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The stochastic reahzation problem asks for the existence and the classification of all stochastic systems 
Ior which the output process equals a given process in distnbution or almost surely. This is a lundamen- 
tal problem of system and control tl',,~ory. The stochastic realization problem is of importance to mode/- 
ling by stochastzc systems in engineering, biology, economics etc. Several slochastic systems are men- 
tioned lor which the solution el the stochastic realization problem may be useful. As an example recent 
research on the stochastic realization problem for the Gaussian lacier model and a Gaussian factor sys- 
tem is discussed. 

This paper is dedicated to J. C. Wfllems on the occasion of his fiftieth birthday. 

I. INTRODUCTION 
The purpose of this paper is to introduce the reader to stochastic re',dization theory. This will be 
done by presentation of a verbal introduction, a survey of Gaussian stochastic realization theory, 
formulation of open stochastic realization problems, and a discussion of the stochastic realization 
problem for Gaussian factor models. This tutorial and survey-like paper is written for researchers 
in system and control theory, but may also be of interest to researchers dealing with mathematical 
models in engineering, biolo~', and economics. 

The Kalman filter and stochastic control algorithms have proven to be very useful for those 
control and signal processing problems in which there is a considerable amount of noise in the 
observation processes. Examples of such problems are:" minimum variance control of a papcr 
machine, access control of communication systems, and prediction of water levels. The solution of 
stochastic control and filtering problems depends crucially on the availability of a model in the 
form of a stochastic system in state space form. There is thus a need for modelling and rcalization 
of noisy processcs by stochastic systems. Stochastic realization theory addresses this modelling 
problem. 

8),stem and control theory is the subject within enginccring and mathematics that deals with 
modelling and control problcms for dynamic processes or phenomena. Such a phenomenon may 
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initially be described by specifying the observation process or trajectories, which description will 

bc termed the external deacription. For reasons of modelling and control it is often better to work 
with an internaldescription. The form of such an internal description depends on the properties of 
the observation process. For deterministic linear systems it may be a description in state space 
form. The state of such a system at any particular time contains all information from the past 
necessary to determine tile future behavior of the state and output process. For stochastic systems 
the internal description is a stochastic system in state space form. Here the state is that amount of 
information that makes the past and the future of the observations and the state process condi- 
tionally independent. For a vector valued random variable one may consider the internal descrip- 
tion of a Gaussian factor model, see section 5. For models of images and spatial phenomena in 
the form of random fields, other internal descriptions are needed. 

The realization problem of system theory can then be formulated as how to determine an 
internal description of a model given an external description. Motivation for this problem comes 
from engineering, in particular from system identification and signal processing, from biology, 
and from econometrics. In these subject areas one may want to estimate parameters of the internal 
description from observations. The question should then be posed whether these parameters can 
be uniquely determined from the observations, that is whether they are identifiable. This question 
may bc resolved by solution of the realization problem. First one must impose the condition that 
the model is minimal in some sense. The concept of minimality will depend on the class of internal 
descriptions. Secondly, there is in general no unique internal description for a phenomenon given 
an external description. The realization problem therefore also asks for a classification of all 
minimal internal descriptions that correspond to a given external description. Such internal 
descriptions may be called equivalent. Once the equivalence class has been determined one may 
choose a canonical form for it. From that point on standard techniques from system identification 
and statistics may bc used to determine the internal description of the model. The part of system 
theory that deals with modelling questions is referred to as realization theoo,. It treats topics such 
as transformations between representations, parametrization of model classes, idcntifiability ques- 
tions, and approximate modelling. 

A brief description of this paper's content follows. Section 2 contains a verbal introduction 

to the modelling procedure of system theory. In section 3 a tutorial is presented on Gaussian sto- 
chastic realization theory. Several examples of stochastic systems for which the stochastic realiza- 
tion problem is open and relevant for engineering and economics, are mentioned in section 4. As 
an example the stochastic realization problem for the Gaussian factor analysis model is discussed 
in section 5, and for Gaussian factor systems or error-in-variables systems in section 6. 

2. MODELLING AND SYSTEM THEORY 

2.1. Introduction 
As identified in the previous section there is a need for stochastic models of engineering and 
economic phenomena. The purpose of this section is to describe the modelling procedure of sys- 
tem and control theory. Particular attention will be devoted to modelling of economic processes. 

2.2. The modelliagprocedure 
It is assumed that data, possibly in the form of time series, arc available for the modeller. It is 
well-recognized that useful data are easy to obtain in the technical sciences but hard to obtain in 
economics. One reason is that economics is not a laboratory science: c-:i:criments arc often 
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impossible or if possiblc cannot be rcpcatcd. Also data gathcring is mudl morc cxpensive in 

economics than in the tcchnical sciences. 
The objective of modclling is to obtain a model for a phenomenon that is realistic and of low 

complexity. A model is called realistic if its observed behaviour is in close agreement with the 
phenomenon. A mcazure of fit for this agreement has to be formulated. The term low coJtplexit), 
should be considered as in ordinary use. A mathematical dcfinition of this term is very much 
model dependent. Models of high complexity are mathematically not well analyzable and compu- 
rationally not feasible. The two modelling objectives mentioned arc conflicting. Therefore a 
compromise or trade-off between these objcctives is necessary. 

The preferred modelling procedure consists of the following two steps: 
selection of a modcl class; 

- selection of an elcment in the model class involving the above mcntioned trade-off. 
This procedure must be applied in an iterative fashion. If the selected element in the model class is 
not a realistic modcl then the model class may be adjusted, ql~e two steps of this procedure will 
now be discussed separately. 

2.3. Selection of a model class 
In the selection of a model class one has to kccp in mind the objectives of a realistic model and a 
model of low complexity. The selection procedure demands application of concepts and results 
both from the research area of the object to be modelled, and from system and control theory. 

The formulation of realistic economic models is difficult for several reasons. One reason is 
that economic transactions involve multiple decisionmakers compared with a single decision- 
maker in most engineering problems. The appropriate mathematical models are therefore game 
and team models and their dynamic counterparts. The status of dynamic game and team theory is 
not yet at a level at which a body of results is available for applications. A second reason, closely 
related to the first, is that a dccisionmakcr must also model the decisionmaking process of the 
other decisionmakers. This remark is well-known in the literature on stochastic dynamic games. 
The discussion about rational expectation also illustrates this point. A third reason is that the 
rules of the cconomic process change quickly compared with the periods over which economic 
data are available. Assumptions of timc-invariance or stationarity are often unrealistic. 

In systcm theory a formalism has been developed for the formulation of mathematical 
models of dynamic phenomena and for a modelling procedure. For a dynamic phcnomcnon in the 
form of a time series a prcfcrrcd deterministic model is called a d),namic system in state space 
form. One distinguishes h~puts and outputs of such a system, and a state process. The state of a 
dynamic system at any particular time is that amount of information that together with the future 
inputs completely determines the future outputs. Tile trajectories of the input, output and state 
process arc tile basic objccts of a dynamical system. The reader is referred to [78] for material on 
linear systems. 

Stochastic systems have proven to be useful models in several areas of engineering such as 
signal processing, communications and control. Within economics they are used for example in 
connection with portfolio theory. In stochastic system theory, probability theory is used as a 
mathematical model for uncertainty. A stochastic system is specified by a measure on the space of 
trajectories. This is a fundamental difference betwcen deterministic and stochastic systems. For a 
stochastic system without inputs the state at any particular time makes the past and the future of 
the output and state processes couditionally independent. Despite the fact that a stochastic system 
is specified by a measure, tile representation in terms of trajectories, for example by a stochastic 
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differential equation, is crucial to the solution of control and filtering problems. 

Why are stochastic models realistic in certain cases? Within economics reasons for this are 
that such modelling involves: 

aggregation over many dccisionmakers; 
- uncertainty over future actions of other decisionmakers; 
- uncertainty in the measurement process, due to vague definitions and averaging. 
Remark that the costs involved often prevent the gathering of full information. Therefore aggrega- 
tion must be used. The variability of the data then suggests a stochastic model. This author is not 
optimistic about the applicability of stochastic models to economic phenomena. Reasons for this 

are the relatively short time series and the frequent change in structural relations. 

Should one use a deterministic or a stochastic model class to model a certain phenomenon? 

What is needed is a criterion to decide whether for a specific phenomenon the class of determinis- 

tic systems or that of stochastic systems is the appropriate model class. 
A crucial observation from system theory is that the choice of  model class is all-important. Of 

course, a model must be realistic and of low complexity. But within these constraints there is left 
some freedom in the mathematical formulation of the model. Given this freedom it is advisable to 
choose a model class for which the motivating control problem is analytically tractable. An exam- 
ple of such a choice is the Gaussian system that leads to the Kalman filter. Filtering theory was 
formulated by N. Wiener and A. N. Kolmogorov for stationary Gaussian processes. 1',. E. Kalman 
restricted attention to a particular class of stationary Gaussian processes, those generated by 
linear stochastic systems driven by white noise. For  this class of systems the solution of the filter- 
ing problem has proven to be straightforward. That this class may be extended to include non- 
stationary processes is then a useful corollary. How is this observation to be used in economic 

modelling? As suggested by R. E. Kalman, a detailed study must be made of economic models 

that arc published in the literature to see whether changes in the mathematical formulation of 

these models are advantageous for the solution of control problems. The selection of the model 

class seems a creative process that involves knowledge of both the research area of the 
phenomenon to be modelled and of system theory. 

For  stochastic processes indexed by the real line the model class of stochastic systems seems 

an appropriate model. See section 3.1 for a definition of this concept. For  a vector of random vari- 

ables the model class of Gaussian factor models may be useful, see section 5. For random ficlds it 
is not yet clear what the appropriate model class should be. 

Once the model class has been determined, the modelling procedure prescribes the solution 

of the stochastic realization problem. In section 3 this problem is formulated and the solution 

shown for the case of Gaussian processes. 

2.4. Selection o f  an element in the model class 
Given the data and the model class, the problem arises of how to sclect an clcmcnt in the model 
class. As indicated earlier, the selection of a model is a trade-off between the objective of a realis- 

tic model and the objective of a model with low complexity. For deterministic dynamical systems 
results on the selection of an element in the model class arc reported in [35, 791. 

For stochastic systems a formalism for the selection of an clement in the class of stochastic 
systems is described below. Consider first a measure of fit between the observations of the 

phenomenon and the external bchaviour of a stochastic system. Recall that the observations con- 
sist of numbers while the external behaviour consists of a mcasure on the sample space of observa- 

tion trajectories. The way to proceed is to use the observations, the numbers, to estimate the 



484 

measure on the sample space of observation trajectories. In case this measure is Gaussian and the 

observation process is stationary it suffices to estimate the mean and covariance function of this 
measure. 

One can define a measure of fit between the measure for the output trajectories estimated 

from observations and the measure associated with the external description of the system. Exam- 
pies of such a measure are the Kullback-Lciblcr measure and the Hcllingcr measure; scc section 

3.7. 
For stochastic systems one also needs a measure of complexity. A stochastic complexity 

measure introduced by J. l,Lissanen [60-64] seems the appropriate tool for this purpose. Stochastic 

complexity is based on A. N. Kolmogorov's complexity theory. Since this subject is wcU covered 

elsewhere the reader is referred to the indicated references. 
The actual selection procedure given data, a model class, and measures of fit and complexity, 

consists then of a combination of analysis and numerical minimization. The details of this will not 

be discussed here. 

3. GAUSSIAN STOCHASTIC REALIZATION 
The purpose of this section is to present the modelling procedure for Gaussian processes. In this 
tutorial part of the paper results for the Gaussian stochastic realization problem arc summarized. 
For  a reference on the weak Gaussian stochastic realization problem see the book [24] and for a 
shorter introduction in the English language [23]. For  a survey of the strong Gaussian stochastic 

realization problem scc [471. 

Notation 

The following notation is used. N={0 ,1 ,2 ,  . - -  }. Z ~ ={1,2,  . . .  }. Z = {  - - - , - 1 , 0 , 1 ,  " -  }. 

Zk = { 1,2, . .  • ,k }. R denotes tim set of real numbers, and R ~ =[0, oo). For a probabili ty space 

(~2, F ,P )  consisting of a set f/, a a-algebra F and a probabili ty measure P, denote 

L ~ (F) = {x :~2--*R ~ I x is a random vatqable measurable with respect to F}. 

x EG(O,Q)  denotes that the random variable x has a Gaussian distribution with mean zero and 
variance Q. 

