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Abstract

Bayesian model averaging, model selection and its appatiams such as BIC are generally statisti-
cally consistent, but sometimes achieve slower rates ofergence than other methods such as AIC and
leave-one-out cross-validation. On the other hand, théser snethods can be inconsistent. We identify
thecatch-up phenomenas a novel explanation for the slow convergence of Bayesethads. Based
on this analysis we define the switch distribution, a modiitcaof the Bayesian marginal distribution.
We show that, under broad conditions, model selection aadigtion based on the switch distribution is
both consistent and achieves optimal convergence rag resolving the AIC-BIC dilemma. The
method is practical; we give an efficient implementatione $tvitch distribution has a data compression
interpretation, and can thus be viewed as a “prequentiaMbL method; yet it is different from the
MDL methods that are usually considered in the literature.cdmpare the switch distribution to Bayes
factor model selection and leave-one-out cross-validatio

1 Introduction: The Catch-Up Phenomenon

We consider inference based on a countable set of modedsofgaiobability distributions), focusing on two
tasks: model selection and model averaging. In model sefetasks, the goal is to select the model that
best explains the given data. In model averaging, the goalfisd the weighted combination of models that
leads to the best prediction of future data from the samecsour

An attractive property of some criteria for model selectisithat they are consistent under weak con-
ditions, i.e. if the true distributiorP* is in one of the models, then the*-probability that this model is
selected goes to one as the sample size increases. | BIC [G¢ci8d8], Bayes factor model selection
[Kass and Raftery, 1995], Minimum Description Length (MDhpdel selection, [Barron etlal., 1998] and
prequential model validation [Dawid, 1984] are examplesviofely used model selection criteria that are
usually consistent. However, other model selection gdaiteuch as AIC|[Akaike, 1974] and leave-one-out
cross-validation (LOO) [Stone, 1977], while often incatent, do typically yield better predictions. This is
especially the case in nonparametric settings of the fatigwype: P* can be arbitrarily well-approximated
by a sequence of distributions in the (parametric) modetieunonsideration, but is not itself contained in

*A preliminary version of a part of this paper appeared as Bamn et al.l, 2007].
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any of these. In many such cases, the predictive distribwaiimverges to the true distribution at the optimal
rate for AIC and LOO|[Shibata, 1983,/ Li, 1987], whereas ineggahMDL, BIC, the Bayes factor method
and prequential validation only achieve the optimal rateitbin anO(log n) factor [Rissanen et al., 1992,
Foster and George, 1994, Yanhg, 1999, Griinwald, 2007].isrptgper we reconcile these seemingly conflict-
ing approaches [Yanhg, 2005a] by improving the rate of cayerece achieved in Bayesian model selection
without losing its consistency properties. First we prevath example to show why Bayes sometimes con-
verges too slowly.

1.1 The Catch-Up Phenomenon

Given priors on parametric modelg;, M-, ... and parameters therein, Bayesian inference associates eac
model M}, with the marginal distribution;,, given by

(™) = /0  pola(0) &,

obtained by averaging over the parameters according toribe pn Bayes factor model selection the pre-
ferred model is the one with maximum a posteriori probgbilgy Bayes’ rule this iswrg max;, pr(z™)w(k),
wherew(k) denotes the prior probability 0¥1;.. We can further average over model indices, a process called
Bayesian Model Averaging (BMA). The resulting distributipoma(z™) = 3, pr(2™)w(k) can be used for
prediction. In a sequential setting, the probability of éadsequence™ := x4, ..., x, under a distribution

p typically decreases exponentially fastinlt is therefore common to considerlog p(z™), which we calll
the code lengthof 2™ achieved by. We take all logarithms to basg allowing us to measure code length
in bits. The name code length refers to the correspondence betwederiangth functions and probability
distributions based on the Kraft inequality, but one may dlénk of the code length as the accumulated
log loss that is incurred if we sequentially predict theby conditioning on the past, i.e. using-|z‘~!)
[Barron et al., 1998, Grunwald, 2007, Dawid, 1984, Rissai®84]. For BMA, we have

n

—log poma(”) = —log | [ poma(xi | 27*) = > [~ log pomalwi | #'71)] .
i=1 i=1

Here theith term represents the loss incurred when predictingiven=~! usingppma(-|z*~*), which turns
out to be equal to the posterior averaggna(xi|z=1) = >, pr(zilz ™ Hw(k|z~1).

Prediction usingpma has the advantage that the code length it achieveg'@sclose to the code length
of p;, wherek is the best of the marginafs, ps, . . ., i.e. k achievesminy — log pr(z™). More precisely,
given a priorw on model indices, the difference betweenog ppma(z™) = —log(>_, pr(z™)w(k)) and
—log p; (#™) must be in the rangf), — log w(k)], whatever data™ are observed. Thus, using BMA for
prediction is sensible if we are satisfied with doing essdlgtas well as the best model under consideration.
However, it is often possible to combipeg, p-, . . . into a distribution that achieves smaller code length than
p;! This is possible if the index: of the best distributiorchanges with the sample size in a predictable
way. This is common in model selection, for example with nestediers, sayM; C M. In this casep;
typically predicts better at small sample sizes (roughgcauseMs, has more parameters that need to be
learned than\11), while p- predicts better eventually. Figdre 1 illustrates this gimeanon. It shows the ac-
cumulated code length differeneelog p2 (z™) — (— log p1 (™)) on “The Picture of Dorian Gray” by Oscar
Wilde, wherep; andp, are the Bayesian marginal distributions for the first-om®dl second-order Markov
chains, respectively, and each character in the book ist@ome. We used uniform (Dirichlét, 1,. .., 1))
priors on the model parameters (i.e., the “transition ppdhies”) , but the same phenomenon occurs with
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Figure 1: The Catch-up Phenomenon

other common priors , such as Jeffreys”. Clearyis better for about the first00 000 outcomes, gaining
a head start of approximately) 000 bits. Ideally we should predict the initiaD0 000 outcomes using
and the rest using,. However,ppma Only starts to behave likg, when itcatches upwith p; at a sample
size of abou310 000, when the code length gf, drops below that of;. Thus, in the shaded ar@gma
behaves likep; while p- is making better predictions of those outcomes: singe-at100 000, p, is 40 000
bits behind, and at = 310000, it has caught up, in between it must have outperformebly 40 000 bits!
Note that the example models(; and M5 are very crude; for this particular application much better
models are available. Thus1; and M, serve as a simple illustration only (see the discussion o Se
tion[8.1). However, our theorems, as well as experimentis mohparametric density estimation on which
we will report elsewhere, indicate that the same phenomehsm occurs with more realistic models. In
fact, the general pattern that first one model is better aad #mother occurs widely, both on real-world
data and in theoretical settings. We argue that failureke this effect into account leads to the suboptimal
rate of convergence achieved by Bayes factor model sefeatid related methods. We have developed an
alternative method to combine distributiopsandp, into a single distributioms,,, which we call theswitch
distribution defined in Sectiohl2. Figuté 1 shows that, behaves likep; initially, but in contrast tgppma
it starts to mimicp, almost immediatelgfter p, starts making better predictions; it essentially doesribis
matter what sequencé® is actually observedps,, differs fromppmain that it is based on a prior distribution
onsequences of modetsther than simply a prior distribution on models. Thiswahlaus to avoid the implicit
assumption that there is one model which is best at all sasipdss. After conditioning on past observa-
tions, the posterior we obtain gives a better indication bicly model performs besit the current sample
size thereby achieving a faster rate of convergence. Indeedwhitch distribution is very closely related to
earlier algorithms fotracking the best expedeveloped in the universal prediction literature; see 8so-
tion[d [Herbster and Warmuth, 1998, Vovk, 1999, Volf and Wffls| 1998, Monteleoni and Jaakkaola, 2004];
however, the applications we have in mind and the theorent@owe are completely different.

1.2 Organization

The remainder of the paper is organized as follows (for thel@es convenience, we have attached a table
of contents at the end of the paper). In Secfibn 2 we introdusebasic concepts and notation, and we
then define the switch distribution. While in the examplewehave switched between just two models, the



general definition allows switching between elements of famje or countably infinite set of models. In
Section 8 we show that model selection based on the switttibdison is consistent (Theorei 1). Then
in Section’4 we show that the switch distribution achieveata of convergence that is never significantly
worse than that of Bayesian model averaging, and we showithebntrast to Bayesian model averaging,
the switch distribution achieves therst-case optimalate of convergence when it is applied to histogram
density estimation. In Sectidd 5 we develop a number of td@s can be used to bound the rate of con-
vergence in Cesaro-mean in more general parametric anghraametric settings, which include histogram
density estimation as a special case. In Sedtioh 5.3 anibB8&c#d we apply these tools to show that the
switch distribution achieves minimax convergence ratetemsity estimation based on exponential families
and in some nonparametric linear regression problems. dtidbéd we give a practical algorithm that com-
putes the switch distribution. Theoréml 14 of that sectimwshthat the run-time fok predictors i (n - k)
time. In Section§]7 and Sectibh 8 we put our work in a broadetext and explain how our results fit into
the existing literature. Specifically, Section]7.1 expdaiow our result can be reconciled with a seemingly
contradictory recent result of Yang [2005a], and Sedtidhd@scribes a strange implication of the catch-up
phenomenon for Bayes factor model selection. The proofdl tieorems are in Appendix]JA (except the
central results of Sectidd 5, which are proved in the mait).tex

2 The switch distribution for Model Selection and Prediction

2.1 Preliminaries

SupposeX ™ = (X, Xy, ...) is a sequence of random variables that take values in sapgptesd C R?
for somed € Z* = {1,2,...}. Forn € N = {0,1,2,...}, letz" = (x4, ..., x,) denote the first
outcomes ofX>°, such that:” takes values in the product spat® = X; x --- x X,,. (We letz" denote
the empty sequence.) For > n, we write X", | for (X,,11, ..., X;,), wherem = oo is allowed. We omit
the subscript when = 0, writing X™ rather thanX7".

Any distribution P(X>°) may be defined in terms of a sequenpetdiction strategy that predicts the
next outcome at any time € N. To be precise: Given the previous outcomést timen, a prediction strat-
egy should issue a conditional dengityX,, 1 |z™) with corresponding distributio (X, 1 |=™) for the next
outcomeX,, 1. Such sequential prediction strategies are sometimesdgatquential forecasting systems
[Dawio, 1984]. An instance is given in Example 1 below. Whesighe existence of a ‘true’ distribution
P* is assumed — in other words{*>° are distributed according* —, we may think of any prediction
strategyp as a procedure for estimatirg*, and in such cases, we will often referpan estimator For
simplicity, we assume throughout that the dengity(,,;1|z") is taken relative to either the usual Lebesgue
measure (ift is continuous) or the counting measureXifis countable). In the latter capé€X,, . 1|z") is a
probability mass function. It is natural to define the joiendityp(x™|2"™) = p(zpi1]z™) - - - p(ap, 2™ 1)
and letP(X ;5 |2") be the unique distribution oA’>° such that, for alln > n, p(X)", ;|2") is the density
of its marginal distribution forX)", . To ensure thaP’( X% | |z") is well-defined even ift’ is continuous,
we will only allow prediction strategies satisfying the matl requirement that for any ¢ Z* and any
fixed measurable event;,; C X1 the probability P(A;|2") is a measurable function of*. This
requirement holds automatically A is countable.

2.2 Model Selection and Prediction

In model selectiorthe goal is to choose an explanation for observed datiom a potentially infinite list
of candidate modeld1;, M,, ... We consideiparametric modelswhich we define as sefgy : § € ©}
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of prediction strategieg, that are indexed by elements 6f C R¢, for some smallest possiblé € N,

the number of degrees of freedom. A model is more commonlyedeas a set of distributions, but since
distributions can be viewed as prediction strategies akigqul above, we may think of a model as a set of
prediction strategies as well. Examples of model sele@ierhistogram density estimation [Rissanen 2t al.,
1992]  is the number of bins minus 1), regression based on a set igffoastions such as polynomialg (

is the number of coefficients of the polynomial), and theafalg selection problem in regression [Shibata,
1983, L1,11987/ Yang, 1999]d(is the number of variables). Model selection criterions a function

§: U2, X" — Z7 that, given any data sequencé € X" of arbitrary lengthn, selects the model1;,
with indexk = §(x").

With each modeM . we associate a single prediction stratggy The bar emphasizes that is a meta-
strategy based on the prediction strategiesvin. In many approaches to model selection, for example
AIC and LOO,p; is defined using some parameter estimalgrwhich maps a sequena€ of previous
observations to an estimated parameter value that repsesébest guess” of the true/best distribution in
the model. Prediction is then based on this estima(X,, 1 | =) = pék(x")(X"+1 | ™), which

also defines a joint densipy, (2") = py(z1) - - - pr (7,2 1). The Bayesian approach to model selection or
model averaging goes the other way around. It starts outanpiiorw on ©, and then defines the Bayesian
marginal density

P = [ pola"u(o) . ®
0cOy
Whenpyg(z™) is non-zero this joint density induces a unique conditiatelisity

_ oy Pe(Xng1,2™)
Xn T)=——""—""—"
pk’( +1 | ) pk(xn)

which is equal to the mixture gfy according to the posterioty(6|z™) = pg(z"™)w(8)/ [ po(z™)w(H) db,
based orx™. Thus the Bayesian approach also defines a prediction®trat€X,,+1|z").

Associating a prediction strategy. with each modelM,, is known as theprequential approach to
statistics[Dawig,1984] orpredictive MDL[Rissanen, 1984]. Regardless of whetpgis based on param-
eter estimation or on Bayesian predictions, we may usuhlhktof it as a universal code relative fof,,
[Granwald/ 2007].

Example 1. Supposet¥ = {0,1}. Then a prediction strategy may be based on the Bernoulli model
M = {pg | & € [0,1]} that regardsX;, X»,... as a sequence of independent, identically distributed
Bernoulli random variables with (X,,+1 = 1) = 6. We may predictX,, 1 using the maximum likelihood
(ML) estimator based on the past, i.e. usd?hjg") =n~1 Y1 | ;. The prediction for; is then undefined.
If we use a smoothed ML estimator such as the Laplace estin@ite”) = (n + 2)~' (37, zi + 1),
then all predictions are well-defined. It is well-known thla¢ predictorp’ defined byp' (X, 11 | ") =
pé,(zn)(Xn+1) equals the Bayesian predictive distribution based on aoumifprior. Thus in this case a
Bayesian predictor and an estimation-based predictocicizh

In general, for a parametric modéi;, we can define,(X,+1 | 2") = pé;’c(w”)(X"*l) for some

smoothed ML estimatoo%. The joint distribution with density,(z™) will then resemble, but in general
not be precisely equal to, the Bayes marginal distributiath @ensity p, (™) under some prior oo\
[Grinwald/ 2007, Chapter 9].



