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Abstract— This paper concerns supervisory control of large-
scale modular discrete event systems (DES) with partial obser-
vations and general (indecomposable) specification languages.
Recently we have found new methods for computing supremal
controllable sublanguages and supremal normal sublanguages
independently. Unfortunately, these methods are difficult to put
simply together for computation of supremal controllable and
normal sublanguages. Therefore, we propose first a new method
for computation of supremal controllable sublanguages that can
be viewed as a complete observation counterpart of a method
we have developed for supremal normal sublanguages. These
can be put together in a procedure for computing optimal
sublanguages, which avoids building of the global plant. Unlike
our previous results, we present both necessary and sufficient
structural conditions for modular control synthesis to equal
global control synthesis for partially observed modules and
general (indecomposable) specification languages.

Keywords—Modular DES, indecomposable specifications,
supremal controllable and normal sublanguages

I. I NTRODUCTION

Large DES are typically composed of concurrent subsys-
tems, also called modules. Modular control of DES repre-
sented by finite automata ([9]) has been introduced by P.J.
Ramadge and W.M. Wonham in [12]. The overall systems are
formed as a parallel compositions (i.e. synchronous product)
of local components. There exists an extensive literature on
this important topic. In earlier work the input alphabets of
the local components were identical ([12]). In [10] and [2]
quite a restrictive condition is imposed on events shared by
several local components: shared events must be controllable
for all subsystems. This assumption has been generalized
in [11] to the condition that the shared events must have
the same control status for all subsystems that share a
particular event. Specification languages for the global plant
that are not decomposable into local specification languages
are considered in this paper.

In the case of decomposable specifications and complete
observations, conditions for local control synthesis without
loss of optimality are established in [11]. A sufficient con-
dition, called mutual controllability, is used to cover the
case, where not all shared events are controllable, but their
controllability status is constant. We have extended this result
to the case of modules with partial observations in [7],
where a structural condition of mutual normality is proposed
for distributivity of supremal normal sublanguages with the

synchronous product. In [3] these results are put together
and the sufficient conditions are obtained for distributivity
between supremal controllable and normal sublanguages and
the synchronous product of languages. The proof is based on
a single-step algorithm for supremal controllable and normal
sublanguages developed in [6].

For the case of global (indecomposable) specifications an
approach has been proposed in [2]. It is based on partial
controllability and works only when all shared events are
controllable. This result has been extended in [4] to the case,
where the controllability status of a shared event is constant
(i.e. does not depend on the subsystems that share a particular
event). However, it is by no means obvious how to obtain
a partial observations counterpart of partial controllability.
There is of course a natural candidate property to be called
partial normality that has similar properties as partial control-
lability, but it fails to be useful for computation of supremal
normal sublanguages. Therefore we have chosen a second
option: finding a complete observation counterpart of the
method developed in [5] for computation of supremal normal
sublanguages. We introduce global mutual controllability,
which is a sufficient condition, but also modular controlla-
bility, which is necessary among all structural conditions for
distributivity between supremal controllable sublanguages
and language intersections. Based on the new algorithm for
the computation of supremal controllable sublanguages and
the single-step algorithm from [4] for the modular compu-
tation of supremal normal sublanguages we propose a new
algorithm for modular computation of supremal controllable
and normal sublanguages. The advantage of the method
we propose is twofold: (1) Avoided is the construction of
the global plant. Note that the only objects used are the
local plants and the global specification. (2) Avoided is the
iterative computation of supremal controllable sublanguages
and supremal normal languages. A direct computation of
these sublanguages is proposed.

This paper is organized as follows. In the next section
the framework of modular control with partial observations
is recalled. In section 3 a novel method is presented for
computation of supremal controllable sublanguages. In sec-
tion 4 the single step algorithm for computation of supremal
controllable and normal sublanguages is recalled from [6].
The method developed in section 3 is used in section 5,
where a formula and underlying method for computation
of supremal controllable and normal sublanguages are pro-



posed. Necessary definitions and theorems on coalgebra and
coinduction can be found in the apppendix.

