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Abstract— There exist numerous proofs of Bell's theorem, stat- measured in statistical terms: how sure do we become that a

ing that quantum mechanics is incompatible with local realistic certain theory is false, after observing a certain violation from

theories of nature. Here the strength of such nonlocality proofs that theory, in a certain number of experiments
is defined in terms of the amount of evidence against local ’ '

realism provided by the corresponding experiments. Statistical
considerations show that the amount of evidence should beA Our Game
measured by theKullback-Leibler or relative entropydivergence. ’

The statistical strength of the following proofs is determined: We analyze the statistics of nonlocality proofs in terms of a
Bell's original proof and Peres’ optimized variant of it, and two-player game. The two players are the pro-guantum theory

proofs by Clauser-Horne-Shimony-Holt, Hardy, Mermin, and . . .
Greenberger-Horne-Zeilinger. The GHZ proof is at least four experimenter QM, and a pro-local realism theoretician LR.

and a half times stronger than all other proofs, while of the The experimenter QM is armed with a specific proof of Bell's

two-party proofs, the one of CHSH is the strongest. theorem. A given proof—BLL, CHSH, HARDY, MERMIN,
Index Terms—nonlocality, Bell's theorem, quantum correla- GHZ—lnvolyes a CO"e_Ct'On of equalities and inequalities
tions, Kullback-Leibler divergence between various experimentally accessible probabilities. The

proof specifies a given quantum state (of a collection of
entangled qubits, for instance) and experimental settings (ori-
entations of polarization filters or Stern-Gerlach devices). All
PLETHORA of proofs exist of Bell's theorem (“gquantumlocal realistic theories of LR will obey the (in)equalities,
mechanics violates local realism”) encapsulated in invhile the observations that QM will make when performing
equalities and equalities of which the most celebrated are thdlse experiment (assuming that quantum mechanics is true)
of Bell [5], Clauser, Horne, Shimony and Holt (CHSH) [9]will violate these (in)equalities. The experimenter QM still
Greenberger, Horne and Zeilinger (GHZ) [16], Hardy [21]has a choice of the probabilities with which the different
and Mermin [26]. Competing claims exist that one proof isombinations of settings will be applied, in a long sequence
stronger than another. For instance, a proof in which quantwh independent trials. In other words, he must still decide
predictions having probabilities 0 or 1 only are involved, iBow to allocate his resources over the different combinations
often said to be stronger than a proof that involves quantush settings. At the same time, the local realist can come up
predictions of probabilities between 0 and 1. Other researcheith all kinds of different local realistic theories, predicting
argue that one should compare the absolute differences different probabilities for the outcomes given the settings. She
tween the probabilities that quantum mechanics predicts amight put forward different theories in response to different
those that are allowed by local theories, and so on. The maipecific experiments. Thus the quantum experimenter will
aim of this paper is to settle such guestions once and fghoose that probability distribution over his settings, for which
all: we formally define the strength of a nonlocality proofhe bestlocal realistic model explains the dateorst when
and we argue that our definition is the only one compatibt®ompared with the true (quantum mechanical) description.
with generally accepted notions in information theory and
theoretical statistics.

To see the connection with statistics, note first thatath-
ematicalnonlocality proof shows that theredictedprobabil- How should we measure the statistical strength of a given
ities of quantum theory are incompatible with local realisnexperimental setup? In the past it was often simply said that the
Such a proof can be implemented as experimental proof largest deviation in the Bell inequality is attained with such
showing thaphysical realityconforms to those predictions andand such filter settings, and hence the experiment which is
hence too is incompatible with local realism. We are interesté@ne with these settings gives (potentially) the strongest proof
in the strength of such experimental proofs, which should 19 nonlocality. The argument is however not very convincing.

One should take account of the statistical variability in finite

A preliminary version [11] of this paper, containing extensive ba(_:kgrourgamp|es_ The experiment that might confirm the largest abso-
material, appeared on the arXiv preprint server in the quantum physics arc 'M?e deviation from local realistic theories might be subject
as quant-ph/0307125. )
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I. INTRODUCTION

B. Quantifying Statistical Strength - Past Approaches



“...to produce the conundrum it is necessary to run ~ mathematical properties of our notion of statistical strength.
the experiment sufficiently many times to establish These provide insights in the relation between local realist
with overwhelming probability that the observed  and quantum distributions that are interesting in their own
frequencies (which will be close to 25% and 75%) right. They also imply that determining statistical strength
are not chance fluctuations away from expected of a given nonlocality proof may be viewed as a convex
frequencies of 33% and 66%. (A million runs is more  optimization problem which can be solved numerically. We
than enough for this purpose)...” also provide a game-theoretic analysis involving minimax and

We want to replace the words “sufficiently”, “overwhelming”,maximin KL divergences. This analysis allows us to shortcut

“more than enough” with something more scientific. (Seie computations in some important special cases.

Example 4 for our conclusion with respect to this.) And as

experiments are carried out that are harder and harderfoprganization of This Paper

prepare, it becomes important to design them so that theySection Il gives a formal definition of what we mean by a

give conclusive results with the smallest possible sample Sizﬁ%hlocalit roof and the corresponding experiment. as well as
Initial work in this direction has been done by Peres [29]. O yP P g exp !

approach is compatible with his, and extends it in a numbee notatioq that we will use .throu.ghout the article. The kilnds
of directions—see Section VII-B, _01[ nonlpcallty pr(_)ofs that this article analyzes are described
' in Section Ill, using the CHSH proof as a specific example;
. - the other proofs are described in more detail in Appendices |
C. Quantifying Statistical Strength - Our Approach and Il. The definition of the ‘statistical strength of a non-
We measure statistical strength using an informatiopscality proof’ in terms of the Kullback-Leibler divergence
theoretic quantification, namely the Kullback-Leibler (KL)s presented in Section IV, along with some standard facts
divergence (also known dsformation deficiencyor relative about KL divergence and its role in hypothesis testing. The
entropy[10]). We show (Appendix IlI) that for large samplesstrength of a nonlocality proof is now well-defined, but it
all reasonable definitions of statistical strength that can Rejs not yet clear how to compute it. In Section V we
found in the statistical and information-theoretic Iiteraturgeve|op the mathematical techniques needed to perform the
essentially coincide with our measure. For a given type @bmputations efficiently: we establish topological, analytical
experiment, we consider the game in which the experimentgid game-theoretic properties of statistical strength on which
wants to maximize the divergence while the local theorigiyr (mostly numerical, but sometimes exact) calculations are
looks for theories that minimize it. The experimenter's gamgased. This technical section may be skipped, since it is
space is the collection of prObab”lty distributions over jOinhot crucial for understanding the remainder of the paper.
settings, which we call in the sequel, for short, “settingection VI lists the results of our calculations of statistical
distributions”. (More properly, these are “joint setting distristrength for six well-known proofs (with additional details
butions™.) The local realist's game space is the space of lo¢gjain in Appendix Il). The results are interpreted, discussed
realistic theories. This game defines an experiment, such that compared in Section VII. In Section VIII we present five
each trial (assuming quantum mechanics is true) provides @hjectures that are suggested by our results.
average, the maximal support for quantum theory against theye defer all issues that require knowledge of the mathemati-
best explanation that local realism can prOVide, at that Sett|5g| aspects of quantum mechanics to the appendices_ There we

distribution. provide more detailed information about the nonlocality proofs
_ we analyzed, the relation of Kullback-Leibler divergence to
D. Our Results - Numerical hypothesis testing, and the proofs of the theorems we present

We determined the statistical strength of five two-partyy the main text.
proofs: Bell's original proof and Peres’ optimized variant of it,
and the proofs of CHSH, Hardy, and Mermin. Among these, Il. FORMAL SETUP
CHSH turns out to be the strongest by far. We also determinedy pasic nonlocality proof (“quantum mechanics violates
the strength of the three-party GHZ proof. Contrary to whgca) realism”) has the following ingredients. There are two
has sometimes been claimed (see Section VII), even the G'dgrtiesA and B, who can each do a measurement on one
experiment has to be repeated a fair number of times beforgsag, o entangled qubits. They may each choose from two
substantial violation of local realism is likely to be observedjifferent measurement settings. In each trial of the experiment,
Nevertheless, it is about 8 times stronger than the CHSH 4 5043 randomly sample from the four different joint settings
experiment, meqning that, in order to obse_rve the same SUPRRIY each observe one of two different binary outcomes, say
for QM and against LR, the CHSH experiment has to be ruf» (taise) and “T” (true). Quantum mechanics enables us to
about 45 times as often as the GHZ experiment — we providgsmpute the joint probability distribution of the outcomes, as
precise numbers in Section VI, Example 4. a function of the measurement settings and of the joint state
of the two qubits. Thus possible design choices are: the state
E. Our Results - Mathematical of the qubits, the values of the settings; and the probability
To find the (joint) setting distribution that optimizes thelistribution over the settings. More complicated experiments
strength of a nonlocality proof is a highly nontrivial com-nay involve more parties, more settings, and more outcomes.
putation. In the second part of this paper, we prove seve(®Ve formalized the general set-up in [11]). In this text, we



focus primarily on the basic 22 x 2 case, which stands for This definition can easily be extended in an entirely straight-
“2 parties x 2 measurement settings per pary2 outcomes forward manner to a situation with more than two parties, two
per measurement setting”. Below we introduce notation for alettings per party, or two outcomes per setting [11].

ingredients involved in nonlocality proofs. We call a nonlocality proo@Q = (Qi1, Q12,Q21,Q22) proper
if and only if it violates local realism, i.e. if there exists
A. Distribution of Settings no local realist distributionr (as defined below) such that

N = ) 2
The random variablé denotes the measurement setting (ﬁatl’;:”( )ta Qab(-) for alld_(a, b);z{l’g} nlocalit iment
party A and the random variablB denotes the measurement or the corresponding x < nonjocallly expenmen

; i we have to specify the setting distributiom with which
setting of partyB. Both A and B take values in{1,2}. The : . .
experimenter QM will decide on the distributian of (A, B), the experimenter QM samples the different settirigsb).

L i . Thus, for a single nonlocality prod®, QM can use different
giving the probabilities (and, after many trials of the experi >fperiments (different i) to verify Nature’s nonlocality.

ment, the frequencies) with which each (joint) measurem h experiment consists of ' ¢ trials. wher ,
setting is sampled. Thisetting distributiono is identified with ach expeniment consists ot a series ot ria's, ere—pe
. o ) : trial—the event(X,Y,A B) occurs with probabilityQs (X =

its probability vectoro := (011, 012, 021, 022) € Z, andX is the Y VA—aBeb) — XYY —

unit simplex inR* defined by XY =y.A=aB=b)=0aQa(X =xY =y).

3= {(011,__,7(;22) \ % oap=1,for all a,b: oap > o}, D. Local Realist Theories

abe{1,.2} The local realist (LR) may provide any ‘local’ theory she
We usez'° to denote the set of vectors representimgor- likes to explain the results of the experiments.
related distributions inE. Formally, o € ¢ if and only if Under such a theory it is possible to talk about “the outcome
Gab = (Ga1 + Gx2) (01 + O2p) for all a,b e {1,2}. that A would have observed, if she had used setting 1",
independently of which setting was used #yand indeed
of whether or notA actually did use setting 1 or 2. Thus

Th d iable d h we have four binary random variables, which we will cé{|
e random variablX denotes the measurement outcomg, v, anqv, As before, variables named correspond to

of party A and the random variablé denotes that of part$. ;.o observations, and variables namédcorrespond taB's

Both X andY ‘takel values i(T,F}, Where‘F means "false’ observations. According to LR, each experiment determines
and T, means ‘true’. Thus, the statement =F,Y =T and values for the four random variabl€Xy, X2,Y1,Y2). Forae
describes the event that pary observedF and party B (1,2}, Xa € {T,F} denotes the outcome that party would
observedT. have observed if the measurement settingdohad beena.

The distribution of(X,Y) depends on the chosen Settingsimilarly, forbe {1,2}, Y € {T,F} denotes the outcome that

2 .
("’F b) € {1,2}°. The state OT the e”tang'ed qubits tog(.th arty B would have observed if the measurement settingp of
with the measurement settings determines four conditio d beerb

distributionsQ11, Q12, Q21, Q22 for (X,Y), one for each joint
measurement setting, Whe@*? is the distribution of(X,Y)  ¢or (X1,X%2,Y1,Y2). Formally, we definer as a 16-dimensional
given that measurement settirig,b) has been chosen. Forprobability vector with indices(x¢,%2,y1,y2) € {T,F}%. By
exampleQap(X =F,Y =T), abbreviated t®Q.(F, T), denotes definition, Py (Xy = X1, Xo = X, Y1 :v Yl:Yz’ ) ::,ﬂx o
the probability that partyl observes- and partyB 0bserves o eyample, zrrr denotes LR's probability tha%,zihzall
T, given that the device ofl is in settinga and the device ,qginle measurement settings, and B would both have
of B is in settln_g b. Ac_cor_dlng to QM the total out_come observedF. The set of local theories can thus be identified
(X,Y,A,B) of a single trial is then distributed &3, defined | i the unit simplex inR16, which we will denote bylT.
by Qs (X =XY =y,A=a,B=Db) = 0apQan(X =X Y =Y). As discussed above, the quantum state of the entangled
qubits determines four distributions over measurement out-

C. Definition of a Nonlocality Proof and Corresponding NoncomesQ,p(X = -,Y = -), one for each joint settinga,b) e
locality Experiments {1,2}2. Similarly, each LR theoryr € I determines four

A nonlocality proof for 2 parties, 2 measurement settingglistributions Py z(X = -,Y = -). These are the distributions,
per party, and 2 outcomes per measurement, is identifiaccording to the local realist theony of the random variables
with an entangled quantum state of two qubits (realizetX,Y) given that settinga, b) has been chosen. Thus, the value
by, e.g., two photons) and two measurement devices (elgz(X =-,Y =-) is defined as the sum of four terms:
polarization filters) which each can be used in one of two Panx(X =X, Y = y) =
different measurement settings (polarization angles). Every- ’ ’
thing about the quantum state, the measurement devices, and
their settings that is relevant for the probability distribution ofve suppose that LR does not dispute the actual setting distri-
outcomes of the corresponding experiment can be summarizedion o which is used in the experiment, she only disputes the
by the four distributionsQ,p of (X,Y), one for each (joint) probability distributions of the measurement outcomes given
setting (a,b) € {1,2}2. Henceforth, we will simplyidentify the settings. According to LR therefore, the outcome of a
a 2x 2 x 2 nonlocality proof with the vector of distributionssingle trial is distributed a&s., defined byPs.z(X =xY =
Q= (Q11,Q12,Q21,Q22). Y, A=a,B=D) = oqpPapz(X =XY =Y).

