
Eur. Phys. J. B 10, 105–117 (1999) THE EUROPEAN
PHYSICAL JOURNAL B
c©

EDP Sciences
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Abstract. We study the diffusive motion of a (non-selfinteracting) chain through a quenched random envi-
ronment, constructed such that it influences only the local dynamics but not the equilibrium configuration
of the chain. Our Monte Carlo results show that this type of disorder, which we call kinematic, does not
ruin reptation. This is in sharp contrast to disorder including also entropic traps and it supports the view
that reptation prevails in melts, where in contrast to a gel entropic trapping is absent. Our data show the
characteristic features of reptation, irrespective of the dilution or randomness of the kinematic obstacles.
Our Monte Carlo results are in quantitative agreement with our recent detailed analytical evaluation of the
reptation model (J. Stat. Phys. 90, 1325 (1998)). The analysis suggests that we effectively see reptation
of a “blob”-chain, where the size of the blob rapidly increases with decreasing obstacle concentration.

PACS. 83.20.Fk Reptation theories – 83.20.Jp Computer simulation – 83.10.Nn Polymer dynamics

1 Introduction

The diffusion of a polymer chain in a melt or through a
gel is a quite complex process, which is influenced by a va-
riety of effects. The chain moves through an entangled or
crosslinked background of other chains. It, of course, can-
not cross the strands of these chains, and the network of
entanglements or crosslinks also does not allow the chain
to locally circumvent the obstacles, like it could do with
point-like objects in three dimensions. The instantaneous
configuration of the chain together with the topology of
the network therefore defines a tube, which constrains the
motion of the chain. Since the chain is highly flexible it
can not move back and forth in its tube like a rigid body,
but its short time motion is restricted to the diffusion of
little wiggles of “spared length”, i.e. short excursions of
the chain perpendicular to the local tube direction move
randomly along the tube axis. The large scale diffusive dis-
placement is governed by the chain ends, which can ran-
domly retract into the tube and then extend again in some
random direction, a process known as “tube renewal”.
The diffusion mechanism as described here is known as
“reptation” [1]. It necessarily is the basic mode of motion
of a flexible chain diffusing through a network.

In applying the reptation concept to a realistic system
we, of course, have to face a number of complications, due
to the fact that the entanglement network is of random
structure.
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i) The local mobility of the wiggles of spared length
depends on the local environment.

ii) The tube width, i.e. the number of configurations that
can be attained locally without changing the overall
configuration of the chain, also depends on the local
environment, an effect correlated with i).

iii) The global (equilibrium) configuration of the chain
depends on the disorder, since the chain preferably will
be found in regions of low obstacle density.
This latter effect of course is present only in a quenched
disordered environment like a gel. In a melt we instead
should be concerned about

iv) relaxation of the environment, an effect, which on short
length scales will be present also in a gel.
Besides these kinetic or entropic features we expect for
quenched disorder also energetic effects.

v) The interaction among the mobile chain and the
background will induce a locally fluctuating potential
energy.
On top of all this we finally have to face the excluded
volume problem.

vi) The self interaction of the mobile chain may influence
both its equilibrium configuration and its dynamics.

A realistic modelling of the reptational motion should
include these features, but there exists no theory which
seriously treats all of these complications. The pure repta-
tion model [1,2] neglects all the features mentioned above
and treats the motion of a non-selfinteracting chain in
a homogeneous tube. This is equivalent to assuming the
background chains to build up the edges of a regular
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lattice. It can be argued that the self-repulsion of the
chain only changes the random embedding of the tube
into its environment and therefore can be included without
problems. Some attempts exist to include disorder effects,
especially in the long time regime [3,4].

On the experimental side in particular numerous com-
puter experiments have been carried through over the
years (see, for instance [5–11]; physical experiments are
reviewed in [12,13]), but due to the complexity of the sys-
tems and the limitation of the available chain lengths it is
hard to interpret the results. The path often followed in
analyzing the data relies on comparing to asymptotic re-
sults of the pure reptation model. Typically these asymp-
totic results are not truely born out, and the question
whether this is due to some of the complications men-
tioned above or just implies that the chains considered
are too short for the application of asymptotic results,
remains unsolved.

To illustrate this point we consider the center of mass
motion of the chain:

gcm(N, t) =
〈

(Rcm(t)−Rcm(0))
2
〉
. (1.1)

Here the pointed brackets stand for the equilibrium aver-
age over all initial chain configurations, as well as for the
average over the quenched disordered environment. The
bar denotes the average over all possible histories of the
diffusion process. For long chains, pure reptation theory
predicts this function to show two regimes:

gcm(N, t) ∼

{
t1/2/N, T0 � t � T2

t/N2, T2 � t.
(1.2)

Here N is the chain length, T0 denotes some microscopic
time, and T2 ∼ N2 is the internal equilibration time of the
chain. The last line in equation (1.2) implies the reptation
result for the diffusion coefficient: D ∼ N−2. These results
strictly are valid for N → ∞. For medium sized chains,
N ∼ 100, however, simulations even of the pure reptation
model indicate some different effective behavior [7,14]. In
particular, data in the intermediate time regime T0 �
t� T2 can be described by an effective power law gcm ∼
tβ , β ∼ 0.6 − 0.8, and the diffusion coefficient decreases
with a somewhat larger power of N . Now, quite similar
effective laws result from a completely different model,
where we ignore all topological constraints and treat the
motion of an excluded volume chain in a quenched random
potential [15]. Observing such behavior of gcm in some
complicated system showing (some) features from the list
i-vi, we therefore need additional information to identify
the dominant mechanism.

To improve the situation we recently in some detail
have evaluated the pure reptation model also for shorter
chains [16]. The results will be recalled in Section 2. They
provide us with a firm basis to study the influence of dis-
order on the reptational motion of the chain. To proceed
further and clearly separate the different effects i-vi dis-
cussed above we here analyze a model where the disorder
in the environment changes only the local mobility and the
local tube width, but does not introduce global entropic or

energetic traps. This is achieved by placing the polymer
on a cubic lattice and the obstacles on the dual lattice.
The distribution of obstacles we draw from a percolation
model, where we study the whole range of obstacle den-
sities 1 − q from a dense ordered obstacle lattice (q = 0)
to unconstrained Rouse type motion (q = 1), i.e., below
and above the percolation threshold of the obstacles. In
our model the equilibrium conformation of the chain stays
unchanged, and we are concerned only with the kinematic
effects of disorder, i.e., with points i) and ii) of our list.
We have carried through extensive simulations, which re-
veal that such purely kinematic disorder does not ruin
the reptational behavior. For sufficiently long chains we
find all the qualitative features characteristic of reptation.
With increasing dilution of the obstacles the chain length
necessary for reptational motion increases. In particular
it increases quite rapidly in the range where the obstacle
network ceases to percolate. We do not see any indication
of an anomalous suppression of the diffusion coefficient,
as found in the presence of entropic or energetic traps
[6,10], (points iii and v from our list). Indeed, all our re-
sults closely resemble those in a regular network of obsta-
cles, but with a larger mesh size.