II. M ODULAR CONTROL WITH PARTIAL OBSERVATIONS

AND GLOBAL SPECIFICATIONS

Maximally permissive modular supervision of the con-
current behavior of local subplants (partial automata)
G1, . . . , Gn is studied. The notationZn = {1, 2, . . . , n}
is used. The coalgebraic framework of [8] and [6] is used,
i.e. Gi, i ∈ Zn are partial automata and their behaviors are
partial languages. Recall that a partial automaton is nothing
but a generator of a DES with a partial transition function
and that a partial language is a tuple of a marked language
and a closed language. The partial language associated with
Gi, i ∈ Zn are denoted byLi = (L1

i , L
2
i ) (see appendix).

We assume that the global DES is the synchronous product
G =‖n

i=1 Gi of local subsystems. The behavior ofG is
the partial language denoted byL. DenoteA = ∪n

i=1Ai

the global alphabet andPi : A∗ → A∗
i the projections

to the local alphabets. The concept of inverse projection:
P−1

i : Pwr(A∗
i ) → Pwr(A∗) is also used.

We denote the global plant and the specification (partial)
languages byL = L(G) andK, respectively. In our modular
setting,L is decomposable into local plant languages:L =
L1 ‖ · · · ‖ Ln. K is usually similarly decomposable into
local specification languagesKi ⊆ Li. The general case is
whenK is given only as a global specification and moreover
K may not be included inL. This has been considered
in [2] for complete observations under restrictive structural
conditions (all shared events are controllable). Following [2],
we consider for anyi ∈ Zn languagesKi := K ∩P−1

i (Li),
which will play the role of local specification in the case of
indecomposable specificationK. Note however thatKi is
a partial language over the global alphabetA, in particular
it is different fromPi(K) that appear if the specification is
decomposable, (cf. [7]) .

As customary in modular supervisory control, local alpha-
bets of the local subplants, denoted byAi, i ∈ Zn and not
necessarily pairwise disjoint, are such thatAi = Aiu ∪ Aic,
where Aiu stands for the subset of locally uncontrollable
events andAic stands for the subset of locally controllable
events. We assume that

∀i 6= j, Aiu ∩ Aj = Ai ∩ Aju. (1)

This assumption originally stemming from [11] means that
the events shared by two local subsystems must have the
same control status for both controllers associated to these
subsystems. We denote byAc = ∪n

i=1Aic andAu = A \Ac

the subsets of globally controllable and globally uncontrol-
lable events, respectively. We still haveAu = ∪n

i=1Aiu due
to the assumption (1).

Recall that for a specification language to be exactly
achieved by a supervisor, a property called controllability
is required. A (partial) languageK is said to be controllable
with respect toL andAu, if

K2Au ∩ L2 ⊆ K2.

For a specification that is not controllable, optimal ap-
proximations are considered. Since the specification mostly
represents some safety constraints, controllable sublanguages
have been studied. Supremal controllable sublanguage al-
ways exists, because controllability is preserved by unions.

Let Ai = Ao,i ∪ Auo,i be the decomposition of local
events into locally observable (Ao,i) and locally unobserv-
able (Auo,i) event subsets. Note a difference in notation
between controllability and observability status of local
events. This notation is chosen to avoid confusion between
locally uncontrollable event setAiu and locally unobservable
event setAuo,i. The global system has the observation set
Ao = ∪n

i=1Ao,i ⊆ A = ∪n
i=1Ai. Globally unobservable

events are denoted byAuo = A \ Ao. We assume similarly
∀i 6= j ∈ {1, . . . , n} we haveAo,i ∩ Aj = Ai ∩ Ao,j , i.e.
observational status of a shared event must be the same for
all modules that share a particular event. Therefore we have
alsoAuo = ∪n

i=1Auo,i. The corresponding global projection
that erases unobservable events is denoted byP : A∗ → A∗

o.
Partial observations in individual modules are expressed

via local projections fromA∗
i to A∗

o,i, but due to the handling
of general indecomposable (global) specification languages
only the afore mentioned global projectionP : A∗ → A∗

o is
considered in this paper.