B. Measurement Outcomes

A local theoryr may be viewed as a probability distribution

Tx1%ay1Y2-
X1, X0,Y1,Y2€{T,F}
Xa=XYp=Y



I1l. THE NONLOCALITY PROOFS showing that the expression on the left in Equation (1) is
In this paper we compute statistical strength for five (GPProximately 8536. That on the right evaluates to approx-

six, since we have two versions of Bell's proof) celebratelfately 04392.

nonlocality proofs. In this section, we describe the general typ&€ Other nonlocality proofs are derived in a similar manner:
of reasoning by which these nonlocality proofs are establish@i1€ shows that according to any and all local realist theories,

using CHSH as a concrete example. Details on the other proft§ random variableX;, Xz, Y1, Y, must satisfy certain logical
can be found in Appendices | and II. constraints and hence probabilistic (in)equalities. One then

Let us interpret the measurement outcom@ndT in terms shows that these constraints or (in)equalities can be violated by
of Boolean logic, i.eF is “false” and T is “true”. We can certain quantum mechanical states and settings corresponding

then use Boolean expressions suckg&Y,, which evaluates to a table of probabilities of observations similar to (2).
to true whenever bot, andY, evaluate to ‘true’, i.e. when Details on the (in)equalities that must hold under local re-
bothX, = T andY, = T. We derive the proofs by applying thedlism are given in Appendix I. Details about the entangled
rule that if the evenX = T implies the evenY = T (in short guantum states that give rise to the violations of the various
“X = Y"), then P(X) < Pr(Y). In similar vein, we will (in)equalities are given in Appendix II.
use rules like RXVY) < Pr(X) + Pr(Y) and 1— Pr(=X) —
Pr(=Y) < 1-Pr(=XVY) = Pr(X&Y). IV. KULLBACK-LEIBLER DIVERGENCE AND STATISTICAL

As an aside we want to mention that the proofs of Bell, STRENGTH
CHSH and Hardy all Contair_l the following argum_e_nt, whichy - kullback-Leibler Divergence
can be traced back to the nineteenth century logician Georgc? . . . . e
Boole (1815-1864) [8]. Consider four events such thBN n this section we formally define our notion of ‘statistical
—CN-D — —A. Then it follows thatA — BUCUD. And strength of a nonlocality proof’. The notion will be based on
from this, it follows that PfA) < Pr(B) +Pr(C) +Pr(D). In the the KL divergence, an information theoretic quantity which

CHSH argument and the Bell argument, the events concé({r, tng"’;’_ mtroduce.ZLelZ bs ant arl?tlr:rary fi)nltt)gl'fet.fFor at
the equality or inequality of one of thg with one of they;, ~ ¢'>tBUtioN Q over 2, Q(z) denotes the probability of even

In the Hardy argument, the events concern the joint equali }. For two (arbitrary) distribution® andP defined overz,

or inequality of one of thex, one of theY;, and a specific ;Se Kullback-Leibler (KL) divergence from® to P is defined

valueF or T.

Example 1 (The CHSH Argumentfor the CHSH argu- Q(2)

DQIP) == ¥ Q@)log 52

ment one notes that the implication o P(2)
[(X1=Y1)&(X1=Y2)& (X2 =Y1)] = (X2=Y2) where the logarithm is taken here, as in the rest of the paper,
to base 2. We use the conventions that,yfor 0, ylog0:= oo,

is logically true, and henceX; #Yz) = [(X1 #Y1) V(X1 # gng 0logQ
Y2) V(X2 # Y1)] holds. As a result, local realism implies the 1.5 k|
following “CHSH inequality”

= limygylogy = 0.
divergence is also known as relative entropy, cross-
entropy, information deficiency drdivergence. Introduced in
Pr(Xo #Ys) < Pr(Xy # Y1)+ Pr(Xq # Ya) + Pr(Xo #Y),(1)  [23], KL divergence has become a central notion in infor-
mation theory, statistics and large deviation theory. A good
which can be violated by many choices of settings and stateserence is [10]. It is straightforward to show (using concavity
under quantum theory. As a specific example, CHSH identifiefthe logarithm and Jensen’s inequality) tR{Q||P) > 0 with
quantum states and settings such that the first probabildyjuality if and only ifP = Q; in this sense, KL divergence be-
equals (approximately) .8536 while the three probabilities haves like a distance. However, in gendd@P||Q) # D(QJ|P),
on the right are each (approximately)l@64, thus clearly vi- so formally D(-||-) is not a distance. In Appendix Il we
olating Equation (1). In full detail, the probability diStribUtionexplain at length why KL divergence can be interpreted as a
that corresponds to CHSH's proof is as follows measure of statistical closeness, and what exactly that means.
PNT X CE T XoE] M e e
=T || 04268 0Q0732| 04268 00732 pothesis Testing:Let Z;,Z,,... be a sequence of random
Yi=F || 00732 04268 | 0.0732 04268 | (2) variables independently generated either by some distribution
Y2=T | 04268 0Q0732) 00732 04268 P or by some distributiorQ with Q # P. Suppose we are
Yo=F || 00732 04268] 04268 00732 given a sample (sequence of outcomes)..,z,. We want
In Appendix II-C we explain how to arrive at this ta-to perform a statistical test in order to find out whether the
ble. The table lists the four conditional distributiogg= sample is fromP or Q. Suppose that the sample is, in fact,
(Q11, Q12, Q21,Q22) defined in Section I1-C, and thus uniquelygenerated byQ (‘Q is true’). Then, given enough data, the
determines the nonlocality pro@j. As an example of how to data will with very high Q-) probability be overwhelmingly
read the table, note that (P& # Y>) is given by more likely according tdQ than according td®. That is, the
data strongly suggest that they were sampled f@@mather
Pr(Xz # Y2) =Pr(Xa = T&Y2 =F) + Pi(X =F&Y2=T)  thanp. The ‘statistical distance’ betweeh and Q indicates
~ 0.4268+ 0.4268= 0.8536 how stronglyor, equivalently,how convincinglydata that are




generated byQ will prove that they are fronQ rather than  Definition 1 (Strength, Uniform Settings):

P. It turns out that this notion of ‘statistical distance’ betweed/hen each measurement setting is sampled with equal prob-
two distributions is precisely captured by the KL divergencability, the resulting strengtsy"' is defined by

D(QJ|P), which can be interpreted athe average amount of UNI . .

support in favor of Q and against Per trial. The larger the sg =D(Qo[[Pse) = ,len D(Qo- [[Po=.x),

KL divergence, the larger the amount of support per trial. Whereo° denotes the uniform distribution over the settings.

Appendix llI we explain at length what this means. For now Definition 2 (Strength, Uncorrelated Settingdihen  the
we merely give an example: suppoB¢Q||P) = d for some experimenter QM is allowed to choose any distribution on

d> 0, and we sample from@ ntimes. Then we will ObSEIVe o ¢\ rement settings, as long as the distribution for each
a sample that strongly indicates that it is very unlikely thaf, 4 is" yncorrelated with the distributions of the other

P generated the data. How uplikely? Wit—) propability parties, the resulting strengﬁ%c is defined by
very close to 1, our sample will make about as unlikely as

the hypothesis that a coin is fair if, after d throws, it has s%c ‘= sup D(Qs||Ps) = sup inf D(Qs||Ps,x),

landed ‘heads’ all the time—see Example 4 below. oesve gezucnel
2) KL Divergence and Statistical Strength in Compositehereo € ZV¢ denotes the use of uncorrelated settings.

Hypothesis Testing:Trying to infer whether a sample was Definition 3 (Strength, Correlated Settings)vhen the ex-

generated by or P is calledhypothesis testingh the statis- perimenter QM is allowed to choose any distribution on

tical literature. A hypothesis isimpleif it consists of a single measurement settings (including correlated distributions), the

probability distribution. A hypothesis is callesbmpositef it resulting strengtrsg™® is defined by

consists of aetof distributions. The composite hypothesis * COR. i

should be interpreted as ‘there exist®& P that generated S = :gED(QGH%) = 52542‘;, D(Qs|IPs.z);

the data’. Above, we related the KL divergence to statistical

strength when testing two simple hypotheses against e ) :

other. In this paper, the aim is to test two hypotheses, at le oughout the remainder of the paper, we sometimes abbre-

one of which is composite. For concreteness, suppose we wiRte _th? subsquptr € 2% to 2%, andn < I‘I to CI'I. As we

to test the distributior against the set of distributior. In explgm_ In Section VII, we regard the ‘.’ef".’“““% a||0W|r]g_1 ,

this case, under some regularity conditions ®rand 2, the maximization over uncorrelated dIStI‘IbutIf)nS as the ‘right '
elementP € P that is closestin statistical divergence t® one. Henceforth, vv.h.ene:-ver we speak U?:f statistical strength
determines the statistical strength of the best te€ afjainst without further qualification, we refer ted~. Nevertheless, to

P. Therefore, for a set of distributioriB on Z we define (as ;acmr:ate comlpansqns,dlnf_s_e_ctlon \f/l we “.St ;)ur resurl]ts also
is customary, [10]) or the two alternative definitions of statistical strength.

We have now completed our formal definition of statistical
D(Q||P) := J,QLD@HP) strength. The paper now branches into two parts, which can
be read separately: Section V is the mathematical part of
Analogously toD(Q||P), D(Q[|?) may be interpreted as thethis paper. Here we list some essential topological, analytical
average amount of support in favor of Q and agaiffsper and game-theoretic properties of our three notions of strength,
trial, if data are generated according@ needed for computing statistical strength in practice. The other
In our case, QM claims that data are generated by tpart consists of Sections VI and all sections thereafter. In
distribution Qs. LR claims that data are generated by somgection VI we calculate statistical strength for various non-
P € Ps, WherePs := {Ps;z : m€MM}. HereQ, corresponds |ocality proofs. The only mathematical result from Section V
to a nonlocality proof equipped with setting distributian that is needed in Section VI and all sections thereafter is the
and Ps is the set of probability distributions of all possiblefollowing reassuring fact (Theorem 1, Section V-A, part 2(c)):
local theories with the same — see Section Il. QM and LR Fact 1: sUM' < S(%c < SCOR, Moreover’S(U?Nl ~ 0 if and only
agree to test the hypothei&, againSt’PG. QM, who knows if Q is a proper n0n|oca|ity proof_
that data are really generated accordin@tp wants to select
o in such a way that the average amount of support in favgf' \ asTHEMATICAL AND COMPUTATIONAL PROPERTIES OF
of Q and againstP is maximized. Let2’ C ¥ denote the set STATISTICAL STRENGTH
of all settingsc that QM is allowed to choose from. The
previous discussion suggests that QM should pickahes’

erec € X denoted the use of correlated settings.

In this section we prove several mathematical properties

thatmaximizes statistical strength(Qo||Ps ). In Appendix IlI of our three variations of statistical strength. Some of these

we show that this is (in some sense) also the optimal choid interesting in their own right, giving new insights in the
according to statistical theory reﬁation between distributions predicted by quantum theory

and local realist approximations of it. But their main purpose
o o is to help us computesy”. We first establish some basic
B. Formal Definition of Statistical Strength properties of our three notions of strength (Section V-A).

We define ‘the statistical strength of nonlocality prd@f Section V-B provides a game-theoretic analysis which will
in three different manners, depending on the freedom that Welp to computa(%C very efficiently in certain special cases.
allow QM in determining the sampling probabilities of theFinally, in Section V-C we explicitly explain how to compute
different measurement settings. S in practice.



A. Basic Properties

We proceed to list some essential propertiessg“f',s(%C
and sg’®. We say that “nonlocality proofQ is absolutely
continuous with respect to local realist theory’ [13] if
and only if for alla,b € {1,2},x,y € {T,F}, it holds that if
Qap(X,Y) > 0 thenPyyz(x,y) > 0.

Theorem 1:Let Q be a given (not necessarily 22 x 2)

For generalized nonlocality proofs, the thearyc
M achieves Equation (4) if and only if the corre-
sponding analogues of Equations (5) and (6) both
hold.

b) Suppose that* and z° both achieve the infimum
in Equation (4). Then for alk,y € {T,F}, a,be
{1,2} with Qap(X,y) > 0, we havePyy+(X,y) =

nonlocality proof and1 the (corresponding) set of local realist Pabze (X,¥) > 0. In words, 7* and 7° coincide in

theories.
1) LetU(o,n) :=D(Qq¢||Ps:z), then:
a) For a 2x 2x 2 proof, we have that

U(o,m) = Z 0abD (Qab||Pan;z ) - 3
a,be{1,2}

Hence, the KL divergencB(Qqs||Ps:z) may alter-
natively be viewed as the average KL divergen
between the conditional distributions diX,Y)

given the settingdA, B), where the average is over
the setting. For a generalized nonlocality proof, th

analogous generalization of Equation (3) holds.

b) For fixedo, U (o, n) is convex and lower semicon-
tinuous onl1, and continuous and differentiable on

the interior of[1.

c) If Qis absolutely continuous with respect to som

fixed n, thenU (o, ) is linear ino.
2) Let

U(o) = inU (o,7), (4)

then

a) For all o € Z, the infimum in Equation (4) is
achieved for somer*.

every measurement setting for every measurement
outcome that has positive probability according to
Qs, andQ is absolutely continuous with respect to
m* and n°.
The proof of this theorem is in Appendix IV-B.
In general, infU (o, n) may be achieved for several, dif-
ferent #. By part 2 of the theorem, these must induce the

C{s_jrclme four marginal distributiorf3y, ;. It also follows directly

rom part 2 of the theorem that, for=22 x 2 proofs,s(%C =
supucU (o) is achieved for some* € =U¢, wherec}, >0
for all a,be {1,2}.