We are able to fit the data to our previous analytical
results [16], established for a regular obstacle network of
mesh size equal to the segment size of the polymer chain.
We only have to adjust the chain length Nt used in the
theory: Nt = N/nB, where nB ≥ 1 increases with in-
creasing dilution of the obstacles. The theory thus should
be interpreted as describing reptative motion of a “blob”
chain, where the blob size nB depends only on the average
density of the obstacles. Of course the internal dynamics
of the blobs induces short time effects of motion “perpen-
dicular to the tube”, which are not covered by reptation
theory.

Our results support the general belief that chains do
reptate in a melt. The only effect which might be im-
portant in a melt and which is not included here, is the
relaxation of the environment, (point iv from our list).
This will lead to some time dependence of the local mo-
bility, as well as to slow local displacements of the tube
(“constraint release”). Now in general quenched disorder
is found to be more relevant than annealed (time depen-
dent) disorder, and since we found no qualitative effects of
quenched kinematic disorder it seems unlikely that the an-
nealed disorder existing in a melt will qualitatively change
the results. We note that the coarse graining of the chain
leading to the blob picture is well known in the analysis
of data for melts. In this context the blob chain often is
called “primitive chain”, and nB is known as “entangle-
ment length”.

This paper is organized as follows. In Section 2 we
briefly recall our previous analytical and numerical re-
sults [16,14] for reptation in a narrow tube formed by
regularly spaced obstacles. In the following sections we
present our new results in detail. In Section 3 we define the
Monte Carlo model, and we discuss the data on the quali-
tative level. The quantitative analysis is carried through in
Section 4 and Section 5 summarizes our conclusions.
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The appendix collects relevant more complicated analyti-
cal expressions derived in [16].

2 Summary of reptation results through
ordered obstacle lattices

We previously analyzed the reptative motion of a non-
selfinteracting chain in a dense ordered network of ob-
stacles. Specifically we calculated the motion of the jth
segment in a chain of length N :

g1(j,N, t) =
〈

(rj(t)− rj(0))
2
〉
. (2.1)

In the long chain limit reptation theory predicts [1]

g1(j,N, t) ∼


t1/4, T0 � t� T2,

(t/N)
1/2

, T2 � t� T3, N � 1
t/N2, T3 � t,

(2.2)

where the reptation time T3 ∼ N3 is the time needed for
the complete destruction of the original tube. For large,
but finite N , our recent analytical results [16] show rich
crossover behavior among these limiting laws and further-
more show that it needs very long chains to exhibit the
limiting behavior (2.2). In particular the t1/2-law, pre-
dicted to hold for T2 � t� T3, seems to be valid only far
beyond the chain lengths which can be reached in present
day computer experiments. (In physical experiments it, of
course, is most difficult to measure the motion of individ-
ual segments.) Our results are rigorous as long as tube
renewal can be neglected, but tube renewal can be taken
into account in a seemingly quite good approximation.
The analytical results, recalled in the appendix, compare
very well to our simulations.

We also searched for signatures of reptation which are
more significant than effective power laws. In comparison
to the free diffusion of a Rouse chain in the absence of ob-
stacles we identified two features of interest. First consider
the ratio

Re/m(N, t) =
g1(0, N, t)

g1

(
N
2 , N, t

) , (2.3)

which measures the motion of the end segment relative
to that of the central segment. For the free diffusion of
a Rouse chain, this ratio takes a value of Re/m = 2 for

times t . T2, where T2 = O(N2) now plays the role of the
Rouse time. For reptational motion in a dense ordered ob-
stacle lattice Re/m initially increases to reach a maximum
at t ≈ T2. The height of the maximum depends on the
chain length, and according to our approximate theory
for N → ∞ it takes a limiting value 4

√
2 ≈ 5.66. This

strong enhancement of Re/m should be characteristic for
reptation. It quantifies the greater mobility of the end seg-
ment, which for all times t ≥ T0 explores the tube renewal,
as compared to a central segment, which for times t . T3

is confined to the initial tube. In the limit of large times,

t→∞, where the chain is displaced as a whole, Re/m for
any model reduces 1, of course.

Another qualitative signature of reptation concerns the
motion of the central segment relative to the center of
mass:

g2

(
N

2
, N, t

)
=〈[

rN/2(t)−Rcm(t)−
(
rN/2(0)−Rcm(0)

)]2〉
· (2.4)

For large times this quantity for a noninteracting chain
saturates at g2

(
N
2 , N, t→∞

)
= R2

g, where Rg is the ra-
dius of gyration of the chain. For smaller times it closely
follows g1

(
N
2 , N, t

)
. For a free Rouse chain, g2 after an ini-

tial increase g2 ∼ t1/2 at times t ≈ T2 smoothly bends over
to saturation. For a reptating chain it will experience the
two first regimes of equation (2.2). Plotting g2/t

1/4 we, for
reptation, thus expect to see an initial plateau, followed
by an increase for t & T2, which for t ≈ T3 crosses over
to a decay g2/t

1/4 ∼ R2
g/t

1/4. In contrast to g1/t
1/4 the

intermediate increase here is not mixed up with crossover
behavior to free diffusion. It therefore is a clear signature
of reptation, even if the intermediate asymptotic power
law g2/t

1/4 ∼ t1/4, T2 � t� T3, is not reached.
We finally note that in our previous work we found

it useful to consider besides g1(j,N, t) also the cubic
invariant

ĝ1(j,N, t) =

〈
3∑

α=1

(rj,α(t)− rj,α(0))
4

〉1/2

, (2.5)

which at least for a very narrow tube suffers much less
from initial effects. Again the analytical expression is given
in the appendix.

