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Abstract

This paper surveys th&f/G/1 queue with regularly varying service requirement distribution. It studies the effect of
the service discipline on the tail behavior of the waiting-time and/or sojourn-time distribution, demonstrating that different
disciplines lead to quite different tail behavior. The orientation of the paper is methodological: We outline four different
methods for determining tail behavior, illustrating them for service disciplines like FCFS, Processor Sharing and LCFS.
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1. Introduction

Measurements indicate that traffic in high-speed networks exhibits burstiness on a wide range of
time scales, manifesting itself in long-range dependence and self-similarity, see for ing2ada
The occurrence of these phenomena is commonly attributed to extreme variability and heavy-tailed
characteristics in the underlying activity patterns (connection times, file sizes, scene lengths), see for
instance[10,30,56] This has triggered a lively interest in queueing models with heavy-tailed traffic
characteristics.

Although the presence of heavy-tailed traffic characteristics is widely acknowledged, the practical
implications for network performance and traffic engineering remain to be fully resolved.

While several studies indicate that small buffer sizes, high levels of aggregation, and flow control
algorithms limit the impact on packet-scale buffer dynamics (see[®251]), heavy-tailed traffic char-
acteristics do dramatically affect flow-level delays experienced by users. A particularly interesting aspect
is the role of scheduling and priority mechanisms in controlling the latter negative effect.

In a fundamental paper, Ananthar@hh considered a single-server queue fed by a Poisson arrival pro-
cess of sessions, whose generic length is distributed as some integer random VAriafitle
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P{T =k} ~ ak~ @tV L (k), where 1< o < 2 andL(-) is a slowly varying function (seBefinition 2.1).

Each session brings in work at unit rate while it is active. Hence, the work brought in by each arrival
is regularly varying and, because<d «a < 2, the arrival process of work is long-range dependent, but
E{T} < oo. Anantharam shows that, in the steady-state casenfpstationary Non-Preemptive service
policy, the sojourn-time of a typical session must stochastically dominate a regularly varying random vari-
able having infinite mean. Non-preemption means that once service on a session has begun, it is continue
until all the work associated with it has been completed. Anantharam does not make any assumptions
as to whether the service policy is work-conserving, or whether the length of a session is known at the
time of arrival. In contrast, Anantharam further shows that there also exist causal stapa®mptive
policies, which do not need information about the session durations at the time of their arrival, for which
the sojourn-time of a session is stochastically dominated by a regularly varying random variable with
finite mean. The results of Anantharam raise several questions, like (i) are there (preemptive) service
disciplines for which the tail of the sojourn-time distribution is not heavier than the tail of the service
requirement distribution, and (ii) what is the effect of various well-known scheduling disciplines on the
tail behavior of the waiting-time and/or sojourn-time distribution?

A related issue arises when there aeweral classesf customers, which may be treated in different
ways by the server (e.qg., using fixed priorities, or according to a polling discipline). Then it is important
to understand under what conditions, or to what extent, the tail behavior of the service requirements of
one class affects the performance of other classes. The above issues have recently been investigated |
the present authors and some of their colleagues. This paper summarizes the results. We focus on th
classicalM/ G /1 queue and its multi-class generalizations (although some of the recently obtained results
allow a general renewal arrival process, or a fluid input).

The orientation of the paper is methodological. After introducing the model and reviewing the main
results for various basic disciplines&ection 2 we discuss four different methods for obtaining the tail
behavior of waiting-time and/or sojourn-time distributions#fG / 1-type queues with regularly varying
service requirement distribution(s): (i) an analytical one, which relies on Tauberian theorems relating the
tail behavior of a probability distribution to the behavior of its Laplace—Stieltjes transform near the origin;
(i) a probabilistic one, which exploits a Markov-type inequality, relating an extremely large sojourn (or
waiting) time to a single extremely large service requirement; (iii) a probabilistic one, which is based on
sample-path arguments which lead to lower and upper bounds for tail probabilities; (iv) a probabilistic
one, which is based on explicit (random-sum) representations of the waiting-time distribution, which
are applicable to the larger class of subexponential distributions. These four approaches are describe
in Sections 3—grespectivelySections 3, 5 and élso discuss the multi-class case. Concluding remarks
are given inSection 7 The present paper is an extended versiofiL6f. In the present version, minor
changes have been madeSactions 3 and,4Section 5Sis significantly improved at several points, and
Section Gs new.

2. Model description and main results

In this section, we formally describe the model, introduce some concepts and notation, and give an
overview of the main results.

As mentioned earlier, we focus on tiM/ G /1 queue. In this system, customers arrive according to
a Poisson process, with rate at a single server who works at unit rate. Their service requirements
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B1, By, ... are independent and identically distributed, with distributBgn with meang and Laplace—
Stieltjes transform (LST}{-}. A generic service requirement is denotedmyT here is no restriction on
the number of customers in the system. We assume that the offered traffic ieatl8 < 1, so that the
system reaches steady-state. We study the steady-state sojouthdfraecustomer, and in some cases
also the steady-state waiting-tirfié until service begins.

Before surveying the tail asymptotics of the waiting-time and/or sojourn-time distributions for various
service disciplines, we first introduce some useful notation and terminology. For any two real functions
g() and k(-), we use the notational conventi@iix) ~ h(x) to denote lim_ g(x)/h(x) = 1, or
equivalently,g(x) = h(x)(1+ 0(1)) asx — oo. For any stochastic variablé with distribution function
F(), with E{X} < oo, denote byF’(.) the distribution function of the residual lifetime df, i.e.,

F'(x) = 1/E{X} fg(l — F(y)) dy, and byX”" a stochastic variable with distributiafi (-).

We focus on the clasg of regularly varyingdistributions (which contains the Pareto distribution). This
class is a subset of the class of subexponential distribuf88jsas treated irsection § which includes
for example the lognormal and Weibull distributions as well.

Definition 2.1. A distribution function F(-) on [0, co) is calledregularly varying of index—v (F(-)
eR_,)If

1-F(x)=x"L(x), v>0,

whereL : R, — R, is a slowly varying function, i.e., lim, o L(nx)/L(x) = 1,n > 1.

The class of regularly varying functions was introduced by Karafi$aa and its potential for proba-
bility theory was extensively discussed[B8]. A key reference i§12].

In the remainder of this section, we present an overview of the tail asymptotics of the waiting-time
and/or sojourn-time distributions in tldé/ G /1 queue for six key disciplines: (i) First-Come-First-Served
(FCFS); (ii) Processor Sharing (PS); (iii) Last-Come-First-Served Preemptive-Resume (LCFS-PR); (iv)
Last-Come-First-Served Non-Preemptive Priority (LCFS-NP); (v) Foreground-Background Processor
Sharing (FBPS); (vi) Shortest-Remaining-Processing-Time-First (SRPTF).

(i) The M/ G /1FCFS queueThe next theorem characterizes the tail asymptotics of the distribution of
the steady-state waiting-tini& for the FCFS service discipline.

Theorem 2.1. In the case of regular variatign.e, P{B > -} e R_,,

P{W > x} ~ ﬁP{B’ >x}, x— oo. QD

Remark 2.1. The waiting-time tail in theV//G /1 FCFS queue is ‘one degree heavier’ than the service
requirement tail, in the regularly varying case. This may be explained by the fact that an arriving customer
has a positive probability of arriving during a service time. Its waiting-time is then at least equal to the
residual duration of the ongoing service—which is regularly varying of indexvi(cf. [12]).

Theorem 2.1was first proved by Cohef25] (who in fact considered th&l/G/1 case), and subse-
quently extended by several authors. In particular, PE@sproved that the relatioR{W > x} ~ p/
(1 — p)P{B" > x} even holds for the larger class of service requirement distributions for which the
residual service requirement distribution is subexponentiafeftion 6
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The fact that the sojourn-time of a customer in thg G/1 FCFS queue equals the sum of its
waiting-time and its lighter-tailed service requirement, the two quantities being independent, implies
that the tail behavior of the sojourn-time distribution is also given by the right-hand s{d¢ of

(i) TheM/G/1 PSqueue The PS (processor sharing) service discipline operates as follows. If there
aren > 1 customers present, then they are all served simultaneously, each at a rate Af the ITC
conference in 1997, Roberts raised the question whether the tail of the distribution of the steady-state
sojourn-timeSps in the M/ G /1 PS queue might be just as heavy as the tail of the service requirement
distribution. This question was motivated by the following observations: (i) in a PS queue short jobs can
overtake long jobs, so the influence of long jobs on the sojourn-time of short jobs is limited, and (i) the
mean sojourn-time in théf/G/1 PS queue only involves tHigst moment of the service requirement,
whereas in thé// G /1 FCFS queue it involves the first moment of tesidualservice requirement, and
hence thesecondnmoment of the service requirement. In factPifB > -} € R_, with 1 < v < 2, then
the second moment of the service requirement does not exist, and neither does the first moment of the
waiting-time in theM/G/1 FCFS case. Roberts’ question can be answered affirmatively, as shown by
the next theorem proven [B3].