2.3 The switch distribution

Supposepy, po, ... is a list of prediction strategies fox>°. (Although here the list is infinitely long, the
developments below can with little modification be adjusiedhe case where the list is finite.) We first
define a familyQ = {¢s : s € S} of combinator prediction strategies that switch betweendtiginal
prediction strategies. Here the parameter siSaisadefined as

S:{(tl,k‘l),...,(tm,k‘m) € (NXZ+)m‘m€Z+,O:t1 < ...<tm}. (2)

The parametes € S specifies the identities of constituent prediction strategies and the sample sizes,
called switch-points at which to switch between them. Fer= ((¢],k}),...,(t .,k ), lett(s) = t,

1y ot

k;(s) = ki andm(s) = m’. We omit the argument when the parametées clear from context; e.g. we write
ts for t3(s). For eachs € S the correspondings € Q is defined as:

Pry (Xng1|z™)  ifn <t
Dhy (Xng1]2™)  if t2 <n <ts,
(X a") = ; s ©
Phy (Xng1]z") i tyq < <tp,
Py, (Xng1|z™) ity < n.

Switching to the same predictor multiple times (conseelyivr not) is allowed. The extra switch-poitit
is included to simplify notation; we always take= 0, so thatk; represents the strategy that is used in the
beginning, before any actual switch takes place.

Given a list of prediction strategigs, po, . . ., we define the switch distribution as a Bayesian mixture
of the elements o according to a priofr onS:

Definition 1 (switch distribution) Supposer is a probability mass function dh Then theswitch distribu-
tion Py, with prior 7 is the distribution for X>°, s) that is defined by the density

psw(r",8) = qs(2™) - 7(s) (4)
foranyn € Z*, 2™ € X", ands € S.

Hence the marginal likelihood of the switch distributiorstdensity

psw(a™) =D gs(a™) - 7(s). (5)

seS

Although the switch distribution provides a general way ambine prediction strategies (see Seclion 7.3),
in this paper it will only be applied to combine predictionaségiespi, ps, - . . that correspond to parametric
models. In this case we may define a corresponding modeltieelexriterionds,. To this end, leti, 1 :

S — Z* be a random variable that denotes the strategy/model thateid to predictX,,,; given past
observations:™. Formally, letiy be the uniqué such that;(s) < n and eithett;1(s) > n (i.e. the current
sample sizen is between the-th andi + 1-st switch-point), ori = m(s) (i.e. the current sample size

is beyond the last switch point). Thek,1(s) = k;,(s). Now note that by Bayes’ theorem, the prior
w, together with the data™, induces a posterior(s | ") x gs(z™)m(s) on switching strategies. This



posterior on switching strategies further induces a pwsten the model,, . that is used to predicX,, 1.
Algorithm([, given in Sectiohl6, efficiently computes the feo®r distribution onk,,, givenz"™:
_ Z{S:Kn+1(s)=k:} gs(z")m(s)

T(Kpy1 =k |2™) = e , (6)

which is defined whenever,(z™) is non-zero, and can be efficiently computed using Algorithifsee
Sectior[6). We turn this posterior distribution into the rabsklection criterion

Soule") = axgmax w(Ky 1 =k | 2" )

which selects the model with maximum posterior probability

3 Consistency

If one of the models, say with indeX, is actually true, then it is natural to ask whetlgy is consistentin

the sense that it asymptotically selektswith probability 1. Theoreni L below states that, if the prediction
strategie%;, associated with the models are Bayesian predictive distoibs, thens,, is consistent under
certain conditions which are only slightly stronger thaosth required for standard Bayes factor model
selection consistency. It is followed by Theoreim 2, whicteers the result to the situation where fhe
are not necessarily Bayesian.

Bayes factor model selection is consistent if forkalk’ # k, P.(X°°) and P/ (X°°) are mutually sin-
gular, that is, if there exists a measurable 4ef x> such thatP,(A4) = 1 and P,/ (A) = 0 [Barron et al.,
1998]. For example, this can usually be shown to hold if (&) rtiodels are nested and (b) for edgh
O is a subset 0By 1 of wy1-measurd). In most interesting applications in which (a) holds, (lyoal
holds [Grinwald, 2007]. For consistency &f,, we need to strengthen the mutual singularity-condition to
a “conditional” mutual singularity-condition: we requiteat, for allx’ # k and alln, all 2™ € X", the
distributions P, (X% | =) and Py (X2, | =) are mutually singular. For example, Xf;, X,, ... are
independent and identically distributed (i.i.d.) accogdio eachPy in all models, but also ift" is countable
andpy, (2,41 | ,) > 0 forall k, all 2"+ € A"+, then this conditional mutual singularity is automatigall
implied by ordinary mutual singularity aP, (X°°) and P/ (X ).

Let Es = {s' € S | m(s') > m(s), (t;(s'), ki(s')) = (ti(s), ki(s)) fori = 1,...,m(s)} denote the set
of all possible extensions afto more switch-points. Lefy, p2, ... be Bayesian prediction strategies with
respective parameter spades, O, ... and priorswy, ws, ..., and letr be the prior of the corresponding
switch distribution.

Theorem 1(Consistency of the switch distributianpupposer is positive everywhere ofs € S | m(s) =
1} and such that for some positive constanfor everys € S, ¢ - n(s) > w(Es). Suppose further that
Py(X22, | 2™) and Py (X5, | 2™) are mutually singular for alk, k' € Z*, k # K/, all n, all 2™ € X™.
Then, for allk* € Z™, for all 9* € O, except for a subset @b, of w;--measure), the posterior
distribution onK,, . satisfies

n—~0o0

T(Kp1 =k | X") — 1 with Py -probability 1. (8)

The requirement that- 7 (s) > 7 (Es) is automatically satisfied if is of the form

m

w(s) = ma(m)mc(ka) [ metilts > tia)me (), (9)

=2
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wherer,, m, and, are priors orZ™ with full support, andr, is geometric:m, (m) = 6™ (1 — ) for
somel < # < 1. Inthis case: = 60/(1 — 6).

We now extend the theorem to the case where the universabdigins p;, po, . .. are not necessarily
Bayesian, i.e. they are not necessarily of the fdrim (1).rigwut that the “meta-Bayesian” universal distri-
bution Py, is still consistent, as long as the following condition teld he condition essentially expresses
that, for eachk, p, must not be too different from a Bayesian predictive distiim based on (1). This
can be verified if all modelg\ 1, are exponential families, and thg represent ML or smoothed ML esti-
mators (see Theorems 2.1 and 2.2 of [Li and|Yu, 2000]). Weesghat it holds as well for more general
parametric models and universal codes, but we do not knowyopeoof.

Condition There exist Bayesian prediction strategi€sp5, . . . of form (I), with continuous and strictly
positive priorswy, ws, . .. such that

1. The conditions of Theoreid 1 hold fﬁ?,ﬁg, ... and the chosen switch distribution prior

2. For allk € Z™*, for each compact subséX of the interior of®;, there exists d& such that for all
0 € ©, with Py-probability 1, for alln

—log pr(X™) + log p2(X™) < K.

3. Forallk, k' € Z* with k # k' and allz" € X*, the distributionsPP (X253, | ") and Py (X%, | 2™)
are mutually singular.

Theorem 2 (Consistency of the switch distribution, Part 2)et p1, P2, . . . be prediction strategies and let

« be the prior of the corresponding switch distribution. Sogp that the condition above holds relative to
P1, P2, ... and . Then, for allk* € Z™T, for all 8* € ©,- except for a subset @,.- of Lebesgue-measure

0, the posterior distribution ori,,, 1 satisfies

T(Kppr =k | X") "= 1 with Py.-probability 1. (10)

4 Risk Convergence Rates

In this section and the next we investigate how well the swdistribution is able to predict future data
in terms of expected logarithmic loss or, equivalently, Hagt estimates based on the switch distribution
converge to the true distribution in terms of Kullback-Ueibrisk. In Sectiori 4]1, we define the central
notions of model classes, risk, convergence in Cesaro magghminimax convergence rates, and we give
the conditions on the prior distributionunder which our further results hold. We then (Secfion 4ni@ws
that the switch distribution cannot converge any slowenthtandard Bayesian model averaging. As a
proof of concept, in Section 4.3 we present Theotém 4, whathblishes that, in contrast to Bayesian
model averaging, the switch distribution converges at timémax optimal rate in a nonparametric histogram
density estimation setting.

In the more technical Sectidd 5, we develop a number of getmobs for establishing optimal con-
vergence rates for the switch distribution, and we show dmditmal rates are achieved in, for example,
nonparametric density estimation with exponential fagsiland (basic) nonparametric linear regression,
and also in standard parametric situations.



4.1 Preliminaries
4.1.1 Model Classes

The setup is as follows. Suppasé;, Mo, ... is a sequence of parametric models with associated estinato
Py, P,,...as before. Let us writd1 = Uze ; My, for the union of the models. Although formallyt is

a set of prediction strategies, it will often be useful to sider the corresponding set of distributions for
X = (X3, X2, ...). With minor abuse of notation we will denote this setbyas well.

To test the predictions of the switch distribution, we withmt to assume that = is distributed accord-
ing to a distributionP* that satisfies certain restrictions. These restrictiorlbalivays be formulated by
assuming thaP* € M*, where M* is some restricted set of distributions &°. For simplicity, we will
also assume throughout that, for amythe conditional distributiorP*(X,, | X"~!) has a density (relative
to the Lebesgue or counting measure) with probability ordeu®*. For example, ift' = [0, 1], then M*
might be the set of all i.i.d. distributions that have unifdy bounded densities with uniformly bounded first
derivatives, as will be considered in Section|4.3. In gen&@vever, the sequencE*> need not be i.i.d.
(under the elements g¥1*).

We will refer to any set of distributions fak > as amodel class Thus bothAM and M* are model
classes. In Sectidn 3.5 it will be assumed thdt C M, which we will call theparametricsetting. Most
of our results, however, deal with varionenparametricsituations, in whichM* \ M is non-empty. It will
then be useful to emphasize thet* is (much) larger thaoM by calling M* anonparametric model class

4.1.2 Risk

Given X"~ = z"~1, we will measure how well any estimatét predicts.X,, in terms of the Kullback-
Leibler (KL) divergenceD(P*(X,, = - | z" Y ||P(X,, = - | 2" 1)) [Barron, 1998]. Suppose thatand@
are distributions for some random variable with densitiesp andgq respectively. Then the KL divergence
from P to Q is defined as

p(Y)]

q(Y)

KL divergence is never negative, and reaches zero if and ibrflyequals). Taking an expectation over
X"~ leads to the standard definition of thigk of estimatorP at sample size relative to KL divergence:

D(P|Q) = Ep [1og

(P P) = B [D(P(Xn = | XTHIP(G = | XTT)] (11)

Instead of the standard KL risk, we will study tbemulative risk

n

Ry(P*,P):=Y ri(P*,P), (12)

i=1

because of its connection to information theoretic redangdsee e.gl [Barron, 1998] or [Grinwiald, 2007,
Chapter 15]): For alh it holds that

n . - X Xi— 1
ZT’ZP ZE[log e |’XZ : ]_

i=1

i—1
o155 ) 1)] =D (PP, @3

where the superscrigt:) denotes taking the marginal of the distribution on the firsbutcomes. We
will show convergence of the predictions of the switch disttion in terms of the cumulative rather than
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the individual risk. This notion of convergence, definedolglis equivalent to the well-studied notion
of convergence in Cesaro mean. It has been considered loy)gaathers, Rissanen et al. [1992], Barron
[1998],[Poland and Hutier [2005], and its connections tenany convergence of the risk were investigated
in detail by Grinwald([2007].

Asymptotic properties like ‘convergence’ and ‘convergemt Cesaro mean’ will be expressed conve-
niently using the following notation, which extends natatfrom [Yang and Barron, 1999]:

Definition 2 (Asymptotic Ordering of Functions)For any two nonnegative functionsh : Z+ — R and
anyc > 0 we writeg <. h if for all ¢ > 0 there exists am, such that for alln > ng it holds that
g(n) < (14¢€)-c-h(n). The less precise statement that there esistsec > 0 such thaty <. -h, will be
denoted by < h. (Note the absence of the subscript.) Eor 0, we defineh =, g to meang <. h, and
h > g means that fosomec > 0, h >, g. Finally, we say thay =< & if both g < handh =< g.

Note thatg < & is equivalent tay(n) = O(h(n)). One may think ofy(n) <. h(n) as another way of
writing lim sup,,_, .. g(n)/h(n) < c. The two statements are equivalenkif) is never zero.

We can now succinctly state that the risk of an estim&t@onvergego 0 at ratef (n) if r,,(P*, P) =4
f(n), wheref : ZT — R is a nonnegative function such thatn) goes to0 asn increases. We say
that P converges to 0 at rate at leaétn) in Cesiro meanif L 3" | r;(P*, P) =1 2377 | f(i). As =3-
ordering is invariant under multiplication by a positivenstant, convergence in Cesaro mean is equivalent
to asymptotically bounding the cumulative risk Bfas

n

S (P P) 210> f0) (14)
=1

i=1

We will always express convergence in Cesaro mean in tefimsaulative risks as i.(14). The reader may
verify that if the risk of P is always finite and converges @oat ratef(n) andlim, . > .- f(n) = oo,
then the risk of P also converges in Cesaro mean at rfite). Conversely, suppose that the risk Bf
converges in Cesaro mean at réte). Does this also imply that the risk &f converges to at ratef (n) in

the ordinary sense? The answer is “almost”, as shown ini@aitl, 2007]: The risk o> may be strictly
larger thanf (n) for somen, but thegap between any twa andn’ > n at which the risk ofP exceedsf
must become infinitely large with increasing This indicates that, although convergence in Cesaro fisean
a weaker notion than standard convergence, obtaining &sir6 mean convergence rates is still a worthy
goal in prediction and estimation. We explore the connadbetween Cesaro and ordinary convergence in
more detail in Section 5.2.