3 Monte-Carlo results

3.1 The model

We start from a model first employed by Evans and
Edwards [17]. The mobile polymer chain is represented
by a random walk of N (MC) − 1 steps (“segments”) on a
cubic lattice of lattice constant `0 = 1 and lattice vectors
eα, α = 1, 2, 3, eα ·eβ = δαβ . The instantaneous configura-

tion of the chain then is fixed by the set ofN (MC) bead po-
sitions {r1, . . . , rN(MC)}, and sj = rj+1− rj , |sj | = `0 = 1,
is the vector of the jth segment. The ordered network of
obstacles forms a second cubic lattice, of lattice constant
`1 = m`0,m = 1, 2, . . . , placed such that the lattice points
coincide with centers of cells of the first lattice. Since by
this construction the obstacles do not block places on
the first lattice where the polymer moves, it is guaran-
teed that they do not affect the equilibrium configuration
of the chain. In particular, erasing obstacles we do not
create entropic traps.

As microscopic motion of the chain we allow moves
of hairpins and of kinks. Here a hairpin is defined as two
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subsequent segments of opposite direction: sj+1 = −sj . In
one move it can fold onto any of the six directions rj−1 ±
eα, α = 1, 2, 3, with equal probability. Kinks consist of
two subsequent segments orthogonal to each other. A kink
jump interchanges the segment vectors: sj = eα, sj+1 =
eβ → sj = eβ, sj+1 = eα.

The obstacles do not hinder hairpin moves, while kink
jumps are allowed only if no obstacle crosses the square
edged by the old and new segment vectors. We finally note
that endsegments can move freely.

As is well known, in the absence of obstacles hair-
pin moves and kink jumps together yield Rouse dynam-
ics. With an obstacle lattice of smallest lattice constant,
`1 = `0 = 1, we suppress all kink jumps. The resulting
pure hairpin dynamics yields reptation. This is the model
we have analyzed in our previous work [14]. Here we start
from this model (`1 = 1), and we randomly erase a fraction
q of the edges of the obstacle lattice. As stressed above,
this does not affect the equilibrium configuration of the
chain, but it does change the dynamics, locally allowing
for kink jumps. The local mobility becomes a quenched
random variable. Our computer experiments cover all the
range from q = 0 (ordered dense lattice of obstacles, pure
reptation) to q = 1 (no obstacles, Rouse dynamics). The
obstacle lattice percolates for q . 0.75, and near the per-
colation threshold we find strong and rapid variations, but
no proper transition in the qualitative behavior.

Noting from our previous work that chains of length
N (MC) = 160 for q = 0 very clearly show reptational be-
havior, we in our experiments systematically varied q for
this chain length. For values q = 0.6, 0.74, 0.77 close to the
percolation threshold we also carried through experiments
for longer chains, going up to N (MC) = 1280 for q = 0.77.
An individual run extends to 108 Monte Carlo steps, and
we took a moving time average, extracting data up to
t(MC) = 107 MC steps. We generally averaged over forty
runs, each in a different realization of the disorder, but
some experiments at high dilution (q ≥ 0.74) are taken
with lower statistics. As we will see, in that range our
analytical theory cannot reasonably be applied for the
chain lengths considered, since the time window, where
reptation dominates, becomes too small. We therefore here
are content with less precise data, showing the qualitative
trends. The mean square deviation of the data used in the
quantitative analysis is less than 5% for t(MC) = 107, and
it rapidly decreases with decreasing time. Typical error
bars are given in the plots.

To see the influence of the tube width and to compare
to our results in a disordered environment we also car-
ried through experiments with an ordered obstacle lattice
of lattice constant `1 = 2, i.e. with every second row of
obstacles removed in all three spatial directions.

3.2 Center-of-mass motion

In Figure 1 we show some of our results for the center-of-
mass motion, where we divided out the expected interme-
diate asymptotics gcm(t) ∼ t1/2/N . Figure 1a shows the
results for N (MC) = 160 and degrees of dilution q covering
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Fig. 1. log10(N (MC)gcm(N, t)/(t(MC))1/2) as function of
log10 t

(MC). (a) Simulation data for N (MC) = 160. Values of
q as given. The full lines represent the data for ordered sys-
tems `1 = 1 (i.e. q = 0), `1 = 2, or q = 1 (i.e. Rouse). Er-
ror bars, showing the mean squared deviation, are given for
log10 t

(MC) = 7 and 6, the latter being almost invisible. (b)
Data for q = 0.6 and N (MC) = 80, 160, 320, 640. Error bars as
in (a).
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Fig. 2. log10 D/DRouse as function of q for N (MC) = 160.

the whole range 0 < q < 1. We also included the results
found for ordered obstacle lattices `1 = 1, 2 and the result
for the free Rouse chain (q = 1). As a first observation
we note that up to dilution q = 0.6 the results closely
resemble those in an ordered lattice of obstacles. Indeed
the curve for the ordered obstacle lattice `1 = 2 nicely
falls among the others. The results somewhat change their
character in the fairly small interval 0.7 ≤ q ≤ 0.77, com-
prising the percolation threshold. For larger q-values we
see Rouse-type behavior, weakly modified by the disorder.

Searching for power law behavior, we easily can find
parameter ranges where the data over one to two decades
follow a law gcm ∼ tβ, for almost any β in the interval
1/2 . β . 1. In the range 0.3 . q . 0.6 there even
seems to hold the expected intermediate law gcm ∼ t1/2.
This at first is somewhat surprising, since such behav-
ior for N (MC) = 160 is not found in the ordered lat-
tice `1 = 1, and we know from Figure 12 of [14] that
even with such a dense regular obstacle lattice it needs
longer chains to observe that law. Indeed we here are mis-
lead by initial effects. This is clearly shown in Figure 1b,
where we plot data for q = 0.6 and several chain lengths.
The t1/2-plateau seen for N (MC) = 320 is a transient fea-
ture, not stable against increasing chain length. We ex-
pect the proper plateau for q = 0.6 to develop only for
N (MC) & 640.

For N (MC) ≤ 160 we can estimate the diffusion coeffi-
cient from the large-time behavior of gcm. Figure 2 shows
our results for N (MC) = 160 as function of q. We see some
rapid variation near the percolation threshold (note the
logarithmic scale of D/DRouse!), but a purely monotonic
behavior for all values of q, i.e. no sign of dropping below
the reptation limit. This is in contrast to results found for
disorder inducing entropic or energetic traps [10].