Theorem 2.2. If P{B> -} e R_,,
P{Sps> x} ~P{B > (1 - p)x}, x— oo. 2

Apparently, in theM/G/1 PS queue the sojourn-time tail is just as heavy as the service requirement
tail, which agrees with the observations (i) and (ii).

Remark 2.2. Formula(2) states that the probability that a tagged customer’s sojourn-time exceeds the
valuex is asymptotically (forx — oo) equal to the probability that a customer’s service requirement
exceeds a valuél — p)x. This property can be made intuitively plausible as follows: if a customer
with an extremely large service requirement is placed in the queue, then the queue remains stable
which heuristically implies that all other customers eventually leave the system. Hence, the average
capacity devoted to the service of other customers is approximately equallois, the average service
capacity devoted to the tagged customer is approximatelypl Since the service time of the tagged
customer is heavy-tailed, the tagged customer stays in the system long enough to observe this averag
behavior. Note thaEq. (2) and this intuitive argument are not valid in, e.g., th&M/1 PS queue

[15].

(i) TheM/G/1 LCFS-PR queudn the LCFS Preemptive-Resume discipline, an arriving customer
K is immediately taken into service. However, this service is interrupted when another customer arrives,
and it is only resumed when all customers who have arrived &ftesve left the system.

The fact that no customer has to wait for the completion of a residual service requirement, sug-
gests that the tail of the sojourn-time distribution is just as heavy as the tail of the service require-
ment distribution. This was indeed proven[RD], using the following observation: the sojourn-time
of K has exactly the same distribution as the busy-period of Mii€5/1 queue. The busy-period
obviously has the same distribution for LCFS-PR as for FCFS. The tail behavior of the busy-period
distribution in theM/G/1 queue has been studied by De Meyer and Teud@kfor the case of a
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regularly varying service requirement distribution. This yields the next thedfgidenoting the steady-
state sojourn-time).

Theorem 2.3. If P{B> -} e R_,,

P{SLpr > x} ~ 1T1,0P{B > (1-px}, x— oo. 3)

(iv) The M/G/1 LCFS-NP queuelLet W np denote the steady-state waiting-time in th& G/1
LCFS-NP queue. The impossibility of preemption suggests that the taif g will be determined
by the tail of a residual service requirement. Indeed, in this paper we prove the following result, which
in fact also holds for the sojourn-tintgne = Wine + B, a@s is shown irSection 4

Theorem 2.4. If P{B> -} € R_,,
P{Winp > x} ~ pP{B" > (1 - p)x}, x— oo. 4)

(v) TheM/G/1 FBPS queueThe Foreground-Background Processor Sharing discipline allocates an
equal share of the service capacity to the customers which so far have received the least amount of service
se€[38] or [58]. It was proven irf47] (only for the case k v < 2) that the tail of the distribution of the
sojourn-timeSgg is the same as that for the ordinary PS discipline.

Theorem 25. If P{B> -} e R_,withl <v < 2,
P{Srg > x} ~P{B > (1 — p)x}, x — oc. (5)

Although not proven here, it can be shown that the result remains truefd.

(vi) TheM/G /1 SRPTF queu&Vith this service discipline the total service capacity is always allocated
to the customer(s) with the shortest remaining processing time (Shortest-Remaining-Processing-Time-
First). Assuming thaB(x) is a continuous function, with probability 1, no two customers in the system
have the same remaining service requireniés]. The service of a customer is preempted when a
new customer arrives with a service requirement smaller than the remaining service requirement of the
customer being served. The service of the customer that is preempted is resumed as soon as there are n
other customers with a smaller amount of work in the system. For the sojourrs4gwee will prove the
following theorem, cf[47].

Theorem 2.6. If P{B> -} e R_,withl <v < 2,
P{Ssr > x} ~P{B> (1— p)x}, x— oo. (6)

Note that the tail of the service requirement distribution behaves as those of the PS and FBPS disciplines.
Again, we remark (without proof) that the result is also validifor 2.

In the sequel we prove these theorems using different methods. This serves as an illustration of
the various methods and allows us to compare th€Eheorems 2.2 and 2.4re proven in each of
Sections 3—pTheorems 2.1 and 2a88e proven irSections 3 and,andTheorems 2.5 and 2&e provenin
Section 4
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3. Transform approach

In this section we outline an LST approach to the study of tails of waiting-time and/or sojourn-time dis-
tributions in theM/ G /1 queue and some of its generalizationsSéction 3. e consider the single-class
M/G/1 queue, with as service discipline either FCFS, PS, LCFS-PR, or LCFS-gechion 3.2ve
consider the multi-clas8f/ G /1 queue, in which the classes are served according to some scheduling
mechanism.

For several of the above-mentioned cases, expressions for the LST of the waiting-time and/or
sojourn-time distribution are available in the literature. Such expressions lend themselves to determine
the tail behavior of the associated distributions: there exists a very useful relation between the tail
behavior of a regularly varying probability distribution and the behavior of its LST near the origin.
That relation often enables one to conclude from the form of the LST of the waiting-time and/or
sojourn-time distribution, that the distribution itself is regularly varying at infinity. We present this
relation inLemma 3.1

Let F(-) be the distribution of a non-negative random variable, with BT and finite first: moments
U1, ..., iy (@ndug = 1). Define

n _ j
¢uls) = (1" | pls) = Y ! jf)

j=0

Lemma3.l. Letn < v <n+1,C > 0. The following statements are equivalent

s
1-Fx)=(C+ 0(1))%X_VL(X), X — 0.

¢, {s} = (C +0(1))s"L (1) , 540, sreal,

The caseC > 0 is due to Bingham and Dong¢1]. The case” = 0 was first obtained by Vincent
Dumas, and is treated 23, Lemma 2.2] The case withv integer-valued is more complicated; see
Theorem 8.1.6 and Chapter 3[&R].

3.1. The single-class case

() TheM/G/1 FCFS queueln the M/G/1 FCFS queue, the LST of the steady-state waiting-time
distribution is given by the Pollaczek—Khintchine form{2&]:

_ 1-p
E sW, =
=1

wherep’{s} = (1— B{s})/Bsisthe LST of the residual service requirement distribuBta). A Karamata
theorem (cf. Section 1.5 §f2]) impliesthatifP{B > -} € R_,,thentheintegratedtd{ B" > -} € R1_,.
More precisely, if

Res > 0, (7)

P{B>x}~x""L(x), v>1 x— o0, (8)
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then

P{B’>x}:E OoP{B>y}dy~ ! VLX), x — oo.
B Jx -1

We now demonstrate how the following statement, which impliesorem 2.1is easily obtained from
the LST expressio(7) andLemma 3.1Forl< v < 2,x — oo,

0

P{(B>x}~x""L(x) & P{W=>x}~ iy 1)ﬂxl_”L(x). 9)
It follows from (8) andLemma 3.1that
1-p8{s}=1- 1= Fts) = — (F(l —v) + 0(1)) s"7L (1') , s}0. (20)
Bs B s

Combining this result witl{7) yields:

pA-pfsh)  p IA- U)s"_lL (}) Csyo.
1— pB{s} 1-p B s

Another application oEemma 3.1gives the= part of(9). The reverse part is obtained in a similar way.

A similar approach can be followed for non-integer values of 2; we ignore the subtleties required in

applyingLemma 3.1for integer values ob.

(i) TheM/G/1PS queueTheorem 2.2ndicates that, contrary to the FCFS case, the sojourn-time tail
inthe M/G/1 PS queue is just as heavy as the service requirement tail. We now sketch the pB8pf in
which is based on the applicationloédmma 3.1to an explicit expression of the sojourn-time LST.

There are several expressions known for the LST of the sojourn-timpi&&5,57] but they con-
tain contour integrals which are inversion formulas of Laplace transforms. Starting-p¢@8]iis an
expression if48] for the conditional LST of a customer’s sojourn-tim&s(7), given that his service
requirement ig: for Res > 0,7 > 0,

1-EfeW =

1-p
(1— p)Hi(s, ) + SHa(s, 1)
where the functiongf, (s, T) and H»(s, t) are given by their LST w.r.tr

E{e—SSDs(f)} —

/OO e “"dH(s, 1) = x — A= pl) , Rex>0,

0 x—s—M1— B{x})

foo e “"dH(s, 1) = px =M1 = pixh) , Rex>0.
0 x(x —s —A(1— B{x}))

It follows from these relations that, for Re> 0 and Rex > 0,

* —sSs(07-1 _ s 1
./o e e = L T s Ele W = )’

whereW denotes the steady-state waiting-time in#eG /1 FCFS queue (we will denote its distribution
by W(-)). Formula(11) implies (sed63]) that

0k -1
E{e 5%} — |:Z Ii_'ak(f):| , (12)

k=0

(11)
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with ag(7) := 1, a1(7) := /(1 — p), and fork > 2,

k T
o (1) = ——— (r — )W D (x) d.
‘ L= Jimo
In Corollary 3.2 of 63], Eq. (12)is shown to imply that théth moment of the sojourn-time in thié¢/ G /1
PS queue is finite iff théth moment of the service requirement is finite. Bagf. (12)is also suitable for
applyingLemma 3.1 With Spsthe steady-state sojourn-time in th& G/1 PS queue, and using the fact
thatE{e %s} = [;* E{e~>%"} dB(v), it can be showii63] that, for 1< v < 2,

E{e*SSDS} _’B{l%p} = O(SUL (%)) , 540, sreal

One can now applfemma 3.1 Using the well-known fact thaE{Sps} = B/(1 — p), it is seen that
Theorem 2.2holds for 1< v < 2 (and via a similar approach it is shown[#8] that this holds for all
non-integew > 1). In fact, a two-way application dfemma 3.1lyields (cf.[63]): for non-integenw > 1,
X — 00,

P{B>x}~x""L(x) & P{Sps> x}~

- p)vx L(x).