4.1.3 Minimax Convergence Rates

The worst-case cumulative risk of the switch distributisigiven by

Gsw(n) = sup Zri(P*, Psy). (15)
Prem =

We will compare it to theminimax cumulative riskdefined as:

Gmm-ix(n) := inf sup Zri(P*,P), (16)

10



where the infimum is over all estimatofas defined in Sectidn 2.1. We will say that the switch distribu
tion achieves theninimax convergence rate in Gee mean(up to a multiplicative constant) ifigy(n) <
Gmm-ix(n). Note that there is no requirement thatX;, ; | =%) is a distribution inM* or M; We are look-
ing at the worst case over all possible estimators, irrés@eof the model classM, used to approximate
M*. Thus, we may calP an “out-model estimator! [Griinwald, 2007].

4.1.4 Restrictions on the Prior

Throughout our analysis of the achieved rate of convergevesvill require that the prior of the switch
distribution,, can be factored as inl(9), and is chosen to satisfy

—log m,(m) = O(m), —logm(k)=0O(ogk), —logm(t) = O(logt). (17)

Thus,, the prior on the total number of distinct predictors, i©wakd to decrease either exponentially
(as required for Theorefd 1) or polynomially, butandr, cannot decrease faster than polynomially. For
example, we could set, (1) = 1/(¢(t + 1)) andn, (k) = 1/(k(k + 1)), or we could take the universal prior
on the integerd [Rissanen, 1983].

4.2 Never Much Worse than Bayes

Suppose that the estimatadPs, Ps, . . . are Bayesian predictive distributions, defined by theirsitars as in
(@. The following lemma expresses that the Cesaro meameafisk achieved by the switch distribution is
never much higher than that of Bayesian model averaging;wikiitself never much higher than that of any
of the Bayesian estimator3, under consideration.

Lemma 3. Let Ps,, be the switch distribution foP;, P, . .. with prior 7 of the form(@). Let Pyma be the
Bayesian model averaging distribution for the same estinsatdefined with respect to the same prior on
the estimatorsr,. Then, for alln € Z*, all 2" € X™, and allk € ZT,

psw(z”) = mu(Upoma(e”) = mi(1)mc(k)pr(z"). (18)

Consequently, if{;, X5, ... are distributed according to any distributioR*, then for anyk ¢ Z*,

n n

> ri(P*, Paw) < > ri(P*, Poma) —logm,(1) < > ri(P*, Py) —logm,(1) —logm (k).  (19)
=1 =1 =1

As mentioned in the introduction, one advantage of modelagieg usingppyma is that it always pre-
dicts almost as well as the estimagr for any &, including thep,, that yields the best predictions overall.
Lemmd_ 3 shows that this property is sharegy, which multiplicatively dominategpma. In the sequel, we
investigate under which circumstances the switch digiobbhumay achieve amaller cumulative risk than
Bayesian model averaging.

4.3 Histogram Density Estimation

How many bins should be selected in density estimation basddstogram models with equal-width bins?
SupposeX;, Xo, ... take outcomes it = [0, 1] and are distributed i.i.d. according B € M*, where
P*(X,,) has density* for all n. Letp*(2™) = [[;_, p*(z;) for 2™ € X™. Let us restrictM* to the set of
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distributions with densities that are uniformly boundedwaband below and also have uniformly bounded
first derivatives. In particular, suppose there exist amist) < ¢y < 1 < ¢; andesy such that

M* ={P* | co < p*(x) < cpand|d/dz p*(z)| < co forallz € [0,1]} . (20)

In this setting the minimax convergence rate in Cesaro ngaarbe achieved using histogram models
with bins of equal width (see below). The equal-width histmg model withk bins, M, is specified by the
set of densitiepy} on X = [0, 1] that are constant within thebins [0, a1], (a1, a2), . . ., (ax—1, 1], where
a; = i/k. In other words,M,, contains any density, such that, for allz, 2’ € [0, 1] that lie in the same
bin, pg(x) = pe(z'). Thek-dimensional parameter vectér= (61, ..., 6;) denotes the probability masses
of the bins, which have to sum up to onEf:1 8; = 1. Note that this last constraint makes the number of
degrees of freedom one less than the number of bins. Folip¥inand Speed [1992] and Rissanen ét al.
[1992], we associate the following estimafgrwith model M, :

X1 (wn) +1

21
n+k i (21)

Pe(Xng1 | ") =
whereny, , (z") denotes the number of outcomesait that fall into the same bin aX,, ;. As in Ex-
ample[1, these estimators may both be interpreted as besgdban parameter estimation (estimating
0; = (ni(z™) + 1)/(n + k), wheren;(z™) denotes the number of outcomes in Bjnor on Bayesian
prediction (a uniform prior fop also leads to this estimator [Yu and Speed, 1992]).

The minimax convergence rate in Cesaro meanhiti is of the order ofn =2/ [Yu and Spe€o, 1992,
Theorems 3.1 and 4E]Which is equivalent to the statement that

Gmm-fix(n) = n1/3. (22)

This rate is achieved up to a multiplicative constant by theden selection criterio(z") = [n'/3],
which, irrespective of the observed data, uses the histogrevdel with [»!/?] bins to predictX,,
[Rissanen et al., 1992]:

sup ri(P*, P, < nl/3. (23)
L ; (P*, Ppisq)

The optimal rate in Cesaro mean is also achieved (up to apiicdtive constant) by the switch distribution:

Theorem 4. Let py, po, ... be histogram estimators as @1)), and letps, denote the switch distribution
relative to these estimators with prior that satisfies theditions in(17). Then

Gsw(n) = sup Zri(P*,PSW) < nl/3, (24)
P*eM* i—1

4.3.1 Comparison of the Switch Distribution to Other Estim&ors

To return to the question of choosing the number of histogoam, we will now first compare the switch
distribution to the minimax optimal model selection citers, which selectgn'/3] bins. We will then also
compare it to Bayes factors model selection and Bayesiarehavéraging.

We note that [Yu and Speed, 1992] reproduces part of Theoffeomil|Rissanen et al., 1992] without the (necessary) caorit
thatco <1l<a.
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Although § achieves the minimax convergence rate in Cesaro mears tintedisadvantages compared
to the switch distribution: The first is that, in contrast b tswitch distribution is inconsistent. For
example, ifX;, X, ... are i.i.d. according to the uniform distribution, théstill selects[n'/3] bins, while
model selection based an,, will correctly select the 1-bin histogram for all large Experiments with
simulated data confirm thdt,, already prefers the 1-bin histogram at quite small samplessiThe other
disadvantage is that if we are lucky enough to be in a scemarare P* actually allows dasterthan the
minimax convergence rate by letting the number of bins grew’afor somey # % the switch distribution
would be able to take advantage of this wheré@snnot. Our experiments with simulated data confirm
that, if P* has a sufficiently smooth density, then it predictively entprmsd by a wide margin.

To achieve consistency one might also construct a Bayestanator based on a prior distribution on the
number of bins. Howevel, [Yu and Speed, 1992, Theorem 2gests that Bayesian model averaging does
not achieve the same r&tebut a rate of orden—2/3(log n)?/3 instead, which is equivalent to the statement
that

n
sup Z r:(P*, Poma) = n'/3(logn)?/3. (25)

PreM*
Bayesian model averaging will typically predict betterrthiae single model selected by Bayes factor model
selection. We should therefore not expect Bayes factor hsadection to achieve the minimax rate either.
While we have no formal proof that standard Bayesian modetaming behaves liké (R5), we have also
performed numerous empirical experiments which all confirat Bayes performs significantly worse than
the switch distribution. We will report on these and the otferementioned experiments elsewhere.

What causes this Bayesian inefficiency? Our explanatidmeis &s the sample size increases, the catch-
up phenomenon occurs at each time that switching to a langabar of bins is required. Just like in the
shaded region in Figuid 1, this causes Bayes to make sulmgiiedictions for a while after each switch.
This explanation is supported by the fact that the switclridigion, which has been designed with the
catch-up phenomenon in mind, does not suffer from the saeffidiency, but achieves the minimax rate in
Cesaro mean.

5 Risk Convergence Rates, Advanced Results

In this section we develop the theoretical results needpdaze minimax convergence results for the switch
distribution. First, in Section 5.1, we define the convehimmcept of an oracle and show that the switch
distribution converges at least as fast as oracles that tiewitch too often as the sample size increases.
In order to extend the oracle results to convergence ratdtsedt is useful to restrict ourselves to model
classesM* of the “standard” type that is usually considered in the moametric literature. Essentially,
this amounts to imposing an independence assumption aresthuenption that the convergence rate is of
order at leash~7 for somey < 1. In Sectior 5.2 we define such standard nonparametric sléssaally,

we explain in detail how their Cesaro convergence ratdeglt their standard convergence rate, and we
provide our main lemma, which shows that, for standard n@patric classes’s,, achieves the minimax
rate under a rather weak condition. In Sectlion 5.3and 5.4pply @his lemma to show thdts,, achieves the
minimax rates in some concrete nonparametric settingssityesstimation based on exponential families
and linear regression. Finally, Sectlon|5.5 briefly considbe parametric case.

2In the left-hand side of (iii) in Theorem 2.4 of [Yu and Spe&@92] the division byn is missing. (See its proof on p. 203 of
that paper.)
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To get an intuitive idea of how the switch distribution avoitie catch-up phenomenon, it is essential to
look at the proofs of some of the results in this section, inigaar Lemmd 5[ B, 14, 10 aid 13. Therefore,
the proofs of these lemmas have been kept in the main text.

5.1 Oracle Convergence Rates

Let M*, My, Mo, ... and P;, P, ... be as in Section 4.1.1. As a technical tool, it will be usetul t
compare the cumulative risk of the switch distribution tattbf anoracle prediction strategy that knows
the true distributionP* € M?*, but is restricted to switching betwedn, P», .... Lemma’ below gives
an upper bound on the additional cumulative risk of the dwitistribution compared to such an oracle. To
bound the rate of convergence in Cesaro mean for variouganametric model classes we also formulate
Lemmal6, which is a direct consequence of Lenfitha 5. Lefdma 6seiille as a basis for further rate of
convergence results in Sectidns|5.215.4.

Definition 3 (Oracle) An oracle is a functionv : M* x |J7?, X" — ZT that, for alln € N, given not
only the observed date’ € X™, but also the true distributio?* € M*, selects a model index;( P*, z™),
with the purpose of predicting’,, 1 by P, (X,+1 | 2™) = Pw(pmn)(XnH | z™).

If w(P*,z™) = w(P*,y") foranyz™, y" € X" (i.e. the oracle’s choices do not dependién but only
onn), we will say that oraclev does not look at the datand writew(P*, n) instead ofv(P*, z") for some
arbitraryz™ € X",

Supposev is an oracle and(;, X, ... are distributed according tB* € M*. If X»~1 = 2”1 then
w(P*,2%),... w(@"!) is the sequence of model indices chosemty predictX, ..., X,,. We may split
this sequence into segments where the same model is chastars definen,,(n) as the maximum number
of such distinct segments over & ¢ M* and allz"~! € X", Thatis, let

_ . . * o 1—1 * 0
my(n) = puax max H1<i<n-—-1:w(P% 2" ") £wP" 2"} +1, (26)
wherez! denotes the prefix af”~! of lengthi. (The maximum always exists, because for &fyandz"~!
the number of segments is at mas}

The following lemma expresses that any oracléhat does not select overly complex models, can
be approximated by the switch distribution with a maximunditidnal risk that depends om,,(n), its
maximum number of segments. We will typically be interesitedraclesv such that this maximum is small
in comparison to the sample size, The lemma is a tool in establishing the minimax convergeates of
Py, that we consider in the following sections.

Lemma 5 (Oracle Approximation Lemma)Let Py, be the switch distribution, defined with respect to a
sequence of estimatofd , P», . .. as introduced above, with any priarthat satisfies the conditions {@7)
and letP* € M*. Suppose : Z* — R is a positive, nondecreasing function ands an oracle such that

w(P*, z'71) < g(i) (27)
forall i € Z*+, all zi-1 € X1, Then
> ri(P*, Psw) = Y _ri(P*, P,) + O(my(n) - (logn + log g(n))), (28)

=1 =1

where the constants in the big-O notation depend only ondhstants implicit in(17).
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Proof. Using [13) we can rewrité_(28) into the equivalent claim

W(X"
5 log A2 — 0(m. ) - (g + 1o (). (29)
Psw(X™)
which we will proceed to prove. For all, 2" € X", there exists as € S with m(s) g my(n) and
tm(s)(s) < n that selects the same sequence of models taspredictz”, so thatgs(z’ | ') = p,, (2" |
z'~1) for 1 < i < n. Consequently, we can bound
psul(a™) = 3 ag(a™) - w(s) > gs(a™)m(s) = pu(a”)n(s). (30)

s’eS

By assumption[(27) we have that and therefore, never selects a modéi;. with indexk larger thary (i)
to predict theith outcome. Together with (IL7) and the fact thas nondecreasing, this implies that

—logm(s) = —logm,(m(s)) — log m(k1(s)) + Z log7rT s) | tj—i(s )) — log m(k;(s))

+Zo logt;(s)) + O(log g(t;(s) + 1))

m(S)

= O(m(s)) + »_ O(logn) + O(log g(n)) = O(my(n) - (logn +1logg(n))),  (31)
j=1

where the constants in the big-O in the final expression dépaly on the constants i (IL7). TogetHerl(30)
and [31) imply[(28), which was to be shown. O

From an information theoretic point of view, the additiomask of the switch distribution compared
to oraclew may be interpreted as the number of bits required to encodetlim® oracle switches between
models.

In typical applications, we use oracles that achieve théman rate, and that are such that the number
of segmentsn,, (n) is logarithmic inn, andw never selects a model index larger thanfor somer > 0
(typically, 7 < 1 but some of our results allow largeras well). By Lemmals, the additional risk of the
switch distribution over such an oracle@(log n)?). In nonparametric settings, the minimax rate satisfies
Gmmiix(n) = n'~7 for somey < 1. This indicates that, for large, the additional risk of the switch
distribution over a sporadically switching oracle becomegligible. This is the basic idea that underlies the
nonparametric minimax convergence rate results of Sebidib.4. Rather than using Lemina 5 directly to
prove such results, it is more convenient to use its striighéard extension Lemnid 6 below, which bounds
the worst-case cumulative risk of the switch distributiontérms of the worst-case cumulative risk of an
oracle,w:

Gy(n) = P*ngl\)/l* Zr, P* P,). (32)
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Lemma 6 (Rate of Convergence Lemmalet Ps, be the switch distribution, defined with respect to a
sequence of estimato®,, P, ... as above, with any priorr that satisfies the conditions iff7). Let

f : Z* — R be a nonnegative function and [&8t* be a set of distributions o >°. Suppose there exist a
positive, nondecreasing functign: Z* — R, an oraclew, and constants;, c; > 0 such that

() w(P*,z7 ) < g(i) (foralliez*, 21 € X1, andP* € M*),
(i) me(n)(logn +logg(n)) Ze, F(n)

(i) Gu(n) e, f(n)

Then there exists a constast > 0 such thatGsw(n) <c,4cy.c5 f(1).