3.3 Motion of the central segment

In our previous work we found that the intermediate t1/4-
regime for the motion of the central segment shows up
most clearly in the cubic invariant ĝ1 (Eq. (2.5)). The ini-
tial behavior of the second moment g1 (Eq. (2.1)) suffers
from a slow transient that reflects the discreteness of the

basic stochastic process. The same feature is found here,
and we therefore in Figure 3 show results for ĝ1. Our data
for N (MC) = 160 are given in Figure 3a. We observe the
same trend as found for the center-of-mass in Figure 1a.
Reptation like behavior persists up to q = 0.7, and trans-
forms into weakly modified Rouse type behavior in the
interval 0.7 . q . 0.8. The data for the ordered obstacle
lattice `1 = 2 nicely fall between the curves q = 0.6, 0.7.
For q ≤ 0.6 the t1/4-plateau is clearly developed, with
small, but visible, initial effects, which for q = 0.5, 0.6,
or `1 = 2 produce a shallow maximum. As is illustrated
by the lower set of curves in Figure 3b, we here indeed
observe the intermediate asymptotics, even for q = 0.6.

The data shown in Figures 1a, 3a might lead to the
suspicion that reptation generally breaks down near the
percolation threshold. We believe this to be not the case,
and a first hint is given by the data of Figure 3b, where
we show ĝ1/t

(MC)1/4 for q = 0.6, 0.74, 0.77 and increasing
chain lengths. With increasing q we clearly see a strong
increase of the initial effects, so that the range of t1/4-
behavior only begins for larger t. But we also see that for
q fixed the data with increasing N (MC) bend over towards
reptational behavior. The data for q = 0.74, N (MC) = 640,
show a small plateau, quite similar to that found for
q = 0.6, N (MC) = 80. The data q = 0.77, N (MC) = 1280,
resemble those for q = 0.74, N (MC) = 160 or 320. This
suggests that reptation survives also beyond the percola-
tion threshold of the obstacle lattice, but that the chain
length necessary to observe it, increases dramatically.

According to our previous findings a clear signature of
reptation can be found by measuring g2

(
N
2 , N, t

)
, which

gives the motion of the central segment relative to the
center-of-mass. In the interval T2 . t . T3 reptation leads
to an increase of g2/t

1/4. This increase is due to spared
length diffusing in from the chain ends, and it is cut off
by the tube renewal. Figure 4a shows data for N = 160.
For q ≤ 0.6 and also for `1 = 2 the expected maximum is
clearly seen, and the reptation mechanism must be valid.
With increasing q the maximum, however, becomes less
and less pronounced, and for q ≥ 0.7 the structure of a
plateau followed by a maximum is lost, indicating that the
interval T2 . t . T3 becomes too short. As expected the
maximum becomes stronger with increasing chain length,
as illustrated in Figure 4b for q = 0.6. We note that even
in the initial range the data for different chain lengths do
not fall on top of each other. Comparing to Figures 1b,
3b, we see that this reflects initial effects in the behavior
of the center of mass.

Analyzing the data for q = 0.77 we do not find a struc-
ture similar to Figure 4b even for N (MC) = 1280. In view
of Figure 3b this is not too surprising, since, as shown
there, the time window where reptation might dominate,
shrinks rapidly.

3.4 Motion of the end segment

As we have found previously, the motion of the end seg-
ment shows very large initial effects, which are due to
two different sources. First, the end segment in a single
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Fig. 3. log10

(
ĝ1

(
N
2 , N, t

)
/(t(MC))1/4

)
as function of log10 t

(MC). (a) Data for N (MC) = 160, plot corresponding to Figure 1a.

(b) Data for q = 0.6, N (MC) = 80, 160, 320, 640 (from the left), shown as points; q = 0.74, N (MC) = 80, 160, 320, 640 (crosses);
q = 0.77, N (MC) = 160, 320, 640, 1280 (circles).

Monte Carlo step jumps a mean square distance c1 =
2`20 = 2, an effect not taken into account in the reptation
model. (The corresponding correction for an interior seg-
ment is much smaller: c0 = 2/9.) The second and less triv-
ial effect is inherent in the reptation model. To calculate
g1(0, N, t) we have to determine the maximal retraction
into the tube of chain end j = 0 within the time inter-
val t. This is a complicated problem which analytically we
could solve only approximately. We found that the corre-
lations inherent in the reptational process together with
the discreteness of the elementary motion yield a result
which only very slowly and for very long chains develops
the expected intermediate t1/4 behavior. This finding is
in agreement with our Monte Carlo results for the dense
regular obstacle lattice `1 = 1. The same effects clearly
are present here. We therefore do not show our results for
g1(0, N, t)/t1/4, and only note that a plot of the data for
N (MC) = 160 closely resembles Figures 1a, 3a. For q ≤ 0.6
the results are similar to those for ordered obstacle lat-
tices, and they approach Rouse-type behavior for q & 0.8.
The curve for `1 = 2 falls in between the data with dilu-
tions q = 0.6, q = 0.7.

The behavior of the ratio Re/m = g1(0, N, t)/

g1

(
N
2 , N, t

)
is of more interest. As recalled in Section 2, a

clear increase of this ratio above the Rouse valueRe/m = 2
is one signature of reptation. Furthermore the maximum
of Re/m should be attained for t . T2, a time range that
is easily reached in simulations. A significant test of this
prediction therefore is much easier than the observation
of the structure in g2

(
N
2 , N, t

)
/t1/4, expected for larger

times T2 . t . T3. Figure 5 shows our results for Re/m

for dilutions q = 0.6 and q = 0.77. For q = 0.6 we find
pronounced maxima, the height increasing with increas-
ing N (MC). The set of curves is quite similar to the re-
sults found for the regular obstacle lattice, `1 = 1, (see
[14], Fig. 9). Again we conclude that the chains clearly
exhibit reptational motion. We, however, here observe a
quite similar trend for q = 0.77, i.e., above the percola-
tion threshold. Except of the slope of the initial increase
there is no significant difference compared to the data for

q = 0.6 and maximal values R[max]
e/m ≈ 3 are reached. This

suggests that also above the percolation threshold, repta-
tion will be the dominant mode of motion beyond some
short time regime, provided the chains are long enough.
The “short time” regime, however, may be very large.

Figure 6 supports that view. We there have plotted
the measured maxima of Re/m against the dilution q. For

N (MC) = 160 we see a steep decrease for 0.6 ≤ q ≤ 0.8, but
the increase of the maxima with increasing chain length
N (MC) for q = 0.77 is quite similar to that found for
smaller q.

3.5 Discussion

Our results show that medium sized chains do reptate in
a percolating irregular network of obstacles, which modi-
fies the local kinetics only, and does not change the equi-
librium configuration. Indeed, for q . 0.6 the results in
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Fig. 4. log10

(
g2

(
N
2
, N, t

)
/(t(MC))1/4

)
as function of

log10 t
(MC). (a) Data for N (MC) = 160 and q-values as given.