An additional property of observability is required for a
specification to be exactly achieved when partial observations
are considered. In this paper we are interested in a slightly
stronger property of normality, which is equivalent to ob-
servability if Ac ⊆ Ao, but is closed under unions. Recall
that K is called(L,P )−normal if K2 = P−1P (K2) ∩ L2.

Therefore supremal normal, and supremal controllable and
normal sublanguages always exist. These are often consid-
ered as optimal solutions of supervisory control problems
with partial observations and they are indeed optimal in the
caseAc ⊆ Ao, a much weaker assumption than∀i ∈ Zn :
Aic ⊆ Ao,i.

III. SUPREMAL CONTROLLABLE SUBLANGUAGES

Before dealing with the main problem of this paper we es-
tablish a novel formula and associated method for computing
supremal controllable sublanguage of a global specification
language. The coinductive proof of the formula for supremal
controllable sublanguage is based on coinductive definition
of supremal controllable sublanguage [6]. The coinductive
definition of sup C(K ∩ L,L,Au) can be found in the
appendix.

The following concept that we call global mutual control-
lability will be used.

Definition 3.1 (Global mutual controllability):Local
plant (partial) languagesLi, i ∈ Zn are calledglobally
mutually controllableif for all i, j ∈ Zn with i 6= j we have

P−1
j (L2

j )Aju ∩ P−1
i (L2

i ) ⊆ P−1
j (L2

j ).
Note that this concept is stronger than that of [4], where
local uncontrollable eventsAju are replaced by local shared
uncontrollable eventsAju ∩ Ai.

A second concept that we call modular controllability is
needed.



Definition 3.2 (modular controllability):Local plant (par-
tial) languagesLi, i ∈ Zn are calledmodularly controllable
if for any i ∈ Zn we have

(L2Au) ∩ P−1
i (L2

i ) ⊆ L2.
This condition is in general weaker than global mutual con-
trollability and it will play the role of a necessary condition.
Note that modular controllability is not comparable to what
we have called in [4] global mutual controllability, but is
much weaker than that of strong global mutual controllability
used in [4]. In global mutual controllability, local uncontrol-
lable eventsAiu are replaced by local shared uncontrollable
eventsAju ∩ Ai, but alsoL is replaced byP−1

j (Lj).
Our main theorem follows. It providessufficient and

necessary structural conditions for modular control
synthesis to equal global control synthesis in the case of
complete observations and of indecomposable specifications.

Theorem 3.1:Suppose that∀i, j ∈ Zn with i 6= j we have
Aiu ∩ Aj = Ai ∩ Aju.

(a) If Li, i ∈ Zn are globally mutually controllable
then

supC(K ∩ L,L,Au) = (2)
n⋂

i=1

sup C(Ki, P
−1
i (Li), Au).

(b) If for a given modular plant equation (2) holds for
any global specificationK then local plant (partial)
languagesLi, i ∈ Zn are modularly controllable.

Remark 3.2:Note that the second part of the statement
in the previous theorem means that modular controllability
is necessary structural condition among all structural con-
ditions, because equation (2) is required to hold for any
specification languageK.

Proof: (a) The coinductive proof principle will be used
for sufficiency, i.e. it is sufficient to show that under the
conditions listed above the following relation:

R = {〈(K ∩ L)/SC
Au

L,

n⋂
i=1

[Ki/
SC
Au

P−1
i (Li)]〉; K,L ∈ L}

is a bisimulation relation, from which the equality follows
by coinduction (see Appendix).