For  a stochastic processy :~2 × T o R  k the following notation is used for the a-algebra's gen- 
erated by the process P:~' = F~' = a(~), (s),Vs <~t }) and F}' ' = o({y (s),Vs ~ t  }). 

DEFINITION 3.0.1. 7he a-algebra's F i, F 2 are called conditionally indcpendcnt givo~ the o-algebra 

c~f 

E[z l z2  I G] = E [ - l l  G]E[-z  I G] 

for  all z i E L ' (I.'~). 7he notation 

(F1,F2 [ G ) G C I  

will be used to denote that F I, F2 are conditionally ind~Tendent given G amt CI will be called the con- 
ditional independence relation. 
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3.1. Stochastic s~,stems and GaussiaJ~ O,stems 

The purpose of this section is to define stochastic dynamic systems. Attention is restricted to 

discrete-time stochastic dynamic systems. Stochastic systems with inputs will not be considered 
here. 

A motivation for the definition of a discrete time stochastic dynamic system follows. Con- 
sider the object that is usually called a stochastic system, 

Xt ~ ] = A X  t + M v t ,  x0, 

.Yt ---- Ca't + Nvt, 

where xo :~2-*Rn ,xo~G(mo ,Qo) ,  v:f~×T--->R" is a Gaussian white noise 

(3.1.1) 

(3.1.2) 

process with 
vt ~ G  (0, 1"3, .xo ,, 1' , F ~  arc independent o-algebras, A 62R n×", ~ . I~R n×m, C E R  p×n, N ~ H P  ×m, 

x:~2 × T--,W' and y :~2 × T---,RP defined by the above equations. It may be shown that this object 
is equivalent with the object specified by: 

Xo ~ G ( m o ,  Qo); (3.1.3) 

I Ax'] u u 
E[exp(iu'txt~,+iw'llv,'IFir'" v F , ' . - l ] = c x p ( i [ , u ] ' r [ C x , j - ½ [ w ] T S [ w ] ) ,  (3.1.4) 

for all t G T and some S GR (n ~p)×qz ~p). Observe that the conditional characteristic function of 
(xt ~ I,y~) given (Fi ~ vF~' 1 ) depends only on the random variable x,. It then follows that 

E[cxp(iuY'xl ~ l + iw ' ry l ) [F t  ~ vF~ '~l ]  = E[exp( iurx t  ~ i + i w t ) ' , ) l F  ~'1 (3.1.5) 

for all t E T. A stochastic dynamic system could now be defined as a state process x and an out- 
put proccssy such that for all t G 7" there is a map 

xt ~ distribution o f (x ,  , j, )5) 

]'his definition may be found in [42; p. 5]. Below a different definition will be adopted. It may be 

shown that (3.I.5) is cquivaIcnt with the condition that for all t G T 

( ~ " v l - ' } '  ' ,F}'  i v r {  IF~')~CI, 
where / '7 ' =o({x , , Vs>~ t } ) ,  I.~ ~ = o ( { x a , V s ~ t ) ) ,  and similar definitions for I.T~,F.} ' . The 
property that the past and future of the state and output process arc conditionally independent 
given the current state will be taken as the definition of a stochastic dynamic system. 

Dm:lNrrtoN 3.1.1. A discrete-time stochastic dynamic system is a collection 

o = {[2, I',P. 7, Y, B r , A ,  Bxo , , x } ,  

who'e 

{~2, !", P } is a comFlete flrobabilitv sflac~;" 

T - -Z,  to be calh'd the time index set; 

( Y. B r) is a measurable space to be calh'd the output space; 

( X, B x)  is a measurable space, to be called the state space; 

y :~ × T--~ Y is a stochasticprocess, to be called the output process; 

x :[~ X T--~ X is a stochastic process, to be ealh, d the state process; 
such that for  all t C T 
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(I':;'" vFi" + ,I"T::l v l : i  ~-  I F X ' ) e C L  (3.1.6) 

A stochastic dynamic system on T c 7  is defined analogot~ly. The class o f  stochastic systems is 
dctloted by SX.  

The above definition of a stochastic dynamic system is based on related concepts given in 
[48, 52, 72, 731. 

From the definition of a stochastic dynamic system one obtains that the state process 
satisfies the condition 

(F~ ~,F't ~ [F '~ ' )ECI  

for all t ET. This is equivalent with x being a Markov process. Markov processes are thus als0 
stochastic dynamic systems, and the latter class thus contains the classical model of state 
processes. 

The defining condition of a stochastic dynamic system is more or less symmetric with respect 
to time in the past and future of the state and output process. This is an advantage over the asym- 
metric formulation given in the representation (3.1. I) and (3.1.2). 

The condition (3.1.6) is asymmetric with respect to the output process, q]ais is a convention. 
A priori thcre arc four possible conditions for a stochastic dynamic system which are listed below: 

(F~ '~ vF- t r - ' ,FJ ' - vF ' t  '- IF~')~CI V t G T ;  (3.1.7.1) 

(I':~" ~1 v F t  ~ ' ,F~t'L-1Vl:t ~ - ]F'~') C C I  V t E T ;  (3.1.7.2) 

(F}' : v F [  ~,F~'_-i v F t  ~- I F : " ) E C 1  V t E T ;  (3.1.7.3) 

(F~' ,'I v l : i  ~ ~ ,F~'- v F t  ~- [ F " ) E C I  V t ~7 :  (3.1.7.4) 

Condition (3.1.7.1) and a property of conditional expectation imply that 

I':'" C(FJ' ' V / ' ~ ' - ) C F  x' 

which fact is not compatible with the intuitive concept of state in that the output is in gcncral not 
part of the state. Condition (3.1.7.2) is not suitable because it would allow examples that arc 
counter-intuitive to the concept of state, see example 3.1.6. The conditions (3.1.7.3) and (3.1.7.4) 
thus remain, of which condition 3 has been chosen. This is a convention. Condition (3.1.7.4) 
results in the representation 

xt ~ 1 ----- Axt  + Mvt,  

Yt ~1 = C.~t + Nvt, 

which form is inconsistent with the system theoretic convention of (3. I. I & 3.1.2). The option of 
taking condition (3.1.7.3) or (3.1.7.4) in the definition of a stochastic dynamic system is related to 
the option of considering Moore or Mealey machines in automata theory, see [50; I.A.2]. 

The definition of a stochastic system is formulated in terms of o-algebras rather than in 
terms of stochastic processes. This is a geometric formulation in wlfich emphasis is put on spaces 
and subspaccs rather than on the variables or processes that generate those spaces. 

DEFINITION 3.1.2. Given a stochastic dynamic system 

o --- (~LF, P,T,  Y, By ,X ,  B x , y , x }  G S E .  
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This system is called: 
a. stationary or time-invariant/f(x,y) is ajoint(y stationmyprocess; 
b. Gaussian/f  Y=R/',  X = R "  for  certainp, n~Tt  ~, B r = B P  and B x = B  n are Borel o-algebras 

ml Y respectivel), X, and if  (x,.v) is ajointl.v Gaussian process; by way of  abbreviation, a Gaus- 
Man stochastic d),namic system will be called a Gaussian system and the class of such systems is 
denoted by GSY; 

c. finite/f Y, X are finite sets and Br ,B  x are the o-algebras on Y, X generated b.e all subsets; by 
wa), of  abbreviation a finite stochastic dynamic system will be called a finite stochastic system 
and the class of  such sr,stents is denoted by FSE. 

PROPOSITION 3.1.3. Consider a collection 

{ ~,F,P, T, Y,I~y ,X, B x.y,x } 

as defined in 3.1.1 but without condition (3.1.6). "I71e following statements are equivalent: 
a. for all t ~ T  

(F[ + vFi  x ~ ,F}'FI VF? x-  ]F~')~CI; 

b. for  all t G T  

( F r ' v F  x''',F}' I vF i  ~ Fx ' )ECI;  

c. for all t G T 

(/::~" vF-; '-,1;-'" ' v l . ' "  lF'X')eCl. 

The following result is a useful sufficient condition for a stochastic dynamic system. 

PROI'OSlTION 3.1.4. Consider the collection 

o = {~2, F,P,T,Y, Bv, X, Bx,y,x } 

as defined in 3.1.1 but without condition (3.1.6). l f  for all t E T 

1 . ( F } " , F L  vFI' 71 ]F'X')EC1; 

2.(F~ ~ +,F} x v/':[ ~IF~ ' )~Cl ;  

then a E S E .  

Below two examples of stochastic dynamic systems are presented. 

EXAMPLE 3.1.5. Consider a Gaussian system representation 

xt ~ 1 ' =  Ax t + Mvt, 

.l"t = Cxt + Nvt, 

with the conventions given below (3.1.1 & 3.1.2). 
equivalent with 

E[exp(iuTxt i 1 +iwl)'t)l  Fi t'- VF}' I I 

(3.1.8) 

(3.1.9) 

As indicatcd thcrc tiffs representation is 
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L xl 
for all t E Tand  x 0 GG. This and a property of conditional independence imply that 

(FX'4'vFY' ,F[ ' -1 vF'r ~ - [FX') ~ C I ,  q t ~ T ,  

and from 3.1.3 then follows that, with x,y specified by (3.1.8 & 3.1.9), 

o = {~,F,P,  T, Re,BP,[~n,Bn:~,,x} E S Z .  

From properties of Gaussian random variables follows that (x,y) is a jointly Gaussian process, 
hence o is a Gaussian system or o ~ GSZ.  In the following (3.1.8 & 3.1.9) will be caUed a forward 

representation of a Gaussian system. 

EXAMI"LE 3.1.6. Let v :~ × T---~R be a standard Gaussian white noise process. Definey :~2 × T ~ R ,  
x :~ × T-- ,R by 

A'r "-~ vt -I, .)'t = Xt -[- I'r = vt. 1 -4- v t. 

Then the following hold. 

a. For all t G 7" (F~' ?I,F[' !1 I N)  E CI, where N C2F is the trivial o-algebra. Thus file processy is 

the output process of a stochastic dynamic system according to (3.1.7.2) with a trivial state 
spacc. 

b. For all t E T 

E[exp(iuyl) I F.~' ~1] 

is nondeterministic, indicating that the process), has some kind of memory. 

c. 

(1,:~'' vF~, ~ ,/~:~'-1 v F ~ * - I F x ' ) E C I  

for all t e T, hence 

o = {~ ,F , l ' , 7 ,  Y ,B ,X ,B:y ,x}  E G S Z .  

3. 2. Fo/~'ard and backward representations of  Gauss&n s~,stems 

The purpose of this subsection is to show that a Gaussian system has both a forward and a back- 
ward representation, and to derive relations between these rcprcsentations. 

PROPOSITION 3.2.1. Let 

o = {12,1",P,T,~P,Be,R",B",) ' ,x} ~ G S ~  

be a Gaussian s},~tem. Assume that fo r  all t G T  E[xt]=O, ED,t]=O and that 
Q: T ~ n "  ×", Q (t) = E [x,xl r] >0.  

a. The Gaussian s.ystem has what will be called a forward representation given by 

xt ~ 1 : A f(t)xt + IL,lvf, Xo, (3.2.1) 

yt  = c f ( t ) x t  -~ Nv(, (3.2.2) 
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where vf:12X T-- ,R n ' k is a Gaussian white noiseprocess with intettsity vf .  Given o then 

~If(t) = E[xt  ~ lx1"]Q(t) 1, 

C:(t)  = ED,txf] Q ( t ) -  l, 

[Q(t + I)E[x,+ty;r]] fAf<t)]e~tt,_n[(Af(t)).r(Cf(t)).r] ' 
"f(t) = [E[j,tA-T~.I] E[YI.Yt T] J- [cf(t)J ~l" ' 

M = (I,  O )~R  "x(n it'), N = (0 Ie)E~Rex(n bt'>. 

Conversely, given a forward representation with ALes, V f  M, N functions anct x,y ct,~nect by 
the above forward representation (3.2.1 & 3.2.2), then o is a Gaussian system. 

b. The Rivets Gat~sian system has also a backward representation given b), 

xt 1 = At'(t)xt + Mv~, x o, (3.2.3) 

)'t I = ct ' ( t)xt  + Nv~', (3.2.4) 

where v t' :~2 5( T.-oR n + g is a Gaussian while noiselJt'ocess with in tet~sit): V t'. Given o 

Al '( t)  = Eix ,  -ix~']Q(t) I, (3.2.5) 

Ch(t) = Elf', ixlrlQ(t)  " w, (3.2.6) 

= ,I j -  l "c,>J ' 

M = (! ,  0), N = (0 17). 