Proof. By Lemma[b we have thasy(n) = Gu(n) + O(my,(n) - (logn + log g(n))). Therefore there
exists a constant; > 0 such that

lim sup G;\gi?;) < lim sup Gu(n) + c3 - my, (;()n‘)(log n+logg(n))

where the second inequality follows from Conditi¢ns iCéh ii O

<c +cep-cs,

Note that Conditiofii is satisfied witty = 0 iff m,,(n)(logn +log g(n)) = o(f(n)). In the following
subsections, we prove th&%,, achievesznm-rix(n) relative to various parametric and nonparametric model
classesM* and M. The proofs are invariably based on applying Leniina 6. Alse proof of Theorerhl4
is based on Lemmid 6. The general idea is to apply the lemmajifith equal to the summed minimax
risk Gmm-fix(n) (see[(1B)). If, for a given model clagst*, one can exhibit an oracle that only switches
sporadically (Condition (ii) of the lemma) and that ach®&nm-ix(n) (Condition (iii)), then the lemma
implies thatPs,, achieves the minimax rate as well.

5.2 Standard Nonparametric Model Classes

In this section we define “standard nonparametric modekekls and we present our main lemma, which
shows that, for such classeg,,, achieves the minimax rate under a rather weak conditiomdata non-
parametric classes are defined in terms of the (standareCasaro) minimax rate. Before we give a precise
definition of standard nonparametric, it is useful to coreghe standard rate to the Cesaro-rate. For given
M*, the standard minimax rate is defined as

gmm(n) = inf sup r,(P*,P), (33)
P prem=*
where the infimum is over all possible estimators, as defin&ettio 2.1 is not required to lie in\* or

M. If an estimator achievek (83) to within a constant factersay that it converges at th@nimax optimal
rate. Such an estimator will also achieve the minimax cumulatiste for varying P*, defined as

Gmm-var(n) = Z'Z_;L(Jmm(i) = i%f ZZ:; P*SEJI\DA* Ti(P*7p)7 (34)

where the infimum is again over all possible estimators.
In many nonparametric density estimation and regressiobi@ms, the minimax riskmm(n) is of order
n~7 for somel/2 < v < 1 (see, for example, [Yang and Barron, 1998, 1999, Barron &ea S1991]), i.e.
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gmm(n) =< n~7, wherey depends on the smoothness assumptions on the densitld$.inn this case, we
have
n n
Gmm-valn) =< Zi_”’ = / Y de < n'7. (35)
i=1 1
Similarly, in standard parametric problems, the minimak gimm(n) =< 1/n. In that case, analogously to
(35), we see that the minimax cumulative ri&km.varis of orderlog n.

Note, however, that our previous result for histograms (amore generally, all results we are about to
present), is based on a scenario where while allowed to depend on, is kept fixed over the terms in
the sum froml to n. Indeed, in Theorerm] 4 we showed tHag, achieves the minimax rat€mm.-fix(n) as
defined in[(16). Comparing t6_(B4), we see that the supremumiged outside of the sum. Fortunately,
Grmm-fix and Gmm.var are usually of the same order: in the parametric case, ®1§.= |J,.-;- M}, both
Grm-fix @and Gmm.var are of orderlog n. For Gmm.var, We have already seen this. FGm-fix, this is a
standard information-theoretic result, see for examplarké and Barron, 1990]. In a variety of standard
nonparametric situations that are studied in the liteegatwe have=mm-valn) < Gmm-ix(n) as well. Before
showing this, we first define what we mean by “standard nompaiiéc situations”:

Definition 4 (Standard Nonparametric)We call a model clasa1* standard nonparametrif

1. For anyP* € M*, the random variableX;, X5, ... are independent and identically distributed
wheneverX > ~ P* andP*(X;) has a density (relative to the Lebesgue or counting measand)

2. The minimax convergence ratg:m(n), relative toM* does not decrease too fast in the sense that,
for some0 < v < 1, some nondecreasing functidp(n) = o(n?), it holds that

gmm(n) < n"Thy(n). (36)

Examples of standard nonparametfi¢* include cases witlymm(n) =< n~7 (in that caséiy(n) = 1),
or, more generallygmm(n) < n~*(logn)? for somea € (0,1),3 € R (takey > a andhg(n) =
nY~*(log n)?; note that3 may be negative); see [Yang and Barion, 1999]. While in Lefitrere are nei-
ther independence nor convergence rate assumptions, mexthsection we develop extensions of Lenirha 6
and Theorerh]4 that do restrict attention to such “standangp@@metric” model classes.

Proposition 7. For all standard nonparametric model classes, it holds fgk-ix(n) =< Gmm-varln)-

Summarizing, both in standard parametric and nonparacreEsEes(:mm-fix aNdGmm-var are of compa-
rable size. Therefore, Lemrha 5 dd 6 do suggest that, bothndard parametric and nonparametric cases,
Py, achieves the minimax convergence rétgm.rix- In particular, this will hold if there exists an oracle
w which achieves the minimax convergence rate, but whichhesame time, switches only sporadically.
However, the existence of such an oracle is often hard to shmetly. Rather than applying Lemrba 6
directly, it is therefore often more convenient to use Len@rzelow, whose proof is based on Lemnia 6.
Lemmal8 gives a sufficient condition for achieving the minimnate that is easy to establish for several
standard nonparametric model classes: If there existsamhear that achieves the minimax rate, such that
all oracles.’ that lag a little behind, achieve the minimax rate as well, th&g, must achieve the minimax
rate as well. Here “lags a little behind” means that the meotiesen by’ at sample size was chosen by
w at a somewhat earlier sample size. Formally, we fix some antst > 1 andc > 0. Suppose that, for
some oracles andw’, we have, for allP* € M*, n € ZT andz""! € X" 1,

W' (P* 2" 1) e {w(P*, 21 i € [n/a,n] NN},
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wherez~! denotes the prefix af”~! of lengthi — 1. In such a case we say that lags behindw by at
most a factor ofv. Intuitively this means that, at each sample size’ may choose any of the models that
was chosen by at sample size betweerya andn. We call an oraclev finite relative toAM* if for all n,
SUP pre g+ Tn(P*, Py) < 00.

Lemma 8 (Standard Nonparametric Lemm&uppose;, P, . .. are estimators andPs, is the correspond-
ing switch distribution with prior that satisfigd7). Let M* be a standard nonparametric model class. Let
7 > 0 be a constant, and let be an oracle such that(P*,z"~!) < n7 for all P* € M*, n € Z* and
2"~ € X", Suppose that any oracle that lags behindv by at most a factor oft > 1, is finite relative

to M*, and achieves the minimax convergence rate up to a muliple constant > 0:

sup Tn(P*> Pw’) =c gmm(n)- (37)
Pr*eM*

Then the switch distribution achieves the minimax risk isd@emean up to a multiplicative constant:

Gsw(n) e Gmm-fix(n)7 (38)

Gmm-var(n)

;o
whered = limsup,,_, ., Grmfi(n) *

Proof. Lett; = [a/~!] — 1 for j € Z* be a sequence of switch-points that are exponentially fartaand
define an oracle’ as follows: For any: € Z7, find j such that: € [t; + 1,¢;41] and letw’(P*, 2" 1) :=
w(P*, 2%) for any P* € M* and anyz"~! € x"~1. If we can apply Lemma&l6 for oracle’, with
f(n) = Gmmix(n), g(n) = n7, ¢1 = ¢- ¢ andey = 0, we will obtain [38). It remains to show that in this
case conditions (i)—(iii) of Lemnid 6 are satisfied.

As to condition [(i): w'(P*,2""1) = w(P*,z%) < (t; +1)7 < n". Condition [{) is also satisfied,
becausen,(n) < [log, n] + 2, which implies

my(n)(logn +logg(n)) < ([log,n] + 2)(logn + logn™)
= (IOg n)2 =0 n'7 =< Gmm-var(n) = Gmm-fix(n)
for somey < 1, where we used that, becausé* is standard nonparametric, both}35) and Proposition 7
hold. To verify condition [{iii), first note that by choice dfg switch-pointsy’(P*, 2" 1) = w(P*,z%)
with ¢; + 1 € [n/c, n] and therefore.’ satisfies[(37) by assumption. Sineéis finite relative toM*, this

Gmm-var(n)

G (n) =e Gmm-fix(”) Gmm-fix(n)

=c¢ Gmm-ix(n). O

5.3 Example: Nonparametric Density Estimation with Exponetial Families

In many nonparametric situations, there exists an oracthat achieves the minimax convergence rate,

which only selects a model based on the sample size an noeayberved data. This holds, for example,

for density estimation based on sequences of exponentigliéa as introduced by Barron and Sheu [1991],

Sheu [1990] under the assumption that the log density ofrthedistribution is in a Sobolev space. Not

surprisingly, using Lemmia 8, we can show tlia§, achieves the minimax rate in the Barron-Sheu setting.
Formally, lett = [0, 1], letr > 1 and letiWJ be the Sobolev space of functiofi®n X for which f("—1)

is absolutely continuous anfl( (") (z))? dz is finite. Heref (") denotes the-th derivative off. Let M*(")
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be the model class such that for aRy € M* the random variableX;, X5, ... arei.i.d., andP*(X;) has a
densityp* such thalogp* € W3. We modelM*(") using sequences of exponential families;, Mo, ...
defined as follows. LeM;, = {py | & € R*} be thek-dimensional exponential family of densities [n1]
with

k
po(x) = po(x) exp § > Ordr(x) — Pr(0) ¢,
=

where,(0) = log [ po(x) exp(}Y Ok (z)) dz. Herepy is some reference density ¢ 1], taken with
respect to Lebesgue measure. The densjtys extended taX > by independence. We let;, ¢o, ...

be a countably infinite list of uniformly bounded, linearlydependent functions, and we defifg :=

{1, ¢1,...,0r}. We consider three possible choices far. polynomials, trigopnometric series and splines
of orders with equally spaced knots. For example, we are allowed tos#h =, 22, . . . in the polynomial
case, o, cos(2mx), sin(27x), ..., cos(2m(k/2)x), sin(2w(k/2)z) in the trigonometric case. For precise
conditions on thepq, ..., ¢ that are allowed in each case, we refer to [Barron and|$Shé1]19Ve equip
M, with a Gaussian prior densityy(6), i.e. the parameter8 € R, are independent Gaussian random
variables with mean 0 and a fixed variange With each/M,, we associate the Bayesian MAP estimator
P, ()" wheref, (z") := arg maxgepk Pro(z™)wi (). Define the corresponding prediction stratégyby

its densitypy (41 | 2™) == pék(xn)(fﬂn+1). Theorem 3.1 ol [Sheu, 1990] (or rather its corollary on pa@e
of [Sheu, 1990]) states the following:

Theorem 9(Barron and Sheu)Let¢1, ¢, . . . constitute a basis of polynomials, or trigonometric fuons,
or splines of some ordey, satisfying the conditions of [Barron and Shieu, 1991]. t et 3 in the polynomial
case,r > 2 in the trigonometric case, and= s, s > 2 in the spline case. Lét(n) be an arbitrary function
such thatk(n) =< n*/@ 1. Thensupp.c ) n(P*, Pyny) < 00, @Ndsup p.c () Tn(P*, Pygny) =

n—2r/(2r+1)

The minimax convergence rate for the modet(") is given bygmm(n) = n~=2"/(2+1) [Yang and Barradn,
1998]. Thus, together with Lemnia 8, using the orao(é®*, z") := n'/("*+1, the theorem implies that
Py, achieves the minimax convergence rate. We note that the fRasgon and Sheu, 1991] only estab-
lishes convergence of KL divergence in probability when immasn likelihood parameters our used. For our
purposes, we need convergence in expectation, which hdids WIAP parameters are used, as shown in
Sheu’s thesis [Shel, 1990]. Since the prediction stratdgjieare based on MAP estimators rather than on
Bayes predictive distributions, our consistency resukdrenil of Sectiohl3 does not apply. However, by
Theorem 2.1 and 2.2 of [Li and Yu, 2000], we can apply the a#téve consistency result Theorém 2. Thus,
just as for histogram density estimation as discussed itidde€.3, we do have a proof of both consistency
and minimax rate of convergence for general nonparamegrisity estimation with exponential families.

5.4 Example: Nonparametric Linear Regression
5.4.1 Lemma for Plug-In Estimators

We first need a variation of Lemria 8 for the case thatZhare plug-in strategies. We will then apply the
lemma to nonparametric linear regression wihbased on maximum likelihood estimators witbiir;,. To
prepare for this, it is useful to rename the observations; t@ther thanX;.

As before, we assume that, 7, ... are i.i.d. according to alP* € M* andP € M. We write
D(P*||P) for the KL divergence betweeR* and P on a single outcome, i.d)(P*||P) := D(P*(Z; =
JP(Zy = -)). For givenP*, let, if it exists, P;, be the uniqueP € M, achievingminpe r, D(P*||P).
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Lemma 10. Let M* be a standard nonparametric model class, andAgtPs, . . . be plug-in strategies, i.e.
forall k, all n,2" € X", P(Zpy1 = - | 2") € {P(Zy = ) | P € My}. Suppose that;, M, ... are
such that

1. P, P,,...all exist,
2. Foralln > 1,k > 1, suppsc - rn(P*,Pk) < oo, and

3. There exists an oracle which achieves the minimax rate, is@p p«¢ r+ 7 (P*||Py) = gmm(n), such
thatw does not look at the data (in the sense of Se¢tioh 5.1).4ftf, n — 1) < n for any P* € M*
andn € Z*.