B. Game-Theoretic Considerations

The following considerations will enable us to comps
xery efficiently in some special cases, most notably the CHSH
proof.

We consider the following variation of our basic scenario.
Suppose that, before the experiments are actually conducted,
LR has to decide on a&ingle local theory my (rather than
the setll) as an explanation of the outcomes that will be
observed. QM then gets to see this and can choose
depending on theay that has been chosen. Since QM wants to
maximize the strength of the experiment, he will pick e

b) The functionU (o) is nonnegative, bounded, con-achieving supic D(Qs||Ps:z,)- In such a scenario, the ‘best’
cave and continuous od. LR theory, minimizing statistical strength, is the LR theagy

c) If Qis not a proper nonlocality proof, then for allthat minimizes, over € M, suguc D(Qs||Ps;z). Thus, in this
o e€2,U(o)=0.If Qis a proper nonlocality proof, slightly different setup, the statistical strength is determined

thenU (o) > 0 for all o in the interior ofZ. by
d) For a 2 party, 2 measurement settings per party —ue. .
nonlocality proof, we further have that, evenGf SQ = 'HfEHCpD(QGHPG;ﬂ)
is proper, then stilu(c) =0 for all o on the
boundary of. rather thansg® = supuc infn D(Qo||Ps;z). Below we show
ic i interi : hatSg° > s&°. As we already argued in Section VII, we con-
3) Suppose that is in the interior ofZ, then: thatsy” > Sq y arg ,

. T e N
a) LetQ be a 2x 2 x 2 nonlocality proof. Suppose ;lderthe def|n|t|or13(ug to be preferable ova*é . Nevertheless,

i i i i <ucC
that Q is non-trivial in the sense that, for somet 'S useful to investigate _under what conditiosg” = Sq".
a,b, Qup is Not a point mass (i.e. @ Qap(x,y) < 1 Von Neumann’s famous minimax theorem of game theory [27]

for somex,y). Thenz* € M achieves the infimum SU99ests that

in Equation (4) 1 and only f the following 16 SUBDID(Qo [Puis) = fSUPD(Qs P, ()
Qab(Xa,¥b) 1 5) if * is a convex subset &. Indeed, Theorem 2 below shows
a7b§172} abPabm* (Xa,Yb) that Equation (7) holds if we tak&* = Z. Unfortunately,>¢
is not convex, and Equation (7) does not hold in general
for all (xq,X2,y1,y2) € {T,F}* with 75 .\ v, >0 for =* = 3V, whence in generabd® +# 5%°. Nevertheless,
and Theorem 3 provides some conditions under which Equation (7)
Qab(Xa, Yb) does hold withz* = 2C. In Section V-C we put this fact to
% Gabpab_n* (Xa» Yb) <1 ©®)  yse in computingsy” for the CHSH nonlocality proof. But
abe{l.2y ' before presenting Theorems 2 and 3, we first need to introduce

for all (x1,%2,y1,¥2) € {T,F}* with T, xoyny, = 0. Some game-theoretic terminology.



1) Game-Theoretic Definitions: 2 measurement settings per party and (&M,U) and
Definition 4 (Statistical Game [14])A statistical games (Z“¢,M,U) be the corresponding correlated and uncorrelated
a triplet (A,B,L) where A and B are arbitrary sets antl: games, then:

AxB— RU{—o,} is aloss function If 1) The correlated game has a saddle point with vallue0.
supinf L(e, B) = inf supL(a, B), Moreover,
acABeB BEBaeA ) .

we say that the game haslue V with ?_t’cpﬂfu(c’”) < S‘;""HfU("v”) =V, (®)

V := supinf L(c, B). infsupl (o, 7) = inSUFU(O'JL’) =V. 9)
acAPEB e z

If for some (a*, 3*) € Ax B we have 2) Let
Foralla € A: L(a,B*) <L(a*,B") MN*:={x: & achieves I_ilm’;uy:JU(cf,Jr)},
Forall feB: L{a”,p) = La”.p) MY :={n: & achieves inupJ (o, 7)},

then we call (a*,5*) a saddle pointof the game. It is M sue

easily seen (Proposition 1, Appendix V) that,af achieves then

SUpyeainfgegl(a, B) and B° achieves infcgl(a,f) and . i

the game has valu¥, then (a°,°) is a saddle point and g)) H* '_SI;“U’Q*empty-

L(a,p%) = V. All 7* € M* are ‘equalizer strategies’, i.e. for all

Definition 5 (Correlated Game)With each nonlocality ©) T < €a € ategies, l.e. for a

; : . o € X we have the equality (o, 7*) =V.
proof we associate a correspondingrrelated gamewhich o )
is just the statistical game defined by the trigl,M,U), 3) The uncorrelated game has a saddle point if and only if
whereU : 5 x M — RU{w} is defined by there existgn*, %), with ¢* € ¢, such that
. a) n* achieves infU(c*, ).
U(o,7) := D(Qo||Ps:x)- b) #n* is an equalizer strategy.
By the definition above, if this game has a value then it is  If such (¢*,7*) exists, it is a saddle point.
equal toV defined by The proof of this theorem is in Appendix IV-C.3.
V= irljlfSU[iJ(G,TC) = supirljlfu(c,fc).
s by

o C. Computing Statistical Strength
We call the gameorrelatedbecause we allow distributions puting _ g _
over measurement settings to be such that the probability tha¥Ve are now armed with the mathematical tools needed to
party A is in settinga is correlated with (is dependent on) thecompute statistical strength. By convexitylbfo, x) in x, we
settingb of party B. The fact that each correlated game has$ge that for fixeds, determiningD(Qs||Ps) = infnU(o,7) is
well defined value is made specific in Theorem 2 below. & convex optimization problem, which suggests that numerical

Definition 6 (Uncorrelated Game)Recall that we us&U¢  optimization is computationally feasible. Interestingly, it turns
to denote the set of vectors representing uncorrelated distrift that computing infU(o,x) is formally equivalent to
tions in =. With each nonlocality proof we can associate theomputing the maximum likelihood in a well-known statistical
game (2Y¢,M,U) which we call the correspondingncorre- missing data problem. Indeed, we obtained our results by using

lated game a ‘vertex direction algorithm’ [17], a clever numerical opti-
2) Game-Theoretic, Saddle Point Theorems: mization algorithm specifically designed for statistical missing
Theorem 2 (Saddle Point, Correlated SettingBjir every data problems.

(generalized) nonlocality proof, the correlated gaffie>,U) By concavity ofU (o) as defined in Theorem 1, we see that

corresponding to it has a finite value, i.e. there exist @eterminingsg®® is a concave optimization problem. Thus,
0 <V < o with infrsugU(o,7) =V = suginfrU(c,r). nhumerical optimization can again be performed. There are
The infimum on the left is achieved for sonm < N; the some difficulties in computing the measu%c, since the set
supremum on the right is achieved for somgin =, so that X' over which we maximize is not convex. Nevertheless,
(n*,0™) is a saddle point. for the small problems (few parties, particles, measurement
The proof of this theorem is in Appendix IV-C.2. settings) we consider here it can be done.

In the information-theoretic literature, several well-known In some special cases, including CHSH, we can do all the
minimax and saddle point theorems involving the Kullbacksalculationsby handand do not have to resort to numerical
Leibler divergence exist; we mention [22], [34]. However, albptimization. We do this by making an educated guess of the
these deal with settings that are substantially different from" achieving sup,.c D(Qs||Ps), and then verify our guess

ours. using Theorem 1 and the game-theoretic tools developed in
In the case where there are two parties and two measuremBmgorem 3. This can best be illustrated using CHSH as an
settings per party, we can say a lot more. example.
Theorem 3 (Saddle Poing x 2 x N Nonlocality Proofs): Example 2 (CHSH, continuedConsider the CHSH non-

Fix any proper nonlocality proof based on 2 parties wittocality argument. The quantum distributio@s given in the



table in Section Il have traditionally been compared with thend outcomes. ThiQs- was used to determine the optimal
local theorys defined by local theoryz* € I that obtains the minimum in

TFFFF = TTTT = TFFFT = TTTTF = inf[_l D(Qs°
e

Pco,n)-
firrTF = forTeT = foTRFT = fFTTF = 3,

The resultingt* can be found numerically and it, together with
and Ty x,y,y, = 0 otherwise. This gives rise to the followingthe correspondingyy, .+ distributions, turns out to be the same
probability table: as the local theory given in Example 2. The KL divergence

Pabi H X =T X —=F l Xo=T Yo—F J betweenQs- and Pse 7+ can now be calculated: It is equal

to 0.0462738469, as can be seen from the left-most entry in
Yi=T 0375 0125| 0375 Q125 Table 1 in the CHSH-row.

Yi=F 0125 Q375| 0125 Q375] (10)

To get the rightmost entry in this row, we performed
Y2=T 0375 Ql25| 0125 Q375 the same computation faall o € = (we will explain later
Y2=F 0125 Q375] 0375 0125 how to do this efficiently). We found that the resulting KL

There exists no local theory which has uniformly smalleéfivergenceD(Qo,Ps <) (where z* depends onc) was, in
absolute deviations from the quantum probabilities in all fodRct: maximized forc = ¢°: there was no gain in trying
tables. Even though, in general, absolute deviations are ndy Other value foro. Thus, the rightmost column is equal
good indicator of statistical strength, based on the fact that il the leftmost column. Finally, Fact 1, listed at the end of
four tables ‘look the same’, we may stijuessthat, in this Section IV, implies that the mujdle column entry must be in
particular case, for uniform measurement settifgs= 1/4, _between _the leftmost and thg rlg_htmost, explal_nmg the entry
a,b e {1,2}, the optimal local realist theory is given by tfie N the mlddle_ column. In this highly symmetrlc_case |’F is
defined above. We can now use Theorem 1, part 3(a) to ch&gtually possible to calculate the strengths analytically, giving
our guess. Checking the 16 equations (5) and (6) shows tHaSQ = S&™" =
our guess was correct: achieves infU (o, z) for the uniform

1 1 1 1
measurement settings. It is clear thatz is an equalizer 2T 8 27 /8
e a e =(3+2 >Iog<f +<;—1>|og<f>

= 2-&-%

strategy and tha& is uncorrelated. But now Theorem 3, part % 8 }1
(3) tells us that(G,7) is a saddle point in the uncorrelated 1 2 1inn 2
game. This shows thab achieves supcinfn D(Qg||Ps). = 3V2log(1+ 3\@)+ 21093
Therefore, the statistical strength of the CHSH nonlocality ~ ~ 0.046274
f .
proof must be given by for the CHSH proof.
s¢” = supinf D(Qs ||Ps) = D(Q5|Ps;7), The cprrespondi_ng analyses for the other nonlocality proofs is
sve 1 done in Appendix I, which also gives the quantum states and
which is straightforward to evaluate. measurements that each proof utilizes. Unlike the CHSH case,

the other nonlocality proofs have different strengths depending
on the allowed measurement settings (uniform, uncorrelated
or correlated). All this results in a rather long list of tables

Table | summarizes the statistical strengths of the nonloc&f optimized distributions, which we will not duplicate in this
ity proofs of Bell, CHSH, Hardy, Mermin and GHZ. For eactpection.
proof we consider the three possibilities for the measurementdow to interpret and compare the values of the strengths
settings, which can be uniform, uncorrelated or correlatéd the nonlocality proofs is probably best explained in the
as explained in Section IV-B. Note that the numbers in tHellowing example.
middle column correspond to the ‘right’ definitiossBC, which Example 4 (Mermin’s “a million runs”): We recall Mer-
optimizes over measurement settings that are uncorrelatadh’s quote from the Introduction where he says that “a mil-
from each other. The data that underlies the strengths of flan runs” of his experiment should be enough to convince us
table are described in Appendix Il; here we will highlight théhat “the observed frequencies ... are not chance fluctuations”.
most important cases. We now can put numbers to this.

Example 3 (The Strength of CHSH)o help interpret Ta-  Assuming that we perform Mermin’'s experiment with the
ble I, we continue our Examples 1 and 2 on CHSH. Semptimized, uncorrelated settings, we should get a strength of
the table of Equation (2) or, equivalently, Table XIV for thel,000,000x 0.0191506613~ 19,150. This means that after
probabilities of this nonlocality proof that uses 2 parties, the million runs of the experiment, the likelihood of local
measurement settings and 2 possible measurement outcoraelism still being true is comparable with the likelihood of
(see Section II-C for the details). The entry in the first (‘unia coin being fair after 19,150 tosses when the outcome was
form’) column for the CHSH proof in Table | was obtained a&tails” all the time.
follows. The distribution of the measurement settirgsvas From Table | we see that in the two-party setting, the
set to the uniform distributiors® = (0.25,0.25,0.25,0.25). nonlocality proof of CHSH is much stronger than those of
Together with the probabilities of the nonlocality proof thiBell, Hardy or Mermin, and that this optimal strength is
results in a joint distributionrQs- on measurement settingsobtained for uniform measurement settings. Furthermore it is

VI. THE RESULTS



TABLE |

STRENGTHS OFVARIOUS NONLOCALITY PROOFS

Strength|| Uniform sg

Uncorrelateds(ugC Correlateds(%OR\

Original BELL || 0.0141597409  0.0158003672 0.0169800305
Optimized B=LL || 0.0177632822  0.0191506613 0.0211293952
CHSH || 0.0462738469  0.0462738469 0.0462738469

HARDY || 0.0278585182  0.0279816333 0.0280347655
MERMIN || 0.0157895843  0.0191506613 0.0211293952

GHZ || 0.2075187496  0.2075187496 0.4150374993

clear that the three-party proof of GHZ is four and a halind in frequentist terms. We have not pursued this option any
times stronger than all the two-party proofs. further here.
We also note that the nonlocality proof of Mermin—in
the case of non-uniform settings—is equally strong as the
optimized version of Bell's proof. The setting distributions

lesin A ix II-E sh hy this is th :th imal . .
tab esmn/ ppen@x Shows W ythisis the case_t € optima 2) Game-Theoretic JustificationThere remains the ques-
setting distribution for Mermin exclude one setting giis . UNI . ~COR ue
. tion of whether to prefesy”, sg°" or, as we dosg”. The

side, and one setting of’s side, thus reducing Mermin’'s . ) . Q.
’ g ' 9 %roblem with sgV' is that, for any given combination of

proof to that of Bell. One can view this is as an exampl onlocality proofQ and local theoryr, some settings ma
of how a proof that is easier to understand (Mermin) is ngPn« y P . 7, 9 Y
vide, on average, more information about the nonlocality

