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Abstract

Finding a good approximation of the top eigenvector of a given d X d matrix A is a basic and important
computational problem, with many applications. We give two different quantum algorithms that, given query
access to the entries of a Hermitian matrix A and assuming a constant eigenvalue gap, output a classical
description of a good approximation of the top eigenvector: one algorithm with time complexity O(d*"®) and
one with time complexity droto (the first algorithm has a slightly better dependence on the ¢2-error of the
approximating vector than the second, and uses different techniques of independent interest). Both of our
quantum algorithms provide a polynomial speed-up over the best-possible classical algorithm, which needs
Q(d?) queries to entries of A, and hence Q(d?) time. We extend this to a quantum algorithm that outputs
a classical description of the subspace spanned by the top-¢ eigenvectors in time qd1‘5+°<1>. We also prove a
nearly-optimal lower bound of Q(d'-?) on the quantum query complexity of approximating the top eigenvector.

Our quantum algorithms run a version of the classical power method that is robust to certain benign
kinds of errors, where we implement each matrix-vector multiplication with small and well-behaved error on a
quantum computer, in different ways for the two algorithms. Our first algorithm estimates the matrix-vector
product one entry at a time, using a new “Gaussian phase estimation” procedure. Our second algorithm uses
block-encoding techniques to compute the matrix-vector product as a quantum state, from which we obtain a
classical description by a new time-efficient unbiased pure-state tomography procedure. This procedure uses an

essentially optimal number O(dlog(d)/e?) of “conditional sample states”; if we have a state-preparation unitary
available rather than just copies of the state, then this e-dependence can be improved further quadratically.
Our procedure comes with improved statistical properties and faster runtime compared to earlier pure-state
tomography algorithms. We also develop an almost optimal time-efficient process-tomography algorithm for
reflections around bounded-rank subspaces, providing the basis for our top-eigensubspace estimation algorithm,
and in turn providing a pure-state tomography algorithm that only requires a reflection about the state rather
than a state preparation unitary as input.

1 Introduction

Arguably the most important property of a diagonalizable d x d matrix A is its largest eigenvalue A;, with an
associated eigenvector v;. This top eigenvector v; can be thought of as the most important “direction” in which
the matrix A operates. The ability to efficiently find v; is an important tool in many applications, for instance
in the PageRank algorithm of Google’s search engine, as a starting point for principal component analysis (for
clustering or dimensionality-reduction), for Fisher discriminant analysis, or in continuous optimization problems
where sometimes the best thing to do is to move the current point in the direction of the top eigenvector of an
associated matrix [35, 36].

One way to find the top eigenvector of A is to diagonalize the whole matrix. Theoretically this takes matrix
multiplication time: O(d*) where w € [2,2.37...) is the still-unknown matrix multiplication exponent [61, 1]. In
practice Gaussian elimination (which takes time O(d®)) is typically faster, unless d is enormous. Diagonalization
gives us not only the top eigenvector but a complete orthonormal set of d eigenvectors. However, this is doing
too much if we only care about finding the top eigenvector, or the top-q eigenvectors for some ¢ « d, and better
methods exist in this case (see e.g. [51] for a whole book about this).

*The full version of the paper can be accessed at https://arxiv.org/abs/2405.14765

§QuSoft, CWI, the Netherlands. yanlin.chen@cwi.nl

THUN-REN Alfréd Rényi Institute of Mathematics, Budapest, Hungary. Funded by the EU’s Horizon 2020 Marie Sktodowska-Curie
program QuantOrder-891889 and the QuantERA II project HQCC-101017733 in coordination with the national funding organisation
NKFIH. gilyen@renyi.hu

IQuSoft, CWI and University of Amsterdam, the Netherlands. Partially supported by the Dutch Research Council (NWO) through
Gravitation-grant Quantum Software Consortium, 024.003.037. rdewolf@cwi.nl