4. Furthermore, define thestimation erroERR, (P*, P,) := r,(P*, P;) — D(P*||P;), and suppose
thatforallk > 1, all n > k,

ERR,_1(P*, Py) > ERR,(P*, P). (39)

ThenPs, achieves the minimax rate in Gge mean, i.eGsy(n) < Gmm-fix(n).

Proof. For arbitraryP* € M* and fixeda > 1, letw’ be any oracle that does not depend on the data and
that “lags a little behindy by at most a factor oft” in the sense of Lemmid 8. Farsuch that:/a > 1, let
1 <n' < nbe suchthav(P*,n') =w'(P* n). Then

ra(P*,P) = D(P*|[Bu)+ ERR.(P", P.y)
= D(P*HF)W(P*,TL’)) + ERR7“L(P*7PM(P*JL/))

D(P*||Pyp+ wy) + ERRy (P*, Pypr 1))
gmm(n') =< (n/a)Vho(n) X gmm(n). (40)

LA IA

Here ERR, (P*, P,,p+ ) denotes the estimation error when, at sample sizthe strategyP}, with k& =
w(P*,n’) is used. The last line follows because, by definition of séadaonparametridy is increasing.
Forn such that,/« > 1, (40) in combination with condition 2 of the lemma (for snealh) shows that we
can apply LemmBl8, and then the result follows. O

We callERR, (P*, P;;) “estimation error” since it can be rewritten as the expeetditional logarithmic
loss incurred when predicting,, , , based onP, rather thanP,,, the best approximation @* within M,

ERRy(P", Py) = Eznnp-Ez, . ~p- [~ 108 P(Znt1 | Z") — (—log pr(Zp+1))]-

As can be seen in the proof of Lemma 11 below, in the lineaes=ion cas&RR, (P*, P,) can be rewritten
as the variance of the estimatBy, and thus coincides with the traditional definition of esttian error.
In order to apply Lemmlia10, one needs to find an oracle thatmtutdeok at the data. A good candidate
to check is the oracle
w*(P*,n) = arg mkin rn(P*, Py,) (41)

because, as is immediately verified, if there exists an eratihat does not look at the data and achieves the
minimax rate, thew™* must achieve the minimax rate as well.
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5.4.2 Nonparametric Linear Regression

We now apply LemmB_10 to linear regression with random idesign and i.i.d. normally distributed noise
with known variances?, using least-squares or, equivalently, maximum likelthestimators (see Section
6.2 of [Yang| 1999] and Section 4 of [Yang and Barron, 1998Ke results below show th&t,, achieves the
minimax rate in nonparametric regression under a conddiothe design distribution which we suspect to
hold quite generally, but which is hard to verify. Therefarafortunately, our result has formal implications
only for the restricted set of distributions for which thend@ion has been verified. We give examples of
such sets below.

Formally, we fix a sequencg, ¢», ¢3, ... of uniformly bounded, linearly independent functions from
R to R. Let S, be the space of functions spanned dy ..., ¢r. The linear modelsM, are families
of conditional distributionsP, for ¥; € R given X; € X, whereX = [0,1]? for somed > 0. Here
6 = (01,...,0;) € R¥ and Py expresses that; = Z?Zlﬂjqﬁj(Xi) + U;, where the noise random
variablesUy, Us, ... are i.i.d. normally distributed with zero mean and fixed aaces?. The predic-
tion strategiesPy, P, ... are based on maximum likelihood estimators. Thus, koK n, Pi(Yni1 |
2"t yn) = Pygn gy (Yot | Xng1 = @ns1) where (2", y") € R* and Pyiyn ny i the ML es-
timator within M;. Fork > n, we may setP,(Y,.+1 | =", y") to any fixed distribution@ with
suppsengs D(P*(Yoi1 | ©na)||Q(Yna1 | 2ng1)) < oo. We denote byd(™*) the k x n design matrix
with the (4, 7)—th entry given by, (z;).

We fix a set of candidate design distributi®¥. and a set of candidate regression functigts and we
let M* denote the set of distributions X, Y7), (X2, Y2),... such thatX; are i.i.d. according to some
Py € Py, andY; = f*(X;) + U, for somef* € F* andU;, Us, . .. are i.i.d. normally distributed with zero
mean and variance?. We assume that afl* € F* can be expressed as

Fr=> 0;0, (42)
=1

for someél,ég, ... with lim; ., 0; = 0. Itis immediate that for such combinations 6ff* and M,
condition 1 and 2 of Lemna_10 hold. The following lemma sholat llso condition 4 holds, and thus, if
we can also verify that condition 3 holds, th&g, achieves the minimax rate.

Lemma 11. Suppose that;, Ms, ... are as above. LeM* be as above, such that additionally, for all
P* € M*, all n, all k € {1,...,n}, the Fisher information matrix®(™*)T((*)) is almost surely
nonsingular. Theri(39) holds.

A sufficient condition for the required nonsingularity @(*)T (&%) is, for example, that for all
P* € M*, the marginal distribution ok underP* has a density under Lebesgue measure. If the conditions
of Lemmd 11 hold and, additionally, we can show that somd@eaahieves the minimax rate, then condition
3 of Lemmd 10 is verified ands, achieves the minimax rate as well. To verify whether thishes ¢ase,
note that

Proposition 12. Suppose that (a) for sonae> 0, sup p« D(P*||P,) =<' k=2%; (b) gmm(n) =’ n=2¢/(2e+1);
and (c) for some with1/(2a+1) < 7 < 1, we haveERR, (P*, P;) <’ k/n, uniformly fork € {1,...,n"}.
Then letting, for allP* € M*, w(P*,n) := [n!/(2*+D] we havesup p«c ps+ 70 (P*, Po) < gmm(n).

Herea(n) =’ b(n) means &(n) =< b(n) and for alln, a(n) is finite”. =’ is defined in the same
way. We omit the straightforward proof of Proposition 12. n@iions (a) and (b) hold for many natural
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combinations ofM* and M, under quite weak conditions oRy [Stone, 1982]. Possibld1* include
regression functiong™* taken from Besov spaces and Sobolev spaces, and more §enasss where the
¢; are ‘full approximation sets of functions” (which can beg.epolynomials, or trigonometric functions)
[Yang and Barran, 1998, Section 4]. [Cox, 1988] shows thed &) holds under some conditions, but these
are relatively strong; e.g. it holds Py is a beta-distribution and = 1. We suspect that (c) holds in much
more generality, but we have found no theorem that actusdlies this. Note that (c) in fact does hold,
even with= replaced by=, if, after having observed”, y", we evaluateP, on a newX,, . ;-value which is
chosen uniformly at random fromy, . .., z, [Yang, 1999]. But this is of no use to us, since all our proofs
are ultimately based on the connectibn] (13) between the lativeurisk and the KL divergence. While this
connection does not require data to be i.i.d., it does bremkndf we evaluateP, on anX,,-value that

is not equal to the value of,, ., that will actually be observed in the case that additionth @ae sampled
from P*. Therefore, we cannot extend our results to deal with therrzdtive evaluation for which (c)
holds automatically. All in all, we can show that the switdstdbution achieves the minimax rate in certain
special cases (e.g. when the conditions of [Cox, 1988] @t ), but we conjecture that it holds in much
more generality.

5.5 The Parametric Case

We end our treatment of convergence rates by consideringatamnetric case. Thus, in this subsection we
assume thaP* € M, for somek* € Z*, but we also consider that¥1,, Ms, ... are of increasing com-
plexity, then the catch-up phenomenon may occur, meanigathsmall sample sizes, some estimalpr
with k < k* may achieve smaller risk thaf,-. In particular, this can happen#* ¢ M., P* & M_q,

but D(P*||My+_1) := infpe,._, is small..Van Erven [2006] shows that in some scenariosgtbgist
i.i.d. sequence(y, Xs, ... with P*(X;) € My~ forall i € Z*, such thalim,,, D(P(’;%)HM,{;*_l) =0
andlim,,— o lim, Rn(P(’;n) | Poma) — Rn(P(*m), Psy) = oo. That is, the difference in cumulative risk
betweenFs,, and P,ma may become arbitrarily large iD(P(’jn)HMk*_l) is chosen small enough. Thus,
even in the parametric cag®mnais not always optimal: ifP* € M, then, as soon as we also put a positive
prior weight onP,-_1, Poma may favourk* — 1 at sample sizes at which,- has already become the best
predictor. The following lemma shows that in such cases Witels distribution remains optimal: the pre-
dictive performance of the switch distribution is never imugorse than the predictive performance of the
best oracle that iterates through the models in order oéaxing complexity. In order to extend this result
to a formal proof thatPs,, always achieves the minimax convergence rate, we would teagdditionally
show that there exist oracles of this kind that achieve th@max convergence rate. Although we have no
formal proof of this extension, it seems likely that thishie tase.

Lemma 13. Let Py, be the switch distribution, defined with respect to a seca@i@stimators?;, P, . ..
as above, with priorr satisfying(I7). Letk* € Z*, and letw be any oracle such that for any* € M*,
anyz®> € X, the sequence, wo, ... is nondecreasing and there exists samesuch thatv,, = k* for
all n > ng, wherew; = w(P*,2'~1) for all i. Then

Gsw(n) — Gyu(n) < sup (Z ri(P*, Psw) — Zn(P*,Pw)> = k™ - O(logn). (43)

preMr \i:3q i=1

Consequently, if7,, (n) = log n, then
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Proof. The inequality in[(4B) is a consequence of the general fatttip,, f(x)—sup, f'(x) < sup,(f(z)—
f'(z)) for any two functionsf and f’. The second part of (43) follows by Lemina 5, applied with) = k*,
together with the observation that, (n) < k*. To show [44) we can apply Lemrha 6 wiglin) = k£* and
f(n) = Gy (n). (Condition(iii of the lemma is satisfied with = 1, and by assumption aboGt, (n) there
exists a constant, such that Conditiohlii of the lemma is satisfied.) O

The lemma shows that the additional cumulative risk of théchwdistribution compared t@,, is of
orderlogn. In the parametric case, we usually h&Vgm.rix(n) proportional tolog n (Sectior 5.R). If that
is the case, and if, as seems reasonable, there is an ardbbg satisfies the given restrictions and that
achieves summed risk proportional @m-iix(n), then also the switch distribution achieves a summed risk
that is proportional t@mm-fix(n).

6 Efficient Computation of the switch distribution

For priorsm as in [9), the posterior probability on predicters ps, . . . can be efficiently computed sequen-
tially, provided thatr (T = n | T > n) andn, can be calculated quickly (say in constant time) and that
m.(m) = 6™(1—0) is geometric with parametér as is also required for Theorém 1 and (see SeCtion|4.1.4)
permitted in the theorems and lemma’s of Sedfion 4and 5. @mnple, we may take, (k) = 1/(k(k+1))
andr.(n) = 1/(n(n+ 1)), such thate,(T =n | T > n) = 1/n.

The algorithm resemblesi¥eD-SHARE [Herbster and Warmuth, 1998], but whereas#b-SHARE
implicitly imposes a geometric distribution far,, we allow general priors by varying the shared weight
with n. We also add the,, component of the prior, which is crucial for consistencyisTaddition ensures
that the additional loss compared to the best predictiategjy that switches a finite number of times, does
not grow with the sample size.

To ensure finite running time, we need to restrict the switdridution to switch between a finite
number of prediction strategies. This is no strong regtricthough, as we may just take the number of
prediction strategies sufficiently large relative NXowhen computingsy(z?Y). For example, consider the
switch distribution that switches between predictiontsy@esp;, .. ., px,.. - Then all the theorems in
the paper can still be proved if we tak&nax(V) sufficiently large (e.9Kmax(N) > ¢g(IN) would suffice for
the oracle approximation lemma).

This is a special case of a switch distribution that, at sarspen, allows switching only tg; such
thatk € K,, C Z*, whereK; C Ky C .... We may view this as a restriction on the priat(S \ S') = 0,
where

S:={seS|VneZ":K,(s) € K,} (45)

denotes the set of allowed parameters, and, as in Séctipn 2.3
K, (s) := k;(s) for the uniquei such that;(s) < n andi = m(s) V t;11(s) > n (46)

denotes which prediction strategy is used to predict ouec&m
The following online algorithm computes the switch distitibn for any/C; C Ky C .. ., provided the
prior is of the form[(9). Let the indicator function 4 (z), bel if z € A and0 otherwise.
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Algorithm 1 SwiTcH(z')
1 for k € Ky doinitialize w§ « m (k) - 0; w} « m (k) - (1 — 6) od

2 forn=1,...,Ndo
3 Reportpsy( Ky, 2" ') = wf +wh  (aK-sized array)
4 for k € IC,, dow§ «— w - pr(wp|2™1); wh — wh - pp(2,|2" 1) od (loss update)
5 pool «—m(Z=n|Z>n) 3 jcx, Wi
6 for k € K11 do
7 wip —wi -1, (k) -7(Z #n | Z >n) + pool -m (k) -0 (share update)
8 wy —wh 1k, (k) + pool - m (k) (1—0)
9 od
10 od

11 Reporpsy(Knyi1,zV) = Wyt wﬁ(NH

This algorithm can be used to obtain fast convergence inghsesof Sectiorld 4 afd 5, and consistency in
the sense of Theorem 1.4 (7" = n | T > n) andr, can be computed in constant time, then its running
time is@(zﬁll ICn|), which is typically of the same order as that of fast modetatdn criteria like AIC
and BIC. For example, if the number of considered predictitvategies is fixed ak'max then the running
time iSO (Kmax- V).

Theorem 14. Let ps, denote the switch distribution with priar. Suppose that is of the form() and
7(S\ §') = 0. Then AlgorithniiL correctly reportssw( K1, 2°), . . ., psw(Kni1, 7).

Note that the posteriar(K v | #7V) and the marginal likelihoogs,(z" ) can both be computed from
psw(Kn+1,2V) in (K1) time. The theorem is proved in AppendixA.7.

7 Relevance and Earlier Work

Over the last 25 years or so, the question whether to basel seldetion on AIC or BIC type methods
has received a lot of attention in the theoretical and agmiatistics literature, as well as in fields such
as psychology and biology where model selection plays aroitapt role (googling “AlC"and “BIC”
gives 355000 hits) [Speed and Yu, 1993, Hansen and Yu,| 2001, Barron et al., 1994, Forster, 2001,
De Luna and Skouras, 2003, Sober, 2004]. It has even beerstedghat, since these two types of methods
have been designed with different goals in mind (optimatigtéeon vs. “truth hunting”), it may simply be
the case thaho procedures exist that combine the best of both types of appes |[Sobar, 2004]. Our
Theorenti L, Theorem 4 and our results in Sedtion 5 show thigasttin some cases, one can get the best of
both worlds after all, and model averaging based’gnachieves the minimax optimal convergence rate. In
typical parametric settings”* € M), model selection based dn,, is consistent, and Lemnal13 suggests
that model averaging based @#,, is within a constant factor of the minimax optimal rate ingraetric
settings.