. [

?ggltla)?sarlly stronger than one that has more subtle argum(%??ﬁature than others_. This is evident from Ta_lble I. We see no
We also see that in general, except for CHSH’s proorf?ason for the experimenter not to exploit this.

uniform setting distributions do not give the optimal strength

of a nonlocality proof. Rather, the experimenter obtains more

evidence for the nonlocality of nature by employing sampling On the other hand, allowing QM to useorrelated dis-

frequencies that are biased towards those settings that are nidbgtions makes QM’s case much weaker: LR might now

relevant for the nonlocality proof. argue that there is some hidden communication between the

parties. Since QM'’s goal is to provide an experiment that is

as convincing as possible to LR, we do not allow for this

situation. Thus, among the three definitions conside%ﬂ,

A. Is our definition of statistical strength the right one? seems to be the most reasonable one. Nevertheless, one may

We can think of two objections against our definition oftill argue thatnone of the three definitions of strength are
statistical strength. First, we may wonder whether the kgorrect: they all seem unfavorable to QM, since we allow LR
divergence is really the right measure to use. Second, assunﬂ?\??dJ“St his theory to whatever frequency of measurement

i

that KL divergence is the right measure, is our game-theore8glings QM is going to use. In contrast, our definition does
set-up justified? We treat both issues in turn. not allow QM to adjust his setting distribution to LR’s choice

1) Is Kullback-Leibler divergence justifiedAVe can see (whi_ch woulc_j lead to strength defined as infsup rath_er than
two possible objections against KL divergence: (1) differer?f"p'n_f’ Section V-B). The reasop why we favor LR in this
statistical paradigms such as the ‘Bayesian’ and ‘frequentif@y i that the quantum experimenters QM should try to
paradigm define ‘amount of support' in different manners (AgEonvince LR that n.ature is 'nonlocmi a setting abo'ut which
pendix I11): (2) ‘asymptopia’: KL divergence is an inherentIyLR Cannot_complamThus, |f_LR wants to entertain several
asymptotic notion. local theories at the same time, or wants to have a look at

These two objections are inextricably intertwined: there egi'e probabilitiess,y, before the experiment is conducted, QM

ists no non-asymptotic measure which would (a) be acceptaBfPu!d allor\:v hi': rtmo do so—hde will still beh able to.convinC(fe
to all statisticians; (b) would not depend on prior consid="+ €ven though he may need to repeat the experiment a few

erations, such as a ‘prior distribution’ for the distribution§"°"® tmes.ui\le_\/ertheless, in developing cleyer Str_ategles for
involved in the Bayesian framework, and a pre-set significanf@MPUting Sq”, it turns out to be useful to investigate the
level in the frequentist framework. Thus, since we consider!if SUP scenario in more detail. This was done in Section V-B.
most important to arrive at a generally acceptable and objective

measure, we decided to opt for the KL divergence. We add

here that even though this notion is asymptotic, it can be usedSummarizing, our approach is highly nonsymmetric be-
to provide numerical bounds on the actual, non-asymptotiween quantum mechanics and local realism. There is only
amount of support provided on each trial, both in Bayesiame quantum theory, and QM believes in it, but he must arm

VIl. | NTERPRETATION ANDDISCUSSION
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himself against any and all local realists. to our sz’ the uniform distribution on the restricted set
of settings appearing in the GHZ proof turns out to be the

B. Related Work by Peres optimum over all distributions on measurement settings.

Our approach may be viewed as an extension of Peres’ in

Earlier work in our _dlrectlon has been do_ne t_)y_ peres [Z%Lveral ways. First, we relate his confidence depressing factor
who adopts a Bayesian approach. Peres implicitly uses tt e

- . 0 the Kullback-Leibler divergence and we argue that this is
same definition of strength of nonlocality proofs as we do her%, : . . .
the right measure to use not just from a Bayesian point of

after merging equal probability joint outcomes of the exper{/'iew, but also from an information-theoretic point of view and

ment. Our work extends his in several ways; most mportant%e standard, ‘orthodox’ frequentist statistics point of view.

we allow the experimentalist to optimize her experiment@ . ; ) T
: . : cond, we extend his analysis to non-uniform distributions
settings, whereas Peres assumes patrticular (usually uniform

N . . ! o over measurement settings and show that in some cases,
distributions over the settings. Peres determines LR’s bes , L . :
N . Substantial statistical strength can be gained if QM uses
theory by an inspired guess. The proofs he considers have . ; S . .
. non-uniform sampling distributions. Third, we give a game-
SO0 many symmetries, that the best LR theory has the same .. S
e ; eoretic treatment of the maximization efand develop the
equal probability joint outcomes as the QM experiment, the

reduced experiment is binary. and his quess alwavs gives [heecessary mathematical tools to enable fast computations of
P Y, 9 ys g statistical strength. Fourth, whereas Peres finds the best LR

right answer. BL.H h|_s strategy WOUI.d not work for, e.g., thﬁwory by cleverly guessing, we show the search for this theory
Hardy proof, which is less symmetric. can be performed automatically.

Peres starts out with a nonlocality pro@; to be tested
against local theorys.r, for some fixed distributiors. Peres
then defines theonfidence depressing factor for n trialm C. Which nonlocality proof is strongest and what does it
fact, Peres rediscovers the notion of KL divergence, sincengan?

straightforward calculation shows that for large 1) Caveat: statistical strength is not the whole stofirst
of all, we stress that statistical strength is by ho means the only
factor in determining the ‘goodness’ of a nonlocality proof and

For any given largen, the larger the confidence depressinffS corresponding experiment. Various other aspects also come

factor forn, the more evidence agair.. we are likely to get Nt© Play, such as: how easy is it to prepare certain types of
on the basis of trials. Thus, when comparing a fixed quantunQart'Cles in certain states? Can we arrange to have the time
experiment (with fixeds) Qg to a fixed local theoryPs. and spatial separations which are necessary to make the results
Peres’ notion of strength is equivalent to ours . Peres then g&85Vincing? Can we implement the necessary random changes
on to say that, when comparing a fixed quantum experiméﬂtsemngs per trla_l, quickly enough? Our notion of strength
Qo to the corresponding set all local theoriesP,, we may Nedglects all these important practical aspects. _

expect that LR will choose the local theory with the least 2) Comparing GHZ and CHSHGHZ is the clear winner

confidence depressing factor, i.e. the smallest KL divergen@®0ng all proofs that we investigated, being abost émes
to Qs. Thus, whenever Peres chooses unifasgnhis notion Stronger than CHSH, the strongest two-party proof that we

of strength corresponds to O%NI’ represented in the first found. This means that, to obta_lin a given level pf support
column of Table I. In practice, Peres chooses an intuitye o7 QM and against LR, the optimal CHSH experiment has
which is usually, but not always uniform in our sense. FJP P€ repeated aboutsttimes as often as the optimal GHZ

example, in the GHZ scenario, Peres implicitly assumes tifagPeriment. _

only those measurement settings are used that correspond fg" the other hand, the GHZ proof is much harder to prepare
the probabilities (all 0 or 1) appearing in the GHZ-inequalit xperimentally. In light of the reasoning above, anq assuming
(12), Appendix I-D. Thus, his experiment corresponds to @&t Poth CHSH and GHZ can be given a convincing ex-

uniform distribution on those four settings. Interestingly, sudfefimental implementation, it may be the case that repeating
a distribution on settings isot allowed under our definition the CHSH experiment.&x n times is much cheaper than

of strengthsiC, since it makes the probability of the setting aféPeating GHzn times. _

Q ; i i<3) Nonlocality ‘without inequality’?: The GHZ proof was
party A dependent on (correlated with) the other settings. This®/ y q y < , p Y
explains that Peres obtains a larger strength for GHZ than {{¢ first of a new class of proofs of Bell's theorem, *without

do: he obtains log@5 " = 0.4150...n, which corresponds inequalities”. It specifies a state and collection of settings,
such that all QM probabilities are zero or one, while this

1Some readers might wonder what would happen if one would replai® impossible under LR. The QM probabilities involved are

the D(Q||P) in our analysis byD(P|Q). In short, D(P||Q) quantifies how Just the probabilities of the four events in Equation (12),
strongly the predictions of quantum mechanics disagree with the outco

S : ;
of a classical syster®. Hence such an analysis would be useful if one hagppenc“x I-D. The fact that all these must be either 0 or 1 has
to prove that the statistics of a local realistic experiment (say, a network lgfid some to claim that the corresponding experiment has to be

classicelly communicating comp_uters) are not in correspondence with cert grformed only once in order to rule out local realfsis has
predictions of quantum mechanics. The minimax solution of the game bage

on D(P||Q) provides a value of which QM should specify as part of a P€€n observed before [29], this is not the case. This can be seen
challenge to LR to reproduce quantum predictions with LR’s theory. With

this challenge, the computer simulation using LR’s theory can be run in as?Quoting [29], “The list of authors [claiming that a single experiment is
short as possible amount of time, before giving sufficient evidence that LRfficient to invalidate local realism] is too long to be given explicitly, and it
has failed. would be unfair to give only a partial list.”

D(Qqs||Ps:z) = %Iog(confidence depressing facjor (11)
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immediately if we let LR adopt the uniform distribution on all Conjecture 4 suggests that it is not always the case that a
possible observations. Then, although QM is correct, no mattgrantum state with more ‘entropy of entanglement’ [6] will
how often the experiment is repeated, the resulting sequerd®ays give a stronger nonlocality proof. Rather, it seems that
of observations does not have zero probability under LR&ntanglement and statistical nonlocality are different quan-
local theory — simply becauseo sequence of observationstities. One possibility however is that the counterintuitive
has probability O under LR’s theory. We can only decide thagsults just mentioned would disappear if one could do joint
LR is wrong on a statistical basis: the observationsrateh measurements on several pairs of entangled qubits, qutrits,
more likelyunder QM than under LR. This happens even if)r whatever. A regularized measure of nonlocality of a given
instead of using the uniform distribution, LR uses the locatate, would be the limit fok — o, of the strength of the best
theory that is closest in KL divergence to tkeinduced by experiment based ok copies of the state (where the parties
the GHZ scenario. The reason is that there exists a positae allowed to make joint measurementslogystems at the

€ such that any local realist theory which comes witlsin same time), divided bi. One may conjecture for instance that
of all the equalities but one, is forced to deviate by morile best experiment based on two copies of the Bell singlet
than e in the last. Thus, accompanying the GHZ style proddtate is more than twice as good as the best experiment based
without inequalities, is an impliedhequality and it is this on single states. That would be a form of “superadditivity of

latter inequality that can be tested experimentally. nonlocality”, quite in line with other forms of superadditivity
which is known to follow from entanglement.
VIIl. FUTURE EXTENSIONS AND CONJECTURES Conjecture 5:There is an experiment on pairs of Bell

o singlets, of the X 4 x 4 type, more than twice as strong as
The purpose of our paper has been to objectively compatgiSH, and involving joint measurements on the pairs.
the statistical strength of existing proofs of Bell’s theorem.

The tools we have developed, can be used in many further
ways.

Firstly, one can take a given quantum state, and ask theThe authors are very grateful to Piet Groeneboom for
question, what is the best experiment which can be dopeoviding us with the programs [17] needed to compute
with it. This leads to a measure of statistical nonlocality dhfpcp» D(QJ|P), and helping us to adjust them for our pur-
a given joint state, whereby one is optimizing (in the outgroses.
optimization) not just over setting distributions, but also over The authors would like to thank URANDOM for financial
the settings themselves, and even over the number of settingpport. Part of this research was performed while Peter

Secondly, one can take a given experimental type, f@riinwald was visiting the University of California at Santa
instance: the % 2 x 2 type, and ask what is the best stateCruz (UCSC). The visit was funded by NWO (the Netherlands
settings, and setting distribution for that type of experimenQrganization for Scientific Research) and the Applied Math
This comes down to replacing the outer optimization oveind Computer Science Departments of UCSC. Wim van Dam’s
setting distributions, with an optimization over states, setting&ork was partly supported by funds provided by the U.S. De-
and setting distribution. partment of Energy (DOE) and cooperative research agreement

Using numerical optimization, we were able to analyze BF-FC02-94ER40818, by a CMI postdoctoral fellowship, and
number of situations, leading to the following conjectures. by an earlier HP/MSRI fellowship. Richard Gill's research

Conjecture 1: Among all 2x 2 x 2 proofs, and allowing was partially funded by project RESQ (IST-2001-37559) of
correlated setting distributions, CHSH is best. the IST-FET programme of the European Union. Richard Gill

Conjecture 2: Among all 3x 2 x 2 proofs, and allowing is grateful for the hospitality of the Quantum Probability
correlated setting distributions, GHZ is best. group at the department of mathematics of the University

Conjecture 3:The best experiment with the Bell singletof Greifswald, Germany. His research there was supported
state is the CHSH experiment. by European Commission grant HPRN-CT-2002-00279, RTN
In [1] Acin et al. investigated the natural generalization dPP-Applications. This work was also supported in part by the
CHSH type experiments to qutrits. Their main interest was tftgiropean Union’s PASCAL Network of Excellence, IST-2002-
resistance of a given experiment to noise, and to their surpris@6778.
they discovered in the 2 2 x 3 case, that a less entangled
state was more resistant to noise than the maximally entangled REFERENCES
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APPENDIXI Pr(X1 = Y2) + Pr(X = Ya)
THE NONLOCALITY ARGUMENTS 4
. . . o . 1
In this Appendix we present the inequalities and logical < > Pr(X1 =Y3) +Pr(Xs =Y1)
constraints that must hold under local realism yet can be +

violated under quantum mechanics. The specific quantum Pr(X; =Y3) + Pr(Xs = Y2)
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As a result we have the ‘Mermin inequality’ for Bell's original nonlocality proof, which uses the state
|W) = %(iOAOEQ +1]1a1g)) and the measurement vecttxs=