Copyright (© 2025 by SIAM
Unauthorized reproduction of this article is prohibited


https://arxiv.org/abs/2405.14765
https://quantera.eu/hqcc/

1.1 The power method for approximating a top eigenvector A quite efficient method for (approxi-
mately) finding the top eigenvector is the iterative “power method”. This uses simple matrix-vector multiplica-
tions instead of any kind of matrix decompositions, and works as follows. We start with a random unit vector wy
(say with i.i.d. Gaussian entries). This is a linear combination Zle a;v; of the d unit eigenvectors vy, ...,vq of
the Hermitian matrix A, with coefficients of magnitude typically around 1/\/8 Then we apply A to this vector
some K times, computing w; = Awg, wy = Awy, etc., up to wxg = AKwy. This has the effect of multiplying
each coefficient a; with the powered eigenvalue AX. If there is some “gap” between the first two eigenvalues (say
[A1] = [A2] = v >0, or |[A\1/A2] > 1), then the relative weight of the coefficient of v, will start to dominate all the
other coefficients even already for small K, and the renormalization of the final vector wx = A% wq will be close to
v1, up to global phase. Specifically, if A has bounded operator norm and eigenvalue gap =y, then K = O(log(d) /7)
iterations suffice to approximate v; up to 1/poly(d) f2-error (see e.g. [27, Section 8.2.1] for details).

The cost of this algorithm is dominated by the K matrix-vector multiplications, each of which costs @(dQ)

time classically (or @) (m) time if A is sparse, with only m nonzero entries given in some easily-accessible way like
lists of nonzero entries for each row and column). Hence if the eigenvalue gap « is not too small, say constant or at
least 1/polylog(d), then the power method takes @(d2) time to approximate a top eigenvector.! Unsurprisingly,
as we show later in this paper, £(d?) queries to the entries of A are also necessary for classical algorithms for this.

1.2 Our results: quantum algorithms Our main results in this paper are faster quantum algorithms for
(approximately) finding the top eigenvector of a Hermitian matrix A, and nearly matching lower bounds.?

Quantum noisy power method. On a high level we just run the power method to find a good
approximation for vy, with classical representations of wg and all intermediate vectors, but we perform each
matrix-vector multiplication approzimately using a quantum computer.?

We give two different quantum algorithms for approximate matrix-vector multiplication. Our first algorithm
uses that each entry of the vector Aw is an inner product between a row of A and the column-vector w. Because
such an inner product is the sum of d numbers, we may hope to approximate it well via some version of amplitude
estimation or quantum counting, using roughly v/d time per entry and d*® time for all d entries of Aw together.
This approach is easier said than done, because basic quantum-counting subroutines produce small errors in the
approximation of each entry, and those errors might add up to a large f>-error in the d-dimensional vector Aw as
a whole. To mitigate this issue we develop a “Gaussian phase estimation” procedure that can estimate one entry
of Aw with a complexity that is similar to standard phase estimation, but with well-behaved sub-Gaussian error.
These well-behaved errors in individual entries typically still add up to a large fo-error for the vector Aw as a
whole. However, with very high probability the error remains small in one or a few fixed directions—including
the direction of the unknown top eigenvector. To speed up the computation of each entry, we split the rows into
“small” and “large” entries, and handle them separately. This divide-and-conquer approach uses O(d*) time
in total for the d entries of Aw (Theorem 4.4). This is asymptotically worse than our second algorithm (described
below), but we still feel it merits inclusion in this paper because it uses an intuitive entry-by-entry approach,
it has a slightly better dependence on the precision than our second algorithm, and most importantly our new
technique of Gaussian phase estimation may find applications elsewhere.

Our second algorithm is faster and more “holistic”. It does not approximate the matrix-vector product Aw
entry-by-entry. Instead it implements a block-encoding of the matrix A, uses that to (approximately) produce
Aw as a log(d)-qubit state, and then applies a subtle tomography procedure to obtain a classical estimate of the
vector Aw with small ¢o-error.* When used in our version of the power method, this classical vector is then stored

1The O(-) notation suppresses polylog factors in d,e,8: O(T) = O(T'polylog(d/(e6))).
0 A

2If the matrix A is non-Hermitian, then we could instead use the Hermitian matrix A’ = At 0

] for finding the largest (left

or right) singular value of A, replacing the eigenvalue gap with the singular value gap of A.
3 Ezact matrix-vector multiplication takes Q(d2) quantum queries to entries of A (and hence does not give speed-up). This is
1

easy to see by taking A € {0,1/d}**? and w = (770 ﬁ)T, because then d'-5Aw gives the number of nonzero entries in A. It is

well-known that Q(d?) quantum queries are needed to count this number exactly.