The curves represent data in the ordered lattices `1 = 1
and `1 = 2. The broken line corresponds to saturation:
R2

g/(t
(MC))1/4. (b) Data for q = 0.6, N (MC) = 80, 160, 320, 640

(from the left). Lines serve to guide the eye.

all respects are most similar to reptation in an ordered
network. This suggests that the effect of disorder in that
range of q can be modelled by considering the motion of a
chain through an effective ordered network of properly ad-
justed bond length. This amounts to adjusting the width
of the effective tube, or the blob size, equivalently. We will
pursue this idea in the next section.

Above the percolation threshold the characteristic fea-
tures of reptation rapidly are lost for shorter chains, but
we have evidence that with increasing chain length we
again enter the reptational regime. This implies that the
main effect of passing over the percolation threshold is a
rapid decrease of the effective number of entanglements.

2 3 4 5 6
1

2

3

4

5

6

0.77

Fig. 5. Re/m (Eq. (2.3)) as function of log10 t
(MC). The data

are corrected for initial effects by subtracting c1 = 2 or
c0 = 2/9 from the endpoint or the mid-point motion. Data:
q = 0.6, N(MC) = 80, 160, 320, 640 (points, from the left).
q = 0.77, N (MC) = 160, 320, 640, 1280 (circles). The broken line
gives the theoretical value 4 ·21/2 for the maximum in the long
chain limit.

0.2 0.4 0.6 0.8

3

4

5

Fig. 6. Maxima of Re/m as function of q. Symbols: (×)

N (MC) = 80; (•) N (MC) = 160; (◦) N (MC) = 320; (+)
N (MC) = 640; (•) N (MC) = 1280. The reptation prediction

for N → ∞ is the dotted line. The Rouse value R[max]

e/m = 2
coincides with the q-axis.

However, the density of entanglements does not vanish
for any q < 1. A naive estimate is given by the proba-
bility to find four occupied bonds of the obstacle lattice
(`1 = 1), forming a square. The probability to find such a
“slip link” surrounding a given bond of the lattice, where
the polymer moves, equals (1 − q)4. Thus on the average
a polymer of length N will pass through (1 − q)4N slip
links, and stability of reptational motion also in very dilute
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systems amounts to the statement that a finite number of
slip links on the chain is sufficient to enforce reptation on
large time scales. Calculating (1− q)4N (MC) for q = 0.77,
N (MC) = 1280, or q = 0.74, N (MC) = 640, we find val-
ues of 3.6 or 2.9, respectively. This clearly is only a lower
bound for the number of entanglements, and the analysis
of the next section suggests that the effective number of
entanglements may be larger, but not dramatically so.

4 Quantitative comparison to reptation
theory

4.1 Parameters

In previous work [14] we have found that the data for
the dense ordered obstacle lattice `0 = 1 are consistent
with the results of an analytical evaluation [16] of the rep-
tation model. The agreement is excellent for the motion
of the central segment in the time range t � T3, where
tube renewal is negligible. For larger times t ≈ T3 or for
the motion of the end segment in all the regime t < T3,
tube renewal is important. We suggested a “mean hop-
ping rate” approximation, which ignores correlations, and
which accounts quite well for tube renewal corrections on
the motion of the inner segments. It somewhat underesti-
mates the motion of the end segment. In the appendix we
recollect those of our analytical results needed here.

The theory models the wiggles of spared length as non-
interacting particles, which randomly hop along the chain.
The model involves some parameters, which can well be
estimated by order of magnitude, but which cannot be
fixed precisely a priori. These are the hopping probabil-
ity p and the equilibrium density ρ0 of the particles on
the chain, as well as the spared length `s per particle. We
also should note the segment size `B of the chain, which
did not show up explicitely in our previous work, since
the dense regular obstacle lattice and the lattice on which
the polymer moves were taken to have the same lattice
constant: `1 = `0 = 1. Then clearly `B is to be identified
with `0, but for more diluted obstacle configurations such
identification is not obvious. Below we will find that both
in the ordered lattice `1 = 2 and in the disordered obsta-
cle lattices the theory describes the motion of an effective
blob chain, with `B > `0. We note that both `s and ρ0 are
defined with respect to `B. In particular, the dimensionless
parameter `s is the spared length per particle, measured
in fractions of the segment size `B.

It turns out that the choice of the hopping probability
p is fairly irrelevant, provided we express our results in
terms of t̂ = pt. It weakly influences the results for t̂ . 1,
only. We therefore follow [14] in setting p = 1/5, and we
do not consider this parameter any more. We thus are
left with three the model parameters `B, `s, and ρ0. The
most relevant parameter of the model is the combination

`2B
(
`2sρ0

)1/2
, which determines the motion of the central

segment for T0 � t � T3. Tube renewal effects and the
ratio Re/m are sensitive to `2B (or `2sρ0) separately, which
thus makes for a second important parameter. Finally, ρ0

influences the size of the initial effects found in g1, but
not in ĝ1. For long chains, where T0 � T2, it is only of
secondary importance.

In comparing to the simulation data we first have to
relate the Monte Carlo chain length N (MC) to the theoret-
ical chain length N = Nt. Previously (see [14], Sect. II.C)
we used Nt = N (MC) − 3, where the correction takes into
account that N (MC) counts the beads whereas Nt counts
the segments, and that the theory does not account for
the rapid jumps of the end segments. In the present work
we must be prepared for the theory to describe a coarse
grained chain of effective segment size `B, and we de-
termine Nt by equating the end-to-end distances of the
Monte Carlo chain and the theoretical chain. We thus find

Nt =
(
N (MC) − 3

)
/`2B, (4.1)

and we identify the number of elementary segments (of
size `0 = 1) per blob as nB = `2B. Furthermore we have to
introduce a time scale τ that relates t̂ to the Monte Carlo
time t(MC):

t̂ = τt(MC). (4.2)

Finally the motion of the Monte Carlo chain will be af-
fected by the larger tube width. We therefore should sub-
tract a (constant) contribution due to motion perpendic-
ular to the tube axes. We thus for the central segment
write

g1

(
Nt

2
, Nt, t̂

)
= g

(MC)
1

(
N (MC)

2
, N (MC), t(MC)

)
− b1

ĝ1

(
Nt

2
, Nt, t̂

)
=[(

ĝ
(MC)
1

(
N (MC)

2
, N (MC), t(MC)

))2

− b22

]1/2

. (4.3)

In the ordered obstacle lattice `1 = 1 the parameter b1 co-
incides with c0 = 2/9 (see [14], Eq. (2.10)). Previously we
found that the effects of c0 and of ρ0 are most similar, so
that a change of one of these parameters can be compen-
sated by changing the other. The same observation holds
here, and we can therefore set one of these parameters to
some reasonable value from the outset. In the sequel we
choose

b1 =
`2B
6
· (4.4)

This is motivated by noting that the segment size `B of
the theoretical chain will play the role of the end-to-end
distance of an effective blob of the Monte Carlo chain. The
average transverse excursions of a specific segment will be
of the order of the radius of gyration `B/

√
6 of this blob.