7.1 A Contradiction with Yang’s Result?

Superficially, our results may seem to contradict the ceatnaclusion of Yang/[Yang, 2005a]. Yang shows
that there are scenarios in linear regression where no nsetition or model combination criterion can be
both consistent and achieve the minimax rate of convergence
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Yang's result is proved for a variation of linear regressiorwhich the estimation error is measured
on the previously observed design points. This setup camndirectly embedded in our framework. Also,
Yang’s notion of model combination is somewhat differeptirthe model averaging that is used to compute
Psy. Thus, formally, there is no contradiction between Yang&utts and ours. Still, the setups are so similar
that one can easily imagine a variation of Yang’s result tlol o our setting as well. Thus, it is useful to
analyze how these “almost” contradictory results may ciexiVe suspect (but have no proof) that the
underlying reason is the definition of our minimax convergenate in Cesaro mean {16) in whiéh is
allowed to depend on, but then the risk with respect to that sameis summed overall = 1,...,n. In
contrast, Yang uses the standard definition of convergatieewithout summation. Yang’s result holds in a
parametric scenario, where there are two nested parameidels, and data are sampled from a distribution
in one of them. Then bottym-fix andGmm-var are of the same ordésg n. Even so, it may be possible that
there does exist a minimax optimal procedure that is alssistant, relative to thé&nm-ix-game, in which
P~ is kept fixed once: has been determined, while there does not exist a minimamalpprocedure that is
also consistent, relative to tlign-vargame, in whichP* is allowed to vary. We conjecture that this explains
why Yang'’s result and ours can coexist: garametricsituations, there exist procedures (suchPag that
are both consistent and achiet#g,n-iix, but there exist no procedures that are both consistent @neva
Gmm-var We suspect that the qualification “parametric” is esséhtae: indeed, we conjecture that in the
standarchonparametriccase, whenevers,, achieves the fixed?* minimax rateG mm-ix, it also achieves the
varying-P* minimax rateGmm-var The reason for this conjecture is that, under the standamgarametric
assumption, whenevefs, achievesGmm-ix, @ small modification ofPs,, will achieve Gym-var Indeed,
define theCesaro-switch distributionas

_ 1o -
Pcesaro-sd®n | 2" 1) = o ZPSW(xn | 1)- (47)
=1

Proposition 15. Pcesaro-swachieves the varying?*-minimax rate whenevePs,, achieves the fixed**-
minimax rate.

The proof of this proposition is similar to the proof of Prefimn[7 and can be found in Sectibn A.5.

Since, intuitively, Pcesaro-swl€arns “slower” thanPs,,, we suspect thabs,, itself achieves the varying-
P*-minimax rate as well in the standard nonparametric casaveder, while in the nonparametric case,
gmm(n) =< Gmm-ix(n)/n, in the parametric casemm(n) < 1/n whereasGmm-ix(n)/n =< (logn)/n.
Then the reasoning underlying Propositio 15 does not ammyynore, andcesaro-swnay not achieve the
minimax rate for varyingP*. Then alsoPs, itself may not achieve this rate. We suspect that this is not
a coincidence: Yang's result suggests that indeed, in #ametric settingPsw, because it is consistent,
cannotachieve this varying®*-minimax optimal rate.

7.2 Earlier Approaches to the AIC-BIC Dilemma

Several other authors have provided procedures which hese tesigned to behave like AIC whenever
AIC is better, and like BIC whenever BIC is better; and whichpgrically seem to do so; these include
model meta-selectiofiDe Luna and Skouras, 2003, Clarke, 1997], and Hansen arsigkKlDL version of
MDL regression [[Hansen and Yu, 2001]; also the “mongrel’cedure of [[Wong and Clarke, 2004] has
been designed to improve on Bayesian model averaging fdf samaples. Compared to these other meth-
ods, ours seems to be the first tipabvably is both consistent and minimax optimal in terms of risk, for
some classed*. The only other procedure that we know of for which somewletdted results have
been shown, is a version of cross-validation proposed by Y2805b] to select between AIC and BIC
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in regression problems. Yang shows that a particular formro$s-validation will asymptotically select
AIC in case the use of AIC leads to better predictions, and iBltbe case that BIC leads to better predic-
tions. In contrast to Yang, we use a single paradigm rathar ghmix of several ones (such as AIC, BIC
and cross-validation) — essentially our paradigm is juat df universal individual-sequence prediction, or
equivalently, the individual-sequence version of predecMDL, or equivalently, Dawid’s prequential anal-
ysis applied to the log scoring rule. Indeed, our work hasdesavily inspired by prequential ideas; in
Dawid [1992] it is already suggested that model selectiavukhbe based on thigansientbehaviours in
terms of sequential prediction of the estimators within tfiedels: one should select the model which is
optimal at the given sample size, and this will change oveetiAlthough Dawid uses standard Bayesian
mixtures of parametric models as his running examples, Ipdiditly suggests that other ways (the details
of which are left unspecified) of combining predictive distitions relative to parametric models may be
preferable, especially in the nonparametric case whertubelistribution is outside any of the parametric
models under consideration.

7.3 Prediction with Expert Advice

Since the switch distribution has been designed to perfoeth w a setting where the optimal predic-
tor p,, changes over time, our work is also closely related to therilgns fortracking the best expert
in the universal prediction literature [Herbster and Wattmi1998, Vovk, 1999, Volf and Willems, 1998,
Monteleoni and Jaakkola, 2004]. However, those algoritanesusually intended for data that are sequen-
tially generated by a mechanism whose behaviour changedime In sharp contrast, our switch distri-
bution is especially suitable for situations where datasarmapled from dixed (though perhaps non-i.i.d.)
source after all; the fact that one model temporarily leadsetter predictions than another is caused by the
fact that each “expertp;, has itself already been designed as a universal predistioné&tor relative to some
large set of distributiong\1;.. The elements aM;, may be viewed as “base” predictors/experts, angithe
may be thought of as meta-experts/predictors. Becausésdiith-stage structure, which meta-predigipr

is best changes over time, even though the optimal basésfwedrg min,c \( 7, (p*, p) does not change
over time.

If one of the considered prediction strategigsmakes the best predictions eventually, our goal is to
achieve consistent model selection: the total number dicke$ should also remain bounded. To this end
we have defined the switch distribution such that positivierpgprobability is associated with switching
finitely often and thereafter using, for all further outcomes. We need this property to prove that
method is consistent. Other dynamic expert tracking alga$, such as the I ¥ED-SHARE algorithm
[Herbster and Warmuth, 1998], have been designed withrdiifegoals in mind, and as such they do not
have this property. Not surprisingly then, our results do nesemble any of the existing results in the
“tracking’-literature.

8 The Catch-Up Phenomenon, Bayes and Cross-Validation

8.1 The Catch-Up Phenomenon is Unbelievable! (According tBMA)

On pagd P we introduced the marginal Bayesian distributigny(z™) := >, w(k)pr (™). If the distri-
butionsp;,, are themselves Bayesian marginal distributions aElin &y pyma may be interpreted as (the
density corresponding to) a distribution on the data thé¢cts some prior beliefs about the domain that
is being modelled, as represented by the prio(g) andwy(0). If w(k) andwy(#) truly reflected some
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decision-maker’s a priori beliefs, then it is clear that deeision-maker would like to make sequential pre-
dictions of X, 11 given X" = z" based orppma rather than oms,,. Indeed, as we now show, the catch-up
phenomenon as depicted in Figlte 1 is exceedingly unlilelake place undeppms anda priori a sub-
jective Bayesian should be prepared to bet a lot of moneyjittliates not occur. To see this, consider the
no-hypercompression inequalif§érinwald, 2007], versions of which are also known as “Bals inequal-
ity” [Barron, 1198%5] and “competitive optimality of the Shaon-Fano code’l [Cover and Thomas, 1991]. It
states that for any two distribution? and @ for X°°, the P-probability that) outperformsP by k bits or
more when sequentially predicting;, Xo, ... is exponentially small irk: for eachn,

P(—logq(X") < —logp(X™) — k) < 27",

Plugging inppma for p, and psy for ¢, we see that what happened in Figltepd,(outperformingppma

by about 40000 bits) is an event with probability no more thaf’° according toppma Yet, in many
practical situations, the catch-up phenomenon does oculips, gains significantly compared tayma
This can only be possible because either the models are victeggly, The Picture of Dorian Gray has not
been drawn randomly from a finite-order Markov chain), oréhese the priors are “wrong” in the sense that
they somehow don’t match the situation one is trying to moBet this reason, some subjective Bayesians,
when we confronted them with the catch-up phenomenon, haued that it is just a case of “garbage in,
garbage out” (GIGO): when the phenomenon occurs, thenerdiian using the switch distribution, one
should reconsider the model(s) and prior(s) one wants tpars® once one has found a superior model
M’ and priorw’, one should usepma relative toM’ andw’. Of course we agree thit one can come up
with better models, one should of course use them. Nevedbglve strongly disagree with the GIGO point
of view: We are convinced that in practice, “correct” prionay be impossible to obtain; similarly, people
are forced to work with “wrong” models all the time. In suclses, rather than embarking on a potentially
never-ending quest for better models, the hurried praotti may often prefer to use the imperfect — yet still
useful — models that he has availabiethe best possible manneknd then it makes sense to ysg, rather
than the Bayesiapyma the best one can hope for in general is to regard the disitsitgiin one’s models as
prediction strategies, and try to predict as well as the $ftestegy contained in any of the models, aggis
better at this thapyma Indeed, the catch-up phenomenon raises some interestaggians for Bayes factor
model selection: no matter what the prior is, by the no-hgpepression inequality above with= ppma
andq = psw, When comparing two model$t; andMs, before seeing any data, a Bayesswaysbelieves
that the switch distribution will not substantially outfem ppms Which implies that a Bayesiacannot
believe that, with non-negligible probability, a complexdel p> can at first predict substantially worse
than a simple modeb; and then, for large samples, can predict substantiallyebe¥et in practice, this
happens all the time!

8.2 Nonparametric Bayes

A more interesting subjective Bayesian argument agaimsswitch distribution would be that, in the non-
parametric setting, the data are sampled from séthe= M* \ M, and is not contained in any of the
parametric modeld1;, Mo, ... Yet, under the standard hierarchical prior useghin, (first a discrete prior

on the model index, then a density on the model parameteeshawe that with prior-probability 1P* is
“parametric”, i.e.P* € M, for somek. Thus, our prior distribution is not really suitable for thi€uation
that we are trying to model in the nonparametric setting, wadhould use a nonparametric prior instead.
While we completely agree with this reasoning, we would irdiately like to add that the question then be-
comes: what nonparametric prisihouldone use? Nonparametric Bayes has become very popular imt rece
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years, and it often works surprisingly well. Still, its ptiaal and theoretical performance strongly depends
on the type of priors that are used, and it is often far fronarclehat prior to use in what situation. In some
situations, some nonparametric priors achieve optimasrat convergence, but others can even make Bayes
inconsistent|[Diaconis and Freedman, 1986, Grinwald7R00he advantage of the switch distribution is
that it does not require any difficult modeling decisionst bevertheless under reasonable conditions it
achieves the optimal rate of convergence in nonparamedtings, and, in the special case where one of the
models on the list in fact approximates the true source exhgwell, this model will in fact be identified
(Theoren(1). In fact, one may think pf,, as specifying a very special kind of nonparametric priod an
under this interpretation, our results are in complete@gent with the nonparametric Bayesian view.

8.3 Leave-One-Out Cross-Validation

From the other side of the spectrum, it has sometimes beeredirtpat consistency is irrelevant, since
in practical situations, the true distribution is never iy af the models under consideration. Thus, it is
argued, one should use AIC-type methods such as leavetdreass-validation, because of their predictive
optimality. We strongly disagree with this argument, fovesal reasons: first, in practical model selection
problems, one is often interested in questions such as ‘dagepend on featurd;, or not?” For example,
M;._1 is a set of conditional distributions in whidh is independent of(;,, and M, is a superset thereof
inwhichY can be dependent oXy,. There are certainly real-life situations where some eiX ; is truly
completely irrelevant for predictinyf, and it may be the primary goal of the scientist to find out Wwhebr
not this is the case. In such cases, we would hope our moaelisel criterion to select, for large, My_1
rather thanMy, and the problem with the AIC-type methods is that, becadighedr inconsistency, they
sometimes do not do this. In other words, we think that coeiscy does matter, and we regard it as a clear
advantage of the switch distribution that it is consistent.

A second advantage over leave-one-out cross-validatidhaisthe switch distribution, like Bayesian
methods, satisfies Dawidigeak prequential principl§Dawid, 1992| Grunwald, 2007]: the switch distribu-
tion assesses the quality of a predigigronly in terms of the quality of predictiorthat were actually made
To apply LOO on a sample, ..., z,, one needs to know the prediction torgivenz, ..., z;_1, but also
Zi11,---,%n. INn practice, these may be hard to compute, unknown or evknowable. An example of
the first are non-i.i.d. settings such as time series modelsexample of the second is the case where the
i, represent, for example, weather forecasters, or otheigboesl which have been designed to predict the
future given the past. Actual weather forecasters use ctanpuograms to predict the probability that it
will rain the next day, given a plethora of data about air pues, humidity, temperature etc. and the pattern
of rain in the past days. It may simply be impossible to applse programs in a way that they predict the
probability of rain today, given data about tomorrow.

9 Conclusion and Future Work

We have identified the catch-up phenomenon as the undergaspn for the slow convergence of Bayesian
model selection and averaging. Based on this, we have ddfirexvitch distributionPs,,, a modification of
the Bayesian marginal distribution which is consistent,dsio under broad conditions achieves a minimax
optimal convergence rate, thus resolving the AIC-BIC ditesn

1. Sincepsy can be computed in practice, the approach can readily bedtegth real and simulated
data in both density estimation and regression problemnisallresults on simulated data, on which
we will report elsewhere, give empirical evidence thatbehaves remarkably well in practice. Model
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selection based gy, like for ppma typically identifies the true distribution at moderate péarsizes.
Prediction and estimation based &%, is of comparable quality to leave-one-out cross-validatio
(LOO) and generally, in no experiment did we find that it bedthgubstantially worse than either
LOO or AlC.