(b) The necessity of modular controllability is easy to
show: LetLi, i ∈ Zn be given and equation (2) holds for
anyK ⊆ A∗. Then in particular (the more difficult) inclusion

supC(K ∩ L,L,Au) ⊆
n⋂

i=1

supC(Ki, P
−1
i (Li), Au)

holds for anyK ⊆ A∗. This is equivalent tosupC(K ∩
L,L,Au) ⊆ supC(Ki, P

−1
i (Li), Au) for any K ⊆ A∗

and i ∈ Zn . The inclusion holds in particular forK =
L, which entails Ki = L for any i ∈ Zn . Hence,

L = supC(K ∩ L,L,Au) ⊆ supC(L,P−1
i (Li), Au). Since

supC(L,P−1
i (Li), Au) ⊆ L by definition of the sup C

operator, we obtainL = supC(L,P−1
i (Li), Au). But this

means thatL is controllable with respect toP−1
i (Li) and

Au for any i ∈ Zn, which is the modular controllability
condition.
Finally, we discuss different properties used in this section.
First of all note that global mutual controllability implies
modular controllability, which should obviously be true in
view of the last theorem. In order to see this directly, we
first establish the following property.

Proposition 3.3:Global mutual controllability (GMC) is
equivalent to the following property: for anyi 6= j ∈ Zn we
have

P−1
j (L2

j )Au ∩ P−1
i (L2

i ) ⊆ P−1
j (L2

j ).
Proof: Note that the only difference is thatAju in GMC

is replaced byAu. Therefore the new property is clearly
stronger than GMC. Surprisingly the converse implication is
satisfied as well. Suppose that GMC holds,s ∈ P−1

j (L2
j ),

u ∈ Au, andsu ∈ P−1
i (L2

i ). Then we have two cases: either
u ∈ Aj or u 6∈ Aj . The former case entails thatu ∈ Aju

due to shared event controllability status assumption. Using
GMC we concludesu ∈ P−1

j (L2
j ). In the latter case we

notice thatPj(u) = ε, i.e. Pj(su) = Pj(s), which means
that Pj(su) ∈ L2

j , i.e. s ∈ P−1
j (L2

j ).
Now, let for anyi, j ∈ Zn with i 6= j:

P−1
j (L2

j )Au ∩ P−1
i (L2

i ) ⊆ P−1
j (L2

j ).

Since for j = i the inclusion is trivially true, we have the
inclusion for anyi, j ∈ Zn. Then, by taking intersection for
j over Zn we obtain:

n⋂
j=1

[P−1
j (L2

j )Au ∩ P−1
i (L2

i )] ⊆
n⋂

j=1

P−1
j (L2

j ).

Since
⋂n

i=1[P
−1
j (L2

j )]Au ⊆ ⋂n
i=1[P

−1
j (L2

j )Au] we obtain
finally, L2Au ∩ P−1

i (L2
i ) ⊆ L2, i.e. modular controllability

(MC). Interestingly, if in MC we replaceAu by Aiu we
obtain a strictly weaker condition than MC, unlike GMC.
Another interesting observations is that forn = 2, then GMC
is equivalent to MC. Indeed, let MC holds. We show that

P−1
j (L2

j )Au ∩ P−1
i (L2

i ) ⊆ P−1
j (L2

j ).

Let s ∈ P−1
j (L2

j ), u ∈ Au, and su ∈ P−1
i (L2

i ). Then we
have s ∈ P−1

i (L2
i ) as well, becauseP−1

i (L2
i ) is prefix-

closed. Since we have two modules andi 6= j we obtain
s ∈ L2. Now using MC

su ∈ L2Au ∩ P−1
i (L2

i ) ⊆ L2 ⊆ P−1
j (L2

j ),

whencesu ∈ P−1
j (L2

j ) and GMC holds. For a number of
modules greater than or equal to 3 however, GMC and MC
differ, because we cannot deduces ∈ L2 from s ∈ P−1

j (L2
j ),

u ∈ Au, andsu ∈ P−1
i (L2

i ).