Similar corrections for excursions not accounted for by
the theoretical model clearly apply also for the end seg-
ment. Since, however, the theory for the end segment is
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Table 1. Maximal values of Re/m in the ordered obstacle
lattices.

N (MC) − 3 17 37 77 157 317 637

`1 = 1 4.16 4.50 4.80 5.07 5.18 5.5R[max]
e/m

`1 = 2 - - - 4.26 4.56 4.9

not on the same level of rigour as for the central seg-
ment, we do not try to introduce corresponding correc-
tions, except that we always subtract the contribution
of local jumps, c1 = 2. In particular, the Monte Carlo
value of the ratio Re/m is determined by subtracting c1
or c0 from the motion of the end segment or the central
segment, respectively.

4.2 Effects of a wider regular tube

We first analyze the data for the ordered obstacle lattice
`1 = 2. This will give us some feeling for the typical effects
of the tube width on the reptational behavior.

In [16], Section IV, we have given an expression for
the motion of the central segment g1

(
1
2Nt, Nt, t

)
, which is

exact for T0 � t� T3. The result depends on two rescaled
variables, which in terms of the Monte Carlo variables can
be expressed as

`2Bt̃
1/4 = `2B

(
`2sρ0

)1/2 (
τt(MC)

)1/4

t̂

N2
t

=
`4B(

N (MC) − 3
)2 τt(MC) , (4.5)

(see also the appendix). Comparing theory and experi-
ment in that time window we determine the combinations
`2B
(
`2sρ0

)1/2
τ1/4 and `4Bτ with high precision. The uncer-

tainty is of the order of 1 % or less. Due to the scaling
properties we however gain no information on `2B and thus
on the tube width.

Such information is contained in the maximal value
R[max]

e/m taken by the ratio Re/m as function of t for t ≈ T2.

For the dense obstacle lattice `B = `1 = `0 = 1 we have

found that R[max]
e/m depends on Nt = N (MC) − 3. Table 1

gives the previously determined values, together with the
values found here for `1 = 2. As is obvious, the chains
for `1 = 2 correspond to shorter chains embedded in the
dense obstacle lattice `1 = 1. We now determine Nt for
`1 = 2 as the value of the chain length, that yields the ob-

served value R[max]
e/m for dense obstacles, `1 = 1. We thus

map the Monte Carlo chain onto a shorter reptating blob

chain. The chain length dependence of R[max]
e/m is not very

strong, (in fact it saturates for N →∞), and we therefore
cannot determine the values of Nt with high precision.
The three chain lengths used in our experiments yield val-
ues `2B =

(
N (MC) − 3

)
/Nt ≈ 6.5 − 7.5. This uncertainty,

however, is quite tolerable, just because the results are
not to sensitive to `2B (or Nt, equivalently). We choose
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Fig. 7. Motion of the central segment for the ordered ob-
stacle lattice `1 = 2, as function of log10 t̂. Chain lengths
N (MC) = 160, 320, 640 (from the left). Dots: Simulation
data. (a) log10

(
g1

(
Nt
2 , Nt, t

)
/g1,ass(t)

)
, where g1,ass(t) =

2`2B(`2sρ0)1/2π−3/4 t̂1/4 gives the intermediate asymptotic power
law, valid for T0 � t � T2. Full lines: tube renewal neglected
(Eq. (A.2)); broken lines: with tube renewal (Eq. (A.1)). The
horizontal broken line represents the intermediate asymptotics.
(b) log10

(
ĝ1

(
Nt
2 , Nt, t

)
/ĝ1,ass(t)

)
, ĝ1,ass(t) =

√
π
2 g1,ass(t)

Curves represent the theory without tube renewal (Eq. (A9)).
All analytical curves end at T3(N (MC)), determined from the
motion of the end segment:

〈
(r0(T3)− r0(0)2

〉
= R2

g.

`2B = 7.5, with a resulting value of b1 = `2B/6 = 1.25.
b2 (Eq. (4.3)) should be of the same order of magni-
tude. Finally we determine ρ0 by adjusting the initial
behavior of g1

(
1
2Nt, Nt, t̂

)
.

The resulting fits are shown in Figures 7 and 8. We
used parameters

`2B = 7.5, `2sρ0 = 0.492, τ = 4.2× 10−3,
ρ0 = 1.4, b1 = 1.25, b2 = 1.2.

Figures 7a or b should be compared to Figures 6 or 7 of
[14], where we should note that in the previous work we
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Fig. 8. Motion of the end segment for `1 = 2 Chain lengths
N (MC) = 160, 320, 640 (from the left). Theoretical curves again
end at T3(N (MC)). (a) log10

(
g1(0, Nt, t̂)/g1,ass(t̂)

)
, g1,ass(t̂) =

2`2B(`2sρ0)1/2π−3/4t̂1/4. Curves represent the approximation
(A11). (b) Re/m(t̂) = g1(0, Nt, t̂)/g1

(
Nt
2
, Nt, t̂

)
. The broken

line represents the theoretical asymptote. Full curves represent
the theoretical approximation.

did not include a parameter b2 to correct the initial behav-
ior of ĝ1. Figures 8a or b are the counterparts of Figures 8
or 9 of [14]. We find no difference in the quality of the fit
for `1 = 2 as compared to `1 = 1. The figures are almost
indistinguishable. In particular, the motion of the central
segment is fitted most precisely, with tube renewal correc-
tions of the correct order of magnitude showing up in the
correct time region. For the motion of the end segment
the deviations among theory and data are the same as
found previously for `1 = 1. This supports the view that
motion through a wider (regular) obstacle lattice can be
considered as reptation of a coarse grained “blob” chain.

