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Heavy-traffic analysis of the M/PH/1 discrimina-
tory processor sharing queue with phase-dependent
weights

e Discriminatory Processor Sharing
vs Egalitarian processor Sharing

e Dynamics in heavy traffic

e Proof for phase type distributions
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Model description

Class k&

e Poisson arrivals, \. = Ap,

arrivals queues server
—:
2 >, .

Class 1 , “a e Service B, (z) .= P(B < x)

[ N, .

e Load p;,. = )\kﬁk
Class 2 ,
— e # customers N,

— ) w

Class K k g - o e Service rate 74 i
N e P 2 5=1 Njw;

Stability p =K | p, < 1

Applications: time-shared computing systems, TCP, ADSL
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Discriminatory PS versus (Egalitarian) PS

PS: Mean queue lengths are entirely “insensitive” as op-
posed to non-preemptive disciples like FCFS

Pk
1—-p

EN, =

For DPS:

EN,; are all finite under the usual stability condition
(regardless of the higher-order moments of the service re-
quirements)

Other insensitivity properties of PS only carry over to DPS
In asymptotic regimes
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Discriminatory PS versus Egalitarian PS

PS: Expected sojourn time for jobs of given size

x l1—0p

DPS: true in the limit as © — oo [Fayolle, Mitrani & Iasno-
gorodski]

and the " bias” is also insensitive

| " 52 (1 = GE((B)?)
lim ETk($> — = .
Lo 1—p 2(1 - p)?
o
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Discriminatory PS versus Egalitarian PS
Tails of the sojourn time distributions
PS and DPS:

For regularly varying service requirement distributions with
finite variance (conditions can be relaxed):
P{Tk > CC}
P{By > (1 — p)z}

> 1, as r — oo

Adain, the “scaling factor” 1 —p is insensitive and common
to all classes
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Discriminatory PS versus Egalitarian PS

Time-scale separation (1):

Class k£ operates on a much faster time scale than class
kEk+1, forall k=1,2,..., K -1

e arrival rates )\ f.(r)

e service requirements of class k distributed as By /f.(r)

o with fr41(r)/fr(r) — 0 as r — oo
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Discriminatory PS versus Egalitarian PS
Time-scale separation (2):

The limiting distribution of the slow class is geometric
P2 P2
)( )2

Pr{No =no} — (1 —
1—p1” 1—p1

and
Pr{N1 = n1|N> = na}
kR ey
Tl (e 4Pt e
ni w1

For PS all limits can be replaced with equalities
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Heavy traffic: Theorem

For phase-type distributions

2] PK
(1—p)(Ny,No,...,Ng) % E- (2L e,
’wl ’wz WK
where E is exponential with mean
Sk PRE(BR)?]/ Sk piEBy
>k wlkﬁkE[(Bk)Q]/EBk
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Heavy traffic: Theorem

For phase-type distributions

2] PK
(1= p)(N1,No,...,Ng) S B (2L e
wl w2 WK
where E is exponential with mean
>k pkE[(Bk:)Q]/ >k PxEBy
>k PkE[(Bk)Q]/EBk:
State-space collapse:
“In heavy traffic (1 —p)N1,...,(1 — p)Ng are proportional to a common
exponentially distributed random variable”
.
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Heavy traffic: Interpretation

d p1 P2 PK
(L —-p)(N1,No,...,Ng) = E-(—,—,...,—
w1 wo WK
where E is exponential with mean
Sk PE[(BR)?]/ Sk pkEBy
>k wikﬁkE[(Bk)Q]/EBk
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Heavy traffic: Interpretation

2] PK
(1—p)(N{,No,... Np) L g (2L P2 PK
w1 wo WK

where E is exponential with mean

Sk PRE[(Br)?]/ Sk pkEB,
>k wikﬁkE[(Bk)Q]/EBk

Assume that N;/N} = n;/n; for some constants n; (as in the
exponential case) then

J

W, 4
J" ") —
n = 1 ) P0ia

normalizing >/, wmn; = 1 gives the result up to a multi-
plicative factor
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Heavy traffic: Interpretation

2] PK
(1—p)(N1, No,...,Ng) L B (22 22 PK
w1 wy WK
where E is exponential with mean
Sk PRE(BR)?)/ Sk piEBy

>k wikﬁkE[(Bk)Q]/EBk

Assume that N;/N} = n;/n; for some constants n; (as in the
exponential case) then

J

W, 4
J" ") —
n = 1 ) P0ia

normalizing >/, wmn; = 1 gives the result up to a multi-
plicative factor

Work-conserving and non—idling'

EV = 2(1 - ZPkE[(Bk) ]/ZPkEBk
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Phase-type service requirements (1)

Recall
arrivals queues server e Poisson arrivals, >‘k = /\pk
1
Class 1 X IEZ "'"n._% -
AN e Service B, (z) .= P(B < x)
% e Load PL — Akﬁk:
Class 2 ,
— e #£ customers N,
Class K - wx 3 Wi
" e Service rate —
2 =1 Njw;
ili — K
Stability p=5> 7" 1 pp <1
o
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Phase-type service requirements (2)

Class k£ has m; service phases

total # service phases: YK  m; :=J
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Phase-type service requirements (2)

Class k£ has m; service phases
total # service phases: YK  m; :=J
po; = Probability that arriving customer is in phase :
uw; = service rate in phase :
g; = service weight in phase :
pij = phase transition probabilities

p;0 = probability of completing service after phase :
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Phase-type service requirements (3)