(i) TheM/G/1LCFS-PR queuéis observed irsection 2the sojourn-time in tha7/ G /1 LCFS-PR
gueue has the same distribution as the busy-period ibfit@/1 queue. De Meyer and Teug@s] have
studied the tail of the latter distribution in the case of a regularly varying service requirement distribution.
Their starting-point is the fact that the LSd{s} of the steady-state busy-period lengdths the unique
solution of the equation

nist = B{s + A1 — ufsh} (13)

with |u{s}| < 1 for Res > 0. They applyLemma 3.1to show the following equivalence: faor > 1,
X —> 00,

P{B>x}~x""L(x) & P{P>x}~ xVL(x). (14)

1- p)v+1
Hence, the tail of the busy-period distribution is just as heavy as that of the service requirement distribution.
Theorem 2.3mmediately follows from(14).

(iv) The M/G/1 LCFS-NP queuelLet W np denote the steady-state waiting-time in th& G/1
LCFS-NP queue. The following is observed [26, p. 431] If an arriving customer in thé//G/1
LCFS-NP queue meets a customer in service with a residual service requirentiesn its waiting-time
distribution is that of a busy-period with a special first service requiremeiihat residual service re-
quirement has distributioB" (-) with LST g"{s} as introduced in the beginning of this sectja, p. 432]

It is now readily seen (cf., e.d27, p. 299) that

E{e Wy =1 — p+ pB'{8{s}}, Res=>0, (15)
with 8{s} the unique zero in Re> 0 of A(1 — B{w}) — w + s, Rew > 0. In fact, cf.(13), §{s} =
s+ A(1 — u{s}). In combination with(15), this gives an alternative derivation of Eq. (111.3.10)[26]:

p_1-us) Res > 0. (16)

—SWNPy 1 _ s
e S e Ay T E
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Using Lemma 3.1 we can now easily verify that the tail 6%, np is regularly varying of degree one
heavier than the tail of the service requirement (as may be expected in view of the possibility of having
to wait at least a residual service requirementj8)fand hence als(l0) hold, then it follows from(14)
andLemma 3.1that

B Ii1—v) , 1
1- ,bL{S} — lTpS _(l——p)‘)"‘ls L <§) , S \L 0, (17)
and therefore
_ —SWnPY ~ _M v—1 (})
1—E{e } 1 p)v_ls L o) s 4 0. (18)

On the other hand, starting fro(t8) and using16), one getg17). Application ofLemma 3.1and(14)
now yields: forv > 1, x — oo,

A
v-DA-p¥t

P{(B>x}~x""L(x) & P{Wnp>x}~ XL (x).

Both relations implyTheorem 2.4
3.2. The multi-class case

In this section we consider thé/ G /1 queue withK classes of customers. We study several of the most
important service disciplines, rules that specify at any time which class of customers is being served. We
are interested in the question under what conditions, or to what extent, the tail behavior of the service
requirements of one class affects the performance of other classes.

The notation is as introduced 8ection 2but quantities relating to claggustomers receive an index
Hence, classcustomers arrive according to a Poisson process withi raaed their service requirements
have distributionB; (-) with meang;; p; := 1,8 andp := 3% | p;.

(i) Fixed priorities Non-Preemptive priorityAssume that there are only two priority classes, class 1
having Non-Preemptive priority over class 2. Coli2®, Section I11.3.8]gives the following expressions
for the LST of the distribution of the steady-state waiting-tiigof class-1 customers:

1— p + p2Byls)

—sWiy __
E{e } = 1= pafils) , Res>0, p<1, (19)
E{e S} = A= p)bsls) pl)ﬁg{s}, Res>0, p1<1 p=1 (20)
1— p1Bi{s}

In both casesl.emma 3.1can readily be applied to determine the tail behavior of the waiting-time
distribution. Actually, this is one of the rare cases in which the LST can be easily inverted. £dr
this gives @7 ; has the residual service requirement distributijit-), and B, has the residual service

requirement distributiom,(-)), with =¢ denoting equality in distribution,
d o .
Wl:Bl,l +---+ Bl,N + Z,

whereN is geometrically distributed with paramei@rwhile Z is zero with probabilit1 — p) /(1 — p1)
andZ = B/, with probability po/(1 — p1). For py < 1 butp > 1, inversion of the LST ir{20) yields:

d pr r r
Wi=By,+---+ Byy + By
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These results imply the following. If the service requirement distribution with the heaviest tail is regularly
varying at infinity of index—v, then the waiting-time distribution of the high-priority customers is
regularly varying at infinity of index + v. More specifically: if the heaviest tail belongs to class 1, then
the waiting-time tail of class-1 customers is as if no class 2 exists. If the heaviest tail belongs to class 2,
then the waiting-time tail of class-1 customers behaves like the tail of a residual service requirement of
class 2 ifp; < 1 andp > 1, and like that tail multiplied by the factgr/(1 — pq1) if p < 1.

For class 2 the following result has been proveifii)]. If the service requirement distribution with
the heaviest tail is regularly varying at infinity of indexv, then the waiting-time distribution of the
low-priority customers is regularly varying at infinity of index-1v. This is proven by exploiting a
representation for the LST of that waiting-time distribution, as given by Abate and Y2hitind then
usingLemma 3.1 The resultis not surprising, when one realizes that a low-priority customer may have to
wait for a residual service requirement of either class.[8&Efor more details. Alternative approaches
to this model may be found iBections 5 and.6

(ii) Fixed priorities Preemptive-Resume prioritlfirst assume that there are only two priority classes,
class 1 having Preemptive-Resume priority over class 2. Clearly, class-1 customers are not affected by
class-2 customers, so the result$ettion 3. for FCFS) apply to class 1. The waiting-time distribution
of the low-priority customersintil the start of the—possibly interrupted—servis¢he same as in the
Non-Preemptive case. Those possible interruptions consist of full service requirements of high-priority
customers, and in the regularly varying case these are less heaugtidumelservice requirements of
those customers. Hence, in the scenario of regular variation, the tail behavior of low-priority customers
is the same as in the Non-Preemptive case.

If there areK > 2 classes, then in studying clagene may aggregate classes 1, j — 1 into one
high-priority class w.r.t. clasg, while the existence of classgst 1, ..., K is irrelevant for clasg.

(iii) Polling. Deng[31] has considered the extension of the two-class Non-Preemptive priority model to
the case in which the server requires a switchover time to move from one class of customers to the other
She proves: if the service requirement distributirihe switchover-time distributiowith the heaviest
tail is regularly varying at infinity of index-v, then the waiting-time distributions of both classes are
regularly varying at infinity of index + v. Again the key of the derivation is an explicit expression for
the LST of the waiting-time distributions, in combination witbmma 3.1

The above two-class model may also be viewed psling model with two queue®):, O, and a
server who alternatingly visits both queues, servingexhaustively (i.e., until it is empty) and applying
the 1-limited service discipline a@, (i.e., serving one customer, if there is one, and then moving on to
the other queue). If22] a polling model withK queues has been studied, with the exhaustive or gated
service discipline being employed at the various queues. In a similar way, the same conclusions as abov:
have been obtained.

(iv) Processor sharing with several customer classethe multi-class disciplines that were discussed
above, the worst tail behavior of any class determined the waiting-time tail behavior of all classes (except
for high-priority customers in the case of Preemptive-Resume priority). Processor sharing turns out to
be better capable of protecting customer classes from the bad behavior of other classegsHwart
showed that the sojourn-time distribution of a classistomer is regularly varying of indexy; iff the
service requirement distribution of that class is regularly varying of indexregardlessof the service
requirement distributions of the other classes. His method again reliedroma 3.1

(v) Generalized processor sharinfhe generalized processor sharing (GPS) discipline operates as
follows [50]. Customer classis assigned a weigh;, i = 1, ..., K, with Zi’il ¢; = 1. If customers of
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all classes are present, then one customer from each class is served simultaneously (processor sharing
a class- customer receiving a fractiopy of the server capacity. If only some of the classes are present,
then the service capacity is shared in proportion to the weigtasong the head-of-the-line customers

of those classes.