2. ltis an interesting open question whether there is arpgnal of Lemmalé and Theordmh 4 for model
selectiorrather than averaging. In other words, in settings suchsagdram density estimation where
model averaging based on the switch distribution achidwestinimax convergence rate, does model
selection based on the switch distribution achieve it as2mMebr example, in Figurgl 1, sequentially
predicting by thepg, ., that has maximum a posteriori probability (MAP) under thétslwdistribu-
tion given dataz™, is only a few bits worse than predicting by model averagiagda on the switch
distribution, and still outperforms standard Bayesian et@Veraging by about0 000 bits. In the
experiments mentioned above, we invariably found thatiptied by the MAPpg, ., empirically
converges at the same rate as using model averaging, idictong by Ps,. However, we have no
proof that this really must always be the case. Analogoudltei the MDL literature suggest that
a theorem bounding the risk of switch-based model seledifidthcan be proved at all, would bound
the squared Hellinger rather than the KL risk [Grinwald)20Chapter 15].

3. The way we defineds,, it does not seem suitable for situations in which the nunabeonsidered
models or model combinations is exponential in the sampke 8ecause of condition (i) in Lemrh 6,
our theoretical results do not cover this case either. Ystdhase is highly important in practice, for
example, in the subset selection problem [Yang, 1999].direeclear that the catch-up phenomenon
can and will also occur in model selection problems of thaety Can our methods be adapted to
this situation, while still keeping the computational cdexity manageable? And what is the relation
with the popular and computationally efficiebt-approaches to model selection [Tibshirani, 1996]?
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A Proofs

A.1 Proof of Theorem[1

LetU, = {s € S| K,+1(s) # k*} denote the set of “bad” parametarthat select an incorrect model. It is
sufficient to show that

lim zseUn W(S) ds (Xn)

=0  with P..-probability 1. (48)
00 3 m(s)as(X™)
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To see this, first note thdt (¥8) is almost equivalenfio (8)e difference is thaby--probability has been
replaced byP,--probability. Now suppose the theorem is false. Then thaistea set of parameters
® C O with wy«(®) > 0 such that[(B) does not hold for afy € ®. But then by definition ofP,- we
have a contradiction with (48).

To show|[(48), letA = {s € S : k,,(s) # k*} denote the set of parameters that are bad for all sufficiently
largen. We observe that for eact € U, there exists at least one element A that uses the same
sequence of switch-points and predictors on the first 1 outcomes (this implies thdt’;(s) = K;(s’) for
i = 1,...,n + 1) and has no switch-points beyond(i.e. t,,,(s) < n). Consequently, eithes = s or
s’ € Es. Therefore

Y w($)ag (@) < Y (w(s) + w(Es)) gs(2™) < (1+¢) Y m(s)as(a"). (49)

s’'eUn, scA scA

Defining the mixturer(z™) = . 4 7(s)gs(x™), we will show that

lim rX)

Using [49) and the fact that _ 7(s)gs(2") > m(s = (0, k%)) - pi=(x™), this implies [48).

Foralls € A andz'»(®) e x'=®), py definition Qs(X{°, |zt) equalsDy,, (X{°, |zt), which
is mutually singular Witth*(th’jHWm) by assumption. If¥ is a separable metric space, which holds
becauset C R? for somed € ZT, it can be shown that this conditional mutual singularitypli@s mu-
tual singularity ofQs(X°) and P« (X°°). To see this for countabl&’, let B,:,. be any event such that
Qs(Bytm |2'™) = 1 @and Py- (Byim |z'm) = 0. Then, forB = {y> € X | y° | € By }, We have that
Qs(B) = 1 and P+ (B) = 0. In the uncountable case, howev&rmay not be measurable. In that case,
the proof follows by Corollary 17 proved in Sectibn A.3. Anguntable mixture of distributions that are
mutually singular withP«, in particularR, is mutually singular withP,.«. This implies [ED) by Lemma 3.1
of [Barron, 1986], which says that for any two mutually sifgudistributionsR and P, the density ratio
r(X™)/p(X™) goes to zero as — oo with P-probability 1. O

=0  with P.-probability 1. (50)

A.2 Proof of Theorem[2

The proof is almost identical to the proof of Theorem 1. Ugt= {s € S | K,,+1(s) # k*} denote the set
of “bad” parameters that select an incorrect model. It is sufficient to show that

lim zseUn 7T(S)qs(‘Xn)
o0 Yees T(8)as(XT)

Note that theys in (1) are defined relative to the non-Bayesian estimaiors,, . . ., whereas theﬁf‘* on
the right of the equation is the probability according Bayesiarmarginal distributiorﬂi, which has been
chosen so that the theorem’s condition holds. To seelthht{Sifficient to prove the theorem, suppose the
theorem is false. Then, because the ptigr is mutually absolutely continuous with Lebesgue measure,
there exists a set of parametdrsC O, with nonzero prior measure undes.-, such that[(1l0) does not
hold for any6* € &. But then by definition OPE* we have a contradiction with (51).

Using exactly the same reasoning as in the proof of Thebfatridlows that, analogously td (50), we
have

=0  with PE.-probability 1. (51)

. T'(Xn) . =B .
lim — =0 with Pg.-probability 1. (52)
n—oo (s = (0,k*)) - pB. (X F
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This is just [50) withr now referring to a mixture of combinator prediction stragsgdefined relative to the
non-Bayesian estimatofsg, po, . . ., and thep,E* in the denominator and on the right referring to the Bayesian
marginal distributionPg.. Using [49) and the fact th3f s 7(s)gs(2") > (s = (0,k*)) - px=(2™), and

the fact that, by assumption, for somg for all largen, py-(X™) > p2. (X™)2~K with PE.-probability 1,

(52) implies [51). O

A.3 Mutual Singularity as Used in the Proof of Theorem1

Let Y2 = (Y1, Y») be random variables that take values in separable metriesfa and(2,, respectively.
We will assume all spaces to be equipped with Berellgebras generated by the open sets. [Lbe a
prediction strategy fol? with corresponding distribution®(Y7) and, for anyy! € Q;, P(Ya|y!). To

ensure thaP(Y2) is well-defined, we impose the requirement that for any fixedsarable events C Q5

the probabilityP(As|y') is a measurable function gf .

Lemma 16. Suppose and q are prediction strategies for'? = (Y7, Y5), which take values in separable
metric spaces$); and s, respectively. Then iP(Ys|y!) and Q(Ya|y') are mutually singular for ally! €
Q1, thenP(Y?) andQ(Y?) are mutually singular.

The proof, due to Peter Harremogés, is given below the fafigweorollary, which is what we are really
interested in. LeX*>° = X, X5, ... be random variables that take values in the separable nsptet’.
Then what we need in the proof of Theoreim 1 is the followingtiary of Lemmd 16:

Corollary 17. Suppose andq are prediction strategies for the sequence of random vieall > = X1,
X, ... that take values in respective separable metric spagests, . . . Letm be any positive integer. Then
if (X750 |2™) andQ(X 2, 1 [z™) are mutually singular for alk™ € &A™, thenP(X*°) andQ(X*°) are
mutually singular.

Proof. The product spacek; x - - - x X}, andX,,, 11 x X, 12X - - - are separable metric spaces [Parthasarathy,
1967, pp. 5,6]. Now apply Lemniall6 wifly = X} x - x X, andQo = X1 X Xy X -+ - O

Proof of Lemma 6For eachw; € €, by mutual singularity ofP(Yz|w;) and Q(Yz|w:) there exists a
measurable se&t,,, C Qy such thatP(C,, |wi) = 1 andQ(C,,, |w1) = 0. AsQy is a metric space, it follows
from [Parthasarathy, 1967, Theorems 1.1 and 1.2 in Chalpténat for anye > 0 there exists an open set
Ug, 2 Cu, such that

P(US, lw) =1 and QU |wi) <e. (53)

As Q) is a separable metric space, there also exists a countajlerse{ B; },~; of open sets such that
every open subset 6f; (U, in particular) can be expressed as the union of sets {Bm [Parthasarathy,
1967, Theorem 1.8 in Chapter 1].

Let { B};> denote a subsequence{ds;} such that’; = J, B;. Suppos€ B;} is a finite sequence.
ThenletVs, = U, . Suppose itis not. Theh= P(U¢, |w1) = P(Us2, Bjlwi) = limp—.oo P(UlL; Bjlw1),
becausé J!_, B! as a function of: is an increasing sequence of sets. Consequently, thets ari&” such
thatP(Uf\i1 Bjlwi) > 1 —eand we letV5 = UiN:1 B;. Thus in any case there exists a Bgt C U, that
is a union of a finite number of elements{if; } such that

P(V5|wi)>1—€¢ and Q(VS |wi) <e. (54)
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Let {D},>; denote an enumeration of all possible unions of a finite nurobelements in{ B;} and
define the disjoint sequence of s¢t4¢ };~; by

i—1
Af ={w1 € Q1 : P(Djwr) > 1 —€,Q(Dsfwr) < €} \ U Aj (55)
j=1
fori =1, 2, ... Note that, by the reasoning above, for eaghc 2, there exists am such thatv; € Af,
which implies that{ AS} forms a partition of2;. Now, as all elements ofAS} and{D;} are measurable,
so is the sef™® = J;2, AS x D; C Q; x Q, for which we have thaP(F¢) = > 72, P(AS x D;) >
(1—€)> 2, P(A;) =1— eand likewiseQ(F*) < e.
Finally, letG = N>, U2, F2 ", ThenP(G) = lim, oo P2, F27") > limy, 001 — 277 =1
and Q(G) = lim,— 0o Q(U—,, F27M) < limy e S, 27F = lim,, 0o 27* = 0, which proves the
lemma. O

A.4 Proofs of Sectiol 4
A.4.1 Proof of Lemmal3

For the first part we underestimate sums:

psw(a™) = > Z gs(a")m(s) > ma(1) - > m(K)pr(2") = ma(1) - poma(z™),

meZt seS:m(s)=m k'ezt
Pomal® Z P (x")m (K / > m(k)pr(z™).
k'ez*

We apply [(IB) to bound the difference in cumulative risk frabove:

(P, Po) = B [ 1o ZX7) R (0 SO IR <
;’M(P ,Psw)_E|:1 gpSW(Xn)] §E|:l gTFM(l)pbma(X”)] —; Z(P »Pbma) lg M(1)7

n

o — g ZE T < g 2T S b B g
;T’(P’Pbma)_E[lgpbma<X")] SE{lgmmpk(X")] 2 (PP —lorm(k). O

A.4.2 Proof of Theorem4

We will prove a slightly stronger version of the theorem, gihshows that the switch distribution in fact
achieves the same multiplicative constasf,as is shown in_[Rissanen et al., 1992] for the estimator that
selects[n'/3] bins:

sup Zr, (P*, Psw) =1 An'/3. (56)
PreM*
The idea of the proof is to exhibit an oracle that closely agjmates the estimataP, n1/3] but only
switches a logarithmic number of timesnron the firstn outcomes, and then apply Lemia 6 to this oracle.
In [Rissanen et al., 1992] Equatibnl 23 is proved from thefeihg theorem, which gives an upper bound
on the risk of any prediction strategy that uses a histogrameiwith approximateljnl/ 3] bins to predict
outcomeX,, 1:
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Theorem 18. Foranya > 1

max sup .(P*, B) =<1 ?3Cn%/3, (57)
[(n/a)t/3]<k<[n'/3] Prem=

whereC' > 0 depends only on, in (20).

In [Rissanen et all, 1992] the theorem is only proveddos 1, but their proof remains valid for any
a > 1. From this, [(ZB) follows by summing (57) and approximathny. , i~2/3 py an integral. Summation
is allowed, because;(P*, Py) is finite for all P* € M*, i andk, anda?3C Y7 i72/3 — oo asn
goes to infinity. The constamt in (23) is the product of” and the approximation error of this integral
approximation. We will now apply Theorem]18 to prove Theokgas well.

Let o > 1 be arbitrary and let; = [o/~!] — 1 for j € Z* be a sequence of switch-points. For any
n, let j, denote the index of the last preceding switch-point,si.€ [t; + 1,¢;41]. Now define the oracle
Wa(pr g1y = [ (t;, + 1)1/3] for any P* € M* and anyz"~! € X"~ If we can apply LemmBl6 to,
with f(n) = n'/3, g(n) = [n'/3], 1 = o®/3A andc, = 0, we will obtain

oori(P*, P
lim sup Zz:l r 5/3 ) SW) < 042/314 (58)
n—00 n

for anya > 1. Theoreni ¥ then follows, because the left-hand side of tpsession does not depend an
It remains to show that conditions (i)—(iii) of Lemrnh 6 aréisféed.

