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Keywords Stochastic realizationg-algebraic sys- which finite-dimensional filters or finite-dimensional
tem, conditional independence relation. controllers exist. At Kalman’s insistence, researchers
have started research on the stochastic realization prob-
lem. The weak stochastic realization problem for Gaus-
sian processes was solved by P. Faurre, the strong
Stochastic realization problems are motivated by cons> tochas_tic re.alization_ problem for Gaussian processes
by A. Lindquist, G. Picci, and G. Ruckebusch, see [2]

trol and signal processing for stochastic systems. A . .
signat pro g y nd the references provided in that paper. See also [3]
stochastic system is defined by the property that at eac . ) o
r the importance of stochastic realization for system

time the current state makes the future and the past L
o . Identification.
the output and state processes conditionally indepen-

dent. The stochastic realization problem fer-algebra The author of this paper has formulated the stochastic
family is then to construct the statealgebra family  realization problem forr-algebras and fos-algebraic
such that the families jointly satisfy the definition of tgmilies. For publications see, [6, 8, 9, 10, 11]. The re-
a stochastic system. The first result is a characterizagjization problem foro-algebras was partly solved in
tion of minimal o-algebra which make twe-algebras  [10]. The characterization of minimal realizations is
minimally conditionally independent. The second re- not described in that paper. Others have carried out re-
sult allows the construction of statealgebra families  |ated research, see [4]. The solution to a special case of
which together with a considered outpulgebra fam-  the stochastic realization problem foralgebra fami-

ily forms a stochastic system. lies was solved by W.J. Stronegger, see [5]. The interest
of the stochastic realization problem teralgebra fam-
ilies is in the development of general theory for stochas-
tic control and filtering, not only for Gaussian processes
Results are presented for the stochastic realization protut also for finite-valued processes. Stochastic realiza-
lem in the setting o&-algebras. tion theory foro-algebras is inspired by that for Hilbert

Problems of control and signal processing requireSPaces yet more general.

theoretical models in the form of deterministic or of The first result of this paper is a new characteriza-

stochastic systems. Stochastic systems are described§fy, o minimal realizations for the-algebraic stochas-
discrete time by mappings from the state and the inyc yeaization problem. The solution is inspired by the

put to the probability distributions of the next state andcorresponding problem for Hilbert spaces. The second

t_hed(_:urrent. olutput gnd n cont;}nuqlus _t|me byblstOChﬁS'result is a characterization of stochastic realizations of
tic differential equations. For the filtering problem the o-algebra families. Procedures for the construction of

Kalman fllter or generalizations of it are applied. For realizations have been partly developed.
stochastic control problems there are control laws for

minimum variance cost functions and for cost functions The outline of the paper follows. Preliminaries on
of quadratic forms in the state and the input. probability theory are mentioned in Section 2. Section

As has first been pointed out by R.E. Kalman, con-3 provides results on the stochastic realization prob-
trol and filtering theory is much advanced by the restric-lem for o-algebras. Section 4 provides results on the
tion for those problems to those stochastic systems fostochastic realization far-algebra families.

Abstract

1 Introduction



2 Preliminaries

In this section notation is introduced.

Let (Q2, F, P) denote a complete probability space
consisting of a sef?, ac-algebraF', and a probability
measureP. Let

|

If F,F, € F thenF, Vv F, denotes the smallest-
algebra inF that contains botl#;, and£;. ForG € F
let

G C F|G o — algebra containing (1)
all null sets ofF’ '

LT(G) ={z:Q — R,|ris G measurablg

If = Q2 — R" is a random variable then de-
note by F* the o-algebra generated hy. Denote by
(F1, F,, ..., F,) € I that the indicatedr-algebras are
independent.

Definition 2.1 The conditional independence relation
for a triple of o-algebras is defined by the condition
that

Elz122|G] = Elz:|G]|E[z2|G], (2)
for al ©1 € L™ (F), zo € L*(F), and
for F1,F5,,G € F. Denote this condition by
(F1, F5|G) € CI and one says that’, F, are condi-
tional independent give@' or that G splits F; and F.

It is an easily established fact thdt,, F»|G) € CT iff

®)

for all z;y € LT(Fy), see [1, I1.45]. IfF; C G then
(Fl,F2|G) e CI. Also, if (Fl,FQ \% G) € I then
(F1, F»|G) € CI. Consider on the set ef-algebrasF

E[(II1|F2 V G] = E[£E1|G],

the partial order of the inclusion relation. One says thaiwar do-algebras respectively

Fy, F», G form aminimal triple if(Fy, F»|G) € CI and
G is minimal; specifically, if(F1, F»|G) € CI and for
anyo-algebraG, C G, (F1, F»|G1) € CI implies that
G1 = G. Then one writes thatF, F5|G) € Clpyn.
For F1, I, € F define

o(F3|F1)
S

E[(II2|F1] : 0 — R+|

Vzy € LT () )

3 Stochastic realization of a pair ofo-algebras

Problem 3.1 ConsiderF,, F, € F. Construct allo-
algebrasG € F such that:

G C (FiV F), (F1,F,|G) € Clyp,.
Define

G(Fy, F)
_ { G EF|GCFV B, }
(FI,F2|G) eCI ’
Gmin(FlaFQ)
{G € G(F1, F»)|(F1, F2|G) € Clyin} (6)

()

For F1, F5 € F define

F21 == 0(F2|F1), F12 == O'(F1|F2). (7)
Proposition 3.2 [8, 10]. ConsiderF}, F5,G € F. As-
sume that F, F5|G) € CI andG C F; V F». Then
G C Fy V Fio if and OnIy If(T(G|F1) = Iy and
O'(G|F2) == F12.