Conversell,, given a backward representation with A t',C t', V t ' ,M,N attd x O, as defined b.v the 
above backward representation, lhen o is a Gaussian system. 

c. The relation between the forward and backward t'cTreseatation of  a Gaussian system is given by 

A f ( t ) Q ( t )  = Q(t  + I)(At'(t + 1)) ~', (3.2.8) 

Cb( t )Q( t )  = c f ( t  - 1)Q(t - l ) (Af( t  - l)) "r + N V f ( t  - I )M r, (3.2.9) 

c f ( t ) Q ( t )  = Ct'(t + l )Q( t  + 1)(At'(t + 1)) "r + NVb( t  q- I )M 7'. (3.2.10) 

d. Assume that the given Gaussian s),stem is stationary. Thetz A f C f Vf, A t,, Ct,, Vt,, do not depend 
e.~ficitl.y on t ~ET" and Q ( t ) = Q  G[t n×' ,  Q = Q r > O .  The relation betweo~ the forward and 
backward representatioJt is then g, iven by 

A f  = Q(Ab)'rQ -I, 

A t, = Q(A f )TQ --1, 

C I, = CfQ(Af ) ' r  Q -I + N V f M ' r Q - - I  .: CfA t, + N V f M T Q  - I, 

c f  -_ ChQ(At , )TQ - 1 + N V b M ' r Q -  t = Ct, A f + NVI, M r Q  -l  

(3.2.11) 

(3.2.12) 

(3.2.13) 

(3.2.14) 

in the following the superscriptsfand h will be omitted when it is clear from the context which 
representation is referred to. 
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3.3. Stodtastic obselwability and stochastic recotLstructibilitJ., 

The theorem on the characterization of minimality of a stochastic realization makes use of the 
concepts of stochastic observability and stochastic reconstructibility. Below these concepts are 
introduced. 

DEFINITION 3.3. !. Consider a stochastic system 

o = {~2, F,P,T,  RP,BP,Rn,Bn,y ,x}  E S E .  

a. This system is called stochastically observable on the interval {t, t + 1 , . . . ,  t + t ~ } i f  the map 

t~ 

xr ~ E[cxp(i y.  usl)'l +s) l / 'x '  ] 
a ~ 0  

f rom 3c t to the conditional characteristic function o f  {Yl,.rt i ] . . . . . .  t'1 ~ t, } given x, is O~jective on 

the support o f  xt. 
b. Assume that the sl,stem a is stationa.ty. Then it is called stochastically observable i f  there exists 

a t, t] E T ,  O<t l  < ° %  such that it is stochasticallr, observable on the htterval 

{ t, t + I ,  . . . .  t + t z } as defined above. Br' stationaritv tbis then holds for  all t @ T. 

The interpretation of  a stochastically observable stochastic system is that if one knows thc condi- 
tional distribution of {3',0'1 ~ ] . . . . . .  r't ~ t, } given xt, then one can uniquely determine the value of 

x,.  Note that the conditional distribution of 0', . . . . . .  v, ~,, } given x, can in principle be deter- 

mined from measurements. 

PROPOSITION 3.3.2. Consider the Ga~sian system 

o = {~2,F,P,T, R t ' ,BP,R" ,B"o , ,x}  ~GSV-,  

with forward representation 

Xt  * I : A ( t ) x  t + Mvt, 

Yt = C(t)xt  + Nvt, 

with v t EG(O, V(t)). 

a. The srstem a is stochastically obsetvalde on { t , t  +1 . . . . .  t q- t l } i f f  

LC(t + t  i)'l~(t + t  l,t)J 

b. 

iff 
tl 

rank( ~_~ C(t  +s),b(t +s,t)fb(t + s , t ) T c ( t  +s )  T) = n. 
J- -U 

Assume that the systenl is stotioua O' with forward representation 

Xt , I = A x t  -t- Mvt, 

(3.3.0 

)'t --- C& + Nvt, 
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with v t ~ G (0, V). Then this system is stochastically observable i f f  

CA 
rank = n. 

"tl --] 

(3.3.2) 

DEFINITION 3.3.3. Consider the stochastic system 

o = {~2,F,P, T, R e , B e , R ' , B ' o , , x  } E S Z .  

a. This system is called stochastically rcconstructiblc on the interval {t - 1,t - 2  . . . . .  t - t  l} /f  
the map 

tl 
x, ~ Elcxp(i :~] u'~t),t _AIF ~'1 

,i-=] 

is injective on the support o f  x t. 

b. Assume that the s))stem is stationary. Then it is called stochastically reconstructible tf  there 

exist t, t l ~ T ,  0 < t ] < o o ,  such that it it stochasticall), reconstructible on the interval 

( t - 1 . . . . .  t - t  I }. By stationarity this thea holds f o r  aay t ~ T. 

PROPOSITION 3.3.4. Cotlsider tile Gaussian system 

o = {[2,I ,P,T,  R e , B I ' , • ' , B ' , y , x }  E G S  y 

with backward representation 

Xt I : A (t)Xt + Mvt ,  

) ' t - I  : C ( t ) x t  -F Nvt, 

with v t ~G(O,  g(t)).  

a. The system o is stochastically reconstructible on the interval { t - l , t  - 2 . . . . .  t - t i } i f f  

1 

[c( ,  - , ,  ),z,(, - ,  i,,)J 

iff 
Ii 

rank ( ~_~ C( t  - s )c~( t  -s , t)dP(t  - - s , t ) T c ( t  - -s)  T) = n. 
s--I  

Assume that the sl,stem o is stationa O, with backward representation 

Xt I ---- Axt  + M y ,  

.)'t l = C x t  "b Nl't,  

~s.s) 



492 

with v t (~G(0, IO. Then it is stochasticall), reconstructible i f f  

r a l | k  . . .  = I t .  ~ . 4 )  

Note that the condition (3.3.2) is expressed in terms of the matrices (A,C) of the forward repre- 
sentation of the Gaussian system and the condition (3.3.4) is expressed in terms of the matrices 
(A,C) of the backward representation. See section 3.2 for the way the matrices of the forward and 

backward representation are related. 

3.4. The weak Gaussian stochastic reafization problem 

Attention is again directed to the problem of modelling by a stochastic system. So, one is given a 
measure on the observed process that has been estimated from the data. One is asked to determine 
a stochastic system in the model class such that the measure restricted to the observation process 

equals the given measure. 

PROBLEM 3.4.1. The weak Gaussian stochastic realization problem for  a stationa O" Gaussianpro- 

cess is, given a stationa O, Gaussiau process on T = Z takh~g values bz (R e, B t') hav#~g mean value 

function zero and covariance function W: T--~RP xe, to solve the following subproblen~. 

a. Does there exist a stationart, Gaussian syMem 

o = (~ ,F ,P ,T ,  R e , B P , R ' , B " , y , x }  ~ G S Z  

such that the output process.v o f  this s)'stem equals the given process in disttqbutiou. This means 

that these processes have the same fami  O, of  finite dimeasional disttqb,ttios~s. Effectively this 

means that the covariance funetion o f  the output process must be equal to the given covariance 

function W beeaase both processes are Gaussian. I f  such a s.ystem exists, then one calls a a weak 

Gaussian stochastic realization of  the given process, m; i f  the context is known, a stochastic 

realization. 
b. Classify all minimal stochastic realizations o f  the given process. A weak Gaussian stochastic 

realization is called minimal i f  the dimension of  the state sl)ace is miaimal. The following sub- 

prohlems mt~t be solved: 
I. characterize those stochastic realizatious that are mbffmal; 

2. obtahz the classification as such; 

3. h~dicate the relation between two minimal stochastic realizations; 
4. produce an algorithm that constructs all mhfimal weak Gaussian stochastic realizations of 

the given process. 

In problem 3.4.1 one is given a stationary Gaussian process with zero mean value function. Such a 

process is thus completely charactcrizcd by its covariance function. In part a. of this problem the 

question is whether the given process can be the output of a stationary Gaussian system. Because 
by definition such a Gaussian system has a finite-dimensional state space, not all stationary Gaus- 

sian processes can bc the output process of a Gaussian system. The question should therefore be 
interpreted as to determine a necessary and sufficient condition on the given process, or its 
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covariancc function, such that it can be the output process of a Gaussian systcm. 

In part b. of problem 3.4.1 a classification is asked for. This question arises because a sto- 
chastic realization, if it exists, is in general nonunique. This will be indicated below. The dimen- 

sions of the state space of two stochastic realizations may also be different in general. For  system 
theoretic reasons, such as identifiability, one should restrict attention to those stochastic realiza- 

tions for which the dimension of the state space is minimal. Such a realization is called minimal. In 
general minimal stochastic realizations are also nonunique. A classification of all minimal stochas- 

tic realizations is then useful for the solution of the identifiability question. The above defined 
problem is related to the problem of determining spectral factorizations of the spectral density of 
the given process. 

Below a notation is used for the parameters of a time-invariant finite-dimensional linear sys- 

tem of the form 

x ( t  + I) = A x ( t )  + Bu(t), 

) ,( t)  : Cx( t )  + Du(t), 

with U = R"', X = I~", Y = Re, u : T---~ U, x : T ~ X .  y : T--, Y. The notation is then 

pls = {p,n,m,A,B,C,D} E L Z P .  

In the formulation of thcorem 3.4.2 use is made of the set Q ~ .  The definition of this set is given 

in subsection 3.5. 

THEOREM 3.4.2. Consider the weak Gaussian stochastic realization l)roblem for  a stationa O, Gauasian 
process asposed in 3. 4.1. Assume that lira W(t)  = 0 and that W(O) >0.  

a. There exists a weak Gaussian stochastic realization o f  the given process 

i f f  there exists apls = {l~, n,p, F, G, t t , J  } E L ZP with J = J  "r such that 

b. 

l t F  t. IG, i f t  >0 ,  

W(t)-- :  ~2/, i f t  =0 ,  

[ G'r(F'r) t l t l r ,  / f t<O.  
(3.4.1) 

(a function having the form (3.4.1) will be called a discrete-time Bohl function; the right hand 

side of(3.4.1) will be called a covariance realization of  the covariance functim~ W.) 

iff 

fV(a) = ~ IV(t)X-I,I (3.4.2) 
t ~ Z  

is a rational function. The dimension n in the eovariance realization (3.4.1) is also called the 
McMillan dcgrec of  the covariance fimction. 
A weak Gaussian stochastic realization is minimal i f f i t  is stochastically obsetwable and stochast- 
icatlr recottstructible. 

A mhffmal weak Gaussian stochastic realization is nonunique in two ways. 

I. l f  pgs I = {p,n,m,A, C, M,N, V} E G S Z P  are the paramaers of  a forward rcTresentation o f  

a minimal stochastic realization, and i f  S E a "  ×'' is nons#tgular, then 

pgs z -- {p,n,m, S A S  - J, CS - 1,SM, N, V} ~ G S Z P  are also the iTarameters o f  a forward 

repre~etatation ~f a minitnal stochastic realization. 

2. Fix the parameters o f  a minimal covariance realization as given in a. above, 
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d. 

pls = (fl, n,p,I~, G, l l ,J  } ELZPmin. 

Denote the parameters of  a forward representation of a minimal Gaussian stochastic reali. 
zation by (p,n,A,C, V} and the set of such parameters by WGSRPmin. Define the 
classification map 

c#s: Q#s .-.9 WGSRPmin, cea(Q ) = ~ ,n ,A ,C,  V}, (3.4.3) 

~y X =r,  C =H, 

r Q - F Q F  r G - F Q H  T]  
V = V ( Q ) =  [ G T _ I f Q F  r 2 J _ H Q t l T  j .  

Then, for f ixed pls CLYPmi n is Cpts a bijection. 77ms all minhnal weak Gaussian stochastic 
realizations are classified by the elements of  Q~-~. 

Tbe stochastic realization algorithm as defined in 3.4.3 below is well defined and constructs all 
minimal weak Gaussian stochastic realizations. 

ALGORITHM 3.4.3. The stocllastic realization algorithm for weak Gaussian stochastic realizatim~s of 
stationao' Gaussian l)rocesses. 
Data: given a stationa(T Gaussian process with zero mean value function and covariance function 
W: T--oRP xp. Assume that the condition of  3.4.2.a. holds. 
1. Determine a minimal eovariance realization of W via a realization algorithm for thne-invariant 

finite-dimensional linear st,stems, or pls = {fl, n,p, F, G, H,J  } E L Z P  rain, such that 

l i F  t IG, t f t  ;> 0, 

W(t)  = JZI,  t f t  =0 ,  (3.4.4) 

[ GT(F ~') , IllT, i f t<O. 