Conditior] follows becausg;, +1 < n. Conditioril is implied by the fact that,, has only a logarithmic
number of switch-points: It satisfies,, (n) < [log, n] + 2. Consequently,

M, (n)(log n + log g(n)) < ([logg n] + 2)(logn + [n'/*]) = o(n'/?). (59)

To verify Condition[i, note that the selected number ofsia close to[n'/3] in the sense of Theo-
remld8: Fom € [t; + 1,t;44] it follows from (¢;41)/(t; + 1) < a that

{(tj + 1)1/3—‘ _ [(ﬁ) 1/3-‘ . [[(n/a)1/3-|’ [nl/i’r@ ) (60)

tj-i-l

We can therefore apply Theorém] 18 to obtain

n n n
sup Zri(P*,Pwa) < Z sup 7;(P*,P,,) =1 a2/302i_2/3 <1 a?BAn'/3, (61)
PreM* i1 DreM: i—1

This shows that Conditidnlii is satisfied and Leminha 6 can lpdieg to prove the theorent

A.5 Proof of Proposition[7 and Proposition 15

We will actually prove a more general proposition that ireplboth Proposition] 7 and[15. L& m.-fix be
any prediction strategy. Now define the prediction strategy

_ 1 .
PCesér((lﬂn | " 1) = E ;Pmm-fix(lﬂn | x' 1)-
1=
Thus, PcesaroiS Obtained as a time (“Cesaro”-) averagelafm.-fix-

33



Proposition 19. Suppose that1* is standard nonparametric, and th&,m-iix achieves the minimax rate

gmm(n) < SU/I\)A 7”n(P*7PCese‘ir() = n_lem-fix(n) < n_lem-var(n) = gmm(n)-
P*e *

Proof. (of Proposition[I9)We show this by extending an argument from [Yang and Barr®891p. 1582].
By applying Jensen’s inequality as in Proposition 15.2 aftul@vald, 2007] (or the corresponding results
in [Yang, 2000] or [[Yang and Barron, 1999]) it now follows th#or all P* € M*, r,(P*, Pcesarg <
L5 7i(P*, Pomeix), SO that also

1 n
S}Dlp Tn(P*7 PCesér() < S]ljlp E Z Ti(P*; Pmm-fix)- (62)
=1

This implies that
ngmm(n) <n- SEP Tn(P*a PCesér() = Gmm-fix(”) < Gmm-var(n) = ngm(i)-
i=1

Therefore, it suffices to show that for standard nonparametodels,> " ; gmm(i) < ngmm(n). By (36),
gmm(?) < i~ 7ho(4) for someincreasingfunction hy. Then

n n n (CL)
ngm(z') = Zz"yho(z’) < ho(n) Zi‘” =< ho(n)n'™ =n-n"ho(n) = ngmm(n).  (63)
=1 =1 =1
where (a) follows by approximating the sum by an integrale Tésult follows. O

A.6 Proof of Lemmal[ll

Proof. Let P* € M* be arbitrary. We may transforiay to i1, ¢o t0 102 and so on, such that for eagh
(¢1,...,1) is an orthonormal basis faf). with respect toP*. For anyk, eachP € M; may now be
parameterized by = (1), ..., nk)) € R*, which means thaP, = P expresse¥; = 25:1 NG Y (Xi) +

U;. Now letk € Z* be arbitrary and defing such thatP, = P;. Lety := (¢1,. .. , )T, Using the fact
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that the errors are normally distributed, for apy R¥, abbreviating)(X) to +, we have

D(P"[|Py) = D(P"||P5) =

_ 2%QEE (v =Ty = (v = ") | X]

-~ %E (2B |X](n =)' + (") —
- .

_ %E =2 Dy + Z ()Y (Z (JW) + (') - (ﬁT¢)2]
i j=1 j=k+1 j=1

LB - 2) () + T
= SB[y W] = B (- )T )]
= o)), (64)

Here the outer expectation on each line is expectation dewpto Py, the marginal distribution ok under
P*. In the fourth equalityB = (Z;’;kﬂ ﬁ(j)zp) (Z?Zl(nm - ﬁ(j))1/1>, which, by orthogonality of the
1;, is equal ta). The final equality also follows by orthogonality.

Now fix n > k, and lets,, denote the maximum likelihood parameter value insgigarameterization
based on datX" !, i.e. P;, := Py (Y, = - | X", Y"!) (note thatP,(Y,, = - | X", Y"!) itself does not
depend on the choice of basis). Usihgl(64), we can revirigegd8%ollows:

E [(ﬁn—l - 7ﬁln—l)T(ﬁn—l - ﬁn—l)] > E [(ﬁn - ﬁn)T(ﬁn - ﬁn)] ’ (65)
where now the expectation is ova~!, Y"~! sampled i.i.d. fromP*. It thus remains to show thdi (65)

holds.
Write ¥(™) for then x k design matrix with(j, 7)-th entry given byy;(z;). We show further below that,

if z1,...,2,_ are such that¥(»~))Tw("=1 js nonsingular, then the variance®f_, is at least as large
as the variance 0f,, i.e.:
B[] = 1) (7 = fla—1) | X" = 2" > E[(7 — ) (7 — 1) | X" = 2"]. (66)

Since, by our assumptions. for &l all n,
E[(fi — 1) (7 — ) | (¥)TW) is singulaf < oo,

where, also by assumption, the event that))T () is singular has”*-measure 0, it follows thal (65) is
implied by [66). Thus, it remains to prove (66). We pradvel (68 )slightly adjusting an existing geometric
proof of the related (but non-equivalent) Gauss-Markowtbm [Ruud, 1995]. Define, for givett®,

[ <<qj(n>)T \y(")> - (q,(n))T Q= ((q,(n—n)T q,(n—1>> - <\y("—1))T g
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whereJ is the(n — 1) x n matrix with J; ; = ... = J,—1 ,—1 = 1, and all other entries equal @0 Letting
y = (y1,...,9n)', we see thaP is a projection matrix, and

Py = VWi, ; Qy = VWi, (67)
Now, for arbitrarya € R™, we have
var(a'Qy | z") = var(a' Py | z™) 4+ var(a' (Q — P)y | ") + 2cov(a" (Q — P)y,a' Py | z™). (68)
A straightforward (but tedious) calculation shows that
cov(a" (Q — P)y,a' Py | ") = ¢%a" (QPT — PPT)a.

As P is symmetric,PT = P, and for ally € R”, y := Py is in the column space o™, so thatPy =y,
andPPTy = y. ButsinceQU(™ = ¥(") andy is in the column space & ("), we must also hav@y = y
andQPTy = y. Thus, for arbitraryy, QPTy = PPy, and it follows that the cov-term i (68) is equal to
0. Thus, [68) implies that

var(a'Qy | z™) > var(a' Py | 2™) (69)

im0 (900) ) ()T,

where the leftmost vector is A-dimensional vector of 1s. By (67)._(69) now becomes egaivato
vary>t | 1 > vary>h_, i, ;, which is just (66). -

Now apply this with

A.7 Proof of Theorem[14

Before we prove Theorein 114, we need to establish some adlitivoperties of the priorr as defined
in (@). To this end, let us define the random variables

Sn(s) = Llp-1)eftr,tm}(8), (70)
Mn(s) = 1n>tm (S) (71)
foralln € Z* ands = ((t1, k1), - - -, (tm, km)) € S. These functions denote, respectively, whether or not

a switch occurs between outcomXg,_; and outcomeX,,, and whether or not the last switch occurs some-
where before outcome. We also defing,,(s) := (S,(s), My (s), K, (s)) as a convenient abbreviation.

Every parameter valug € S determines an infinite sequence of valggsé,, ..., and vice versa.
The advantage of these new variables is that they allow ustéopiret the prior as a sequential strategy
for prediction of the value of the next random varial§gle ; (which in turn determines the distribution
on X, ;1 givenz™), given all previous random variablé€$ := (¢;,...,&,). In fact, we will show that
psw(&nt1 | X™ &) = w(&ny1 | €"). We therefore first calculate the conditional probabitityt,, . 1]£™)
before proceeding to prove the theorem. As it turns out, dor pas the nice property that¢,, 1 | £") =
m(€nt1 | My, Ky,), which is the reason for the efficiency of the algorithm.

Lemma 20. Letn(s) = 0™ (1 — O)me (k1) [Ting 7o (tilti > ti1)mc (k) as in(@). Then

7T(§1) _ {WK(Kl)H If M1 == 0, (72)

m(K1)(1—0) if My =1.
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And forn > 1

7(€ns1 | €7) = 7(€ns1 | My, Kn),and (73)
7T(Sn-‘rl = (3n+1,mn+17 kn-l—l) ‘ My, =mp, K = kN) (74)
(T > n|T > n) if Spp1=0,mpr1 =my =0, kpr1 = kn,
1 if Sp+1 = 0, Mp+1 = My = 1, kn+1 = kn,
= (T =n|T > n)m(kny1)0 if spi1 =1, mpr1 =my =0, (75)
(T =n|T > n)m(kpe1)(1 —0) if spyp1 =1, mpp1 =1, my, =0,
0 otherwise.

Proof. To check[(72), note that we must have eitbige= (1,1, k) for somek € Z*, which corresponds to
s = ((0, k)) which has probabilityr, (k)(1 — ) as required, of; = (1,0, k). The latter corresponds to the
event thatn > 1 andK; = k, which has probabilityr, (k)6.

We proceed to calculate the conditional probabitity,, ; | £) for n > 1. First supposé\,,(s) = 0.
Let A, (s) := max{i | t; < n} = > ., S; count the number of switches befage Also note that™ and
M,, = 0 determiney, ..., ta,, k1, ..., ka,,thatt, > nandm(s) > A,, and vice versa. Hence for any

7(§" such thatV/,, = 0) =
mu(m > Ap)m(ty, ... ta,,n <ta,+1,k1,...,ka, |t1 <...<ta,+1,m > A,). (76)

Likewise, forM,, =1
w(€" such thatM,, = 1) = m,(m = Ap) w(t1, ..., ta, k1, ka, | t1 <...<ta,,m=A,). (77)

From [76) and[(77) we can compute the conditional probgbilit¢,,+1 | ™). We distinguish further on
the basis of the possible values%f,, and M,,, 1. Note thatM,,,; = 0 impliesM,, = 0andM,,,1 = 1
impliesM,, = 1—.5,,41. Also note thafS,,.; = 0 impliesA,, 1 = A, andK,, = K,,+1, and thatS,,;; = 1
impliesA,,+1 = A, + 1 andt 4, +1 = n. Conveniently, most factors cancel out, and we obtain

W(Sn+1 = 0, Mn+1 = O, Kn+1 =k ’ fn s.t. Mn = O,Kn = k) = W(tAn+1 >n+ 1 ‘ tA7L+1 > TL)
= m(T>n|T>n), (78)
T(Snp1 =0, Mps1 = L, K1 =k | €V St My =1, K, = k) = 1, (79)

7(Spsr = 1, Myy1 = 0, Kpiy = k | €" 8.t M, = 0)
=mu(m > A, +1|m>A)w(ta,+1 =n|ta,+1 > n)m(k)
=0n.(T=n|T>n)r(k), (80)
7(Snp1 =1, Myi1 = 1, Koy = k | € s.t. My, = 0)
=my(m=A,+1|m>A)7n(ta,+1 =n|ta,+1 > n)m (k)
=1-0)m(T=n|T>n)r(k). (81)

The observation that these conditional probabilities ddpmnly on),, and K, shows thatr(§,,+1 | ") =
w(€ns1 | My, Ky,), which completes the proof of the lemma. O
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Proof of Theorerh 14Note thatt™ (s) completely determineg(X"). Therefore legen (X") = gen(s)(X™)
= gs(X™). It follows that

pu(§™ =L XT) = > w(s)gs(XT) (82)
signtl=entl
= ¢n(X") > 7(s) (83)
s:Entl(s)=ent!
= qen(X")m(§" = e")m(€nt1 = eny1 | §" =€) (84)
= psw({" =€", X")T(€nt1 = ens1 | " =€), (85)
which together with Lemm@a 20 implies that

psw(&n—i—l | énan) = 71'(gn—i-l | gn) = 7T(fn+1 | MnaKn)' (86)

We will now go through the algorithm step by step to show thatihvariantsw; = P(z" ', M, =
0, K, =k) andw,ﬁ = P(z"', M, = 1,K, = k) hold for all k € K,, at the start of each iteration through
the loop (before lin€]3). These invariants ensure that+ w,I; = P(z" !, K, = k) so that the correct
probabilities are reported.

Line [ initializesw¢ to m (k)0 = 7(S1 = 1,M; = 0,K; = k) = psw(2°, M1 = 0,K; = k) for
k € K. Likewisew? = 7(k)(1 — 0) = 7(S1 = 1, M; = 1, K1 = k) = psw(2°, My = 1, K; = k). Thus
the loop invariant holds at the start of the first iteration.

We proceed to show that the invariant holds in subsequenatites as well. In the loss update in line 4
we update the weights fdre IC,, to

wz = psw(xn_laMn = OaKn = k) 'pk(xn ’ wn—l)
n—1
= > 7 (Hpmm | >> iy (@ | 2" = pewl(a™, My = 0,K, = k).
s:Mp=0,Kn=k \i=1

Similarly w,l; = psw(z", M, = 1,K,, = k). Then in line[b, we computpool = n(Z =n | Z >
n) Y rex, Psw(r", My, = 0, K, = k) = n(Z = n | Z > n)psw(z", M,, = 0). Finally, we consider the
loop that starts at lingl 6 and ends at lide 9. First note thak fe C,, by applying Lemma_20 and (86) we
obtain

wim(Z >n|Z>n)=
= psw(z", M, =0,K, =k)n.(Z>n|Z>n)
- psw(xna Mn = 07 Kn - k)pSW(Sn-l—l = 07 Mn-‘rl = 07 Kn+1 =k ‘ wn7 Mn - 07Kn = k)
- psw(xna Mn = 07 Kn+1 - Kn - k7 Sn+1 - 07 Mn+1 = O)
= pSW(xna Sn+l = 07 Mn+1 = 07 Kn+1 = k) (87)
Similarly we get fork € IC,, that
w]l; = pSW(wna Mn = 17Kn = k) = pSW(xna Sn+l = 07 Mn+l = 17 Kn+1 = k) (88)
As S,,+1 = 0impliesK,,+1 = K,,, we have fork € K,,11 \ K, that
pSW(xn7 Sn—l—l = 07 Mn+l = 07Kn+1 = k) = 07 (89)
pSW(xn7 Sn—l—l = 07 Mn+l = 07Kn+1 = k) = O (90)
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By Lemmd 20 and (86) we also get that

pool m (k)0 = m.(Z =n | Z > n)psw(z", M,, = 0)m (k)6
= psw(z™, My, = 0)psw(Sn+1 =1, M1 =0, K1 =k | 2", M,, = 0)
= psw(z", My, =0,Sp+1 =1, Mp+1 =0,K,41 = k)
= psw(z", Spy1 =1, Mp41 =0, K11 = k), (91)

and similarly

pool m (k) (1 —0) =7m(Z =n| Z > n)psw(z", My, = 0)m(k)(1 — )
= psw($n75n+1 = laMn+1 = laKn—i-l = ]{7) (92)

Together, [(8I7).(88).(89).(91), arild {92) imply that at thd ef the loop

(2", Sn41 =0, Mpy1 = 0,Kpy1 = k) + psw(®”, Sny1 = 1, Myp1 = 0, K1 = k)
= psw(z" Mn+1 =0,K,11 =k),
wh = pew(x™, Spt1 =0, Mpi1 =1, Kyi1 = k) + pew(a™, Sps1 = 1, M1 = 1, K1 = k)
= psw(x", Myi1 =1, K41 = k),

a
Wy = Pswl\T

which shows that the loop invariants hold at the start of #ad iteration and that after the last iteration the
final posterior is also correctly reported based on thesgi=i O
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