3 3
1< ZPr(X; #Yi) + % Z X =Yj), T)a=1:=|R(0)) and |Y = T)p—1 := [R(F)), we list the prob—
i= 1=1 ability QX =T,Y=T) = [(WX = T Y = Ta1pa? =~

i 0.4268 in the table.

which gets violated by a state and measurement setting thahs discussed in the article (Section IV-B), the strength
has probabilities X #Y;) =0 and P{X; =Y;) =z fori#j of a nonlocality proof will depend on the probabilities

(see Section II-E in the appendix). with which the parties use the different measurement settings.
Recall that we defined three different notions of strength,
D. GHZ's Argument depending on how these probabilities are determined: uni-

Starting with [16], GHZ, proofs against local realism hav®™™ Sett'@%ﬁ ¢a"), uncorrelated settings4®) and correlated
been based on systems of three or more qubits, on systesrﬁg'ngs 6 )- For both the correlated and the uncorrelated

of higher-dimensional quantum systems, and on larger sets SF'T]QS the parties Cagl optimize their settinghdistriblutiolns tof
measurements (settings) per particle. Each time we are allovi the Strongest possible statistics to prove the nonlocality o

to search over a wider space we may be able to obtain stron r rtr)ielasureril”nent foutcomesl We list these optimal d'jt”bu'
nonlocality proofs, though each time the actual experimefigS P€IOW Where, for example, (er=1) = 010+ 01, stands

may become harder to set up in the laboratory. or the probability that partyd uses the measurement basis
Let @ denote the exclusive or operation such tKap Y is {[X=Tla=1)),|(X=Fla=1))} and Pla=1,b=2) = oz

true if and only ifX Y. Then the following implication must 'S the probability tharl uses the basif|(X = Tla=1)),|(X =
He ! yix# Wing IMPICAtion MUSt £ ) — 1)1 while B uses the basig|(Y = T|b = 2)), (Y =

hold Flo=2))}, etc.
(X1®Y2=22)& (X2 Y1 =22)& (XD Y2 = 23)) Associated with these optimal distributions there is an
— X ®e=21). optimal local realist theoryr € N (see Section IV-B). We do
not list the w-probabilities for such optimal classical theories
Now, by considering the contrapositive, we get as this would be too cumbersome and not very enlightening.
P @Y1 # Z1) Instead, we show the corresponding probabiliftgs;, which

should be compared with th@,,-tables of the nonlocality
< Pla@Y2#22)V (e ®V1# Z2)V (X ®Y2 # Z1)). proofs. Combining these data tables for each proof and each
And because RK @Y # Z) = Pr(X ®Y @ Z), this gives us scenario we obtain the strengths that were listed in Section VI.

GHZ’s inequality:

PGS ©21) (2 Eor Bell's proof of nonlocality we have to make a distincti
or Bell's proof of nonlocality we have to make a distinction

< . . : ) ;

< Pl ©Y2022) +PXe ©Y1922) + PXe 0¥z ©21) between the original version, which Bell described [5], and the
This inequality can be violated by a three way entangled statptimized version, which is described by Peres in [28].
and measurement settings that givéXemY; ®Z;) =1 and First we discuss Bell’s original proof. Take the bipartite state
PriXa &Y ® Zp) = PrXo Y19 Z) = Pr(Xo @Yo Z1) = 0. % |0a0B) + \%|1A15>, and the measurement settings
The details of this proof are in Section II-F.

P X = T)acs = [R(0)) and|X = Taz := |R(E))

A. Original Bell

APPENDIX I Y =T)o-1:=|R(g)) and [Y = T)p— = [R(7))
THE NONLOCALITY PROOFS THEIR OPTIMAL SETTING With these settings, quantum mechanics predicts the
DISTRIBUTIONS AND BEST CLASSICAL THEORIES conditional probabilities of Table Il (where + iv2 ~

In this appendix we list the nonlocality proofs of Bell, ar0.4267766953 an(% f 0.0732233047).
optimized version of Bell, CHSH, Hardy, Mermin and GHZ (1) Uniform Settings Original Bell:When the two parties
and their solutions. The proofs themselves are described byse uniform distributions for their settings, the optimal classi-
multipartite quantum state and the measurement base®f cal theory is the one described in Table Ill. The corresponding
the parties. Because all bases are two dimensional in the pradisdivergence is 0141597409.
below, it is sufficient to only describe the vectar), where it (2) Uncorrelated Settings, Original BellThe optimized,
is understood that the other basis vegtar m)) is the orthog- uncorrelated setting distribution is described in Table IV. The
onal one. Because of its frequent use, we define for the whalbabilities of the best classical theory for this uncorrelated
appendix the rotated vectfR(¢)) :=cog¢)|0) +sin(¢)|1). A setting distribution are those in Table V. The KL divergence
measurement settingfers to the bases that parties use durirfgr Bell's original proof, with uncorrelated measurement set-
a trial of the experiment. All proofs, except Mermin’s, havéings is 00158003672.
two different settings per party (in BRMIN they have three). (3) Correlated Settings, Original Bell:The optimized,
Given the state and the measurement bases, the proofrelated setting distribution is described in Table VI. The
is summarized in a table of probabilities of the possiblerobabilities of the best classical theory for this distribution
measurement outcomes. Here we list these probabilities cane described in Table VII. The corresponding KL divergence
ditionally on the specific measurement settings. For exampig,0.0169800305.



TABLE Il

QUANTUM PREDICTIONSORIGINAL BELL

a=1 a=2
Qab(X =x,Y =Yy) x=T x=F x=T x=F
b1 Y= T 0.4267766953 732233047 0.5 0
y=F 0.0732233047 (1267766953 0 0.5
boo Y= T 0.25 025 0.4267766953 732233047
- y=F 0.25 025 0.0732233047 2267766953
TABLE Il

BESTCLASSICAL THEORY FORUNIFORM SETTINGS ORIGINAL BELL. KL DISTANCE: 0.0141597409.

a=1 a=2
Pab(X =%Y =X) x=T x=F x=T x=F
bog V=T 03970311357 (1029688643 0.5000000000 __ ©000000000
=1 y=F 0.1029688643 (3970311357 0.0000000000 (5000000000
bop V=T 0.2940622714 (2059377286 03970311357 (1029688643
=< y=F 0.2059377286 (2940622714 0.1029688643 (8970311357
TABLE IV

OPTIMIZED UNCORRELATED SETTING DISTRIBUTION ORIGINAL BELL

PA=a,B=b) =03 || a=1 | a=2 || PrB=b)
b=1 || 0.2316110419| 0.1327830656|| 0.3643941076
b=2 || 0.4039948505| 0.2316110419|| 0.6356058924

BEST CLASSICAL THEORY FORUNCORRELATED SETTINGS ORIGINAL BELL. KL DISTANCE: 0.0158003672.

PA—a) || 0.6356058924] 0.3643941076][

TABLE V

a=1 a=2
Pap(X =X, Y =X) x=T x=F x=T x=F
b1 y=T 0.3901023259 (1098976741 0.5000000000 MO00000000
- y=F 0.1098976741 (3901023259 0.0000000000 (5000000000
beo Y= T 0.2802046519 (2197953481 0.3901023259 (1098976741
B y=F 0.2197953481 (2802046519 0.1098976741 (3901023259
TABLE VI

BEST CLASSICAL THEORY FORCORRELATED SETTINGS ORIGINAL BELL. KL DISTANCE: 0.0169800305.

PrA=aB=b)=0xpeX ||

a=1

OPTIMIZED CORRELATED SETTING DISTRIBUTION ORIGINAL BELL

| a-2 |

b=1 || 0.2836084841| 0.1020773549

b=2 || 0.3307056768| 0.2836084841

TABLE VI

a=1 a=2
Pp(X =X,Y =X) x=T x=F x=T x=F
b—1 Y= T 0.3969913979 (1030086021 0.4941498806 058501194
- y=F 0.1030086021 (8969913979 0.0058501194 21941498806
b_o Y= T 0.2881326764 (2118673236 0.3969913979 (1030086021
- y=F 0.2118673236 (2881326764 0.1030086021 (3969913979

14
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B. Optimized Bell (2) Uncorrelated Settings, HardyThe optimized uncorre-
lated setting distribution is given in Table XVIII. The probabil-
ities of the best classical theory for this distribution are in Ta-
ble XIX. The corresponding KL divergence isO279816333.
IX = T)a=1:=|R(0)) and [X = T)a=2 1= |R(E)) (3) Correlated Settings, HardyThe optimized correlated
Y = T)pe1:=|R(0)) and Y = T)p_p := [R(%)). setting dlstrlbut|0n_|s given in Table_XX._ The probabllmes
of the best classical theory for this distribution are de-

With these settings, quantum mechanics predicts the constiribed in Table XXI. The corresponding KL divergence is
tional probabilities of Table VIII. 0.0280347655.

(1) Uniform Settings, Optimized BellFor the uniform
setting distribution the best classical approximation is give|4:c|_ Mermin
in Table 1X, which gives a KL divergence of@77632822. ) ) ) ]

(2) Uncorrelated Settings, Optimized Belhe optimal, In_ [26], we find the following n_onlocallty proof W|th_two
uncorrelated setting distribution is given in Table X. Thearties, three measurement settings, and two possible out-
probabilities of the best classical theory for this distributiofOMeS- Let the entangled state Bg(|0a0s) + |1als)), and
are those of Table XI. The corresponding KL divergence /3¢ measurement settings:

0.0191506613. _ . _ X =Tac1 =Y = T)p_1 = |0),

(3) Correlated Settings, Optimized Bellhe optimal cor- X =T VT - IR(2
related setting distribution is given in Table XII. The prob- | Ja=2 =| Jo=2 = [R(37)),
abilities of the best classical theory for this distribution is X =T)a=z =Y = T)p-z:= [R(57)).

given in Table Xll. The corresponding KL divergence 'Swith these settings, quantum mechanics predicts the condi-

Take the bipartite stat%mAOB) + %|1A13>, and the mea-
surement settings

0.0211293952. tional probabilities of Table XXII.
(1) Uniform Settings, MerminThe probabilities of the best
C. CHSH classical theory for the uniform measurement settings is give

in Table XXIII.
(2) Uncorrelated Settings, MerminThe optimal uncorre-
lated setting distribution is given in Table XXIV. The prob-
IX =T)a=1:=|R(0)) and|X =T)a—z:=|R(%)), abilities of the best classical theory for this distribution is in
¥ =Thoes:=R(E) and |Y = Thop = [R(—F)). 1201 XXV, . R
(3) Correlated Settings, MerminThe optimal correlated
With these settings, quantum mechanics predicts the caetting distribution is given in Table XXVI (note that there
ditional probabilities of Table XIV (with ‘—11 + %\/i ~ are also other optimal distributions). The probabilities of
0.4267766953 an(%—%\/izo.0732233047). the best classical theory for this specific distribution are
Uniform, Uncorrelated and Correlated Settings, CHSH: described in Table XXVII. The corresponding KL divergence
The optimal measurement settings is the uniform settings,0.0211293952.
where bothA and B use one of the two measurements with
probability Q5 (that iscap = 0.25) F GHZ
The optimal classical theory in this scenario has the prob-
abilities of Table XV.

The bipartite state\}—é|0AOB) + %\1,41@. A’s andB’s mea-
surement settings are:

The tripartite stat%\OAOB%> + %\1A151c>. The settings
for all three parties are identical:

D. Hardy X=Ta1=Y =Thp1=Z=T)e1:= 70+ 51),
The bipartite _state a|0a0g) — B|1als), with o = X=T)a2=Y=T)p2=[Z=T)c2:= Z[0)+ J5[1).

%\/2+2\/—13+ 6v5 ~ 0.907 and B = vV1— 02 ~ 0421 With these settings, quantum mechanics predicts the condi-
(such that indeedx? 4+ B2 = 1). A’'s and B’s measurement tional probabilities of Table XXVIII.

settings are now identical and given by: (1) Uniform and Uncorrelated Settings, GHZor all three
settings, the best possible classical statistics that approximate
X=Taz1 =Y =T)p=1 1= a%[;|o>+ g1 the GHZ experiment is that of Table XXIX. The optimal
. 5 uncorrelated setting is the uniform settings that samples all
X=T)a2=[Y=T)pp:=— #\O) + #ﬁﬁ‘D' eight measurement settings with equal probability. The corre-

sponding KL divergence is:.R075187496.
With these settings, quantum mechanics predicts the condi{2) Correlated Settings, GHZThe optimal correlated set-
tional probabilities of Table XVI. ting samples with equal probability those four settings that
(1) Uniform Settings, Hardy:For uniform measurementyield the (0.1250) outcome probabilities (those are the set-
settings, the best classical theory to describe the quantum riilegs where an even number of the measurements are measur-
chanical statistics is given in Table XVII, with KL divergenceing along themy axis). The KL divergence in this setting is
0.0278585182. twice that of the previous uniform setting:4050374993.



TABLE VIl

QUANTUM PREDICTIONSOPTIMIZED BELL

a=1 a=2
Qab(X =x,Y =Yy) x=T x=F x=T x=F
b1 Y= T 0.5 0 0.375 Q125
y=F 0 05 0.125 Q375
b2 y=T 0.125 Q375 0.375 Q125
y=F 0.375 Q125 0.125 Q375
TABLE IX

BEST CLASSICAL THEORY FORUNIFORM SETTINGS OPTIMIZED BELL. KL DISTANCE: 0.0177632822.

a=1 a=2
Pan(X = XY = X) x=T x=F x=T x=F
b1 Y= T 0.5000000000 ®O00000000 0.3333333333 (1666666667
B y=F 0.0000000000 (5000000000 0.1666666667 (3333333333
beo Y= T 0.1666666667 (3333333333 0.3333333333 (1666666667
- y=F 0.3333333333 (1666666667 0.1666666667 (3333333333
TABLE X
OPTIMIZED UNCORRELATED SETTING DISTRIBUTION OPTIMIZED BELL
PlA=aB=b) =0 3" || a=1 | a=2 || PrB=b)
b=1 0.1497077788| 0.2372131160|| 0.3869208948
b=2 0.2372131160| 0.3758659893|| 0.6130791052

BEST CLASSICAL THEORY FORUNCORRELATED SETTINGS OPTIMIZED BELL. KL DISTANCE: 0.0191506613.