For algorithms for this step see books on linear system theoo,. 
2. Determine a Q G Q ~ ,  or a Q E K" x,, satisfying Q = Q "r ~0,  

[Q - F Q F  T G - F Q I I  "r ] 
G "r- I IQF "r 2.1 -tlQlfrJ >i0. (3.4.5) 

3. Let 

A = F, C = 11, M = (In 0 ) ~ H  nx(n ~P), N = (0 I p ) ~ R  px(n-~,°), 

[Q-FQF T a - b ' Q n  "c ] 
v = -~(Q)--- [G, nQF~ Z I _ H Q l l . r ]  E R  (" ~e)x("+P), 

cottstruct a probability space by 

~ = (R(,, ~p))T, F =  IIT ® B  (" ~e) v:~2×T~R~"~e),  v(o~,t) = w(t), P :F-~[0 ,1]  

a probabilit], measure such that v is a 
x :~  X 1"---~ n y :~2 X T--.R p defined by 

xt 41 = Ax t  + Mvt ,  x ~o = 0 ,  

)'t = Cxt + Nvv 

Gaussian white noise process with httensity V, 

(3.4.6) 

0.¢7) 
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The/! 

a = {~,F,P,T,  Re ,Be ,R" ,B" , y , x }  E G S Z  (3.4.8) 

is a minimal weak Gaussian stochastic realization of  the given process, meaning that the output 

process y is a Gaussian process with covariance function equal to the given covariance function 

W. 

A mistake that is sometimes made is the following. Consider the following forward representation 
of a Gaussian system 

Xt ~ 1 = A x t  + Mv t ,  

y t  = C x t  + Nv t ,  

with vt EG(0, V). A statement is that if the pair of matrices ( A , M V  ~) is a reachable pair and if 
(A, C) is an observable pair, that then the stochastic realization described by the above system rep- 
resentation is a minimal realization of the output process. This statement is false as the following 
example shows. 

EXAMPLE 3.4.4. Considcr the Gaussian systcm 

a = {~,F,P, 7; R,B, R ,B ,y , x}  E G S ~  

with forward representation 

)Q ~ 1 ~ ax t  -]- bvt,  

.)'t = x t  "~ Vt, 

with v t EG(0, 1), a ~ ( -  1. + I), a=/=0, b : ( a  2 - l ) / a .  

a. Then (a,b) is a reachable pair and (a, 1) is an observable pair. 
b. The system o is a nonminim,I realization of its output process. 

It is possible to interpret certain stochastic realizations as a Kalman filter but this will not be done 
here. For a refcrencc see 1241. 

The implication of the weak Gaussian stochastic realization problem for the idcntifiability 
qucstion is illustratcd by the following example. 

EXAMPLE 3.4.5. Considcr the time-invariant Gaussian system 

o = { ~ , F , P , T , R , B , R , B , y , x }  ~GSY. 

with forward representation 

xr ~ l = ax1+ (l O)v, 

) ' t  : C'X't + (0 l)vt, 

with vt EG(0, IO, 

(3.4.9) 

(3.4.10) 

(3.4.11) 
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;c, , ~ = a.~, + k-i, = a.~', + ( 1 0 ) v K t ) ,  

Yt = c~', + -vt = c.~', + (0 l)vl(t) ,  

in which v t:~2 × T ~ R  z is a Gaussian white noise process with v l(t) @ G (0, V l), 

Consider the asymptotic Kalman filter for the Gaussian system (3.4.9 & 3.4.10) 

.~t ~ 1 = aS'~ + k(rt-ca'~),  (3.4.121 

-it = .vt - J,'t, (3.4.13) 

in which 7:f~ × T-oR is a Gaussian white noise process with ~t C G (0,r). This asymptotic Kalman 

tilter may be rewritten as 

(3.4.14) 

(3.4.15) 

= 1 r ( k l ) .  (3.4.16) 

From these forward representations one deduces that (3.4.9 & 3.4.10) and (3.4.14 & 3.4.15) are 
both weak Gaussian stochastic realizations of the output processy. This may be verified by com- 

puting the covariance function of the output process. This example shows that one may not be 

able to uniquely determine the parameters of the noise process of a Gaussian system, here (3.4.1 I) 
and (3.4.16), from the covariance function of the output process. For  results on the parametriza- 

tion of Gaussian systems see [34]. 
Attention has also been devoted to the partial weak Gaussian stochastic realization problem 

in which one is not given a covariance function on all of T = Z  but only on a finite time set, say 
T = ( -- t l, -- t I + 1 . . . . .  -- 1,0,1 . . . . .  t x }- The motivation for this problem is that in practice one 
can estimate from a finite time series only the covariance function on a finite time set. 

3.5. The dissipation matrix htequality 
In subsection 3.4 it has been stated that the minimal weak Gaussian stochastic realizations are 

classified by the set Qp~. In this section the set Qe)~ and its dual Qvt , will be considered. 
Throughout this section J = J  r .  The results of this subsection may be found in [23, 24]. 

DEtqNmON 3.5. I. Let pls = {p,n,p, I'; G, H,J  } E L E P  with J / > 0  and 

[o_ - F ' Q r  1t r"Qo]  
Qets = { Q G n " x " I Q = Q  "r>~O, V ( Q ) =  [ I I _ G , r Q  F 2J_G, , .QG I>~O }, (3.5.1/ 

and for l~S = {p, n,p, F T, H 1", G T, j  } E LY~P 

- [O.-FO.F' O-FO_N T ] 
Q~-u2 = { Q E N " X ' I Q = Q  "1">~0, V ( Q ) =  [G.r HQF.  r Z / _ t / Q / / r j ~ 0  }. (3.5.2) 

I'ROI3L~M 3.5.2. GIVENpIS @LY~P AND Qpl~. 
a. Classify all elements of Q~t,. 
b. Determine an algorithm that constructs all elements of Qpt~- 

I'ROPOSITION 3.5.3. Consider l)ls = (j),n,p,F, G, ll ,  J } ~ L ~ P m i  n and Qels. Assume that Qpt,=/=O, 
attd that J > 0 .  Then QI'/~ is a convex, closed and bounded set, and there exists a Q , Q + EsQoI~ 
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such that for any Q e Q et ~, Q- ~ Q ~ Q + 

DEnNmON 3.5.4. 
a. The regular part of Q?ta is defined as 

Qe'~.~ = {Q eQ# ' l  2J -GrQG>O}.  

The set Q#~ will be called rcgular if  Q#, = Qp&r. 
b. F o r Q 6 R " X "  with Q = Q r  and2J -GTQG>Ode f ine  

D(Q) = Q - F T Q F  - [ t I r -F ' rQG][2J-G'rQG]  I[ItT--FTQG] "r. 

c. Correspondinglr define 

o~.,. = ( Q  eo,~ 122 - t l Q I t T > O } ,  

D(Q) = Q - -FQF "r - [G--FQItT][22-- l tQitTI-- '[G--FQItT] "r, 

and Qt-~ is regular if  Q ~  = {~l~ , r .  

PitOPOStTION 3.5.5. I_x'tl)ls = (p,n,IJ, F,G, II,J } CLY.P. Let Q ER nx',  Q =QT. 
a. Assume that 2.1 - G TQG >0, and let 

b. 

e. 

(3.5.3) 

(3.5.4) 

(.+.5.5) 

Then 

and 

0 ] 
2 2 - G r O  G = T't V(Q)T, 

V ( Q ) =  T T[ D(Q) 0 1 
2.1 _ G T Q  G T-  ], 

where V(Q) is as defined it2 3.5. I. 
Assume that 2.1-G'rQG>O. Then V(Q)~O iff D(Q)>~O. 

fact, rank (V(Q)) = rank (D(Q)) + p. 

(3.5.6) 

(3.5.7) 

Also V(Q)>0/ f fD(Q)>0.  In 

Qpt,.r = {Q ER 'x"  IQ =Q 'r>~O, 2.I --GTQG>O, D(Q)~0}. 

Notation for the boundary of Q#, will be needed. Tile following notation will be used in the 
sequel, 

Is x'QTQx] 
110112 = UlL~e,.,~u xT x j , (3.53) 

B(Q,¢) -- {S EH"×" I IIS-QII2~<¢}. (3.5.9) 

DEIqNITION 3.5.6. l.ctph ~ l, Xl'  and consider Qpls. Define the boundaly of Qt,/s as the set 
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OQat ~ = (QEOp~ IV c E R ,  c>O, ]S  EB(Q,  Osuch that S = S  "r, S@Q, S q~Oet, }, 

and the interior ofQpl s as the set 

int (Op,~) = Qpt~ Fl(OQp/s) c. 

PROPOSITION 3.5.7. Letpls = {p,n,p,F, G,H,J } ~LEP.  

a. Q~aOet  ~ i f fV (Q)  issingutar. QEmt(Qpts)  i f fV(Q)>O. 
b. Assume that Qets is regular. Then Q E~Qt,t~ iff D(Q)  is sh~gular; and Q Eint(Qpa) iff 

D(Q)>0 .  

DEFINITION 3.5.8. Let pls = {p,n,p,F, G,H,J } G L X P  aad coasider Oct a. 
a. Theset of singular boundary points of Q/,ts is defi, edas 

~Qet.,.~ = { Q E ~Qet, I rank ( V ( Q )) = rank (2.I --G T QG) }. 

b. The set of singular boundary points of the regular part of Ql, ls is defined as 

OOet~.r. ~ = { Q EQt, t,.r A OOt, t, [rank(V (Q)) =p }. 

TnEOga~ 3.5.9. Let pls = {p,n,p,F, G,H,J } ~LYPmi n. Assume that QetC/= ~ and that it is regular. 
Let 

F -  = F -- G [ 2 J - G ' r Q  G] I [Hr- -FQ -G] r. 

Then Q - + AQ EOlJt~ and AQ>O iff 
1. AQ ER '~x", AQ >0,' 
2. 

(AQ) -~ - F-- ( A Q )  I ( F - )  T - G [ 2 J - G r Q -  GI- ZG r - S = O, (3.5.10) 

for  some S ~ R  TM, S =s'r>~o; 

3. s p ( F - ) C C - .  

3.6. 77re strong Gaussian stochastic reaK-atioa problem 

PROBLEM 3.6.1. The strong Oaussian stochastic realization problem for a stationa O, Gaussian pro- 
cess is, given a probability space (~~,/', P), a tone index set T = Z  and a stationary Gaussian process 
z: I2 >( T---,RP having zero mean value function and covariance function W: T - , R e  xt', to solve the fob 
lowing subproblems. 
a. Does there exist a stationaQ, Gaussian s~'stem 

o = (~LF, P,T ,~e ,Be ,  R" ,B ' , y , x }  ~GSY~ 

with forward representation 

xt i ! ~ Axt + Mvt. Xo, 

)'t = C-x't + Nvt, 

such that 
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b. 

1. y t=z t  a.s . forall tET," 

2. F X ' c F ~ o f o r a l l t ~ T .  
I f  such a system exists then one calls o a strong Gaussian stochastic realization of  the given 
process, or, i f  the context is known, a stochastic realization. 
Classify all mhlimal stochastic realizations of  the given process. A strong Gaussian stochastic 
realization is called minimal i f  the dimemion of  the state space is mh~imal. 

The difference between the weak and the strong Gaussian stochastic realization problems is that 
the given process and the output process of the Gaussian stochastic system are equal in the sense 
of the family of finite-dimensional distributions respectively equal in the sense of almost surely. 
For the strong Gaussian stochastic realization problem this requires flint the stochastic system is 
constructed on the same probability space as the givcn process. Therefore the state process has to 
be constructed from the given process, and this explains condition 2 of problem 3.6. l.a. 

For a survey of the strong Gaussian stochastic realization problem the reader is referred to 
the paper [47]. 

3. 7. Pseudo-distances on the set of  probability measures 
The purpose of this subsection is define distances on the set of probability measures as a prepara- 
tion for the approximate stochastic realization problem to be discussed in the next subsection. 

DEFIN ITION 3.7.1. Let X be a set. A pseudo-distance is a function d: X X X - o R  such that 
I. d(x,y)>~Ofor allx,y EX;  
2. d(x:v) = 0 / f i x  =y. 

If a pscudo-distance is not symmetric then one may construct its symmetrized version. A pseudo- 
distance need not satisfy the triangle inequality. 