4.3 Environments with kinematic disorder

Inspection of the data (see Figs. 1, 3-5) suggests that at
least up to dilution q = 0.6 the chain motion can be de-
scribed as reptation in a wider tube. To put this state-
ment on a firmer basis we quantitatively have evaluated
the data, following the procedure outlined in the previous
subsection. To give an example, we show in Figures 9 and
10 our results for q = 0.6. Clearly no significant difference

Table 2. Values of the parameters used in the theoretical
analysis.

q 0.0 0.1 0.3 0.5 0.6

`2B 1 1.36 1.94 3.27 6.34

τ 0.061 0.051 0.030 0.0115 0.0030

`2sρ0 1.23 0.844 0.808 0.806 0.671

ρ0 0.22 0.34 0.60 1.2 2.5

b1 2/9 0.23 0.32 0.55 1.06

b2 − 0.4 0.6 1.0 1.9
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Fig. 9. Motion of the central segment for dilution q = 0.6,
chain lengths N (MC) = 80, 160, 320, 640. Curves as in Figure 7.

compared to the results in the ordered lattice `1 = 2 is
visible. We found most similar plots for all q < 0.6. This
shows that kinematic disorder has no qualitative influence
on the motion of the chain. The concept of a blob chain
reptating in an effective tube is well able to explain the
data.

Clearly, in view of the number of parameters involved
in the fits one might doubt whether our finding really
proves the blob concept. To support our interpretation
a closer look at the parameter values, as given in Table 2,
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Fig. 10. Motion of the end segment for q = 0.6, N (MC) =
80, 160, 320, 640. As in Figure 8.

is appropriate. We first consider the blob size `2B, which,
– as expected –, is found to increase with increasing dilu-
tion of the obstacles. The value reached for q = 0.6 seems
quite reasonable in view of our result `2B = 7.5 for `1 = 2,
i.e. for the ordered obstacle configuration where 3/4 of
the obstacles are erased. In this latter situation we would
expect `B = `1 = 2 as a lower bound, and the larger value
`B =

√
7.5 ≈ 2.74 just means that the chain with finite

probability leaks out to neighbouring cells of the obsta-
cle lattice. The parameter τ decreases with increasing q,
which implies that with increasing blob size, it needs more
Monte Carlo steps for a blob to move one step on the
coarse grained chain. Indeed, 1/τ roughly is proportional
to the Rouse time TB ∼ n2

B = `4B of a blob. The density ρ0

of effective particles on the blob chain should be bounded
from below by the density ρ0 = 0.22 in the dense obstacle
lattice, multiplied by `2B to account for the larger segment.
Again this is well fulfilled. With increasing q, ρ0 gradually
increases relative to that bound, which can be interpreted
as an increasing kink contribution to the mobility. The
parameter b1 has been fixed to b1 = `2B/6, consistent with
the blob picture, and b2 ≈ 1.8b1 holds for all q. Such a re-
lation seems reasonable since the fourth moment defining
ĝ1 puts larger weight on large transverse excursions than
does the second moment (g1). In summary, the parame-

ters extracted are consistent with plausible estimates and
show a variation as expected for a blob chain.

We restricted our quantitative analysis to q ≤ 0.6, even
though we believe that reptational motion will be present
for all q < 1, if only the chains are sufficiently long. How-
ever, for the chain lengths used in our experiments with
q ≥ 0.7, the region showing signs of reptation is too small
for any meaningful quantitative analysis. For instance, for
q = 0.7, N (MC) = 160, we find from the measured value

of R(max)
e/m a rough estimate 20 . `2B . 30, corresponding

to a blob chain of length 8 & Nt & 5. Such a chain is too
short for reptational behavior to show up unambiguously.
All the chains used in our experiments for q ≥ 0.7 seem to
correspond to blob chains of lengths Nt < 10, which for
q = 0.77, N (MC) = 1280, in particular, implies `2B > 130.
We thus suggest that the effective blob size `B rapidly in-
creases near and above the percolation threshold q ≈ 0.75,
but we also suggest that this is the only important effect
of percolation of the obstacles on the chain dynamics. We
note that the onset of that rapid increase of `2B is seen
already for q = 0.6. (Tab. 2)

Are there theoretical arguments to support our obser-
vation that polymer dynamics is stable against kinematic
disorder? Indeed, we may note two results, which in some
sense complement one another. Starting from the standard
Langevin equation of the Rouse model without obstacles,
we may analyze the effect of quenched disorder in the local
mobility. It is found [18] that such disorder is irrelevant
in the renormalization group sense, which means that it
does not change the power law behavior. The diffusion
coefficient, for instance, still behaves as D = a/N . Only
the proportionality constant a depends on the disorder,
an effect which can be calculated perturbatively.

The second result concerns the effect of quenched dis-
order in the hopping probability p for a one dimensional
hopping problem. Taking p to depend on the position of
the step, p → p(j, j′) ≡ p(j′, j), j′ = j + 1, one still finds
normal diffusional behavior of the particles, as long as
p(j, j′) > p0 > 0. The diffusion coefficient of the particles
is given by some average of the hopping rates [19]. In our
problem the local hopping rates are bounded from below
by the mobility of the hairpins, and thus the above re-
sult almost applies to the diffusion of the spared length,
except for a small difference in the problems considered.
In our case the hopping rates are not fixed relative to the
chain, on which the spared length diffuses, but they are
fixed in the space, through which the chain slowly moves.
Still we feel that both the pieces of theoretical informa-
tion quoted here strongly suggest that kinematic disorder
cannot qualitatively change the dynamical behavior of the
chain.

We, however, in this context should note that other one
dimensional hopping models with random hopping rates
show more complicated oscillatory long time behavior
[20,21]. This feature seems to be related to subdiffusive
behavior of long time motion, which in turn implies that
the probability distribution of p(j, j′) puts nonnegligible
weight on arbitrarily small hopping rates [20]. Since for
our problem p(j, j′) > p0 with p0 > 0, we do not expect
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our model to show such behavior, even if the simulation
experiments could be extended to much larger times.

5 Conclusions

We here have analyzed the effect of disorder in the local
mobility on the reptational motion of a polymer chain.
Our results led us to consider also the motion of a chain
through a regular obstacle lattice of larger lattice constant
(`1 = 2). In this latter case the chain clearly has to move
by the standard reptation mechanism, and our quantita-
tive analysis results in a blob picture: we see reptation of
a coarse grained chain. The existence of the blobs shows
up in enlarged initial effects, which can be traced back to
local motion perpendicular to the tube, and also in the val-
ues taken by the parameters ρ0 and 1/τ . These values are
larger than their counterparts found for the dense regular
obstacle lattice (`1 = 1). Since ρ0 measures the number of
mobile entities per segment and 1/τ is related to the relax-
ation time of a segment, the increase of these parameters
indicates the existence of internal degrees of freedom of
the effective segments, which build up the coarse grained
chain.