Proposition 3.3 [8, 10]. ConsiderFy, F,G € F. As-
sume thaté C Fy; V Fyo. Then(Fy, F»|G) € CI ifand
only if (Fy1, Fi2|G) € CI. Moreover, (Fy, F»|G) €
Clyp ifand only if (Fyy, Fi2|G) € Clyin.

There existF, F», G € F such that(Fy, F»|G) € C1
andG ¢ Fy V Fs. There existfy, Fy, G € F such that
(Fl,F2|G) € Clyin, G C F1VFy, andG Z Fo1V Fyo.
Below attention is restricted 1@ C F5; VF|> and hence

t0 Gnin(Fb1, F12). The characterization of minimat
algebras which make two giventralgebras conditional
independent is expressed best in terms of a pair-of
algebras. The following approach is inspired by the
analogous problem for Hilbert spaces. One may call
the o-algebrasH, and H, the forward and the back-

Definition 3.4 ConsiderF, F5 € F. Define the set

H =H(F, ) (8)
(Hi,H,) € F x F|

Fy CH CF|VF,

F, C Hy C F1 V Py,

HiNHy; = O'(H1|H2) = U(H2|H1)

Define on this set the partial order

where the right-hand side of this formula denotes the

o-algebra generated by all random variables in the indi-

cated set.

(Hi1, Hi2) < (Ha1, Hao),
if Hi1 C Hyy and if Hip C Hoy.

9)



An elementH,, Hs) € H is said to be minimal ifitis The reader may think of @-algebraic system as related
minimal with respect to this partial order. Define the set to a discrete-time stochastic system with a state and out-
put process. Thugi; = FYt is theo-algebra generated
Huin (F1, F2) (10) by the output at timé € T and@, = F? is theo-
= {(Hy,Hy) € H(Fy, F»)|(Hy, H;)minimal} . algebra generated by the state at tim€ondition (13)
translates in words to: At any timee T the current
Define the map statec-algebraG; makes the future of the output and
of the state conditional independent of the past of the
[ H(F, ) = G(F, B), output and of the state. The asymmetry of future and
f(Hi,Hy) = HyN Hs. (11)  past with respect to the-algebra family{ F;,t € T'} is
necessary because of technical reasons.

Proposition 3.5 ConsiderFy, Fs € F.
Problem 4.2 Consider ther-algebra family

(@) The functionf is well defined. {F;,t € T}.

(a) Does there exist a-algebra family{G;,t € T}
on the same probability space ff},¢ € T'} such
that { F}, Gy,t € T} form ao-algebraic system.

(b) The functionf is a bijection and

TGN, Call {F,,G;,t € T} a realizationof the family
f7HG) = (Fa VG, FiaVGQ). (12) {F,,t eT}.
(b) Call {F;,G;,t € T} a minimal realizationof
There exists an example for whidHmin(F1, F2) & {F;,t € T} if (1) it is a realization and if (2) for
H(F, F»). any other realization{ F;, G;,t € T}, G, C G,
forall t € T impliesG; = G,. Characterize a

Theorem 3.6 ConsiderF, F, € F. The restriction of minimal realization.
the functionf : G — Hto f : Gpjn — Hmin iS @

(c) Classify all o-algebra families{G;,t € T}

such that (1)G; C F_ for all ¢ € T and
Problem 3.1 is with Theorem 3.6 replaced by a problem  (2) {F%, G, t € T} is a minimal realization of
to characterize the s&l,in(F>1, F12). The construc- {F,teT}.

tion of the elements of this set is partly solved and will The solution procedure for the above problem makes
be included in th(? fma! version of the paper. The prob-,qe of the result of the realization problenveéilgebras
lem for the case in which the-algebrasiy andF; are g giscussed in Section 3. Consider dhalgebra fam-
generated by finite-dimensional Gaussian random varlny {F;,t € T} and for allt € T let G; C F be such
ables is solved in [7]. that , S

bijection.

: L F F |Gy € CI.
4 Stochastic realization problem for a o- (B Gy

algebra family In general ther-algebra family{F;, G;,t € T} does
not form ac-algebraic system. A condition is needed.
Consider the discrete-time index set of the integers, _ _
T = Z and theo-algebra families{F,, G;,t € T}. Definition 4.3 A o-algebra family{F;, G;,t € T} is

Define called transitiveif
a 1. {F,_, VGt e T}isincreasing inl’, or, equiva-
Ff = VesiFy, Fy = Ve, lently, if
G:r = \/sztha G; = \/sths-

s<t= (F,_ VG C(F VG,

Definition 4.1 Theo-algebra families{ F}, G;,t € T'}

) : . 2. {F;* Vv G4,t € T} is decreasing ir", or, equiva-
are said to form ar-algebraic systeriifor all t € T {F; vt €T} g g

lently, if
(FrVGy, F-,VG;|Gy) € CI. (13) s<t= (FFfVG,) D (F"VG).



Proposition 4.4 Consider the o-algebra families
{F},Gy,t € T}. Assume that

(Ff F_||Gy) e CI, VteT.
Then

(FF VG, F_,VG;|G) € CI, VteT,
if and only if{ F}, G, t € T'} is transitive.

Below o-algebra families{ H,", H, ,t € T} are con-

5 Conclusions

The stochastic realization problem feralgebra fami-

lies has been considered. A characterization has been
presented of those-algebras which make two consid-
ered o-algebras minimally conditionally independent.
A second result allows the construction of state
algebra family which together with the outptralgebra
family form a stochastic system. Further research is re-
quired on the algorithms for the s&,,;,, (F}, F») and

for the properties of stochastic realizations.
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