IV. SUPREMAL CONTROLLABLE AND NORMAL

SUBLANGUAGES

In this section we recall a single step algorithm
for computation of supremal controllable and normal
sublanguages from [5]. The concept ofε−transitions is
needed to formulate an observational indistinguishability
relation due to partial observations. Generators of DES are
partial automataS = (S, 〈o, t〉) (see appendix for more
details).

Definition 4.1: (ε−transition.) Fors ∈ S we defines
ε⇒

s′ if ∃τ ∈ A∗
uo : s

τ→ sτ = s′.

Denote the initial state of the DES generatorS by s0. An
auxiliary concept that reflects the fact that due to partial
observations it is not possible to distinguish between states
is recalled from [6] :

Definition 4.2: (Observational indistinguishability rela-
tion on S.) A binary relation Aux(S) on S, called the
observational indistinguishability relationis the smallest
relation satisfying:

(i) 〈s0, s0〉 ∈ Aux(S)
(ii) ∀〈s, t〉 ∈ Aux(S) : (s

ε⇒ s′ and t
ε⇒ t′) ⇒

〈s′, t′〉 ∈ Aux(S)
(iii) ∀〈s, t〉 ∈ Aux(S) and ∀a ∈ Ao : (s a→

sa and t
a→ ta) ⇒ 〈sa, ta〉 ∈ Aux(S).

Next we recall the concept of state-partition automaton,
which we define here as follows:

Definition 4.3: (State-partition automaton) A partial au-
tomatonS is called a state-partition automaton if∀s ∈ S:
s = (s0)w1 = (s0)v1 for w1 ∈ A∗ andv1 ∈ A∗ and∀s′ ∈ S:
s′ = (s0)v2 for v2 ∈ A∗ with P (v2) = P (v1) there exists
w2 ∈ A∗ with P (w2) = P (w1) ands′ = (s0)w2 .

We assume that a partial languageL is represented by a
partial automatonS with initial states0. We mean by this
that the corresponding behavior homomorphismsl : S → L
(see appendix) satisfiesl(s0) = L. A characterization of
Aux(S) follows:

Lemma 4.1:For anys, s′ ∈ S: 〈s, s′〉 ∈ Aux(S) if and
only if there existw,w′ ∈ L2 such thatP (w) = P (w′),
s = (s0)w ands′ = (s0)w′ . Moreover, ifS is a state-partition
automaton then∀v ∈ L2 and s′ ∈ S we have〈(s0)v, s′〉 ∈
Aux(S) if and only if there existsv′ ∈ L2 such thatP (v) =
P (v′) ands′ = (s0)v′ .

Local plant languages will be denoted byLi, i ∈ Zn. We
assume that global specificationK is not decomposable
into local specifications. Recall from [1] thatK is called
(L,P )−normal if K2 = P−1P (K2) ∩ L2. It is known that
normal languages are closed under unions, hence supremal

normal sublanguages always exist.

Remark 4.2:An order relation on partial languages in-
duced by second components only is used: we writeK ⊆ L
iff K2 ⊆ L2.

We denote the supremal sublanguage ofK which is both
(L,Au)-controllable and(L,P )- normal sublanguage by
supCN(K,L,Au, Ao). SinceK is not in general included
in L we investigatesupCN(K ∩ L,L,Au, Ao).