GPS-based scheduling algorithms, such as Weighted Fair Queueing, play a major role in achieving
differentiated quality-of-service in integrated-services networks. Hence, it is important to study the extent
to which GPS is capable of protecting one class of customers from the adverse effects of bad traffic
characteristics of other classes. Unfortunately, the queueing analysis of GPS is very difficult. A slightly
more general model foK = 2 is the model with two paralleM/G/1 queues with service speeds
depending on whether the other queue is empty or not. For general service requirement distributions,
the joint distribution of the amounts of work of both classes has been obtairf@d]ity solving a
Wiener—Hopf problem (se2,40] for the case of exponential service requirement distributions). The
results of[27] have been exploited if13,17,18] In those papers, service requirementgatare either
exponential or regularly varying; @, they are regularly varying. Whether the service requirement tail
behavior atQ, affects the workload tail aD; is shown to depend crucially on whether or r@t is
able to handle all its offered work by working at the low speed that occurs whilis non-empty (i.e.,
whether or nop; < ¢1). The method employed [13,17,18]starts from a, complicated, expression for
the workload LST. In some caseemma 3.1is applicable, but in other cases an extension of this lemma
must be used. FaK > 3 coupled queues, respectively, for GPS with> 3 classes, no explicit results
are known. However, the sample-path techniques discussgetiion Shave proven useful in obtaining
tail asymptotics for an arbitrary number of clasgb$).

4. Tail equivalence via conditional moments

With heavy-tailed distributions, it is often the case that large occurrences of the variable of interest
(e.g., a customer’s waiting-time or sojourn-time) are essentially causedibglalarge occurrence of
one input variable (e.g., a service requirement). In this section we describe a generic approach that may be
used to prove that the tails of the distributions ofthesal variableand theresultantvariable areequally
heavy Specifically, we say that two non-negative random varialflesxdY have equally heavy-tailed
distributions ifP{Y > gx} ~ P{X > x} for some constarg > 0. In the examples below, a customer’s
own service requirement (denoted BY or theresidual service requirement of some other customer
(denoted byB") will play the role of the causal variabl® and the customer’s sojourn-time (denoted
by S) that of the resultant. In order to explicitly express the dependence of the sojourn-time on the
(residual) service requirement, we use) to denote a customer’s sojourn-tigrenthat the (residual)
service requirement equalsConsequently, we may alternatively wréB) or S(B") (depending on the
causal variable) for the unconditional sojourn-tithe

Theorem 4.Irelates the tails of the distributions §fand the causal variablg (later replaced with
either B or B"). We make two assumptions: one regarding the distribution of the causal variable and one
regardingS(z).

Assumption 4.1. P{X > -} € R_, for somex > 0.

This assumption can be relaxed to distributiongntérmediate regular variationa class introduced
by Cline[29], without invalidatingTheorem 4.1see[47].
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Assumption 4.2. The following three conditions are satisfied:

(&) E{S(v)} ~ g7, for someg > O;
(b) With « as inAssumption 4.1there exist > « such that
h
PIS(E) ~ ELS() > 1) < "

with 2 (t) = o(t*~?%), T — oo, for somes > 0;
(c) S(r) is stochastically increasing im > O, i.e., for allt > 0, the probabilityP{S(t) > ¢} is
non-decreasing im > 0.

Theorem 4.1. Suppose Assumptiodsl and 4.2 are satisfied. Then the tails of the distributions of the
random variablesy and S(X) are equally heavy in the sense that

P{S(X) > gx} ~ P{X > x}.
In particular, the distribution ofS(X) is also regularly varying with the same indexr as that ofX.
Proof. We only give a sketch of the proof and refer{4¥] for details. The proof consists of two parts.
For the first part we write, witlh > 0,

P{S(X) > gx} < P{S(X) > gx; X <x(1—¢&)} + P{X > x(1—¢)}. (22)

By conditioning onX and integrating over the distribution &f, it can be shown (usindssumptions
4.1 and 4.2that
P{S(X) > gx; X <x(1—¢)} = o(P{X > x(1—9)}), x— o0. (22)
Hence, we may neglect the first term on the right-hand sid@fand write
P{S(X) > g P{X 1-
lim sup—{S( ) > 83} < limsup X > x(d = &) =1-97“
Y00 P{X > x} Y00 P{X > x}

Lettinge | 0, the right-hand side tends to 1.
For the second part of the proof we write, for O,

P{S(X) > gx} > P{S(X) > gx; X > x(1+ ¢)}.

By conditioning again orX, it can be shown that
P{S(X) > gx; X > x(1+¢)}

l 1 23
meoo P{X > x(1+ &)} (23)
Hence,
iminf PO > 85 e PE > x@ e} e
x—oo  P{X > x} x—00 P{X > x}
Again, the right-hand side tends to 1&a$ O. O

Remark 4.1. Formulas(22) and (23)n fact allow us to prove the stronger statement that essenially
andS(X) can only ‘simultaneously exceed’ the valueandgx, respectively, for — oo.
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We will employ Theorem 4.1to show for several queueing models that the tail of the sojourn-time
distribution is as heavy as that of the (residual) service requirement distribution. Assuming that the service
requirement distribution is regularly varying, it suffices to verify thi&f), the sojourn-time conditioned
on the (residual) service requirement, satishissumption 4.2Parts (a) and (c) ocAssumption 4.2are
often not hard to verify. We will use the following variant of Markov’s inequality to verify part (b):

E{S(0)“} — (E{S(m) )"
P{S(1) > 1} < C—ESO" , >0, r>E{SH} (24)

wherex > 2. In[47] Markov’s inequality itself was used, but for the analysis of MigG /1 LCFS-NP
below, the form 0f24)is more convenient. To see that this inequality holds; (g}, y > 0, be a convex
function with a convex derivative (y) andc(0) = ¢/(0) = 0. If Y is a non-negative random variable and
t > E{Y}, then

c(Y) — c(B{Y}) — '(E{YD(Y — E{Y}) = Liy=yc(t — E{Y}),

wherel;, denotes the indicator function. Taking expectations with respect to the distributio e
obtain

E{c(Y)} — c(E{Y}) = P{Y > t}c(r+ — E{Y}).

Choosinge(y) = y*, with k > 2, leads to the desired result.

The strength of the method described here is that it does not rely on the availability of the LST for the
sojourn-time distribution. In particular, the method’s flexibility was demonstrat¢dShwhere it was
employed in the analysis of &/ G /1 PS queue with random service interruptions (for that model even
basic performance measures such as mean queue length are not available). A limitation of the method
is that it relies on the fact that an extreme occurrence of the performance measure of interest (e.g., the
sojourn-time) is essentially caused by the occurren@efhigleextreme input variable.

(i) TheM/G/1PS queueConsider again th#f/ G /1 PS queue described 8ection 2 In this section
Sps(t) will stand for the sojourn-time of a customer with service requirementO, arriving when the
system has reached steady-state. As before, the unconditional sojourn-time will be denfigd.by
Sps = Sps(B), where the random variable stands for the customer’s service requirement. We first list
some known results for the momentsSys(z). Then we will use these to veriffsssumption 4.2and
subsequently applyheorem 4.1

It is well-known[38,53] that the mean of the conditional sojourn-time is proportional to the service
requirement

T
E{Ses(D)} = 1o (25)
—p
The variance ofpg(7) is given by
Var{Ses(n)} = ———— [ (t — w)P{W > u}du, (26)
(1 - /0) u=0
cf. [57]. As before,W is distributed as the steady-state waiting-time in MigG /1 queue. When the
second moment of the service requirement distribution is finite, we have$a2, 3, ..., cf. [63],

t \* Ak(k—DE{B? |, _
E{Sps()} = (1_p> T i 7 ttoth, 1 oo (27)
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In the literature these results have mostly been obtained from expressions for thedsgkpfHowever,
(25)—(27)can be obtained directly from a set of differential equations instead of deriving the LSpd{ of,
seg57, Remark 3for an outline of how this can be done for the varianc8s{t), and[45,46]for higher
moments. Later in this section we use similar ideas to derive differential equations for the moments of
the conditional sojourn-time in th&/ G /1 LCFS-NP.

We now provide a new proof ofheorem 2.2 As before, we assume th&(-) € R_,. We further
require thatv # 2; in [47] it is indicated how this technical condition can be avoided. Focusing on the
sojourn-time of a particular customer, its own service requirenBentll act as the causal variablg,
i.e., in the light ofAssumption 4.1ve choose: = v. We now verify thatAssumption 4.2s automatically
satisfied. First we note that the monotonicityX8ps(z) > ¢} in , the last condition i\ssumption 4.2is
easily verified using a sample-path argument: comparing the sojourn-times of two customers, for the same
sequences of inter-arrival times and service requirements of other customers, it follows immediately that
the one requiring the smaller amount of service leaves before the one with the larger service requirement
As a consequence (25), we also have that Condition (a) Assumption 4.2holds withg = 1/(1 — p).

We now focus on Condition (b) and first consider the case ithat 2, ensuring thaE{B?} < oo.
Choose any integer > v and useg(27) to conclude that Condition (b) is satisfied for ahy (0, 1).
Hence,Theorem 4.Xan be applied.

In the case that k v < 2, it follows from (26) that VafSps(7)} = o(z3V*%) for all ¢ > 0. Thus,
Assumption 4.2s satisfied (withk = 2 and 0< § < v — 1) and, henceTheorem 4.Ican again be
applied. In both cases we conclude that,T¢feorem 2.2

X
P{Sp3> 1_

} ~ P{B > x}.