PA=a) || 0.3869208948] 0.6130791052][

TABLE XI

a=1 a=2
Pap(X =X,Y =X) x=T x=F x=T x=F
b1 y=T 0.5000000000 MO00000000 0.3267978563 (1732021436
B y=F 0.0000000000 (5000000000 0.1732021436 (B267978563
b_o Y= T 0.1732021436 (8267978563 0.3464042873 (1535957127
B y=F 0.3267978563 (1732021436 0.1535957127 (B464042873
TABLE XII

OPTIMIZED CORRELATED SETTING DISTRIBUTION OPTIMIZED BELL

BEST CLASSICAL THEORY FORCORRELATED SETTINGS OPTIMIZED BELL. KL DISTANCE: 0.0211293952.

PlA=aB=b)=0apeZ ||

a=1

| a-2 |

b=1 || 0.1046493146| 0.2984502285

b=2 || 0.2984502285| 0.2984502285

TABLE XIlI

a=1 a=2
Pap(X =X,Y =X) x=T x=F x=T x=F
b—1 Y= T 0.4927305107 ®072694892 0.3357564964 (1642435036
- y=F 0.0072694892 21927305107 0.1642435036 (8357564964
b_o Y= T 0.1642435036 (8357564964 0.3357564964 (1642435036
- y=F 0.3357564964 1642435036 0.1642435036 (3357564964
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TABLE XIV

QUANTUM PREDICTIONSCHSH

a=1 a=2
Qan(X=x,Y =Yy) x=T x=F x=T x=F
b1 Y= T 0.4267766953 732233047 0.4267766953 732233047
y=F 0.0732233047 1267766953 0.0732233047 2267766953
b2 y=T 0.4267766953 732233047 0.0732233047 2267766953
- y=F 0.0732233047 Q1267766953 0.4267766953 732233047
TABLE XV

BEST CLASSICAL THEORY FORUNIFORM SETTINGS CHSH. KL DISTANCE: 0.0462738469.
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a=1 a=2
Pap(X =X, Y =X) x=T x=F x=T x=F
by Y= 1T 0.375 Q125 0.375 Q125
T y=F 0.125 Q375 0.125 Q375
b_p V=T 0.375 Q125 0.125 Q375
~° y=F 0.125 Q375 0.375 Q125
APPENDIXIII P or Q. Suppose that the sample is, in fact, generateby
THE KULLBACK -LEIBLER DIVERGENCE AND STATISTICAL  (‘Q is true’). Then it turns out that
STRENGTH

1) For a fixed sample size, the largerD(Q||P), the more
This appendix provides in-depth information about the  supportthere will be in the samptg, .. ., z, for Q versus
Kullback-Leiber divergence and its relation to statistical P (with high probability undeQ) .
strength. The KL divergence was defined in Section IV as  2) For a pre-determined fixed level of support in favor of
Q againstP (equivalently, level of ‘confidence’ irQ,
D(Q||P) := Z Q(z Iog ( ) level of ‘convincingness’ 0f)), we have that the larger
&z D(Q||P), the smaller the sample size before this level of

We immediately see that the KL divergence expresses someé) T,fupbp:Sr;(;s (?r?h(')%\;?\/ggtg;gh prOba;rlw“thugii@nz.enter
thing like the average disbelief iR, when observing random décides thaQ rather thanP r’ﬁﬁ's,tznﬁave errJ1erated the
outcomesZ from Q. Thus occasionally (with respect Q) 9 .
one observes an outconzethat is more (log-) likely under dhata, then, the Iargﬁb(%ﬂ:), th-e "';‘]fge(; the?onﬁdgrr]]c;a]_ h
P than Q, but on average (with respect @), the outcomes the expgrlmenter should have in this decision (with hig
are more likely undeiQ than P, expressed by the fact that probability underQ).
D(Q||P) > 0. Apart from this intuitive meaning, KL divergenceWhat exactly do we mean by ‘level of support or convinc-
has several different concrete interpretations and applicatioiftgness’? Different approaches to statistical inference define
Here we focus on the interpretation we are concerned withtitis notion in a different manner. Nevertheleder large
this paper: KL divergence as a measure of ‘statistical distané@mples all definitions of support one finds in the literature
in the context of statistical hypothesis testing. Below we firfiecome essentially equivalent, and are determined by the
(Section 1ll-A) give an intuitive explanation of ‘statisticalKL divergence up to lower order terms in the exponent.
strength’ and ‘statistical distance’. Although there exist at lea¥fe consider three methods for statistical hypothesis testing:
three different approaches to measure statistical distancefr@fuentistypothesis testing [31Bayesiarhypothesis testing
Sections 1II-B, 1II-C, 1II-D, we show that for large samples[24] and information-theoretichypothesis testing [25], [32].
KL divergence is the appropriate measure according to Mlearly all state-of-the-art, theoretically motivated statistical
three of them. In [11] we provide a more extensive treatmemfethodology falls in either the Bayesian or the frequentist
listing several properties and examples of the KL divergenceategories. Frequentist hypothesis testing is the most common,
There we also explain why any reasonable notion of ‘statistiddle most taught in statistics classes and is the standard method
distance’ must be asymmetric, and, relatedly, why other coff, for example, the medical sciences. Bayesian hypothesis
mon distance measures such as absolute deviations betwi€sHng is becoming more and more popular in, for example,
probabilities arenot well-suited for this purpose. econometrics and biological applications. While theoretically
important, the information-theoretic methods are less used in
practice and are discussed mainly because they lead to a very
concrete interpretation of statistical strength in termsité
Consider the scenario of Section IV-A.¥%;,Z,,... are of information.
independently generated either by some distributoar by We illustrate below that in all three approaches the KL
some distributionQ with Q # P. We are given a sample divergence indeed captures the notion of ‘statistical strength’.
(sequence of outcomes},...,z,. We want to perform a We consider the general situation with a sampleZ,,...,
statistical test in order to find out whether the sample is fromith the Z; independently and identically distributed according

A. Interpreting ‘Statistical Strength’



TABLE XVI

QUANTUM PREDICTIONSHARDY

a=1 a=2
Qa(X =x,Y =Y) x=T x=F Xx=T Xx—F
b1 V=T 0 0.38196601125 0.23606797750 (14589803375
y=F 038196601125 (23606797750 0 061803398875
b_o V=T 0.23606797750 0 0.00016994375 14589803375
¢ y=F 0.14589803375 61803398875 0.14589803375 61803398875
TABLE XVII

BEST CLASSICAL THEORY FORUNIFORM SETTINGS HARDY. KL DISTANCE: 0.0278585182.

a=1 a=2
Pap(X =X, Y =X) x=T x=F x=T x=F
b1 Y= T 0.0338829434 (3543640363 0.2190090188 (1692379609
- y=F 0.3543640363 2573889840 0.0075052045 ®042478158
b—2 y=T 0.2190090188 075052045 0.0488933524 1776208709
- y=F 0.1692379609 042478158 0.1776208709 5958649058
TABLE XVl
OPTIMIZED UNCORRELATED SETTING DISTRIBUTION HARDY
PA=aB=b) =02 || a=1 | a=2 || PrB=b)
b=1 0.2603092699| 0.2498958554|| 0.5102051253
b=2 0.2498958554| 0.2398990193|| 0.4897948747

PA=a) || 05102051253] 0.4897948747][

TABLE XIX

BESTCLASSICAL THEORY FORUNCORRELATED SETTINGS HARDY. KL DISTANCE: 0.0279816333.

a=1 a=2
Pap(X =X,Y =X) x=T x=F x=T x=F
b1 y=T 0.0198831449 (3612213769 0.2143180373 (1667864844
o y=F 0.3612213769 2576741013 0.0141212511 ®047742271
b2 y=T 0.2143180373 M141212511 0.0481256471 (1803136414
o y=F 0.1667864844 ®047742271 0.1803136414 5912470702
TABLE XX

OPTIMIZED CORRELATED SETTING DISTRIBUTION HARDY

PA=aB=b)=0mpeZ || a=1 | a=2

|

b=1 || 0.2562288294

0.2431695652

b=2 || 0.2431695652

0.2574320402

TABLE XXI

BESTCLASSICAL THEORY FORCORRELATED SETTINGSHARDY. KL DISTANCE: 0.0280347655.

a=1 a=2
Pap(X =X,Y =X) x=T x=F x=T x=F
b1 y=T 0.0173443545 (3620376608 0.2123471649 (1670348504
- y=F 0.3620376608 (2585803238 0.0165954828 ®040225019
beo Y= T 0.2123471649 165954828 0.0505353201 (1784073276
- y=F 0.1670348504 040225019 0.1784073276 35926500247
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TABLE XXl

QUANTUM PREDICTIONSMERMIN

a=1 a=2 a=3

Qa(X =xY =Yy) x=T x=F x=T x=F x=T x=F
b1 Y= T 0.5 0 0.125 Q375 0.125 Q375
B y=F 0 0.5 0.375 Q125 0.375 Q125
beo Y= T 0.125 Q375 0.5 0 0.125 Q375
y=F 0.375 Q125 0 0.5 0.375 Q125

b_3 Y= T 0.125 Q375 0.125 Q375 0.5 0

B y=F 0.375 Q125 0.375 Q125 0 0.5

TABLE XXIII

BEST CLASSICAL THEORY FORUNIFORM SETTINGS MERMIN. KL DIVERGENCE 0.0157895843.

a=1 a=2 a=3
Pap(X=xY =Y) x=T x=F x=T x=F x=T x=F
b1 y=T 0.50000 000000 0.16667 033333 0.16667 033333
o y=F 0.00000 050000 0.33333 016667 0.33333 016667
b2 Y= T 0.16667 033333 0.50000 000000 0.16667 033333
o y=F 0.33333 016667 0.00000 050000 0.33333 016667
b= 3 y=T 0.16667 033333 0.16667 033333 0.50000 000000
- y=F 0.33333 016667 0.33333 016667 0.00000 050000
TABLE XXIV
OPTIMIZED UNCORRELATED SETTING DISTRIBUTION MERMIN
o€ || a=1 |a=2| a=3 || PrB=bh)
b=1 0.1497077711 0 0.2372131137|| 0.3869208848
b=2 0.2372131137 0 0.3758660015|| 0.6130791152
b= 0 0 0 0
PA=a) || 0.3869208848] 0 | 0.6130791152|

TABLE XXV

BEST CLASSICAL THEORY FORUNCORRELATED SETTINGS MERMIN. KL DISTANCE: 0.0191506613.

a=1 a=2 a=3
Pap(X=xY =Y) x=T x=F x=T x=F x=T x=F
b1 y=T 0.50000 000000 0.50000 000000 0.17320 032680
o y=F 0.00000 050000 0.50000 000000 0.32680 017320
b2 Y= T 0.17320 032680 0.50000 000000 0.15360 034640
- y=F 0.32680 017320 0.50000 000000 0.34640 015360
b= 3 y=T 0.50000 050000 1.00000 000000 0.50000 050000
- y=F 0.00000 000000 0.00000 000000 0.00000 000000
TABLE XXVI
OPTIMIZED CORRELATED SETTING DISTRIBUTION MERMIN
PlA=aB=b)=opecZ || a=1 |a=2| a=3 |
b=1 0.1046493071 0 0.2984502310
b=2 0.2984502310 0 0.2984502310
b=3 0 0 0
TABLE XXVII

BEST CLASSICAL THEORY FORCORRELATED SETTINGS MERMIN. KL DISTANCE: 0.0211293952.

a=1 a=2 a=3
Pap(X =X,Y =) x=T x=F x=T x=F x=T x=F
b1 Y= T 0.49273 000727 0.50000 000000 0.16424 033576
- y=F 0.00727 049273 0.50000 000000 0.33576 016424
b2 y=T 0.16424 033576 0.50000 000000 0.16424 033576
- y=F 0.33576 016424 0.50000 000000 0.33576 016424
b_3 Y= T 0.50000 050000 1.00000 000000 0.50000 050000
- y=F 0.00000 000000 0.00000 000000 0.00000 000000
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TABLE XXVIII
QUANTUM PREDICTIONSGHZ

a=1 a=2

QancX =X,Y =y,Z=2) x=T x=F x=T x=F
o1 V=T 0.25 0 0.125 Q125
b—1 y=F 0 0.25 0.125 Q125
J—F y=T 0 0.25 0.125 Q125
-1 y=F 0.25 0 0.125 Q125
T y=T 0.125 Q125 0 0.25

b—2 y=F 0.125 Q125 0.25 0

7 F y=T 0.125 Q125 0.25 0
y=F 0.125 Q125 0 0.25
T y=T 0.125 Q125 0 0.25

b1 y=F 0.125 Q125 0.25 0

7 F y=T 0.125 Q125 0.25 0
c—2 y=F 0.125 Q125 0 0.25
ST y=T 0 0.25 0.125 Q125
b—2 y=F 0.25 0 0.125 Q125
7 F y=T 0.25 0 0.125 Q125
y=F 0 0.25 0.125 Q125

TABLE XXIX

BESTCLASSICAL THEORY FORUNIFORM SETTINGSGHZ. KL DISTANCE: 0.2075187496.

a=1 a=2

Papc(X=xY =Vy,Z=2) x=T x=F x=T x=F

T Y= T 0.1875 00625 0.125 Q125

be1 - y=F 0.0625 01875 0.125 Q125

- —F Y= T 0.0625 01875 0.125 Q125

c—1 B y=F 0.1875 00625 0.125 Q125
- T Y= T 0.125 Q125 0.0625 01875
b—2 - y=F 0.125 Q125 0.1875 00625
- —F V= T 0.125 Q125 0.1875 00625
B y=F 0.125 Q0125 0.0625 01875
T Y= T 0.125 0125 0.0625 01875
b1 - y=F 0.125 Q125 0.1875 00625
- —F V= T 0.125 Q125 0.1875 00625
2 - y=F 0.125 Q0125 0.0625 01875
- T Y= T 0.0625 01875 0.125 Q125
b—2 - y=F 0.1875 00625 0.125 Q125

- —F V= T 0.1875 00625 0.125 Q125

B y=F 0.0625 01875 0.125 Q0125

to someQs, Qs being some distribution over some finite &et is defined relative to somest statistic Tandcritical value c

For each, the firstn outcomes are distributed according to thé test statisticT is a function defined on samples of arbitrary

n-fold product distribution ofQ4, which we shall also refer to length, that for each sample outputs a real number. Intuitively,

asQg. HenceQq(z1,...,27) = [iL1 Qs (7). The independence large values of the test statistic indicate that something has

assumption also induces a distribution over theZetof all happened which is much more unlikely under any of the

infinite sequencéswhich we shallalso refer to asQ,. distributions in the null-hypothesis than under the alternative
We testQ, against a set of distributioriB;. Thus,Qs and hypothesis. A function that is often used as a test statistic is

Ps may, but do not necessarily refer to quantum and loctie likelihood ratio

realist theories — the statements below hold more generally.

