotatieenvoorbeeldenvanhetgebruik.Achterafis het
de vraagof het wel mogelijk is richtlijnen te formulerenvoor het maken van specificaties.
Daarvoorishetprocesnogteonbegrepen,bovendienishetheelmoeilijk richtlijneneenduidig
te formuleren. In eersteinstantiezullenwe onsdaarommoetenrichtenop het ontwikkelen
vangoedetalenenautomatischehulpmiddelen.

Ondankshetniet vindenvandeheiligegraalis hetonwikkelenvanAFSL geenzinloze
onderneminggeweest. Eenaantalbelangrijke aspectenzijn aande ordegekomendie van
belangzijn voor de bredetoepasbaarheidvan formelespecificatie. Als zodanigvormt dit
proefschrifteenproeftuinvoor taalontwerp.De combinatievan taaleigenschappenis hier-
bij vangroot belang,te vaakwordendezein isolatiebestudeerdzonderdaarbijaandachtte
bestedenaandepractischetoepasbaarheidbinneneengrotergeheel.
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