(i) TheM/G/1 LCFS-NP queuen the LCFS-NP case we focus on the sojourn-tifigpe(7), of a
tagged customer entering the system wherr¢h@ainingservice requirement of the customer in service
equalst. Because of the service discipline, if there are any customers in the queue, these are overtaker
by the new customer and they will have no influenceSag(7), which we may write as

N(7)
Sine() =T+ P+ B,
n=1
where, by convention, we set the empty sum equal 16(9) denotes the number of customers that enter
the system during the remaining service requiremaritthe customer in servicé®,,n =1, 2, ...,isan

i.i.d. sequence having the distribution of the busy-period iMfi&; /1 queue. Indeed, all customers that
enter during the time overtake the tagged customer, and the same holds for the customers that arrive
during their service time, and so on. FinalB/denotes the tagged customer’s own service requirement. If
there is no customer in service upon arrival, the sojourn-time is just equal to the customer’s own service
requirementB. Note that the probability of arriving to a non-empty system.i8Ve thus have fos np,

the unconditional sojourn-time of the tagged customer,

P{Sine <1} = (1 — p)P{B <t} + pP{Sinp(B") <1}, t>0. (28)

Here B" denotes the (unconditional) residual service requirement of the customer in servi@, has,
distributionB"(-), and, hence,

o]

P{Sune(B) <t} = / P{Sine(t) < t}dB' (1), t>0.
=0
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We now proveTheorem 2.4or non-integen > 2 (seeRemark 4.2, by showing that ifB(-) € R_, and,
henceB"(-) € R_, with a := v — 1, thenS yp(7) satisfiesAssumption 4.2and, byTheorem 4.1

PlSne(B) > L} ~P{B" > x}.
1-p

Since 1— B(x) = o(1 — B"(x)), x — oo, we have, from(28),

P1{Sine > L} ~ pP{B" > x},
1-p
in accordance witfTheorem 2.4

Remark 4.2. The case 1< v < 2 needs special treatment. As we will see below, the approach aims
at verification of Condition (b) ofAssumption 4.2taking « equal to the nearest integer larger than
v — 1, which in this case would be = 1. However, forc < 2 we cannot us€24). It is possi-
ble to verify Condition (b) using different probabilistic arguments which, however, we will not pursue
here.

A different problem occurs whenis integer-valued. The approach would aim at choosiagv. This
requires thaE{B"} < oo, which may not be the case. (Recall that in the analysis affh€ /1 PS queue
we could choose equal to any integer larger thar)

In order to verify the conditions iAssumption 4.2we first derive differential equations for the moments
of S_np(7). The random variabl® will have the distribution of the busy-period in th/ G /1 queue. We
assume thak < v < m + 1, for some integet: > 2, and therefor&{B™} < oo andE{P"} < oc.

Remark 4.3. The fact thatE{ P} < oo if and only if E{B"} < oo is a consequence dtheorem 2.3
(sinceS_pr="P). Note that this result was proven[#3] using Laplace-Transform techniques (df4)).
The same can be achieved using (probabilistic) sample-path arguid&hts

Conditioning on whether or not an arrival occurs during a time interval of leagth 0, we obtain,
fork=12,...,m,

E{[Sine(t + A)F}
= (1 - AMDE{[(A + Sine ()]} + LAE{[(A + Sine (D) + P} +0(4), A — 0.

Re-arranging terms, dividing b, passingA — 0 and usinge{ P} = 8/(1 — p), we obtain
d k k=2 k ‘ )
S ESINe (@} = T EfSine(@ 1 + 4 ) ( ) E{Sine(D/}E(PE), (29)
T 1-p = J

with initial condition E{S_np(0)¥} = E{B*}. By solving(29) for k = 1 (setting the empty sum equal to
0), it can readily be verified that

E{Sip(D} = B+ 1#
—p
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which shows Condition (a) dhkssumption 4.3s satisfied. Recursively solvin@9)fork = 2,3, ..., m,
leads to the general form

k
E{Sinp(D*) = (r’p) + pr-1(9), (30)

where p;_1(t) denotes a polynomial im of degreek — 1. The coefficients of this polynomial can be
obtained recursively by substitution in@9); in particular, p;_1(0) = E{B*}. Takingk = m we may
use(24) and (30Yo show that Condition (b) oAssumption 4.3s satisfied (for any G< § < 1). Finally,
Condition (c) can again be verified by a sample-path argument similar to that in the analysi&@tiig
PS queue.

(i) TheM/G /1 FBPS queugWith the FBPS discipline, the customers which so far have received the
least amount of service share equally in the total capacity. UBimeprem 4.1we will prove that the
sojourn-time tail is just as heavy as the service requirement #®jlife R _, with1l < v < 2. (Forv > 2
we need to study higher moments of the conditional sojourn-tisg(r) denotes the sojourn-time of a
customer with service requirementWith a straightforward sample-path argument it can be shown that
Sks(7) is stochastically non-decreasingdn

AssumingB(-) is absolutely continuous, the mean and variance of the sojourn-time are given by

_ 4 Aha(7)
E{Sre(n)} = 1 T 20
2
Var{Seg(7)} = Aha(T) Atha(T) 3(Aha (7))

31— rh1(0)®  (1—2rha(0)® 41— rha(0)?
cf. [58, Form. (6.2) and (6.3)The functions: (1), j = 1, 2, 3, are given by

hi(r) = j / ioxj_l(l — B(x)) dx.

These expressions can again be yd&dito prove that, for alk > 0,
E(Sre(0} ~ 7——.,  Var(See(n} = o), 7 oc.
—p

ConsequentlyAssumption 4.4s implied by Assumption 4.Jchoosinge = 2 and O< § < v — 1) and
we may again applfheorem 4.1o show thaP{Sgg > x/(1 — p)} ~ P{B > x}, cf. Theorem 2.5

(iv) TheM/G/1 SRPTF queueNow we consider a/ G /1 queue in which the total service capacity
is always allocated to the customer with the shortest remaining processing time (Shortest-Remaining-
Processing-Time-First). The service of a customer is preempted when a new customer arrives with a
service requirement smaller than the remaining service requirement of the customer being served. The
service of the customer that is preempted is resumed as soon as there are no other customers with a small
amount of work in the system.

As in the M/G/1 FBPS queue, we restrict ourselves to the ddsg € R_, with 1 < v < 2. We
further assume thaB(-) is a continuous function, hence, with probability 1, no two customers in the
system have the same remaining service requiremer{4ed he sojourn-time can be decomposed into
two different periods: the waiting-time (the time until the customer is first taken into service) and the
residence time (the remainder of the sojourn-time). The residence time may contain service preemption
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periods caused by customers with a smaller service requirement. For a customer with service requirement
7, we denote the waiting-time by/(t) and the residence time (). Thus, the sojourn-time is given

by Ssr(tr) = W(1) + R(t). We defineo(t) as the traffic load of customers with an amount of work less
than or equal ta,

o(1) = A/r tdB(p).

=0
The first two moments oW(7) are given by

[y t?dB() + 2(1 — B(v))

E{W(D} =4 21— p(0)? ,
T 13dB() + 31— B(v) i [y ?dB(®) + t2(1 — B(2))
E{W(r)? =/\ff—°t +A2f 2dB(r)==2 ,
W 31— p(0)? o AP0 (1= p(0)?
and the mean and variance Bfr) by
_ ‘ 1 . v f,j:o u?dB(u)
SRm} = /,=o 1ot VER@I=A ] Ao &

cf. [54]. These expressions may again be ugEq to verify that, when 1< v < 2, Assumption 4.1
impliesAssumption 4.2and, henceR{Ssg > x/(1 — p)} ~ P{B > x}, cf. Theorem 2.6

5. Sample-path techniques

In the present section we describe how sample-path techniques may be used to determine the tail
asymptotics of the delay distribution in tid¢/ G /1 queue for various disciplines. By definition, the tail
distribution of a random variable reflects the occurrence of rare events. Large-deviations theory suggests
that, given that a rare event occurs, it happens with overwhelming probability in the most likely way.

In case light-tailed processes are involved, the most likely path typically consists of an extremely long
sequence of slightly unusual events, which conspire to make the rare event under consideration occur, see€
for instance Anantharaf]. In contrast, for heavy-tailed characteristics, the most likely scenario usually
involves just a single catastrophic event (or generally, a ‘minimal combination’ of disastrous events that
is required to cause the event under consideration to happen). Typically, the scenario entails the arrival
of a customer with an exceedingly large service requirement.