B. Frequentist Justification SUbep, P(21,...,2n)

In frequentist hypothesis testing}, is called thenull- . _

hypothesisand Q, the alternative hypothesis. Frequentisut many other choices are possible as well.

hypothesis testing can be implemented in a number of differentThe critical valuec determines the threshold for the test's

ways, depending on whatatistical testone adopts. A statis- decision: if, for the observed data,...,z, it holds that

tical test is a procedure that, when input an arbitrary samplézs,...,z,) > ¢, the test saysQ, generates the data’; if

of arbitrary length, outputs decision The decision is either T(z,...,z,) <c, the test saysP; generated the data’.

‘Qo generated the data’ oP; generated the data’. Each test The confidence in a given decision is determined by a
3 S uantity known asthe p-value This is a function of the
Readers familiar with measure theory should note that throughout th . .. .

paper, we tacitly assume thaf® is endowed with a suitable-algebra such data that was actually observed in the statistical experiment.

that all sets mentioned in this paper become measurable. It only depends on the observed value of the test statistic

(13)
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tobserved= T (Z1,.--,Zy). It is defined as optimal (in the sense we used previously) test is used. Then,
for small €, N is inversely proportional t®(Qg||Ps): with
Qq-probability 1, the smalleD(Qs||Ps), the largerN;. If a

o ] ‘non-optimal’ test is used, theN, can only be larger, never
Here theZ,,...,Z, are distributed according t& and thus gmgjler.

do not refer to the data that was actually observed in thetpq rate at which thep-value of a test converges to 0 is

experiment. Thus, the-value is the maximum probability, | nqn in statistics aBahadur efficiencyFor an overview of
under any distribution irfs, that the test statistic takes ONye area; see [18]. For an easy introduction to the main ideas,
a value that is at least as extreme as its actually obser\fggusing on ‘Stein’s lemma’ (a theorem related to Bahadur's),

outcome. Typically, the test i; defin.ed such that the criticgljee [4, Chapter 12, Section 8]. For an introduction to Stein’s
value ¢ depends on sample size It is set to the valuey lemma with a physicist audience in mind, see [3].
such that the test outputQg’ iff the p-value is smaller than

some pre-definedignificance leveltypically 0.05.
Large p-values mean small confidence: fpr example, sug- Bayesian Justification
pose the test outpu@,; whenever thep-value is smaller than
0.05. Suppose further that data are observed witalue [N the Bayesian approach to hypothesis testing [7], [24],
of 0.04. Then the test saysJs” but since thep-value is When testingQs against?s, we must first determine aa
large, this is not that convincing to someone who considepgori probability distribution over Qs and Ps. This distri-
the possibility that som® € P, has generated the data: thdution over distributions is usually just called ‘the prior’. It
large p-value indicates that the test may very well have givefan be interpreted as indicating the prior (i.e., before seeing
the wrong answer. On the other hand, if data are obseni&@ data) ‘degree of belief’ ifQ; vs. Ps. It is often used
with a p-value of 0001, this gives a lot more confidence irf0 incorporate prior knowledge into the statistical decision
the decision output by the test. process. In order to set up the test as fairly as possible, QM
We call a test statistic asymptotically optimal for identifying®nd LR may agree to use the prior(Qs) = Pr(Ps) = 1/2
Qs if, under the assumption th, generated the data, tipe  (this should be read as ‘the prior probability ti@¢ obtains
value goes to 0 at the fastest possible rate. Now let us assufgqual to the prior probability that sonfec P obtains’).
thatQ, generates the data, and an optimal test is used. A wefet as long as RQs) > 0 and there is a smooth and positive
known result due to Bahadur [2, Theorem 1] says that, und&iobability density forP; € Ps, the specific values for the
some regularity conditions 0@, and®, with Q,-probability ~ Priors will be irrelevant for the result below.
1, for all largen, For given prior probabilities and a given sampie. .., z,,
Bayesian statistics provides a method to computepthste-
p-value= 2 "(QelTe) o), (5)  rior probabilities of the two hypotheses;onditionedon the

where lim,_.,0(n)/n= 0. We say ‘thep-value is determined, observed data: FQo) is transformed into RQs | 21, .-, 2n).
to first order in the exponenby D(Qs || P5 ). Note that what Similarly, P(Ps) is transformed to R¥s | z,...,z). One
we called the ‘actually observed test statidtigeres in (14) then adopts the hypothesd € {Qo, P} with the larger

has become a random variable in (15), distributed accordiRgSterior probability RiH | zy,...,z). The confidence in this

to Q. It turns out that the regularity conditions, needed fdfecision is given by theposterior oddsof Qs against¥s,
Equation (15) to hold, apply whef), is instantiated to a defined, for given sample, ...z, as

guantum theonyQ with measurement setting distributions P(Qs | 21,...,20)

and®, is instantiated to the corresponding set of LR theories post-0dd§Qs, Ps) 1= T e

as defined in Section II. (Pol21,....20)

Now imagine that QM, who knows thaQs; generates The largerpost-oddsthe larger the confidence. Now suppose
the data, wonders whether to use the experimental setWgt data are distributed according @,. It can be shown
corresponding too; or oz. Suppose thaD(Qq||Ps,) > that, under some regularity conditions @ and P, with
D(Qq,[|Ps,)- It follows from Equation (15) that if the ex- Q,-probability 1,
periment corresponding toy is performed, thep-value will
go to 0 exponentially faster (in the number of trials) than if post-odds= 2"P(Qq7¢)+0(logn) (16)
the experiment corresponding to is performed. It therefore
makes sense to say that ‘the statistical strength of the expérour previously introduced terminology, ‘the Bayesian con-
iment corresponding te, is larger than the strength af,’. fidence (posterior odds) is determined BYQs||Ps), up to
This provides a frequentist justification of adoptiR{Q,||P,) first order in the exponent’. We may now reason exactly as in
as an indicator of statistical strength. the frequentist case to conclude that it makes sense to adopt

Remark: Bahadur [2, Theorem 2] also provides a varib(Qs||Ps) as an indicator of statistical strength, and that it
ation of Equation (15), which (roughly speaking) says theakes sense for QM to choose the setting probabilitieso
following: supposeQ, generates the data. Fer> 0, let N, as to maximizeD(Qq||Ps).
be the minimum number of observatiorsich that, for all  Equation (16) is a ‘folklore result’ which ‘usually’ holds. In
n> Ng, the test reject®, (if Py is not rejected for infinitely [11], we show that it does indeed hold wifh; and®P, defined
many n, then N, is defined to be infinite). Suppose that ams nonlocality proofs and local realist theories, respectively.

p-value:= sup P(T(Z,...,Zn) > tobserved- (14)

PePs
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D. Information-Theoretic Justification thanP'. By the law of large numbers, Equation (17) implies

There exist several approaches to information-theoretic §@t: with Q-probability 1, asn — oo,
compression-based hypothesis testing; see, for example, [4],
[25]. The most influential of these is the so-callglihimum
Description Length Principlg32]. The basic idea is aIwaysT u
that the more one can compress a given sequence of data,

idencebit-diff in decision ‘Q explains the data better than
more regularity one has extracted from the data, and thus, f:he Q exp

. : o . is, up to first order, determined by the KL divergence
better one has captured the ‘underlying regularities in the datﬁetweerQ andP: the largeD(Q||P), the larger the confidence.

Thus, the hypothesis that allows for the maximum compressi@flis gives an information-theoretic justification of the use

of the dat"?‘ should_be adopted. . ) ) of the KL divergence as an indicator of statistical strength
Let us first consider testing a simple hypotheRimgainst for simple hypothesis testing. We now turn to composite

another simple hypothesi Two basic facts of coding theory hypothesis testing.

say that . _ _ Composite Hypothesis Testingf one comparesQgs

1) There e_X|sts a uniquely decodable code with lengihs against a set of hypothes@s, then one has to associdfe
that satisfy, for allzy,...,z, € 2", with a code that is ‘optimal under the assumption that some
Lo(zi,....z) = [~ 10gQ(z, ... z0)]. P € Ps generated the data’. It turns out that there exist codes

with lengthsLy satisfying, for allz,...,z, € 2",
The code with lengthd g is called theShannon-Fano )
code and its existence follows from the so-calldaft Lo (21, 20) < onf —logP(z,...,z0) + O(logn).

Inequality, [10]. . .

2) If data Zj,...,Z, are independently identically dis—An e?:.amf)le O]; SlIJCh a}tr(‘:OQetls g|vefn n Lllt]. Th%.cg.df“t.
tributed~ Q, then among all uniquely decodable codeg or:])lm?h, ;Jp 0 h(t)gartl rlrluc erms,t ordwt a (_ar\;]er ) '? rou tl_on
the code with length functiolhg has the shortest ex- € 7o that might actually generate data. Ihe information

theoretic approach to hypothesis testing now tells us that, to

pected code-length. That is, letbe the length function X : ;
of any uniquely decodable code oveoutcomes, then testQqs againstP, we should compute the difference in code
' lengths

EolL(Zs,..Zn)] 2 Eql~108Q(2s, .. Zu)] bit-diff := Ly, (21,..,20) — [~ 109 Q5 (21, .- -, Z0)]-

Thus, under the assumption th@ generated the data, the L '
optimal (maximally compressing) code to use will be thahe larger this difference, the larger the confidence @at

Shannon-Fano code with lengthdogQ(Z") (here, as in the rather tharfP, generated the data. The article [11] shows that,
remainder of this section, we ignored the integer requiremdft@nalogy to Equation (18), as— o,

for code lengths). Similarly, under the assumption that some 1. . .

P with P # Q generated the data the optimal code will be the ﬁ(b't'd'ﬁ) — D(Qs|P) (19)

code with lengths—logP(Z"). Thus, from the information- th,s up to sublinear terms, the information-theoretic con-

theoretic point of view, if one wants to find out whether fqence in Qo is given by nD(Qs||Ps). This provides an

or Q better explains the data,_one should check whether theqrmation-theoretic justification of adopting(Qs|Ps) as
optimal code undeP or the optimal code unde® allows for 5, indicator of statistical strength.

more compression of the data. That is, one should look at the
difference

%(bit-diﬁ) — D(Q||P). (18)

s, if Q generates the data, then the information-theoretic

APPENDIX IV
bit-diff ;= —logP(z,...,z) — [~ 10gQ(z, ..., z)]. (17) PROOFS OFTHEOREMS1,2AND 3

If bit-diff > 0, then one decides th@better explains the data.- Preparation

The confidence in this decision is given by the magnitude of The proof of Theorem 1 uses the following lemma, which

bit-diff: the largerbit-diff, the more extra bits one needs tas of some independent interest.

encode the data undét rather thanQ, thus the larger the Lemma 1:Let (£,M1,U) be the game corresponding to an

confidence imQ. arbitrary 2 party, 2 measurement settings per party nonlocality
Now suppose thatQ actually generates the data. Theroof. For any(ag,bo) € {1,2}?, there exists & < I such that

expected code length differencmeasured in bits, betweenfor all (a,b) € {1,2}?\ {(ao,bo)} we haveQap = Papz. Thus,

coding the data using the optimal code fQr and coding for any three of the four measurement settings, the probability

using the optimal code foP, is given byEq[—logP(Z") — distribution on outcomes can be perfectly explained by a local

[—10gQ(Z")]] = nD(Q||P). Thus, the KL divergence can berealist theory.

interpreted aghe expected additional number of bits needed Proof: We give a detailed proof for the case that the

to encode outcomes generated by Q, if outcomes are encodeshsurement outcomes are two val{i€sF}; the general case

using a code that is optimal for P rather than for Qrhus, can be proved in a similar way.

the natural ‘unit’ of D(:||-) is the ‘bit’, andD(Q||P) may be  Without loss of generality letag, bo) = (2,2). Now we must

viewed as ‘average amount of information ab@uhat is lost prove that the equatioQ,, = Papz holds for the three settings

if Z is wrongfully regarded as being distributed Ryrather (ab)e{(1,1),(1,2),(2,1)}. Every triple of distribution®,y
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for these three settings may be represented by a table of these tableg™ — pol'rerr)/(1— p2), (T — p2lerre)/(1— p2),

form: (T — polerrr)/(1— p2) has only nonnegative entries.
Pri| X =T Xi=F|X=T X=F| /Let M:= (I —ely)/(1—¢) wherek is chosen such that
YT o 0 0 o r has_ no negative gntnes._CIearIy, eithet _descnbes a
Vi F o 0 o o deterministic theory with entries 0 and 1, bf is a I'-table
Yl— - 3 4 ! 8 with number of nonzero entries one less than that.dflence
YZZ; F F[))fl Eig by applying the above procedure at most 16 times, we obtain

a decompositior” = &1y, + -+ + €16l k,q,» Which shows that
with ps,...,p12 > 0 and the normalization restrictiong + I lies in the convex hull of thd -tables corresponding to
4+ pPa=ps+---+Ps=Po+---+ p12= 1. Given any table deterministic theories. Hence, any suchcan be described
of this form, we say that the LR distributio, corresponds as a LR theory.
to the p-table if Pi1(T,T) = p1, P2z (F,T) = p1o etc., for For measurement settings with more than two outcomes, the
all p;. proof can be generalized in a straightforward manner. O