We are looking for conditions that enable computation
of sup CN(K ∩ L,L,Au, Ao) without having to build
the recognizer ofL itself, i.e. using only givenK and
P−1

i (Li), i ∈ Zn. In view of our previous results
[4] and [5] the best way is to find a formula for
supCN(K ∩ L,L,Au, Ao) as the intersection ofsupCN
operators that do not involveL. In order to prove such a
formula, a single step algorithm for computing supremal
controllable and normal sublanguages turns out to be very
useful. We recall it from [6]:

Algorithm 1: Let automataS and T representingK ∩ L
and L, respectively be such thatS is a subautomaton ofT
andS is a state-partition automaton. The transition functions
of S andT are denoted by→ and→1, respectively. Let us
construct the partial automatoñS = (S̃, 〈õ, t̃〉) with t̃ denoted
by →′ .
Define the auxiliary condition (*) as follows:
if a ∈ Au ∪ Auo then∀u ∈ (Au ∪ Auo)∗: sa

u→ ⇒ sa
u→1;

if a ∈ Ac ∩ Ao then ∀s′ ≈Aux(S) s : s′ a→ ⇒ s′ a→1, in
which case also∀u ∈ (Au ∪ Auo)∗: s′a

u→ ⇒ s′a
u→1.

Below are the steps of the algorithm.
1. Let S̃ := {s0}.
2. For anys ∈ S̃ and a ∈ A we put s

a→′ sa if s
a→1 and

condition (*) is satisfied; and we put in the cases
a→′ also

S̃ := S̃ ∪ {sa}.
3. For anys ∈ S̃ we put õ(s) = o(s).

As usual, we denote bỹl the unique (behavior) homomor-
phism given by finality ofL. We can verify by coinduction
that [6]:

Theorem 4.3:l̃(s0) is the supremal controllable (with
respect toL and Au) and (L,P )−normal sublanguage of
K ∩ L.

V. M ODULAR COMPUTATION OF SUPREMAL

CONTROLLABLE AND NORMAL SUBLANGUAGES

In this section we propose a formula and an associated
algorithm for modular computation of supremal controllable
and normal sublanguages based on the formula of Theorem
3.1 and a similar formula in [5]. Let us first recall from [5]
a structural condition called global mutual normality. It is
similar to the mutual normality in the case of decomposable
specification ([7]), but concernsP−1

i (Li) instead of Li

themselves.



Definition 5.1 (Global mutual normality):The local plant
(partial) languagesLi ⊆ (A∗

i × A∗
i ), i ∈ Zn are called

globally mutually normalif for any i, j ∈ Zn, i 6= j we
have

(P−1PP−1
j )(L2

j ) ∩ P−1
i L2

i ⊆ P−1
j L2

j .
Another condition is needed that will play the role of

necessary a condition.
Definition 5.2 (modular normality):Local plant (partial)

languagesLi, i ∈ Zn are calledmodularly normalif for
any i ∈ Zn we have thatL is (P−1

i (Li), P )−normal, i.e.
P−1P (L2) ∩ P−1

i (Li) ⊆ L2.
This condition is in general weaker than global mutual
normality (GMN). It is easy to show that

Proposition 5.1:Global mutual normality (GMN) implies
modular normality (MN).

Proof: Let GMN holds, i.e.i, j ∈ Zn, i 6= j we have

(P−1PP−1
j )(L2

j ) ∩ P−1
i L2

i ⊆ P−1
j L2

j .

Since for i = j the inclusion becomes trivial, we may
assume that the inclusion is satisfied for anyi, j ∈ Zn. By
intersecting both sides forj ranging in Zn and using the
properties of projection and inverse projection we obtain:

P−1PL2 ⊆
n⋂

j=1

(P−1PP−1
j )(L2

j )

∩P−1
i L2

i ⊆
n⋂

j=1

P−1
j L2

j = L2,

i.e. MN holds.
Our main result can now be formulated.
Theorem 5.2:(Sufficient structural conditions for modular

synthesis with global specification to equal global synthesis)
Let i, j ∈ Zn, i 6= j we haveAo,i ∩ Aj = Ai ∩ Ao,j and
Ac,i ∩ Aj = Ai ∩ Ac,j .