The fact that the most likely scenario usually involves just a single exceptional event, provides a heuristic
method for obtaining the tail asymptotics by simply computing the probability of that scenario occurring.
By way of illustration, we now sketch a heuristic derivation of the tail asymptotics of the workiaad
the M/G/1 queue as described 8ection 2

Let us focus on the workload in the system at time 0. The assumption is that a large workload
level is most likely due to the prior arrival of a customer with a large service requireRdet us say
at timer = —y. (Of course, this assumption is nothing but an educated guess at this stage. However, it
turns out that this supposition leads to the correct result, and can actually be strengthened into a rigorous
proof, as will be illustrated below.) Note that from time= —y onward, the workload decreases in a
roughly linear fashion at rate-1 p. So in order for the workload at tinre= 0 to exceed the leval, the
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service requiremen® must be larger tham+ y(1 — p). Observing that customers arrive according to a
Poisson process of rateintegrating w.r.ty, and making the substitutian= x + y(1— p), we obtain, for
largex,

P{V > x}%/

y=0

o0

)\' 0
P{B>x+y(l—plrdy = lTp/ P{B > z}dz = rppP{Br > x}. (31)

With some additional effort, the heuristic derivation can often be made rigorous. The typical approach
consists of deriving lower and upper bounds which asymptotically coincide. It is often relatively straight-
forward to convert the heuristic arguments into a strict lower bound, by simply calculating the probability
of the most likely scenario occurring. The construction of a suitable upper bound tends to be more chal-
lenging. The upper bound usually contains a dominant term, which corresponds to the probability of the
most likely scenario. The main difficulty lies in showing that this scenario is indeed the only plausible
one, in the sense that all other possible sample paths do not significantly contribute. This is done by
grouping all other sample paths into a few events which must then all be shown to have an asymptotically
negligible probability.

Although the above approach is fairly typical, it is hard to describe a universal method that can be
mechanically executed. The identification of the most likely scenario requires some sort of an educated
guess. Besides, categorizing the ‘irrelevant’ sample paths is problem-specific and far from automatic.
The next lemma however characterizes the structure that typically emerges.

Lemmab5.1. Suppose that forany> 0,¢ > 0, M > 0,

K
P{X > x} = F(=8)P(Y > G(e)x} [ [ P(D; ()}, (32)
i=1
L
P{X > x} < FO)P{Y > G(—e)x} + Y _P{E} (M, )}, (33)
j=1

P{Y > x} is regularly varying of index-v, lims_oF(8) = F, lim.,oG(¢) = G, P{D[‘S’é(x)} — las
x — 00, and
o P{E}T(M.x)
lim limsu J =
M—oo 0o P{Y > GXx
Then

P{X > x} ~ FP{Y > Gx].

(34)

Proof. The proof is straightforward. Relying on the lower boB8a) and the fact tha?{Di“s'E(x)} -1
asx — oo, we obtain

. P{X > x} F(=6),, . P{Y> G(e)x}

I f I f

O FPY=0Gx — F % Py Gx
Letting s, € | 0, and recalling thaP{Y > x} is regularly varying, we find

lim inf PiX > >

x—o0 FP{Y > Gx}
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Similarly, using the upper bour(83) and (34)and observing th&{Y > x} is regularly varying of index
—v, we deduce
P{X F( P{Y —
lim sup WX > x) < ( )Iim sup > G(=ox)
xoo0o FP{Y > GXx} F s P{¥>Gx

Letting, € | O, we conclude
P{X > x}

imsup——— < 1. dJ
x—oo FP{Y>Gx} —

It is worth observing that, like i®ection 4the above proof technique in fact allows for intermediately
regularly varying distributions.

The eventsEf.”é(M, x) may be interpreted as events leadingXo> x}, other than the ‘typical’ event.
Often,Ef."g(M, x) is independent o and has the simpler properB/{Ef."é} = o(P{Y > Gx}) as
x — oo. Sometimes)M is required as an additional auxiliary parameter.

As a ‘toy example’, we now sketch how the above lemma may be used to strengthen the heuristic
derivation of(31) into a rigorous proof. The approach is similar as outlined in Chapter 2 of 76@it
We use the time-reversed sample-path representation

vZsudA, 1) — 1) (35)
>0
with A(0O, r) denoting the amount of work arriving in the time inter¢@) ¢).
Our ‘educated guess’ is thé@1) provides, indeed, the correct asymptotics.
We first construct a lower bound of the for(®2). For anyc < p, defineU¢ := sup.q{ct — A(0, n)}.
For any$ > 0,¢ > 0,

P{V > x} 2/ P{A, y) + B—y > x}Ady
y=0

> xf PIA, ) — y(p = §) = —ex}P(B > x(1+ &) + y(1— p+8)} dy
y=0

>P {infO{A(O, u) —u(p—98)} = —GX} ?»/OO P{B>x(1+¢€)+y(1—p+0)}dy
U= y=0
= ]__;;_HSP{B’ > x(1+ e)}P{U"7? < ex).

Note thatP{U”~? < ex} — 1 asx — oo because of the law of large numbers.

We now proceed to derive an upper bound of the f¢88). For any interval C R*, defineV(1) :=
sup,{A(0, 1) —t}. Foranyy > O, letN, (1) be the number of customers arriving during the time interval
I whose service requirement exceeds the valukhen, for allM > 0,

P{V > x} < P{V([0, MX]) > x} + P{V((Mx, 00)) > x}
= P{V([0, MX]) > x; N ([0, MX]) = O} + P{V([0, MX]) > x; N, ([0, MX]) = 1}
+ P{V([0, MX]) > x; N, ([0, MX]) > 2} + P{V((MX, 0c0)) > x}.
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The second term corresponds to the only plausible scenario and is dominati, Lgtbe the arrival
time of the large customer. As indicated in Section 2.4660f (see alsd62]), it may be shown that for
anys$ > 0,e > 0, asx — oo,

P{V([07 MX]) > X, Nex([07 MX]) = l}
< P{A(0, 7(e, x)7) < (p + 8)t(€, x); A(O, 7(€, x)) — (€, X) > (1 — 8)x} + O(P{B" > x})

< /oo P(B> x(1—¢) + y(1— p—28)}rdy+oP(B > x})
y=0

- __r
1—p—25

Applying Lemma 5.1completes the proof, once we have shown that each of the other three terms can
asymptotically be neglected.

For the first term, one may exploit a powerful lemma of Resnick and Samorod{Bi&kip show that
for anyu > 0 there exists aa > 0 such that

P{V([O, MX]) > X5 Nex([ov MX]) = 0} = o(xiﬂ)

P{B" > x(1—¢)} + o(P{B" > x}).

asx — oo. Theidea s that when there are no large service requirements, the pra¢@ss — ¢} cannot
significantly deviate from its normal drift over long intervals of the ordeso that the workload cannot
reach a large level.

In order to control the third term, using the Poisson structure of the arrival process, it can be shown
thatP{N. ([0, MX]) > 2} = o(P{B" > x}) asx — oo. In words, this means that the probability of two
large service requirements occurring in a time interval of oxderasymptotically negligible compared
to that of just one large service requirement.

Finally, for the fourth term, we use the upper bound (for séne0)

P{V((MX, 00)) > x} < 2P{V1=% = §Mx}, (36)

with V1=2 the steady-state workload in &/ G/1 queue with a server working at speed-23, see
p. 197 of[60] for a similar statement. The right-hand sid€36) can be upper bounded by using a result
(obtained from first principles) of Mikosdd4]:

P(V1? > x} < (Cs +0())P(B" > x}. (37)
This implies, using the previously derived lower bound and the upper bq@6iisnd (37)

fim lim sup L/ ((MX, 00) > x}
M—00 y 00 P{V > x}

0.

This result indicates that overflow of a level of ordemust occur ‘in linear time’, since otherwise the
procesq§A(0, r) — ¢t} must deviate from its normal drift for a prohibitively long period of time.

The above proof exploits and confirms the large deviations notion that a large workload level is typically
due to a single large service requirement by implicitly characterizing the most likely sample path. In the
literature, similar statements have been proven by Asmussen and Klipdélhenyd Baccelli and Foss
[9]. We note that the results in these papers rely on the fact that the workload asymptotics were already
available, unlike the proof given here which provides both the asymptotics and the ‘single big jump’
result together.
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Nevertheless, we emphasize that we used the above proof technique for illustration purposes only.
The machinery is unnecessarily heavy for determining the workload asymptotics in the ofdif@plL
queue, for which simpler methods are available &egtions 3 and)6 The true merits of the methodology
become manifest in more complicated systems, such as fluid queues or GPS models, where typically no
useful expression for the LST is availalplet, 19,62]

5.1. The single-class case

We now turn the attention to the tail asymptotics of the delay distribution ilMA& /1 queue. In
contrast to the workload distribution, the delay distributimesstrongly depend on the service discipline
that is used.