The no-signaling restriction implies that the realized mea-
surement setting aAl’s side should not influence the probabilg  by5f of Theorem 1
ity on B’s side and vice versa. Hence, for exampleoPf =
T) = Prip(Y = T), which givesp; + p2 = ps + ps. In total
there are four such no-signaling restrictions:

We only give proofs for the & 2 x 2 case; extension to the
general case is entirely straightforward. We define

Pi+pP2 = Ps+Ps U((a,b),x) (20)
Ps+pPs = Ppr+ps ‘= D(Qab()|[Pan;z(-))
Pi+Ps = PotPu = Z Qab(X,Y) 109 Qan(X, Y) — 109 Papz (X, )]
P2+pPs = Pio+ P12 xye{T,F}

Qab(xy)>0

We call a table withpy,..., p12 > 0, that obeys the normal-
ization restriction on the sub-tables and that satisfies Eqiidete thatU (o, ) can be written as
tions (20) al-table We already showed that each triple _

of conditional LR distributions may be represented ak-a U(o,7) _abe%z} car ((a,b), 7)

table. In exactly the same way one shows that each triple T

of conditional quantum experimentalist distributio@go, Qo1, Part 1: Equation (3) follows directly from the additivity
Q1o can be represented ag aable. It therefore suffices if we Property of KL divergence, see [11, Appendix IV-B] or [10].
can show thaeveryT-table corresponds to some LR theonf-Onvexity is immediate by Jensen's inequality applied to the
P;. We show this by considering the 16 possible deterministiegarithm in Equation (20) and the fact tha}lb;n(xay)_ is
theoriesTiuy.y,- HEre Tuxyy, is defined as the theory with lin€ar in mx,xy,y, for each(xy,xz,y1,y2) € {T,F}% If « lies
Pr(Xe = X1, X2 = X2, Y1 = Y1,Y2 = Y2) = Mixxoyay, = 1. Each N the interior qf!‘l, then I_Dab;,_r(x,y) > 0 for a,_b e__{l, 2} so
deterministic theoryly,x,y,y, Corresponds to a specifictable thatU (o, x) is finite. Continuity and differentiability are then

denoted byl y,x,y,y,- FOr example, the theofJkerr gives the immediate by continuity and differentiability of legfor x> 0.
following T rere-table: Lower semicontinuity ofU(o,x) on M is implied by the

fact that, on general spaced(Q||P) is jointly lower semi-

Pr H =T X=F l =T X%=F J continuous inQ and P in the weak topology, as proved by

Yi=T 0 1 0 1 Posner [30, Theorem 2]. Part 1(c) is immediate.

Y1=F 0 0 0 1 Part 2: We have already shown that for fixed U (o, 7)

Yo =T 0 0 is lower semicontinuous ofl. Lower semicontinuous func-
Yo=F 0 1 tions achieve their infimum on a compact domain (see for

We will prove that the set of -tables is in fact the convex example [14, page 84]), So that for each) Equation (4) is
achieved for somer*. This proves (a). To prove (b), note

hull of the 16 tabled” corresponding to deterministic o oh ) I
theories. This shows ?EX;¥1gﬁytable can be reproduced by athat nonnegativity ol (o) is immediate by nonnegativity of

mixture of deterministic theories. Since every LR theory I th_e KL d|vergence. Bognde_dneoss @(G) follows by consid-

can be written as such a mixture, this proves the lemma, ©7ng the uniform distributionz”, with, for all x1,2,y1,Y2,
First we observe that &-table with all entries 0 or 1 Ty, = /18- 7% is in T, so that

has to be one of the 16 deterministic theories. GiveRi-a U (¢) <U(o,7°)

table that is not a deterministic theory, we focus on its

smallest nonzero entry,, = € > 0. By the restrictions of = % Gab( ; Qab(X,Y)[|09Qab(X7y)+2]>

Equations (20) there exists a deterministic thedgysuch abe{l.2} Xy {T.F}

that the table(l' — elk)/(1—€) has no negative entries. For

example, suppose that the smallest elemerit torresponds <- Z GabH (Qap) +8,

to P;(X3 =F,Y; =T) (denoted agy in the first table above). ab{12}

By the restrictions of Equation (20), either the talfle— whereH(Qap) is the Shannon-entropy of the distributi@gp.

P2l erte)/(1— p2) (Wherel gerr is shown above) or one of theBoundedness df (6) now follows from the fact thad (Q) >

Qap(%,y)>0
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0 for every distributiorQ, which is a standard result (see, e.geach n* achieving Equation (4) satisfies Equations (5) and
[10]). (6). On the other hand, eacti corresponding to @* with
Let o be in the interior ofX and let * € N achieve p* = r* such that Equation (22) holds for eachi, xp,y1,¥2) €
infrU (o, ). SinceU (o) is boundedQ is absolutely continu- {T,F}* must achieve a local minimum &f(c, ) (viewed as
ous with respect ta* (otherwiseU (o) = o, a contradiction). a function ofz), SinceU (o, x) is convex,n* must achieve
Thus,U (o) satisfies the infimum of Equation (4).
. For part (b), suppose, by way of contradiction, that for at
U(o)= P ;'SL,IU (o, m), (1) least ong(xq,y1) € {T,F}?, ag,bo € {1,2} with Qagp, (X1,¥1) >
where Q < © means thatQ is absolutely continuous with 0, we havePanyr (X1,Y1) # Pahoir (¥1,y1). For eachxy
respect torr € . We already proved that i) is absolutely {T.F}abe{1,2}, we can write
o Thus. by Equaton (211)(o) i an nimum of inear P 063) = 7 g + 7+
o. Thus, by Equati o) i infimu i _ o o o o
functions, which (by a standard result of convex analysis, Fatize (XY) = T + T, + i, + i, (23)
see e.g. [33]) is concave. A concave and bounded functifor someky,...,ks depending onx,y,a,b. Here eachk; is
with a convex domain must be continuous on the interiaf the form xpxoy1y, with x,yi € {T,F}. Now consider
of this domain (see, e.g., [33]). It remains to show that® := (n*+ 7°)/2. Clearly ™ € M. By Jensen’s inequality
U(o) is continuous at boundary points & Showing this applied to the logarithm and using Equation (23), we have
is straightforward by taking limits (but tedious). We omit thdor a,b € {1,2}: Qap(X,y)[l0gQan(X,y) — l0gPsp 1+ (X,y)] <
details. Qab(X,Y)[109Qan(X,y) — %IOgPab;n* (xy) — %IOgF)ab;no xy),
Now for part (c). IfQ is not a proper nonlocality proof, thenwhere the inequality is strict K= x1,y =y1,a=ag andb = hy.
by definition there exists @ € M such that, fora,b € {1,2}, But then fora,b € {1,2}: U((a,b),z*) < 3U((a,b), %) +
we haveQap = Panr, and henceJ (o, mp) =0 for all o € . %U((a, b),7°), which for (a,b) = (ap,bp) must be strict.
Now supposeQ is a proper nonlocality proof. Let be By assumption,cay, > 0. But that impliesU(o,n") <
in the interior of . infrU (o, ) is achieved for somer*. U(o,n*) =infrU(o,7) and we have arrived at the desired
Suppose, by means of contradiction, thiio, 7*) = 0. Since contradiction.
oap > 0 for a,b € {1,2}, we must haveQup = Papr for
a,b € {1,2}. But thenQ is not a proper nonlocality proof
contradiction. For part (d), i& is on the boundary of, then ) o . )
for somea, b, o, = 0. It then follows from Lemma 1 and the 1) Game-Theoretic PreliminariesProposition 1 gives a
fact that, for allP, D(P||P) = 0 thatU (¢, z*) = 0. few standa_rd game-theoretic results (parnallylcopled from
Part 3: Part (a) The condition th&,p is not a point mass [14]). We WI|| use these results at sevgral stages in later proofs.
for somea, b, implies that allz* that achieve the infimum must  Proposition 1:Let A and B be arbitrary sets and let :
haver; ..., < 1 for allxy, Xz, y1,y2, (otherwisel (6, ) = oo, AXxB— RU{—0w, 0} be an arbitrary function o/ x B. We
which is a contradiction). Thus, we assume that Mo, with ~have

' C. Proofs of Game-Theoretic Theorems

Mo the set ofzs that satisfy this £ 1” restriction. 1) infgegSupyeal(a, B) > supeainfgepl(ca, B).
For p € [0,0)%8, let 2) Suppose the following conditions hold:
_ o) Pxaxoyays a) The gamgA,B,L) has a value/ € RU{—o, o0},
p p)= . hat i
X1%2Y1Y2 ZX’17X’2~Y1,)/2€{T7F} Py that Is
In this way, each vectop with at least one non-zero compo- inf supL(a, ) =V = supinf L(a, B).
BeBaeA acABeB

nent uniquely defines a local theopy< N, and

b) There isa* that achieves sypinfgegl(a, B).
{p . p €[0,00)% and Pxpoyiys > o} = Mo. c) There isB* that achieves inf.gsup,cal(a, B).
X1,X2,1,Y2€{T,F} Then(a*,B*) is a saddle point and(a*,3*) =

Let p* be such thap* achieves the infimum in Equation (4). 3) Suppose there exists a pai*, 3*) such that
ThenQ is absolutely continuous with respect@. One can a) B achieves infcglL(a*, ) and
now show that for eactixy,xp,y1,y2) € {T,F}4, the partial b) B* is anequalizer strategythat is, there exists a
derivative d U (0,p)/dpx, xy1y, €valuated ajp = p* exists K e RU{—o,} with for all & € A, L(ax, B*) =K.
(even if pg v, v, y, = 0). Sincep™ achieves the infimum, it Then the gaméA, B,L) has valueK, i.e.
follows that, for each(xy, %, y1,Yy2) € {T,F}*, we must have ) .
that (9/9px, x,.y,)U (0,P) evaluated ap” is not less than éggggﬁm(a,ﬁ) = ggfl;f;gl—(aaﬁ) =K,
0, or, equivalently,

and(a*,B*) is a saddle point.
{ JdU(o,p) Proof: (1) For all o’ € A,

3} . ( z pX17X23y17y2> >0 (22)
Pxq.x0.y1.y2 p=p* X0 o1y

with equality if py, ,y, v, > 0. Straightforward evaluation of
Equation (22) gives Equations (5) and (6). This shows th@herefore, infcgSup,cal (e, B) > supycainfgegl(a’, B).

inf suplL > inf L(a', B).
128335 (a,ﬁ)_I;QB (o, B)
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(2) Under our assumptions, 3) Proof of Theorem 3, Saddle Points and Equalizer Strate-
gies for 2 x 2x 2 Nonlocality Proofs: The correlated game

L(a",p%) < SUEL(O‘vﬁ*) has a valueV by Theorem 2 andV > 0 by Theorem 1.
Trff supL(at, B) Inequality (8) is immediate. Ldl ((a,b), ) be defined as in
BeBoeA the proof of Theorem 1, Equation (20). To prove Equation (9),
=V note that for everyr € I,
= 2g£)|r;f L(a,B) ?chpu(c,n) = SlZJ[iJ(G,TE)
*I'J;fBL( B) <L(a”,BY), :aﬂgg{alé}u((a,b),n).
so L(a*,B*) =V = infggl(a*,B) and L(a*,*) =V = Thus, Equation (9) and part 2(b) of the theorem follow.
Supeal(e, B*). Part 2(a) is immediate from Theorem 2. To prove part 2(c),
(3) To show that the game has a value, by (1) it is sufficiestippose, by way of contradiction, that there existg*ac
to show that M* that is not an equalizer strategy. Then the §@&,b) |
U((a,b), ") = maxgpeq1,2,U((a,b),7*)} has less than four
éggggf'-(o‘ B) < 2g£|r;f L(a, B). elements. By Theorem 2, there existscd € ¥ such that
(o*,m*) is a saddle point in the correlated game. Siac¢es
But this is indeed the case: achieves supU (o, 7*), it follows that for someag, bg € {1,2},
o, = 0. But then o* lies on the boundary of. By
gQ‘;ggf\’L(“ B) = ngL(a B7) Theorem 1, part 2(d), this is impossible, and we have arrived
=L(a",B*) =K = inf L(a", B) at the desired contradiction.
BeB It remains to prove part (3). Part (3), ‘if’ follows directly
< suplnf L(a,B), from Proposition 1. To prove part (3), ‘only if’, suppose the
acAPeB uncorrelated game has saddle paojot,z*). It is clear that

where the first equalities follow becaugé is an equalizer 7" achieves infU(c*,x). We have already shown above that
strategy. Thus, the game has a value equalktoSince 7" is an equalizer strategy.
SUpyeal(a, B*) = K, B* achieves infcgsup,cal(e,f).
Since ingeglL(a*, B) =K, a* achieves sup pinfgcgl(a, B).
Therefore,(a*,*) is a saddle point. O
2) Proof of Theorem 2, the Saddle Point Theorem for Cor-
related Settings and Generalized Nonlocality Proofse use
the following well-known minimax theorem due to Ferguson.
The form in which we state it is a straightforward combination
of Ferguson’s [14] Theorem 1, page 78 and Theorem 2.1,
page 85, specialized to the Euclidean topology.
Theorem 4 (Ferguson 1967):et (A,B,L) be a statistical
game wheréA is a finite setB is a convex compact subset of
RX for somek > 0 andL is such that for allx € A,

1) L(a,B) is a convex function of € B.
2) L(e,B) is lower semicontinuous if§ € B.

Let A be the set of distributions oA and define, forP e
A, L(P,B) = EpL(,B) = J geaPul (e, 3). Then the game
(A,B,L) has a value/, i.e.

supinf L(P,B) = inf supL(P,),

PcAB<B BeBpeca
and a minima3* € B achieving incgsup,c 4 L(a, B) exists.
By Theorem 1, part (1)U (o,n) = D(Qg||Ps:z) is lower
semicontinuous i for all o € Z. Let us now focus on the
case of a X 2x 2 game. We can apply Theorem 4 with
A={111221 22}, A=%andB=T1. It follows that the game
(Z,M,U) has a valu®/, and inf; sup;U (o, ) =V is achieved
for somexn* € M. By Theorem 1, part (2), &V < o, and,
sinceU (o) is continuous ino, there exists some* achieving
suginfrU(o, 7).

The proof for generalized nonlocality proofs is completely

analogous; we omit detalils.