DV.FINI'rION 3.7.2. Let 

F2~ = {_f:R ¢ - o r  I f c C  2, f ( 1 )  =0,  Vx E(O, oo), f ' ( x ) > 0 } .  

DEFINITION 3.7.3. Given a measurable SlmCe (P., F), let 

P : (P:F--~R ~ ] P is aprobabili O, measure }. 

For f EFz~ define the pseudo-distance df:P X P---,R on the set of probability measures P on (f~, F) by 

t" 1 I" 1 

d f (PbP2)  = EQ[f (-~2 )rz] = E,,2If('~'-2 )l 

wha'e Q is a o-finite measure ou (~2,F) such that 

dP I dP 2 
l " j < O  with ~ = ri, P 2 < O  with ~ = r2. 

The pseudo-distance df is also called the f-information measure, the f-entropy or the f-divergence. 

A o-finite measure Q as mentioned above always exists, for example Q = P I -I-P2 will do. In case 
(B ,F)=(n ,B)  one may sometimes take Q to be Lebesgue measure. Because r 2 > 0  a.s. P2 the 
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above expression is well defined. The above definition has been given in [ 1]. 

PROPOSITION 3.7.4. / / ] .  

a. The function d/ defined in 3. 7.3. is a pseudo-distance. 
b. The pseudo-distance df does not depend on the choice of  the o-finite measure Q. 

DEFINITION 3.7.5. Tire Kullback-Lciblerpseudo-distance is defined as d/~ :P × P---~R with 

x ~>0, 
f l : R  +--->R, : l ( x )  = ]JO, In(x)' x =0 ,  

r I i" I r 1 
df,(P I,P 2) : /,.'p:Lfl(--~2-2 ) ] : EQlf l(-~22 )r21 = EQ[r lln(~2 )l(r:>O) ]. 

DEFINITION 3.7.6. The Hcllingcr pseudo-distance is defined as df , :P × P--,R with 

f 2 : R , - - * n ,  f2 (x )  = ( ~ x -  1) 2, 

d:,(P,,?2) = E,,,I(V7~/~2 -I) ~] = Zrel(V:~-,- V7~-2)21. 

The Hellinger pseudo-distance is symmetric. 
Consider the set of functions on T = Z with values in R k. Let P be the set of Gaussian meas- 

ures on this space that make the underlying process a stationary Ga--ussian process with zero mean 
value function. An expression for the Kullback-Leibler pseudo-distance on this set was derived in 

I431. 

PROPOSITION 3.7.7. Let P I,P2 be m'o probabifi O, measures on the set of  functioas &fined on T = Z  
with values in R k. Asstone that these measures are such that the underlying process is Gaussian, sta. 
tionaty, has zero mean value function, and covariance functiott~ W1, W2 respectively. Moreover, 

assume that these covariance functioas admit spectral densities W1, 14:2 respectivelr, and that they 
sati.~e condition C of[43]. Then the Kullback-Leibh, rpseudo-distaace is given b.y the e~q~ression 

dx/.(Pl ,Pz)  = ~ "=f[ tr(  (VI l (h)[ 17V2 ( h ) -  I~, (~)]) - In (~/i  1 (~.) t~2(A)) ]dh. 

3.8. The approximate weak Gaussian stochastic realization problem 
How to fit to data a model in the form of a Gaussian system'?. In engineering, in biology and in 
economics there are many modelling problcms for which an answer to this question is useful. As 
indicated in section 2, from data one may estinlate a measure on the set of observation trajec- 
tories. In case that one models the observations as a sample function of a Gaussian process, one 

may estimate its covariance function. Suppose further that one wants to model the observations as 
the output process of a stationary Gaussian system. Such a system has a finite-dimensional state 
space. In theorem 3.4.2 it has been shown that a covariance function has a stochastic realization as 

a Gaussian system only if it has a covariance realization as indicated or if it is rational. Now an 

arbitrary covariancc function obtained from data may not correspond to such a c0variance func- 
tion. Therefore one has to resort to approximation. 
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The approximate stochastic realization problem is then to determine a stochastic system in a 

specified class such that the measure on the output process of this system approximates the meas- 

ure on the same space determined from the data. Attention below will be restricted to the class of 
stationary Gaussian systems with dimension of the state space less or equal to n ~ Z  +. As a meas- 

ure of fit the Kullback-Leibler pseudo-distance will be taken as mentioned in subsection 3.7. A 
measure of complexity will not be considered here; it may be based on stochastic complexity as 
indicated in section 2. 

PROBLEM 3.8.1. Approximate wcak Gaussian stochastic realization problem. Let y r  denote the set 

of  thne series defined on T = Z  with values #z R IJ, and let p ( y T )  denote the set o f  probabili.tv meas- 

ures on y T. Given is a Gaussian measure P o E P ( Y T) such that the underlying process corresponds to 

a stationa O, Gaussiau process with zero m~an function. Given is also an integer n E Z ~ and let 

GSX(n ) be the set o f  Gaussian systems with state space dimension <.u. Solve the optimization prob- 

lem 

itfo E as'x(,,) dKL (P o, P(o)) 

where dKL is the Kulllmck-Leibler pseudo-distanee on the set o f  probability measures on p ( y'r), and 
P (o) E l ' ( y T )  is the probability measure on y T associated with the Gaussian system o ~ GS 3~( n ). 

As indicated in 3.7.7, if the pseudo-distance on the set of Gaussian measures is the Kullback- 
Lcibler measure then the pseudo-distance may be expressed as a pseudo-distance on the set of 
covariance functions 

dKL(Po,P(o)) ---- d l ( W o ,  W(a))  

where W0 is tile covafiance function associated with the Gaussian measure P0 and W(o) the 
covariance function associated with the Gaussian measure P(o).  Note that tile ¢ovafiance func- 
tion W(a)  is a rational function with McMillan degree less or equal to n because it corresponds to 

a Gaussian system of state space dimension less or equal than n. The approximate weak Gaussian 

stochastic realization problem may therefore be considered as an approximation problem for a 

covariance function. In this problem the approximant W(o) has to be a rational function of 
McMillan degree at most n while the given covariance function W o may neither bc rational nor of 
finite McMillan degree. 

The approximate stochastic realization problem 3.8.1 is unsolved. Approaches along three 
different lines have bccn investigatcd. 

Approach 1. Given any pseudo-distance d j, problem 3.8.1 can be reformulated as an approxima- 
tion problem for covariance functions with the criterion 

d i (Wo,  W(o)) 

where W u is the covafiance function associated with the Gaussian measure Po and W(a) the 

covarJancc function associated with the Gaussian measure P(o) related to a ~ GSZ.  

PROBLEM 3.8.2. Given a covalqance function W o: T--oRP ×e solve 

info ~_ aSX, d l ( Wo, W (a)). 
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The pseudo-distance d I on thc set of covariancc functions may be taken to be the Hankel norm or 
the H-infinity norm. Possibly the L2-norm is suitable. 

The above problem may be rephrased as, given a not necessarily rational covariancc func- 
tion, to determine a rational covariance function that approximates the given covariance with 
respect to an approximation criterion. Note that a function is a covariancc function iff it is anti- 
symmetric and a positive definite function. 

It seems that a Hankel norm approximation of a covariance function is not itself a covari- 
ance function. The positive definiteness of a covariance function is therefore an essential con- 
straint. References on this approach are [28, 29, 31, 38, 51, 65]. 

There is a related approach in which one first determines a spectral factor of the given 
covariance function and then a rational approximation of the spectral factor. This approach seems 
too restrictive to start with, although it may be the solution to some approximation criterion. 

Of course, given any rational approximation of the covariancc function one will still have to 
determine a state space realization for it. 

Approach 2. By analogy with the approximate prediction problem for finite-dimensional Gaussian 
random variables, algorithms have been proposed for the approximate weak Gaussian stochastic 
realization problem. 

ALGORI i'HM 3.8.3. LET BE GIVEN A COVARIANCE FUNCTION 14/0. 

I. Solve an approximate prediction problem. Fix t E 7". Let 

y ~ ( t ) =  . . . . .  v - ( t ) =  . . . .  

The variance of the pair (~ ~ (t):y (t)) may be computed from the eovariance function W0. 
Let n E Z  ~. Determine a matrix S ~N n x~ such that with x(t) = Sy - (t) the following pred- 
iction criterion is minimized 

ilfseu,*, tr( E l ( y '  ( t )-E[) , '  t( t)[  F~(n])0,, ~(t)--E[y ' (t)lF'~(0])7' l ). 

2. Determine a Gaussian system via regression by proceeding as follows, 

y(t) J x(t) + v(t), v(t)~G(O,V), 

where 

fx (t + 1)) 

v ( t ) =  f x ( t + l  I - [. y ( t )  [AI x(t)" 

Finally, replace the Gaussian process v with a Gaussian white noise process w with variance 
V. 

The above algorithm in a somewhat different form appeared first in a paper of H. Akaike [3]. 
Other references arc [ ! l, 12, 44-46.75, 76]. These papers differ mainly in the way they perform step 
l of the above algoriflim. For canonical correlation analysis and the prediction problem see 
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[27,57]. 
It is not clear in what sense the Gaussian system determined in step 2 of the above algorithm 

is a good approximation to the given Gaussian process. In other words, the approximation cri- 
terion, although inspired by the static approximate prediction problem, is never mentioned. The 
replacement of the process v by a Gaussian white noise process is also unmotivated. 

Approach 3. Canonical correlation analysis for finite-dimensional Gaussian random variables has 
been generalized to infinite-dimensional Hilbert spaces in [36,37,49]. One has investigated 
approximate prediction problems for time series by canonical correlation analysis techniques. 
Approximation bounds have been derived I30]. It remains to be seen whether this approach is use- 
ful in practice. 

Approach 4. Inspired by the above mentioned second approach to the approximate weak Gaus- 
sian stochastic rcalization problem yet another approach has bccn formulated. This approach has 
been worked out by M. St6hr at the Centre for Mathematics and Computer Science. The following 
results up to the end of section 3 are due to M. St6hr and are as of yet unpublished. 

NOTATION 3.8.4. Let k r,k 2, n E Z ~ , k = k r + k 2. Recall that G (0, Q) denotes a Gaussian measw'e, 
saF on R k, with zero mean and variance Q. For Q E R  ~ x~ the deeon~osition 

for, qi,] 
o = ion; Q,2J 

will be used in which Q i1 ERk '  xk, ,  Q22 ER~~ xk:, at,d Q 12 c r Y '  xk~, Let 

O(,t) = {Q ~RkXkl Q  ---Q'r>~0, rank(Q~2)~n}. 

PROBLEM 3.8.5. The static approximate weak Gaussian stochastic realization problem. Given are 

kbk2 ,n  E T a ,  k = k l  +k2, and a Gaussian measure G(O, Qo) with Q0=Q~ '>0 .  lx't dh'L be tire 

Kullback-Leiblerpseudo-distance on the set o f  Gaussian measures on R k. Solve 

infc(o.e4, e~co~,,) dKL(G(O, Qo),G(O, Qj)). 

One may interpret the above problem in the light of approach 2 indicated above. Associate tile 
space R k' with the past of the observations, and the space R k' with the future of the observations. 
The Gaussian measure G (0, Qu) may then be associated with that derived from the data. In prob- 
lem 3.8.5 one is asked to determine the measure G (0,Q I) with Q I 6~Q(n). The latter condition 
implies that the dimension of the state space associated with G(0,Q l) is less or equal to n. There- 
fore the essential constraint on the dimension of the state space is taken care of. 

PROPOSITION 3.8.6. Consider problem 3.8.5. The Kullback-Leibler measure o f  two Gaussian meas- 

tires G (0, Q a) atrd G (0, Q 1 ) on • k is given by the expression 

dKL(G(O, Qo),G(O, QI))  = IA[ t r (Q(  IQ0 ) - ln(det(Qi-rQ0)) - k ] 

k 

= l/z[ ~ (~i(Qo,Ql) - ln(~i(Q0,Qi))) - k ], 
i - I  
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where {Ai(Q0, Q l),i ~Zk} are the generalized eigenvalues of Qo with respect to Q j, here d~fincd as 
the zeroes ofdet (Q 1~ - Q 0) = 0. 

It can bc shown that the gcneralizcd cigcnvalues arc real and satisfy ~i(Qo, Q 1)I>0, for i @Z k. 