Turning now to our simulation results for diluted lat-
tices we note that for dilutions q ≤ 0.6 they look most
similar to the results for the ordered lattices. The cor-
respondence is so close that the same mechanisms must
be at work in the two cases. Our quantitative analy-
sis supports this view, in particular since the parameters
extracted from the fit yield an internally consistent blob
picture. We conclude that reptation is stable against kine-
matic disorder, at least as long as the disorder configura-
tion percolates through the system. This, together with
the validity of the blob concept, is our central result.

Our analysis reveals that it needs chains of Nt & 20
effective segments to clearly show the qualitative signa-
tures of reptation, like the structure in the motion of the
central segment relative to the center of mass (compare
Fig. 4b). To unambiguously identify intermediate power
laws it even needs larger values Nt & 100. It thus is not
surprising that our data for dilutions q ≥ 0.7, close to and
beyond the percolation threshold of the obstacles, only
show first indications of reptational behavior. According
to our rough estimates the blobs are so large that the ef-
fective chains are of lengths Nt . 10. Still, the overall
tendency of the data suggests that the dynamics of the
chain does not change qualitatively near the percolation
threshold. (See, in particular, Fig. 5)

Of the disorder effects enumerated in the introduc-
tion we here included those features which are present
both in a melt and in a gel. In a gel in addition entropic
and energetic trapping will be present, and this seriously
may change the chain dynamics. Indeed, typical results
found in the literature [6,10] show that disorder resulting
in points i)-iii) of our list, seriously slows down the chain
dynamics and may destroy reptational behavior. In view
of our results this must be due to entropic trapping. In a
melt there exists no entropic traps, and only a slow relax-
ation of the environment is to be considered. As we argued

in the introduction we expect this to only enlarge the ef-
fective blob size, but not to change the qualitative results.
It then is of interest to compare our results to typical sim-
ulation results for melts. A particular extensive work has
been published by Kremer and Grest [8]. These authors
used an off lattice molecular dynamics algorithm to simu-
late melts of chains up to N = 400. Their data for the mo-
tion of individual segments look quite similar to our data
for short effective chains. Indeed, using a number of differ-
ent criteria the authors extracted a blob size nB ≈ 35, so
that the longest chain explicitely analyzed, N = 200, con-
sists of only about six blobs. This is completely compatible

with the value R
[max]
e/m (N = 150) ≈ 2.9, which can be ex-

tracted from Figure 11a of [8]. Furthermore in the light of
our results it explains why the characteristic structure of
g2

(
N
2 , N, t

)
was not observed, and it is completely com-

patible with the intermediate effective exponents, which
can be extracted from the plots given. In summary, the
results of our work are completely compatible with these
previous results for melts.

This work was supported by the Deutsche Forschungsgemein-
schaft, SFB “Unordnung und grosse Fluktuationen”. Further-
more financial support of UE by the Dutch research founda-
tion NWO and by the EU-TMR-network “Patterns, Noise and
Chaos” is gratefully acknowledged.

Appendix A: Analytical reptation results [16]

A.1 Central segment

We write

〈(
rN/2(t)− rN/2(0)

)2〉
= g1

(
N

2
, N, t

)
= gi

(
N

2
, N, t

)
+ gr

(
N

2
, N, t

)
,

(A.1)

where gi represents the motion in the initial tube and gr

is the tube renewal contribution. gi can be evaluated rig-
orously to yield

gi

(
N

2
, N, t

)
= 2`2B

(
`2sρ0

1

π
A1

(
N

2
, t

))1/2

×

[
1− F1

(
4ρ0A1

(
N

2
, t

))]
, (A.2)
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where

A1(j, t) =
t̂

N
+
N

3
−

1

2
+

1

6N
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1

N

)
j +

j2

N

−
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2N

N−1∑
k=1
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cos2
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πk
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(
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2

))
sin2

(
πk
2N

) · (A.3)

αk = 1− 4p sin2

(
πk

2N

)
(A.4)

F1(z) =
1

2
√
π

∫ z

0

dx x−3/2e−x
((

1−
x

z

)−1/2

− 1

)
−

1

2
√
π
Γ

(
−

1

2
, z

)
. (A.5)

Here Γ (α, z) denotes the incomplete Γ -function. Com-
pared to [16] we in equation (A.2) and in the results given
below have made the dependence on the segment size `B
of the reptating chain explicit. The spared length `s and
the density of particles ρ0 are defined relative to `B.

The tube renewal contribution gr can be evaluated only
approximately. Our result reads

gr

(
N

2
, N, t

)
= 2`2B`snmax(t)

×

∫ ∞
0

dz z

{
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(A.6)

a(j, t) = (A1(0, t)A1(j, t))−1/2

×

[
t̂

N
+
N

3
−

1

2
+

1

6N
+

j2

2N
−

(
1−

1

2N

)
j

−
1

2N

N−1∑
k=1

αtk
cos

(
πk
2N

)
cos
(
πk
N

(
j + 1

2

))
sin2

(
πk
2N

) ]
(A.7)

G(z, b, a) =
1

π

(
1− 2ab+ b2

)−1/2 1− ab

1− 2ab

× exp

[
−
z2

π
(1− 2ab+ b2)−1

]
× erfc

(
z√

π(1− a2)

b− a

(1− 2ab+ b2)
1/2

)

−
a

π
(1− 2ab)−1 exp

[
−4a2 z

2

π

]
× erfc

(
1− 2a2√
π(1− a2)

)
· (A.8)

nmax(t) is given in equation (A.11), below. (We must apol-
ogize for an error of sign in Eq. (5.96) of [16].)

For the cubic invariant ĝ1 (Eq. (2.5)) we only have eval-
uated the contribution inside the tube. The result reads

ĝ1

(
N

2
, N, t

)
= `2B

(
2`2sρ0A1

(
N

2
, t

))1/2

. (A.9)

A.2 End segments

The motion of the end segment can be written as

g1(0, N, t) = 2`2B`snmax(t), (A.10)

where nmax(t) gives the maximal excursion of the chain
end into the original tube within time interval t. It can be
evaluated only approximately, and we use an approxima-
tion based on random walk theory:

nmax(t) =

√
ρ0

π

t∑
s=1

1

s
A1(0, s)1/2 [1− F1(4ρ0A1(0, s)] .

(A.11)

The functions A1 and F1 are given above.
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