(i) TheM/G/1 FCFS queueFor FCFS, the waiting-time is simply equal to the workload at the time
of arrival. Because of the PASTA property, it then follows fr¢®d) that:

P[Weces > x) ~ 1= PIB" > x)

which agrees witiTheorem 2.1

(i) TheM/G/1 LCFS-NP queueFor LCFS Non-Preemptive priority, the waiting-time is equal to O
with probability 1— p, and with probabilityp it is equal to a busy-period starting with a residual service
requirement, which gives

P{Winp > x} ~ pP{B" > x(1 - p)}, (38)

as asserted iftheorem 2.4

A heuristic derivation of the above formula proceeds as follows. Consider a tagged customer arriving
attimer = 0. The assumption is that a long waiting-time is most likely due to a large service requirement
B of the customer in service, if any. The waiting-tirié of the tagged customer then consists of the
remaining service requiremems, — y, plus the amount of work arriving during its own waiting-time,
which is approximatelyW, so thatW ~ B — y+ pW, or equivalentlyW ~ (B —y)/(1— p). So in order
for the waiting-time to exceed the valugthe service requiremei® must be larger tham + x(1 — p).
Thus, observing that arrivals occur as a Poisson process of rated integrating w.r.ty, we find, for
largex,

o0

P(Wine = 2~ [ P(B>x(1= )+ )ady = pP(B > x(1— p)),
y=0
which is in agreement wit{B8). The above heuristic derivation may be translated into a rigorous proof
in a similar fashion as indicated for the workload asymptotics.
(i) TheM/G/1LCFS-PR queud-or LCFS Preemptive-Resume, the sojourn-time is simply equal to
the busy-period, yielding

1
P{SLpr > x} ~ er{B >x(1-p)},

as stated iTheorem 2.3A sample-path proof of the tail asymptotics of the busy-period distribution may
be found in[61].
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(iv) TheM/G /1 PS queueWe now turn to the tail asymptotics of the sojourn-time for the Processor-
Sharing discipline. Consider a tagged customer arriving attisa®. The sojourn-timeS of the tagged
customer consists of its own service requiren@ptus the amount of service provided to other customers
during its sojourn-time. In case of a long sojourn-time, the amount of service received by other customers
will be approximatelypS, so thatS ~ B + pS, or equivalentlyS ~ B/(1 — p). The assumption is thus
that a long sojourn-time is most likely due to a large service requirement of the tagged customer itself,
suggesting that, for large

P{Sps > x} ~ P{B > x(1— p)}, (39)

which corroborates wititheorem 2.2

We now show how the above rough derivation may be used as the basis for a rigorous {B88)f of
using lower and upper bounds along the linet@fihma 5.1 The proof is similar to that if34]. Let By
and Sy be the service requirement and the sojourn-time, respectively, of a tagged customer arriving at
timer = 0. Let B; and7; denote the service requirement and the arrival time ofttheustomer arriving
after timetr = 0. Let L(0) be the number of customers in the system just before tired, and letB;
denote the remaining service requirement ofithe&customer. We use the sample-path representation

L(0) N((0,50))
So=Bo+ Y min{B], Bo}+ Y min{B;, Ro(T))}, (40)
=1 i=1

with N((0, ¢)) denoting the number of customers arriving during the time intg®a), and with Ry(7)
representing the remaining service requirement of the tagged customer at time

The next lemma presents a lower bound for the sojourn-time of the tagged customer. D@note
Y > max B — Ro(Ty), O}.

Lemmab.2. Foranyé > 0,

So(L— p+8) > By — UP~% — Z(Sy).

Proof. Using the representatiqd0), we have

L(0) N((0.50))
So(1—p+8) = Bo+ ) min(B], Bo} + ) min{B;, Ro(T))} = (p — §)So
1=1 i=1
N((0.50)) N((0,50)) N((0,S0))
=Bo+ ) Bi—(p—8S+ ) min(B.R(T)}~ D B
i=1 i=1 i=1
N((0.S0))

= Bo+ A(0,S0) — (p—So+ Y min{Ro(T}) — B;, O}
i=1
N((0,50))
> Bo+inf{AQ, ) — (p— 81} — ) maxBi— Ro(T), 0}
>0 e
= By — U"™% — Z(S). O
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The next lemma provides an upper bound for the sojourn-time of the tagged customer. For any
let A, (O, r) be a version of the procesg0, 1) where all service requirements of arriving customers are
truncated at the level. For anyc > p, defineV; =sup.o{A,(0, 1) —ct}.

Lemma5.3. For any§ > 0,
(1—p—8)So < Bo+ V5",
with By := Bo + Y- min{B;, Bo}.

Proof. Using the representatiddO0),

L(0) N((0,50))
So(1—p—38) = Bo+ ) min(B], Bo} + Y min{B;. Ro(T)} = (p+8)So
=1 i=1

N((0,80))
< Bo+ ) min{B;, Bo} — (p+8)So
i=1
= Bo+ A, (0, So) — (p + 8)So < Bo + SURA,(0, 1) — (o + )1}

t>0

= EO + Vg:a. O

The above two lemmas provide the necessary ingredients for the prd8Bpalong the lines of
Lemma 5.1

Proof of Theorem 2.2. Lower boundUsingLemma 5.2 noting thatSy > By, we obtain

P{Sps> x} > P{Bo — U"™° — Z(S0) > (1 — p + 8)x}
>P{By> (1— p+8+2)x}P{U°° <ex} inf P{Z(y) > ex}.
y>(1—p+58+2€)x

Because of the law of large numbeP${/*~° < ex} — 1asx — oco. As observedifiB4], inf = 1 pt5+20)x
P{Z(y) > ex} - 1 asx — oo.
Upper boundUsingLemma 5.3 we find

P{Sps>x} < P{Bo+ V5’ > (1—p—8x} <P{Bo> (1—p—8—ex} + PV’ > ex}.

As demonstrated if84], P{V,Q’j‘s > ex} = o(P{B > x}) asx — oo, andP{By > x} ~ P{B > x}.
Invoking Lemma 5.1then completes the proof. O

5.2. The multi-class case

We now consider the tail asymptotics of the waiting-time in the multi-cléis6 /1 queue with priorities
as described isection 3.2We focus on the case of a Non-Preemptive priority discipline. As mentioned
in Section 3.2the tail asymptotics in the case of a Preemptive-Resume policy immediately follow from
the results for a high-priority class in isolation and a low-priority class in the Non-Preemptive priority
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scenario. We assume that the service requirement distribution of at least one of the classes has a regular
varying tail. LetM be the index set of the classes with the ‘heaviest’ tail.

Consider a tagged clagssustomer arriving at time= 0. The assumption is that a long waiting-time
is typically due to the prior arrival of a customer with a large service requireBelet us say at time
t = —y, which may belong to any of the classase M. Of course, how likely it is for the culprit
customer to belong to a given classe M depends on the arrival rates and mean service requirements
of the various classes. Due to the Non-Preemptive priority policy, the identity of the culprit customer is
not of any relevance for the impact on the tagged customer. However, the effect does strongly depend or
the identity of the tagged customer itself. For compactness, de@oﬁerzl o1 Note that from time
t = —y onward, the amount of work in the system that has precedence over the service of the tagged
customer decreases in a roughly linear fashion at raterl In addition, the tagged customer must wait
for the amount of work arriving during its own waiting-tin¥&, from higher-priority classes at ratg_;.
Thus, W, ~ B — y(1 — o;) + Wior_1. S0 in order for the waiting-time of the tagged customer to exceed
the valuex, the service requiremer®® must be larger tham(1l — o;_1) + y(1 — or). Observing that
classm customers arrive as a Poisson process ofxgténtegrating w.r.ty, and making the substitution
z=x(1—o05_1) + y(1 — o}), we obtain, for large,

P > 2~ 3 [ PUBy = x(L= 000 + (L= )i
mem ¥ y=0
-y 1"'” P(B", > x(1 — or_1)}. (41)
memM Ok

6. Subexponential asymptotics and random sums

In this section, we relax the assumption of a regularly varying distribution function, and focus on the
more general case of thié/ G /1 queue with aubexponentiadervice requirement distribution. The class
of subexponential distributions is defined as follows.

Definition 6.1. A distribution functionF(x) = P{X < x} is subexponentialf(-) € S) if
P{X:14+ -+ X, > x} ~nP{X; > x},

foranyn > 2, with Xy, ..., X, i.i.d. copies ofX.

Sometimes, the random varialll€rather than its distribution functioA(-)) is called subexponential.
Subexponential distributions have been introduced by Chistyf#&)jv Note that subexponentiality is
equivalent to

P{Xl +---+ Xn > X} ~ P{ma)g':L.“,nXi > X}.

Thus, large values of sums of subexponential random variables have the appealing property that they ar
dominated by their largest term.

As mentioned earlier, the class of subexponential distributions is larger than the class of regularly
varying distributions. Examples of subexponential distributions which are not regularly varying, are the
lognormal distribution and Weibull distributions with tails of the form’e 0 < g < 1.
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In extending results from the regularly varying case to the subexponential case, one faces several
difficulties. First of all, there is no characterization of subexponential distribution functions in terms of their
LST, whichrules out the techniques®éction 3A further complication is that, sometimes, the class seems
too large to work with. Often, one has to invoke additional regularity conditions; see the examples below.

An exception though, is when an explicit expression for the distribution function is available, in particu-
lar when the random variable of interest can be expressedadem sumif arandom-sum representation
is not available, one has to resort to refinements of the method giv&eciion % specific references are
given below.

6.1. The single-class case

(i) TheM/G/1 FCFS queueThe geometric structure of the LST given %) allows for an explicit
inversion, leading to

P(W>x}=(1—p) ) p'P(Bj+ -+ B > x), (42)
n=0
which can equivalently be phrased as
W2B, +.. + B, (43)

with N a geometrically distributed random variable with parametéerherefore(42) is called a (geo-
metric) random-sum representation.