(a) If Li, i ∈ Zn are globally mutually controllable
and globally mutually normal then

supCN(K ∩ L,L,Au, Ao) = (3)

=
n⋂

i=1

supCN(Ki, P
−1
i (Li), Au, Ao).

(b) If for a given modular plant equation (3) holds for
any global specificationK then local plant (partial)
languagesLi, i ∈ Zn are modularly controllable
and modularly normal.

Proof: Algorithm 1 is used for the computation of
supCN(K ∩ L,L,Au, Ao) and also for computation of
supCN(Ki, P

−1
i (Li), Au, Ao) with the first 2 parameters

represented by partial automataSi and Ti. Let S repre-
senting K ∩ L and T representingL be the same as in
Algorithm 1. Algorithm 1 yields the partial automatoñS =
(S̃, 〈õ, t̃〉), subautomaton ofS, that representssupCN(K ∩
L,L,Au, Ao) according to Theorem 4.3.

Similarly, let partial automataSi = (Si, 〈o1i, t1i〉) and
Ti = (Ti, 〈oi, ti〉) representingKi and P−1

i (Li), i ∈ Zn,

respectively, be such that for alli ∈ Zn: Si is a subautomaton
of Ti, andSi is a state-partition automaton. The common ini-
tial state of these automata is denoted bysi

0 and the transition
functionst1i andti are denoted by→1i and→i, respectively.
Denote byAux(Si) the observation indistinguishability re-
lation with respect to the projectionP . Algorithm 1 is used
to construct partial automatãSi = (S̃i, 〈õi, t̃i〉), subautomata
of Si, with t̃i denoted by→′i. According to Theorem 4.3,
S̃i represents the ”local”supCN(Ki, P

−1
i (Li), Au, Ao).

This enables us to consider the behaviors of the correspond-
ing output automataS̃ and S̃i of Algorithm 1 with the
corresponding parameters detailed above. The coinductive
proof principle is used (see appendix). We show that

R = {〈[l̃(s0)]w, [
n⋂

i=1

l̃i(si
0)]w〉 | w ∈ (l̃(s0))2}

is a bisimulation relation, from which the claim of the
theorem follows by coinduction. The necessity of modular
controllability and modular normality is easy to show along
the same lines as in the complete observation case.

Remark 5.3:It is easy to see that (iii) of
the above proof (corresponding to the inclusion⋂n

i=1 supCN(Ki, P
−1
i (Li), P loc

i , P ) ⊆ sup CN(K ∩
L,L,Au, Ao)) has been proven without any assumption.

The last theorem is very useful, because we have found
structural conditions under which supremal controllable and
normal sublanguages can be computed without manipulating
with the global plantL, but using onlyP−1

i (Li) for i ∈ Zn.
Notice that the assumptionAc ⊆ Ao is not needed in the
theorem. However, if this condition is not satisfied, then
the supremal controllable and normal sublanguages are not
necessarily optimal solutions. In such a situation closed-
loop languages using antipermissive control policy can be
considered. Similar conditions can be formulated, in terms
of global mutual observability and modular observability.

VI. CONCLUSION

A new method for modular computation of supremal
controllable and normal sublanguages of indecomposable
specification languages has been presented. The method is
based on a new formula for supremal controllable sublan-
guage and our recent method for computation of supremal
normal sublanguages.

The structural conditions of our methods do not depend on
the particular specification, which is very important because
general indecomposable specifications are studied. Further
research is needed in order to improve our results: the
sufficient conditions we have obtained might be weakened
or different methods are to be proposed.
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APPENDIX

Coalgebras are categorical duals of algebras (the corre-
sponding functor operates from a given set rather than to a
given set). The concept of final coalgebras enables definitions
and proofs by coinduction.