4In fact our second algorithm first implements a block-encoding of the rank-1 projector II = vle using @(1/7) applications of an
approximate block-encoding of the matrix A (by applying QSVT [26, Theorem 31]), and then applies our state tomography algorithm
to obtain a classical estimate of the vector ITw, which is proportional to v1. This increases the spectral gap from v to ©(1) and hence

further improves our y-dependency.
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in a QRAM-data structure (see below) that makes it easy to prepare Aw as a quantum state in the next iteration,
which applies A again. Our new tomography procedure incorporates ideas from [39] and [5]; it matches the latter’s
essentially optimal query complexity, but improves upon both their time complexities. Doing tomography at the
end of each iteration of the power method is somewhat expensive, but still leaves us with a time complexity of
only d*-5+e() (Corollary 4.3 with ¢ = 1 and sparsity set to s = d), which turns out to be a near-optimal quantum
speed-up over classical, as our lower bounds (discussed below) imply.

It is worth highlighting our result about preparing the top eigenvector of A as a log(d)-qubit quantum state
|v1), which we have “under the hood” in our second algorithm. This preparation can (with high success probability
and small f5-error) be done in time roughly (d/v)!*°(") (Corollary 4.4 with sparsity set to s = d). This is optimal
up to the o(1) in the exponent; maybe surprisingly, for constant gap preparing |v;) is not significantly more
expensive than the easier task of just approximating the top eigenvalue A;, for which we prove an Q(d) lower
bound on the required number of quantum queries to entries of A (Proposition 4.1 with sparsity set to s = d).
Note that putting some form of quantum state tomography on top of the preparation of |vi) is not enough to
achieve the time complexity of our second algorithm, as it would result in a quantum algorithm that produces a
classical description of (an approximation of) vy in time roughly d? rather than roughly d*-5.

In both of our algorithms, the vector resulting in each iteration from our approximate matrix-vector
multiplication will have small errors compared to the perfect matrix-vector product. In the basic power method
we cannot tolerate small errors in adversarial directions: if wgy has roughly 1/4/d overlap with the top eigenvector
v1, and we compute Awy with fe-error > A1/ V/d, then our approximation to the vector Awg may have no overlap
with v1 at all anymore! If this happens, if we lose the initially-small overlap with the top eigenvector, then the
power method fails to converge to vy even if all later matrix-vector multiplications are implemented perfectly.
Fortunately, Hardt and Price [32] have already shown that the power method is robust against errors in the
matrix-vector computations if they are sufficiently well-behaved (in particular, entrywise sub-Gaussian errors
with moderate variance suffice). Much of the technical effort in our quantum subroutines for matrix-vector
multiplication is to ensure that the errors in the resulting vector are indeed sufficiently well-behaved not to break
the noisy power method.’

Finding the top-g eigenvectors. Going beyond just the top eigenvector, the ability to find the top-
q eigenvectors (with ¢ « d) is crucial for many applications in machine learning and data analysis, such as
spectral clustering, principal component analysis, low-rank approximation of A, and dimensionality reduction of
d-dimensional data vectors w (e.g., projecting the data vectors onto the span of the top-¢g eigenvectors of the
covariance matrix A = E[ww?]). In most cases it suffices to (approximately) find the subspace spanned by
the top-¢ eigenvectors of A rather than the individual top-q eigenvectors vy,...,v4, which is fortunate because
distinguishing vy, ..., v, can be quite expensive if the corresponding eigenvalues Aq, ..., \, are close together.

The noisy power method can also (approximately) find the subspace spanned by the top-g eigenvectors of
A, assuming some known gap 7 between the ¢th and (¢ + 1)th eigenvalue. Using our knowledge of the gap, we
give an algorithm to approximate A, (Corollary 4.2). Knowing A\, and this gap (at least approximately), we then
show how a block-encoding of A can be efficiently converted using quantum singular-value transformation [26]
into a block-encoding of the projector Il that projects onto the subspace spanned by the top-q eigenvectors. In
Section 4.4 we give a new almost optimal process-tomography algorithm for recovering the projector II, assuming
only the ability to apply (controlled) reflections 2IT — I about the rank-¢q subspace that we are trying to recover
(Theorem 4.5). This algorithm, applied to II, gives us the subspace corresponding to the top-q eigenvectors of A.
For constant eigenvalue gap and desired precision, it uses time gd'®*t°(1). In fact, what we above called our
“second algorithm” for finding the top eigenvector is just the special case ¢ = 1. In the case where A is s-sparse
(meaning each row and column of A has < s nonzero entries) and we have sparse-query-access to it, the time
complexity becomes q/sd'*°1) (Corollary 4.3; this result implies the claim of the previous sentence by setting

5For simplicity we assume here that v (or some sufficiently good approximation of it) is known to our algorithm. However,
because we can efficiently approximate |A1| (by [6, Lemma 50], one can estimate \; with additive error /4 using O(d-5/7) time)
and verify whether the output of our algorithm is approximately an eigenvector for this eigenvalue by one approximate matrix-vector
computation, we can actually try exponentially decreasing guesses for  until the algorithm returns an approximate top eigenvector.