NOTATION 3.8.7. For Qo ERkxk,  Q o = Q ~ > 0 ,  n EZ+ let 

f~. E R 5 1:1 O ~E Q (n) such that ge, teralized eigenvalues } 
A(Q°'n)  = ~ of Qo with respect to Q are (Xl . . . . .  X,~.} " 

and for X E R ~] let 

Q ~O(n)lgeneraUzed eigenvalues 
Qs(O°'n'X) = ~ of O o with respect to a are (At . . . . .  Xk}J-" 

k 

f :N  k~ ~0t  ~, f (X) = V21 ~] (X~-In(Xi))-k]. 
i = l  

It may be shown that the funct ionf is  convex. There are results on the structure of the matrices in 
the set Q,(Qo,n, ~). 

PROBLEM 3.8.8. Considerproblem 3.8.5 and the notation 3.8. 7. Solve 

i, f x ~_,",(cd~,,,) f (~). 

Suppose that there cxists a,k* EA(Q0,n ) such that 

f(X*) = inf x~A((,o.,,~ f(A). 

The solution set of problem 3.8.5 is then given by Q~(Q0,n,),*). Note that problem 3.8.8 is the 

infimization of a convex function over the set A(Q0,n). The latter set is a cone. It is conjectured 
that it is a polyhedral cone. It may be shown that the optimal solution of problem 3.8.8 is such 

k 
that ~. A i = k. This property simplifies the functionf. If this constraint is taken into account then 

i - - I  

tile set A(Q0,n ) is rcduced to a shifted simplex. It is not yet known whether problem 3.8.8 admits 
an explicit expression as solution or whether one has to resort to numerical minimization. 

The hope is that tile solution of problem 3.8.5 provides information on the solution of the 
approximate weak Gaussian stochastic realization problem 3.8.1. 

4. SPECIFIC OPEN STOCHASTIC REALIZATION PROBLEMS 

The purpose of this section is to present several stochastic systems and processes for which the 
solution to the stochastic realization problem may be useful for engineering, economics etc. The 
prescntation of these models is brief. The tutorial and survey-like character of this paper may 
make it useful to mention these models. 
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Gaussian systems 
The approximate weak Gaussian stochastic realization problem, as describcd in subsection 3.8, is 

unsolved. For Gaussian systems there are unsolved problems for specific subclasses of systems 
that may be of interest to specific application areas. Some of these problems and models are 

described below. 

The co-integration and the error correction model. As a model for economic processes that move 

about an equilibrium, C.W.J .  Granger [32] has proposed a model that is known as the co- 
integratim~ model 

The components of a vector valued processy :[~ ×Z--->R t' are said to be co-hltegrated of order 
1,1 if 
1. after dilrercncing once (~7),(t) =y ( t ) - y  (t - 1)) the resulting process has a stationary inverti- 

ble AutoRegressive-Moving-Average (ARMA) representation without deterministic com- 

ponent; 

2. there exists a vector a E R  k, a=/t:O, such that .'(t)=a't]V(t) has again a stationary invertible 
ARMA rcprcsentation without deterministic component. 

The interpretation of this model is that the economic process that is modelled consists of a trend 
and stationary fluctations, but is such that a linear combination of the process is stationary. The 
linear combination should be associated with some difference of economic processes, say income 

minus consumption. According to the model this differcnce fluctuates around some equilibrium 

value and it may be considered as forced towards this equilibrium by economic forces. A generali- 
zation of this model has bccn proposed, sce [22]. That paper also reports on the suitability of the 
co-integration model for economic processes. 

A vector valued proces y:12X T---,R k is said to have an error correction representation, see 
[22], if it can be expressed as: 

.4 ( a ) (  l - B ) y  ( t )  = - Vz ( t  - 1 ) + u ( t )  

in which u is a stationary process representing a disturbance, A (.) is a matrix polynomial with 
A(O)=I, B is the delay operator defined by B y ( t ) - - y ( t - 1 ) ,  there exists a a ~ R  k such that 
z(t)=aT]y(t) and y E R  k, 7:/=0. 

rl'hc intcrprctation of an crror corrcction model is that the disequilibrium of one period, 

= (t - I), is uscd to determine thc cconomic proecss in thc ncxt pcriod. 
For  recent work on the co-integration and error correction model see a special issue of Join'- 

hal ~fEconomic Dynamics and Control that is opcncd by the special cditor M. Aoki with the papcr 
[8]. In that issue there is another paper by M. Aoki [9] in which he shows that the co-integration 

model may be obtaincd from a Gaussian system representation under a condition on the poles of 
the system. In that approach a co-integration vector is not assumed, nor are assumptions needed 
on trends or periods. 

An approach to the stochastic realization problem for the co-integration model and the error 
correction model may be bascd on stochastic realization theory for a particular class of Gaussian 
systems. 

Gaussian systems with iaputs. A timc-invariant Gaussian system with inputs has a forward repre- 

sentation of the form 

x( t  + 1) = Ax( t )  + Bu(t) + My(t), 
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y ( t )  = Cx(t)  + Du(t) + Nv(t), 

where u :~2 × T ~ R "  is an input process, and v :fl × T--,R k is a Gaussian white noise process. Such 

systems are used in stochastic control. The stochastic realization problem for this class of systems 

has not yet bcen treated. It is motivated by stochastic control theory. An unsolved question is 
whether such a stochastic system is a minimal realization of the measure on the observation 

processes of ou tputy  and input u. The conditions for minimality should be related to the solvabil- 
ity conditions of the linear-quadratic-Gaussian stochastic control problem. 

For  this class of systems one has also to investigate the stochastic realization problem associ- 
ated with the solution to the linear-exponential-quadratic-Gaussian stochastic control problem 
[14, 77]. This solution is rclatcd to recent results in H-infinity theory. 

The Gaussian factor model 

This model and the associated stochastic realization problem are discussed in section 5 of this 
paper. 

Factor s),stems 
These systems and the associated stochastic realization problem are discussed in section 6. 

Positive stochastic linear s),stems 
A stochastic systcm in which the state and obscrvations process take valucs in the vector space 

R + will be called apositive stochastic system. The gamma distribution is an example of a probabil- 
ity distribution on R ).  Such systems may be appropriate stochastic models in economics, biol- 

ogy, and communication systems where the state variables arc economic quantities, concentra- 
tions etc. Examples from biology may be found in [56]. Several examples of such systems follow. 

Portfolio models. A portfolio model is a dynamic model for the growth of assets such as shares, 
bonds and money in savings accounts. After the fall of share prices in October 1987 there is a 
renewed interest in portfolio models. 

A stochastic portfolio model may be specified by 

dp(t) = ap(t)dt + p(t)dv(t) ,p(O), 

where p:I2XT-- ,R  represents the price of the asset, a ~ R  represents a growth trend and 

v:~2× T ~ R  represents random fluctuations. More refined models can be defined to account for 

control of buying and selling, and for switch-over costs. A realistic portfolio model would require 

a realistic macro economic model for short-term and long-term economic growth, preferably on 
an international scale. 

The portfolio model should be seen as a special case of a growth model. In addition, growth 
models that exhibit saturation should be investigated in connection with market saturation effects. 

qlae rcalization problem for the stochastic portfolio model would have to deal with questions 

as whether the trends and variances of these models can be dctermincd from observed prices. This 
problem becomes more interesting if, for example, the price of a share is related to development of 

the markets in which the company is active, to its management structure, and to long-term growth 
of the economy. 
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The Gale model and a Lemztieff.9,stem. For production planning of firms a model proposed by 
D. Gale is used. For references on this model see the book by V. I. Arkin and I. V. Evstigncev [ 101. 
The classical Leonticll" model is a matrix relation between inputs and outputs of an economic unit. 
A dynanfic version of  this model has been proposed, it will be called a Leontieffsvstem. 

The Gale model is specified by 

fx(t - 1)] z(t) = ( ) ' ( t )  J '  x,),:T--,R'~ (4.1) 

satisfying 

z (t) ~ Q (t), (4.2) 

y q)  ~ x (t), (4.3) 

where Q(t)~R2., " is a convex set. Here x(t  - 1 )  is called the hynlt, and.y(t) the output in period 
(t - 1,t ], and z (t) the technologicalprocess at time t ~ 7". Condition (4.2) is a technological feasi- 
bility condition; condition (4.3) implies that the input at any time step cannot cxceed the output 
of the previous step. A parametric form of this model is given in subsection 1.1.8 of [10]. 

There is also a stochastic version of the Gale model, see the subsections 2.4.1 and 2.4.7 of 
U0]. 

Optimal control problems for the Gale model are treated in [10]. The results are maximum 
principles and turnpike theorems. 

Finite stochastic sy.~tt, ms 
In section 3 a finite stochastic system has been defined. It consists of an output process taking 
values in a finite set and a finite-state Markov process. The stochastic realization problem for this 
class of systems is then to classify all minimal stochastic systems such that the output process of 
such a system equals a given process either in distribution or almost surely. The motivation of this 
problem comes from the use of finite stochastic systems as models for communication or comput- 
ers systems. For such technical problems, stochastic models with discrete variables arise naturally 
or are useful approximate models. The stochastic realization problem was formulated in 1957 in a 
paper by Blackwcll and Koopmans [ 15]. During the 1960's several publications appeared that pro- 
vide a necessary and sufficient condition for the existence of a finite stochastic realization. For 
references see [52]. Unsolved questions are the characterization of minimality of the state space 
and the classification of all minimal stochastic realizations. The main bottleneck is currently the 
characterization of the minimality of the state space. This question leads to a basic problem for 
positive linear algebra, that is, linear algebra over R ~. 

Countingprocess systems 
An example of a counting process system is a continuous-time stochastic system of which the out- 
put process is a counting process with stationary increments and in which the intensity process of 
the counting process is a finite-state Markov process. The stochastic realization problem for this 
class of systems is unsolved. 

The motivation for this stochastic realization problem comes from the use of counting pro- 
ccss models in communication, queueing theory, computer science, and biology. The observation 
process may oftcn be taken as a counting process with stationary increments. 

The above mentioned class of stochastic systems has been investigated in [68, 69]. The ques- 
tion of characterizing the minimal size of the state space is closely related to the same question for 
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the finite stochastic realization problem. 

Gaussian random fields 

For this class of stochastic objects new mathematical models arc nccded. 

5. FACTOR ANALYSIS 
In this section the stochastic realization problcm for the Gaussian factor analysis model will be 
formulated and analyzed. 

The factor analysis model was proposed early this century. For references on the factor 
analysis model see [7,74]. Factor analysis is used as a quantitative model in sociology and 
psychology. R. Frisch has suggested the factor analysis model as a way to determine relations 
among random variables 125]. R. E. Kalman has emphasized this modcl and formulated the associ- 
ated stochastic realization problem 139-4 I]. Since then scvcral researchers have considered the sto- 
chastic realization problem for this model class. This problem is still unsolved. Below one finds a 
problcm formulation, questions, partial rcsults and conjectures for this stochastic realization 
problem. For recent publications on this problem see the special issue of J. o f  Econometrics that is 
opcncd by the paper [21. 

P1`obh, m formulatiot~ 

From economic data that exhibit variabilit 2" one may estimate a covariance. Suppose that this 
data vector may be modelled by a Gaussian random variable. Effectively one is thus given a Gaus- 
sian measure, say on R ~. The initial problem may then be stated as: how to represent this meas- 
ure such that the dependencies between the components of the vector are exhibited? The factor 
analysis model will be used to describe these dependencies. 

DErZNIT~ON 5.1. A Gaussian factor analysis model or a Gaussian factor model is defined be the 

specification 

.y = Hx  + w, (5.1) 

o1" 

Yi = l l i x  4- wi, i --- l , .  . . , k ,  (5.2) 

where x:f2---~R", x EG(O, Qa) is called the factor, w:[]--,R j', w G:G(0,Q,r ) is called the noise, 
y:~2--*Rk,) ' eG(O,  Qy) is called the observation vector, H GR kx" is called the matrix of factor 
Ioadings, Q,. is a diagonal marl`ix, and (x, w) a1`e independent random variables. 

The interpretation of tile Gaussian factor analysis modcl (5.2) is that each component of the 
observation vector consists of a systematic part I t tx  and a noise part w,. Observe that the condi- 
tion that Q,. is diagonal is equivalent to the condition that (wl . . . . .  wk) arc independent random 
variablcs. A gcncralization of thc above definition may be given to the case in which Q,. is block 
diagonal. The Gaussian factor model in rudimentary form goes back to [67]. The Gaussian factor 
analysis model is equivalent to the cott[tuence analysis model introduced by R. l"risch [25]. In this 
model the representation of the observation vector is specified by 

y : u -f- w, Art --- O, 

in which A ER (k ,,)x~- u,w arc independent random variables, and Q,. is a diagonal matrix. For 
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other references on tiffs approach see the publications of O. Reiersol [58, 59]. 
The Gaussian factor analysis model, or, equivalently, the confluence analysis model, has 

been suggested as an alternative to regression analysis. Strong pleas for this approach are the 
introduction of the book by R. Frisch [25], and the papers of R.E. Kalman [39-41]. Within 
economic and statistical literature the questions regarding regression and factor models have been 
recognized, sec for example [7, 66, 70, 80]. 