J J
A+ Z g;i(n);] P(n) = Z [Apo;ion, P(n — €;) + g;(n + €;) ipioP(n + €;)

1=1 =1
J
+ > 9i(n+ & — €))upijon, P(n + & — €;)]
7=1
1
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Phase-type service requirements (3)

J J
N+ D> g()ulP(R) = Y [Apoidn,P(n — &) + g;(7n + &) uipjoP(n + &,
J
+ > 9i(n+ & — €))upijon, P(n + & — €;)]
=1

P(n)

Transformation: R(n) = ST g ifn+#0
1=1 797
_ _ N/ N’
p(z) = Zz?lz?}P(n) =E[z1'...2;7]
AN Ny
r(z) = Y 271 2YR({R)=E |2 "L 5] N >0
! Si—q Nigi Y
o
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Phase-type service requirements (3)

J
A+ Z gi(n)plP(n) = Z [ApOzénZP(n —e;) + gi(n + &) uipioP(n + €,

1=1 7,—1
-+ Z gi(n + €; — €;) uipijon; P(n + €; — €;)]
1=1
o N P -, =
Transformation: R(n) = —3 , iIfn%=0
2.5=1"Mj9;
/ N/
p(z) = S M. VP@) =Kzt 2]
N N ]

r(z) = Y 2. 2WR@E) =F |15 v NS0

J—
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Phase-type service requirements (4)

Partial differential equation

J
A —p)(1— ) pojz;)
=1

J J J o
= 2_{migi(pio + > pijzj — 2) = Ngizi(1 = 3 pojzj)}o—
1=1 Jj=1 J=1 822

x
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Phase-type service requirements (4)

Partial differential equation

J
A —p)(1— ) pojz;)
=1

J J J o
= > {wrigilpio+ >_ pijzj — z) — Ngizi(1 — > pszj)}g
i=1 j=1 j=1 ‘

Can be used for analysis of

e Moments of the queue length distribution
[Van Kessel, N-Q, Borst, 2004]

e Heavy traffic (today)

J—
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Heavy-traffic scaling

Notation

e Change of variables z;, = e~ %

[ e_(l_P>§ — (e—(l—p):sl, e e_(l—P)SJ)
Goal
limp(e=(1=P)5) = JjimE(e~(1=ms1N1. . o=(1-p)ssNy)
P11 P11
= E(e 51MN1. . .e=s7N))
1
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Heavy-traffic scaling

Notation

e Change of variables z;, = e~ %

PY e_(l—p)§ — (e—(l—p)sl, o e_(l—P)SJ)
Goal
limp(e=(1=P)5) = JjimE(e~(1=ms1N1. . o=(1-p)ssNy)
P11 P11 i
= E(e s1MN1.. . .. e_SJNJ)

Investigate

,\(_) B 1 —es1Ni. . e—SJNJ Y
r(s) = - : ~

J

J—
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Heavy traffic analysis

Investigate

(5) =E 1—es1N1. .e—siNy
’;“\ S) = — -1 J g
Y1 Njg; (2j=1 5>0)
1
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Heavy traffic analysis

Investigate

1—es1N1.  .e=siNy

’I“(S) = K ( ij]:l N]g] . 1(23]21 Nj>0)>

Lemma
The function 7(5) satisfies the following partial differential

equation:
or(s)

’L

O_ZF() ¥ 5> 0,

x
&l
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Heavy traffic analysis

Investigate

1—es1N1.  .e=siNy

’I“(S) = K ( ij]:l N]g] . 1(23]21 Nj>0)>

Lemma
The function 7(5) satisfies the following partial differential

equation:
or(s)

’L

O_ZF() ¥ 5> 0,

where
J o J
Fi(3) = gi | mi(=si+ D _ pijsi) + XD pojsj|
J=1 J=1
with )\ equal to the limiting arrival rate

J—
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State space collapse in heavy traffic

The function 7(s) is constant on the J — 1 dimensional set

J 5.
He:={s>0: Zp—].sjzc}, c> 0,
j=19j
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State space collapse in heavy traffic

The function 7(s) is constant on the J — 1 dimensional set

hence
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Residual service requirements in heavy traffic

For phase-type distributed service requirements

IimE( — s si(L=p) N =20y Yopy s By, )

pT1
_ K Y
:E<e—ZzK:18zNz>. IT 11 E( _Slth )
[=1h=1
fOryZE{O,].,...} and Sl,h,8l>0,l:1,...,K =1,.

x
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Residual service requirements in heavy traffic

For phase-type distributed service requirements

K K Yy
lim E (e_ 21:1 Sl(l_P)Nl_lel Zhl:]_ Sl,hBZ:h>

pT1
_ K Y
:E<e—ZzK:18zNz). 111 E( o—sinB] " )
[=1h=1
foryle{O,l,...} and Sl,h,8l>0,l:1,...,K =1,.

For PS, the limit can be replaced with an equality (for all

loads)

X

%))

X
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Concluding remarks

e Joint queue length distribution of DPS in heavy traffic
o Closed form analysis
o State space collapse

¢ Sensitive to second moments, but not "too much”
(see paper)

e Product form for residual service requirements

e More
¢ Size based scheduling

¢ Monotonicity with respect to the weights

x
_J—
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