From the definition, it is clear that subexponential random variables are well-suited to analyze random
sums. If one assumes that is subexponential, one obtains

o o
P{W > x} = (l—p)Zp”P{Bi—l—---—l—Bz > x} ~ (l—p)Zp”nP{Br > x}
n=0 n=0
=" pp sy
1-p

This derivation assumes that interchanging limit and summation is allowed, which is guaranteed by the
following upper bound, due to Kesten (J&@): if B” is subexponential and > 0, then there exists a
constantk = K, such that

P{By+---+ B, > x} < K(14 ¢)"P{B] > x}.

Now, use this bound withk sufficiently small thap(1+ ¢) < 1. The validity of the above procedure then
follows from the dominated convergence theorem.

Note that this derivation assumes tt(rather tham itself) is subexponential. The question whether
subexponentiality oB implies that ofB” is an open problem, but the implication can be shown to hold in
all cases of practical interest. For exampleBiis regularly varying with index-v, thenB" is regularly
varying with index 1— v, as shown irSection 3

The above resulP{W > x} ~ p/(1 — p)P{B" > x} was first obtained by Pak¢49] for the more
generalGl/G/1 queue (in this more general case, one still has a random-sum representation fior
addition, Korshunoy41] established a converse result

B’eS@WeS@P{W>x}~1LP{B’>x}. (44)
—p
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This result (valid for th&1/ G /1 queue) reveals a deep connection between subexponentiality and random
sums.

(i) TheM/G/1LCFS-PR queuéAs mentioned irBection 3the sojourn-time distribution in the case
of LCFS Preemptive-Resume is exactly equal to the busy-period distribution. Unfortunately, no suitable
random-sum representation is available in this case.

Nevertheless, asymptotics for the busy-period under subexponentiality have recently been obtained by
Jelenkove and Montilovic [35], and by Baltrunas et g8]. In both studies, the asymptotics

P(P> x} ~ ﬁP{B > (1— p)x}

are shown to hold under some additional smoothness conditions on the service requirement distribution
(besides subexponentiality). Notably, this asymptotic féaits to holdwhen the distribution oB has

a Weibull tail of the form e, with 1/2 < B < 1. In particular, a necessary condition is that the tail
distribution of B is square-root insensitivg36]:

P{B > x} ~ P{B > x — 4/x}. (45)

An explanation of this phenomenon is given below. The prodBB] is based on an extension of the
method inSection 5 The approach ifi8] exploits a Spitzer identity for first-passage times of random
walks.

(i) TheM/G/1 PS queueAn extension ofTheorem 2.20 the class of subexponential service re-
guirements has recently been established by Jelenkmd Mongilovic [34]. Their proof can be viewed
as an extension of the methodsS#ction 5 Again, (45)is shown to be a necessary condition for the tail
equivalence

P{Sps> x} ~P{B > (1 — p)x}.

The general idea behind the necessit{4&)is the following: the probability of the rare event to happen
should be such that its asymptotic behavior is invariant for random fluctuations governed by the Central
Limit Theorem (CLT). In the particular case of Processor Sharing, this can be illustrated as follows: the
typical rare eventSps > x} is determined by the evefiB > x(1— p)}. Define the inverse procesSsg(x)
of Sps(x) by

Sps(x) = inf{zr: Sps(r) > x}.
It can be shown that, due to the CLT, one 5gs(x) = (1 — p)x + O(/x). Hence,
P{Sps > x} = P{B > S55(x)} = P{B > (1 — p)x + O(V/x)}, (46)

which explains Condition (45). Note that this condition is always satisfiBdgfregularly varying. On the
other hand, this example shows that the heuristics descril&stiion Sequire caution when considering
the full class of subexponential distributions.

6.2. The multi-class case

In this section, we analyze the tail behavior of the low-priority waiting-time distribudipgi, > x}
for the priority queue with two classe#/, is defined to be the time from arrival until the start of the
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(later possibly interrupted) service. Note th#t has the same distribution for both the Preemptive and
Non-Preemptive case.

Abate and Whitf2] derive the following random-sum representation for the low-priority waiting-time
distribution:

Wo ¥+ + Yy, (47)

with N a geometric random variable with parameigindependent of the i.i.d. sequeriGei > 1, whose
distribution function can be expressed as

Pt < x) = 2 Hi00 + 2 Hyw).
P P
As shown, in[2], the function H;(x) is determined by the residual busy-period distribution of the
high-priority class. For our purposes, the following random-sum characterization is convenient:

o0
PP} <x}=(1—p0) Y piH V(). (48)
n=0

The functionH,(x) is the distribution function of a busy-period of class-1 customers, witkkaaptional
first serviceB,, which we denote by (B). Such a busy-period has the following representation:

§ N1(B3)
Py(BY)=By+ Y Py (49)
i=1

In this expressiony1(-) is a Poisson process of ratg, and Py ;, i > 1 are i.i.d. copies of a high-priority
busy-period.

Based upon the representatidd8) and (49) one can derive the tail behavior B{Y; > x}, which
in conjunction with the random-sum representatién), leads to the tail asymptotics 8f W, > x}. To
illustrate this, we focus on the following two special cases: (i) class 1 subexponential, class 2 light-tailed;
(ii) class 2 subexponential, class 1 light-tailed. In both cases, we assume that the condition (45), as well
as some technical conditions stated3d], are satisfied.

First, assume thaky, B] are subexponential amgb is light-tailed. It can be shown usifg5], that the
residual busy-period®; is then subexponential as well. In particular,

1
P{P] > x} ~ ——P{B] > (1 — pp)x}. (50)
1-p1
This implies thatP; is subexponential, since subexponentiality is closed under tail-equivalence, see, e.g.
[49]. But then, using the reverse implication of Pakes’ theofé#) and the random-sum representation

(48), we must also havél;(-) € S, and

Hy(x), (51)

. 1
P{P] > x} ~ 1o

with Hi(x) = 1 — Hy(x). Combining(50) and (51)ields
Hi(x) ~ P{B} > (1 — py)x}. (52)
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The tail H>(x) can be derived from the random-sum representat#®). Even though this is not a
geometric random sum, the conclusion regarding its asymptotic behavior remains the same, noting tha
B, andN(B3) are light-tailed. We conclude that

Ho(x) ~ E{N1(B)}P{P11 > x}. (53)

From this expression, it can be shown t#&{(x) = o(H1(x)). We conclude that
mn>ﬂ~%mm~%mm>a—mn

Combining this with the random-sum representatiorifgywe conclude that, iB1, B} are subexponential
and B; light-tailed, then
1

P{W2>x}~ l—,O

P{B] > (1 — p1)x}. (54)

Next, we consider the opposite case where class 1 has light-tailed characteristssasdin this case,
H;(x) can be shown to have exponential decay; the dominant teffa(is) = P{P1(B}) > x}. In turn,
this tail is completely determined by the tail behavioBjf sinceN(-) and Py; are both light-tailed, it
can be shown that they only contribute Rp(B%) through their means. This can be rigorously justified
by using results ifi36]. These considerations imply

Hy(x) = P{P1(B}) > x} ~ P{(1+ ME{P11}) B, > x} = P{B} > (1 — p1)x}.
Hence,

mn>ﬂ~%mm~%m@>a—mm

Finally, using the random-sum representationgr we obtain
P2
—p
Note that botl{54) and (55)gree with the expressi@dl) given inSection 5since the latter expression
reduces to a single term when only one of the service requirement distributions is heavy-tailed.

P{W, > x} ~ 1 P{B, > (1 — p1)x}. (55)

7. Conclusion

In this paper, we have surveyed the tail behavior of the waiting-time and/or sojourn-time distributions
for several service disciplines. It turns out that, if the service time distribution is regularly varying with
index —v, the waiting-time distribution in FCFS and LCFS-NP is heavier, viz. regularly varying with
index 1— v. This is in contrast with service disciplines like PS, FBPS, SRPTF, and LCFS-PR: these
disciplines all yield a sojourn-time tail of indexv. These results are reviewedSection 2 and proved
in several different ways iBections 3—pwhere also multiclass disciplines are treated.

The results in this paper raise several questions. First of all, one wonders whether (given a service time
distribution that is regularly varying of indexv) the only possible indices of the sojourn-time distribution
in a work-conserving single-server queue afeand 1— v. We believe that this is not the case; this is a
topic for future research.
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Another important question is the validity of the asymptotics for moderate values. Resdlidan
the FCFS gueue show that the asymptotics may behave poorly as approximation. Moreover, asymptotic
estimates tend tonderestimatehe true value of the exceedance probability. An explanation of this
phenomenon is hidden iBection 50f the present paper: the asymptotics are fully driven by the most
likely scenario. However, other scenarios may be relevant as well for moderate valud®apeed up
the convergence of the asymptotic approximations to the true value of the sojourn-time tail probability,
one could try to obtain more terms in the expansion. This is a problem which is largely open (an exception
is FCFS, see, e.gll]). Another alternative to get sojourn-time tail probabilities is numerical transform
inversion: transforms of the distributions are available for many service disciplineSesten 3of the
present paper.
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