PROBLEM 5.2. The weak stochastic realization problem for a Gaussian factor model is given a 
Gausshm measure G (0, Q) ou It t" to solve the following sul~roblems. 

a. Determine a Gaussiatt factor model, say 

.y = l l x  + w, 

such that the measure o f  y equals the given measure or 

yG-G(O, Qv) = G(O,Q). 

l f  such a Gaussian factor model exists then it is culled a weak stochastic realization of  the given 
m e a s u r e .  

b. Determine the minhnal dimension n*(Q) of  the factor x in a weak stochastic realization of  the 

given measure G (0, Q ). Call a weak stochastic realization minimal ([ the dimension o f  the fac- 
tor" s~,stems equals n * (Q ). 

c. Classify all minimal weak stochastic realizations of  the given meastu'e. 

Part a. of problem 5.2 is equivalent to: determine (n, Q.~, Q,,,, H) EI~ × R" x ,  × Rk xk × Rk ×n such 
that 

Q = I I Q . , I I T +  Q,,, 

where Q+, = Qx-10, Q , . - Q , .  ~0,  and Q,. is diagonal. Part a of the above problem is trivial, the 
hard parts of the problent are b and e. 

Corresponding to problem 5.2 there is a strong stochastic rt,lization problem for  a Gaassian 

factor model. In this problem one is given a probability space (~2, b; P) and a Gaussian distributed 
random variable z ok-_ G (0, Q). The problem is then to construct a Gaussian factor model 

y = l l x  -t-- w 

on the given probability space such that 

7. = . y  a .  s .  

and to classify all minimal models of this type. This problem has been defined in [54], where a 
generalization of the Gaussian factor model for Hilbert spaces is introduced. The strong stochas- 
tic realization problem will not be discussed in detail here. 

What is the main characteristic of the Gaussian factor model? To answer this question one 
has to introduce the following concept. 

DEFINITION 5.3. 7he o-algebra's F i , F z  . . . . .  F m arc called conditionally indepcndcnt giveu the a -  

algebra G i f  

lq:~... :,,, I 6 ]  = E[ :~ [ G ] . . .  EIz,,IC] 
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for all z i @L ~ (Fi). The notation 

(F1,F2.. . ,I~;,IG)~CI 

will be used to denote that F1 . . . . .  P,, are conditionally htdependent given G and CI will be called the 
multivariate conditional independence relation. 

The following elementary result then establishes the relation between the Gaussian factor model 
and the conditional independence relation. 

PROPOSITION 5.4. Lx't.l'i: f/--*H, i ----- I, 2 ..... k, x : f2---,l~ n. The following statements are equivalent: 
a. The random variables (v I...,Yk, x)  are jointly Gaussian with zero mean and satis~, 

(I ":v' .... F' '  ] F "~) C CL 

b. The random variables y , x  satisfy the conditions of the Gaussian factor aaalysis model o f  S.l with 
the representation 

y = l t t "  + w. 

The conditional indepcndcnce property of a Gaussian factor model is now scen to be its main 

characteristic. It will be called thefactorproper O, of a Gaussian factor model. It allows cxtensions 
to non-Gaussian random variables. Such extensions have been considercd in the literature, see for 
refcrcnecs 174]. Thc factor property is a generalization of the concept of  state for a stochastic sys- 
tem. In such a system the future of the state and output process on one hand, and the past of the 
state and output process on the other hand arc conditionally independent given the present state. 

The analogy is such that the state corresponds to the factor and the output  process to the observa- 

tion vector of the factor model. The factor property or the conditional independence property 

occurs in many mathematical models in widely different application areas. 

Below the stochastic rcalization problem 5.2 will be discussed, first in terms of the external 

description and then in terms of the internal description. 

"lhe stochastic realization problem in terms of the external description. 
In this subsection one is assumed to be given a Gaussian mcasure G(0,Q~.). The weak stochastic 

realization problem for a Gaussian factor model specializes in this case to the following question. 

QUESTION 5.5. Given a Gaussian measure G(0,Qy). 

a. What is the mminml dimension n* (Qr) of the factor h2 a stochastic realization of  G (0, Q)? 
b. What is the classificatioJt o['all minimal stochastic reali-atiom of G (0, Q ), or all decompositions 

of the fo,'m 

Q.,, = Q l + Q,, 

it, which Q I = Q~ >-0, Qw = Q II, ; >~0 L~ diagonal and rank (Q O=n*(Q,.). 

NOTATION 5.6. 

a. l f  Q E R  ~ ×k then 

D ( Q ) C ~  T M  



b. 

C. 

d. 
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is a diagonal matrix with on the diagonal the elements of the diagonal of the matrix Q. 
l f  Q E R  k ×k then the matri.x OD (Q) ~ r  k ×~, called the off-diagonal part of Q, is defined by 

OD (Q), = O, OD (Q)i4 = Q,.j, for all i,j E Zx., i=/=j. 

Q(Q,,,k,n) = ~ ( Q l ' Q ' ) e a k x k × r k × k l  QI=Q'~ '~° '  rank(Ql)=n"~ 
" ~ Ow =Qit, I>~0, Q.. diagonal, Q,. = Q I + Qw J 

n*(Qy) = min{n ~1%113 (Q l ,Q,)  EQ(Q.,.,/,',n)} 

It turns out to be useful to work with a standard form for the variance matrix, a canonical form. 

DEH N rrioN 5.7. One sa.),s that the matrices Q l, Q 2 E R ~ xk, that are assumed to be strict O, positive 
definite, are equivalent if  there exists a diagonal matrix D @ (0, oo) k ×k such that 

QI -- DQ2D. 

A canonical form with respect to this equivalence relation is then such that D(Q) = I. An inves- 
tigation should be made of another equivalence relation defined as in 5.7 in which negative ele- 
ments are also admitted on the diagonal. 

Question 5.5.a is still unsolved. Characterizations of n*(Qv) are known in the two extreme 
cases of n*(Q,.)= 1 and n*(Qr)=k - I. These results are stated below. The characterization for 
n* (Qy)= 1 may go back to C. Spearman and co-workers. The formulation given here is from [13]. 

THEOREm 5.8. [131. Given Q,. E R  ~ ×A, Q,. = Q.it.,>o. Assume that k I>4, Q,. @(0, oo) k×k, and that Qy 
is irred,cible. Then n*(Qi.)= 1 tff 

qitqjm - qimqjt = 0, qitqji - qi, qjt ~ O, 
V i,j,l,m EZk, l=/=m,js~l,j~m,i~4=j, is/=l,i=/=m. 

THEOREM 5.9. [13, 39, 581. Given Q.r CRxxk, Q, '= QI t,'>0. Then n*(Q,.)=k - i  iffQ.;. ' has strictly 
positive dements, possib O, after sign changes of rows and cotv'esponding columns. 

What are the generic values of n*(Q),)? Below are stated the main results from a study by 
J. P. Dufour [20J on this question. 

DEFINITION 5.10. Let  

51 = ( Q ~ R b ; X t I Q = Q T } .  

Note that thc condition of positive definiteness is not imposed in the definition of the set 5~. In 
the following the Euclidcan topology is used on the vector space R n. 
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"I'm.ORZ~M 5.1 I. [20]. 

a. There exists an open and dense subset S C 5 ~ such that for  all Qy G 5 

, t*(Q,,) >- ,~(2k + 1 - l x / i - 7 ~ - ) .  

77tis inequalit.i, is known ~t~ the Lcdermann bound. 
b. Let Q c $.  For eve O" Q ~ in a sufficiently small neighberh ood o f  Q in $ the relation 

n*(Q) = n*(Ql)  

holds, 
c. For at{}' integerp suck t/tat 

'k(2k + 1 - X/1 + 8k ) <- p <~ k - 1 

there exists a Q E $  such that n*(Q)=p.  

By way of illustration there follow characterizations on the value of n*(Q,) for variance matrices 
(~r E Rk ×k with several low values of k. 

PRoPosrr[oN 5.12. Let Q,. ~ U  3×3, Q .= Qit.'>0, O(Q,.)=I.  

a. n*(Q,.) = 0  i f f  Q,. is diagonal. 

b. n*(Q.r) = 1 i f f  mw of  ;';e following cases applies. 

Case 1. l f  ql2>O, q13:>0, q23:>0 attd 

qp~q13 q~2q23 qi3q2.t 
, - - ,  - - t ~ 1 0 , 1 1 .  

q23 q 13 q 12 

Case 2. l f  q12>O, q13 =0,  q23 =0. 
Other cases are derived fi'om the above be permutatioas of  signs and indices. 

c. n* (Qy) = 2 i f f  othetwise. 

For the special case in which Qy ~ C 4 x 4 and n* (Qy)= 1 a characterization is given in [6]. 

l 'rtoposrrmN 5.13. Let Qr G (0, ~ ) a  x 4. TheJl n* (Qr) = 1 i f f  tq~ to apermutatim, of  indices, 

ql2ql3 ql2qla ql3ql4 
1. c . . . . .  @(0, I]; 

q23 q24 q34 

2.  c > q ~ ,  c > '/~3, e ->- q~4- 

Classification. In tiffs subsubscction the classification question 5.5.b will be discussed. Thus, given 
Qv CRk ×k, the question is to classify all decompositions of the form 

Q , . = Q I  + Q ,  

in whichrank (Q I)--n* (Qr)- Geometry seems tile appropriate too[ for this classification, in par- 
ticular polyhedral cones and convex analysis. For an approach along these lines see [19]. Below 
another approach is indicated that combines analysis and geometry. 

Remark that in the decomposition 

Q,. = Ql + Qw --- IIQ_~ 1t7"+ Qw 
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the off-diagonal elcmcnts of Q I are equal to the off-diagonal elements of Q,.. Moreover, by con- 
vention D (Q,.)= I. I lence the set Q(Q.r,k,n*(Qv)) may be classified by the diagonal of Q1. 

PaoJ'OS~TJON 5.14. Let 

D(Qv,k,n) = { D ~ R k X '  , l) diago,~al, -OD(Q, . )  <~ D <~ I, rank(D+OD(Q,. ) )=n},  

f :D(Qr,k,n)--~Q(Qy,k,n ), f (D) = (D -4 0D(Qr) , I  - D ) .  

Thea f is a bijection. 

Remark that the set O(Qy,k,n) without the rank condition is a closed convex set. From 5.14 and 

some linear algebra one obtains the following result on the classification. 

"FtmOREM 5.15. l~,t Q,. E ~  kxk, _ T • Q.,.- Q,. > 0 ,  D (Q.r) = t, 

D I @ R n ×" [ D 1 diagonal, 0 < D  I ~1,  

o~(~.,..k,.) = )h~ .D,+OI) (A)>O,  ~ 2 : = D q ~ + O 0 ( ~ l  ' B -  (C) ' 
is diagonal and satisfies 0 <- D 2 ~ I 

g :D 1 (Qj,,k,n)---*Q(Qy,k,n), 

B.r p, pT  p). 

Zhell" 

a. 

b. 
¢. 

g is well defined; 
g is sutjective; 
The diagonal matrix ;o] 
is tmi,lue u I) to a flermutation. 

The proof of the above thcorcm is clcmcntary with the aid of thc following Icmma. 

LEMMA5.16. Letk,  n C Z ~ , k > n ,  A E R " × ' ~ , B ~  ":'(t m , C ~ l '  n)x(k n ) , A = A ' r , C = C  T, 
rank --: i1, 

Q = B. r •R TM, T = I 

a. Thea 

T'rQT = 
C - B T A  IB " 
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b. rank (T) = k. 
c. r a n k ( Q ) = n i f f C - B r A  - )B=0 .  
d. Q>~Oiff C - B ' r A  - 1B~O. 

The study of the classification along the lines sketched above must proceed by an investioqtion of 
the following relations for the diagonal matrix D ] E R" x,,: 

D l +OD(A)>O, 

D 2 : =  BT"[DI+OD(A)] I B - O D ( C ) ,  O<~D2<~l, D2isdiagonaL 

For the cases n*(Qr)=k  - 1 and n*(Qv)= 1 theorem 5.15 directly yields explicit classifications. 
The classifications of three low-dimensional examples are listed. 