A. Partial automata

In this section partial automata as generators of DES
are formulated coalgebraically as in [8]. Final coalgebra of
partial automata, i.e. a partial automaton of partial languages
is then recalled. LetA be the set of events. The empty string
will be denoted byε. Denote by1 = {∅} the one element set
and by2 = {0, 1} the set of Booleans. A partial automaton
is a pairS = (S, 〈o, t〉), whereS is a set of states, and a
pair of functions〈o, t〉 : S → 2 × (1 + S)A, consists of
an output functiono : S → 2 and a transition function
t : S → (1 + S)A. The output functiono indicates whether
a states ∈ S is accepting (or terminating) :o(s) = 1,
denoted also bys ↓, or not: o(s) = 0, denoted bys ↑. The
transition functiont associates to each states in S a function
t(s) : A → (1 + S). The set1 + S is the disjoint union of
S and1. The meaning of the state transition function is that
t(s)(a) = ∅ iff t(s)(a) is undefined, which means that there
is no a−transition from the states ∈ S. t(s)(a) ∈ S means
that thea−transition froms is possible and we define in this
caset(s)(a) = sa, which is denoted mostly bys

a→ sa.
A bisimulation between two partial automataS =

(S, 〈o, t〉) and S′ = (S′, 〈o′, t′〉) is a relationR ⊆ S × S′

such that: if〈s, s′〉 ∈ R then
(i) o(s) = o(s′), i.e. s ↓ iff s′ ↓

(ii) ∀a ∈ A : s
a→⇒ (s′ a→ and 〈sa, s′a〉 ∈ R),

(iii) ∀a ∈ A : s′ a→⇒ (s a→ and 〈sa, s′a〉 ∈ R).
We writes ∼ s′ whenever there exists a bisimulationR with
〈s, s′〉 ∈ R. This relation is the union of all bisimulations,
i.e. the greatest bisimulation also called bisimilarity.

B. Final automaton of partial languages

Below we define the partial automaton of partial languages
over an alphabet (input set)A, denoted byL = (L, 〈oL, tL〉).
More formally,

L = {(V,W ) | V ⊆ W ⊆ A∗, W 6= ∅,
and W is prefix-closed}.

The transition functiontL : L → (1 + L)A is defined
using input derivatives. Recall that for any partial language
L = (L1, L2) ∈ L, La = (L1

a, L2
a), where Li

a = {w ∈
A∗ | aw ∈ Li}, i = 1, 2. If a 6∈ L2 then La is undefined.
Given anyL = (L1, L2) ∈ L, the partial automaton structure
of L is given by:

oL(L) =
{

1 if ε ∈ L1

0 if ε 6∈ L1

tL(L)(a) =
{

La if La is defined
∅ otherwise

Notice that if La is defined, thenL1
a ⊆ L2

a, L2
a 6= ∅,

andL2
a is prefix-closed. The following notational conventions

will be used:L
w→ Lw iff Lw is defined iffw ∈ L2.

Recall thatL = (L, 〈oL, tL〉) is final among all partial
automata: for any partial automatonS = (S, 〈o, t〉) there
exists a unique homomorphisml : S → L. Another
characterization of finality ofL is that it satisfies the proof
principle of coinduction:∀K,L ∈ L : K ∼ L ⇒ K = L.

C. Coinductive definitions

Coinductive definitions as in [8] are used. Recall from [6]
the following binary operation on partial languages:

Definition (Supremal controllable sublanguage) Define the
following binary operation on (partial) languages for all
K,L ∈ L and∀a ∈ A:

(K/SC
AucL)a =




Ka/SC
AucLa if K

a→ andL
a→

and if ∀u ∈ A∗
u :

La
u→ ⇒ Ka

u→
∅ otherwise

and (K/SC
AucL) ↓ iff L ↓ .

We have shown in [6] that for a partial order that considers
only second (prefix-closed) components of the languages
involved:

Theorem (K/SC
AucL) = supC(K,L)) = sup{M ⊆ K :

M is controllable with respect toL and Au}, i.e. K/SC
AucL

equals the supremal controllable sublanguage ofK.
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