I'RoPosvrtoN 5.17. l.'orthe casek =2, QrGR z×2, n*(Qr)= 1 with 

lhe classification, in the nolation o_['5.15, is given by 

D(Qr ,2 ,1)=  { d ] ~ R ~  I q 2 ~ d l  ~ < 1 }  

and 

q 

Prol 'osvrlon 5.18. For the case k =3, Qr @(0, ~)3x3, and n*(Qr)=2 the classificadon according to 
5.15 is given by 

fd 1 o I 

/ dlq~3 +d2q~3--2q12q13q23 E'O 1" I 
DI(Q, ',3,2) = ~ ~ ~-5-5----~--~_2 - -  I , 1 ;'- 

" | d ld2 -q l2  | 
[ and coaditioas obtainedbypermutation of indices J 

PKOPOSlTION 5.19. For the case k = 3, Q). G(O, o0) 3x3, tl*(Q.).) --= 1, the deconNosition is unique with 

• q 12,1 )._____L 
q23 ql2 q13 

q12q23 
Q1 = q12 q23 

q13 

q 13q23 
q13 q23 

qJ2 



PROPOSITION 5.20. 
5.15 is given b.e 

D 1 (Qy,  2)  = 
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For the case k =4,  Qy E(O, oo) 4×4, n , (Qv)=2  the classification according to 

[:0] 
d2 I d l ' d z ~ [ 0 ' l l '  dldz--q~z=/=O' 

134 = d2q 13q J4 + d lqz3q24 -- q 12q 14q23 -- q 12q ]3q24, 
d2q~3 +dlq~3 -2q12q13q23 El0, i], 
d~ q~4 + d2q~4 - 2q 12q 14q24 ~[0, I], 

and conditions obtained by permuting the indices 

The stochastic realization problem in terms o f  the internal description 

The specification of the Gaussian factor model as given in 5.1 will be called the internal descril~- 

tion. It is called internal because the specification is in terms of the matrices (It, Q.,,Q,.) rather 
than in terms of Qv. The questions for the internal desciption require one definition. 

DEFINITION 5.21. The Gaussian factor model with rel)rerentation 

y -- l l x  + w 

is calh, d minimal/fn ---n*(Qr) in which x:fL--)R", Q~,>0 and 

Q,. = H Q . , H I +  Q,.  

Introduce the convention Q., = 1. The weak stochastic realization problem for a Gaussian factor 
model specializes in this case to the following question. 

QUESTION 5.22. 
a. Which conditions on the matrices (II, Q.~.,Q,.) are equivalent w#h mininzality o f  the Gaussian 

factor model? 
b. l low are two minimal Gaussian factor ttlodel$ related? 

The above questions are still open. The minimality question 5.22.a seems most interesting because 
its answer will involve a new system theoretic concept like stochastic observability. To hint at 
what may be needed a special case is considered. 

Consider a special Gaussian factor model of the form 

, ' ,  - _  , , , , x  + w 
t'2 

in which the variance Q.. is required to be block-diagonal, in particular it consists of two blocks 
only 

One says that this Gaussian factor model is slochasticalll, observable if the map 
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x ~ E [exp(iu 7), I ) I Fx ] 

is injcctivc on the suppor t  of x. Similarly onc says fl~at the Gauss ian  factor model is stochastically 
reconstructible if the map  

x ~ E[cxp( iu 'r~,2) lF 

is injeetivc on the suppor t  of x. It may then be proven that  the Gauss ian  factor model  is minimal 
iff it is s tochast ical ly observable  and stochast ical ly rcconstruct ible ill" r a n k ( t l l ) = n  = r a n k ( l l 2 )  

1711. 
Let 's  return to question 5.22.a, when is a Gauss ian  factor modcl  minimal  in case Qw is res- 

tricted to be diagonal .  The following conjecture comes to mind first: A Gaussian factor model is 
minimal  iff the map  

x ~ E[exp(itg,,) ] FX], f o r  i ~ Z k ,  

Is mjecttvc on the suppor t  of x for all i E,Et,. This conjecture is false, because the effective dimen- 
sion n o f x  may be larger than 1. liven i fn  = I it is false, sce 5.23 below. The special case o f k  =3 

and n = 2 ment ioned in 5.24 shows that  the equivalent condi t ion  for minimali ty  of a Gaussian fac- 
tor system needs more thinking. The minimali ty  character izat ions for the following special cases 
may bc helpful in formulat ing conjectures for the general rcsulf. 

PROPOSITION 5.23. Consider a Gaussian factor  model 

.)" = hx  ~ w 

uqth k->-2, n = 1, h C R  k. Then this model is minimal i f f  

q i , j E T k ,  i=/=j, such thath,=/=O andhff/=O. 

/'ROOF. The Gauss ian  factor model  with a = I is minimal iff the dimension of the factor  cannot be 
rcduccd.  This is truc iff n* > 0  or  iff Q,. is non-diagonal .  Note  that  OD (Q.v) = OD(hh 1"). [] 

PROPOSITION 5.24.  Consider the Gaussianfactor model ~f5.1 with k ---3, n = 2, 

fh,,] 
. -- lh l z,(Q,.)--1. 

Lh]j 
Assume thal It ~h 2 >0, h'(17 3 >0,  h]h 3 >0 .  "fhe~t this Gaussia~ factor model is miaimal iff one of the 
fallowing conditions is satL~fied: 

(/7 ~/s 2)(/~ D7 3) 
i. ~lO, ll, 

(,'1 ~h 3 ) 

(h ~h 2)(h ]'h t) 
2. (h~h3) ~I0, I], 

(l~ ft, 3)(h ~1~ 3) 
3. (h~h2) ~[0,1]. 



PROOF. This follows from 5.12. [] 
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Classification of internal description 
The motivating question here is whether the internal description of a Gaussian factor model is 
uniquely determined by the variance of the observation vector. In general such a model is not 
unique. This qucstion is related to question 5.5.b. For the classification of the internal description 
of factor analysis models with block-diagonal structure see 153]. To structure the discussion a 
definition is introduced. 

DEFINITION 5.25. Two Gaussianfitctor models 

y = 1Ix + w 

and 

.-y = 1t~ + w 

are called cquivalcnt tf 

llO., ll 'r + Q.. : I-IQ-.J -~'r+ -Q.,. 

Note that tile two Gaussian factor models of 5.25 that are defined to be equivalent both have tile 
same variance matrix O,., since 

Q,' = l t lQx , l f~  + O,', = lt2Qx, l t r  + Q,'2" 

Therefore they cannot bc distinguished given Qv- It is well-known that if (n,/l, Qx, Q,.) are the 
parameters of a Gaussian factor system and if S •R n xn is an orthogonal matrix ( s s T = / ) ,  the 

two Gaussian factor modcls specified by (n,H, Qx,Q,)  and (n, l lS,  Sl"QxS, Q,.) are cquivalcnt. 
Howcvcr, there may be othcr ways in which two Gaussian factor models are equivalent. 

In applications of Gaussian factor analysis it has been recognized that there may be many 
equivalcnt models. To reduce the class of equivalent models practitioners fix certain elements of 
the matrix of factor Ioadings, based on prior knowledge about the observation vector or arbi- 
trarily. 

The question now is, given a Gaussian factor model, to describe the equivalence class of all 
Gaussian factor models that are equivalent with the given one. This question is still open. 

6. GAUSSIAN FACTOR SYSTEMS 
The purpose of this section is to formulate the conccpt of a Gaussian factor system and to survey 
the preliminary rest,lts of the stochastic realization problem for this class of systems. 

A motivation for the study of this class of systems is the stochastic realization problcm for 
Gaussian systems with inputs. One would like to know whether it is possible to determine from an 
obscrvcd vector-valued process which components arc inputs and which are outputs of a Gaussian 
system. Another motivation for the study of this class of systems is the exploration of the exten- 
sion of Gaussian factor models to dynamic systems. 

DEFINITION 6.1. A Gaussian factor system, in discrete time, is an object specified kP the equations 
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O#" 

x ( t  + 1) = A x ( t )  + Bu(t) ,  

y ( t )  = lCx( t )  + Du(t)] + w(t) 

y ( t )  = Y~ s/( t  - s ) u ( s )  + w(t)  
.~C7" 

where u : ~ X T---~R t' is a stations O' Gaussian process caUed the factor process, w : ~2 X T---~R k is a sta- 

tiona O' Gaussiav process called the noise process, y :I2× T - o R  ~ is called the observed process, 

it, ,v l . . . .  , w k are bMependent processes, the stTeetral densities o f  u, w l . . . . .  w k are rational functions, 

and the Fourier transform o f  the traasfer function 11 is rational and causal 

A Gaussian factor systcm is said to have the factor property if the processes u, w l , . . . , w  k are 

independent processes. This condition can also be rephrased in terms of conditional independence 
but this will not be done here. Note that the processes w l . . . . .  w k need not be white noise 
processes.  

Concepts similar to that of a Gaussian factor system have bccn introduccd in the literature. 
An elementary version of a Gat, ssian factor system with t l  a constant matrix is introduced in [58]. 
In [26] a Gaussian factor system is defined without the rationality and causality conditions. In [21] 

one can find thc definition 6.1 and a generalization. In [54] a generalization of 6.1 is p,csentcd in 
which the spectral density of the process w is not diagonal but block-diagonal and in which the 
transfer function 11 not bc causal. The term dynamic errors-in-variables systems is uscd instead of 
Gaussian factor system in the publications of B. D. O. Anderson and M. Deistlcr [4-6, 16, 17]. An 
intcrprctation of this term follows. 

Consider a deterministic finite-dimensional linear system in impulse response rcprescntation 

.~(t) = ~_~ I I ( t - s ) u ( s ) .  
a ~ T  

Suppose that the variables of input ~ and output  ~. of this system are observed with errors or noise, 

say by 

u(t)  = i',(t) + w~(t),.),(t) =.[ ,( t)  + w2(t), 

in which wi,w2 arc indcpendent Gaussian white noise processes. Combining these expressions 
one obtains 

.<,>1 fw, ,>l 
= i + 

which is a Gaussian factor system except for the fact that the spcctral density of the noise is not a 
diagonal function but block-diagonal with two blocks. The interpretation of the above defined 
system of which the variables are observed with error, illustrates the term errors-in-variables 
model. 

PROnLEM 6.2. 771e weak stochastic realization problem for a Gaussian factor system is to solve the 

followDIg sttbl)roblems. Assmne given a stationaJy Gaussia~l proeess with zero mean fanction and 

covariance fimction Q or spectral delisity Q. 

a. Find conditiom under which there exists a Gaussian factor systenl 
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y ( t )  =- y. l t ( t - s ) u ( s )  + w(t)  
s c:T 

such that the spectral density, of)' equals the given spectral demity, or 

= ~r = llO,, 17T + 0,,. 

I f  such a Gaussian factor s~,stem e~ists then it is called a weak stochastic rcalization of the 
given process. 

Classify all mbHmal weak stochastic realicatiom of the given process. A weak stochastic realiza- 
^ ~ " x ' T  

tion is called minimal f r a n k  (ttQuH ) is mh#mal. 

A difficulty with the above defincd problem is the definition of minimality. In addition to the 
concept dcfined in 6.2, which is minimality of the dimension of the factor process u, one could 

^ ~ - ~ - T  

also consider minimality of the degree of i1Q,1t . From a viewpoint of linear system theory the 
latter concept would be preferable. Possibly a mixture of both the dimension of the factor process 
and the degree has to be considered. Because of this difficulty the author of this paper is not yet 
convinced that a Gaussian factor system is a suitable model for economic and engineering prac- 
tice. Howcver, what may be of interest is the spccial case in which the spectral density of the noise 
is block-diagonal with two blocks. 

The weak stochastic realization problem for Gaussian factor systems is unsolved. Only for 
low-dimcnsional cascs have results been published. For the case of an observed process with two 
componcnts see [4, 18, 33] and for the case with three components see 16, 18]. A discussion of the 
problcm may be found in [I 7]. Questions of identifiability and problems of parameter estimation 
for Gaussian factor systems have bccn discussed in [21,26]. 

A strong version of the weak stochastic rcalizationjgroblem of 6.2 has been proposed in [54]; 
see also [55]. The case in which the spectral density Q., of the noise consists of two diagonal 
blocks has been treated there. 
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