It should be noted that our algorithm has polynomial dependence on the precision €, namely linear in 1/e, which is worse than the
log(1/e) dependence of the classical power method with perfect matrix-vector calculations. This is the price we pay for our polynomial
speed-up in terms of the dimension. For applications where the precision need not be extremely small, our polynomial dependence
on ¢ would be an acceptable price to pay.
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s = d). If the pairwise spacing between the first ¢ eigenvalues is at least €(1/q), then we can also (approximately)
find each of the eigenvectors vy, ..., v, individually, at the expensive of poly(g) more time.

As a byproduct of this algorithm we also obtain a qualitatively improved tomography procedure that works
assuming the ability to reflect around the state that we want to estimate, but does not need the stronger
assumption of being able to prepare that state.

Our computational model. The computational model for our quantum algorithms is that we have query
access to the entries of A, which can be, e.g., stored in quantum-accessible classical memory (“quantum read-
only memory”, a.k.a. QROM). The runtime of a quantum algorithm, or of a classical algorithm with quantum
subroutines, is measured by the total number of queries and other elementary operations (one- and two-qubit
gates, classical RAM-operations) on the worst-case input.

Our algorithms also use @(d) bits of quantum-accessible classical-writable memory (QRAM, also sometimes
called QCRAM) in order to store classical descriptions of the intermediate d-dimensional approximating vectors.
In analogy with classical RAM, a QRAM is a device that stores some m-bit string z = 2y... 2,1 and allows
efficient access to the individual bits of z, also to several bits in superposition: a “read” operation corresponds to
the unitary O, that maps |i,b) — |i,b@® z;), for i € [m] — 1 and b € {0,1}. Note that the QRAM (and QROM)
memory content itself is classical throughout the algorithm: it is just a string z, not a superposition of such
strings. A “write” operation for the QRAM corresponds to changing a bit of z; this is a purely classical operation,
and cannot happen in superposition. If only “read” operations are allowed, this is also sometimes called a QROM
(“quantum read-only memory”), and typically classical input is assumed to be given in this form for the type of
algorithms we and many others consider. The intuition is that read and write operations should be executable
cheaply, for instance in time O(logm) if we put the m bits of z on the leaves of a depth-logm binary tree, and
we treat an address i as a bit-by-bit route from the root to the addressed leaf.

It should be noted that QRAM and QROM are controversial notions in some corners of quantum computing.
In the case of QROM one could circumvent the controversy by assuming that the entries to our input matrix
A are computed for us by a small circuit,® but for our use of QRAM this is not an option. The issue is not so
much that a circuit for O, for querying the m-bit string z uses roughly m gates (because the same is true for
classical RAM and is not really considered an issue there) but that running such an operation fault-tolerantly on
a superposition like ) . a; |i,0) seems to induce large overheads. Classical RAM is not considered a problematic
notion because nowadays it is implemented in very fast and practically error-free hardware without the need to
do error-correction. It is conceivable that in the distant future quantum hardware implementations will become
so good that one can similarly implement classical RAM on them with similar efficiency. Since one has to allow
quantum superposition anyway in order to do anything in quantum computing, we feel that assuming QRAM is
conceptually acceptable—especially for a theoretical computer science paper such as this one—though it is clearly
not something for the small and noisy quantum computers we have today and in the near future.

We note, however, that in some situations we can actually avoid the use of QRAM altogether. In particular, we
can make our second algorithm QRAM-free if we have some way of preparing the quantum state |w) corresponding
to the intermediate approximating vectors (instead of using a KP-tree stored in QRAM for state-preparation).
Given such a state-preparation procedure, the number of applications of the block-encoding Uy in Theorem 4.5
remains the same. Accordingly, if we only care about the number of queries to entries of the input matrix (instead
of time complexity), then we can get an O(d'5+°()-ys-Q(d?) quantum-classical query-complexity separation for
approximating the top eigenvector without using any QRAM, because we can prepare |w) from its classical
description using a circuit of @(d) gates that uses no QRAM and no queries to entries of the input matrix. Also,
our state-tomography procedure starting from “conditional samples” does not need any QRAM by itself.

1.3 Our results: lower bounds We also show that our second quantum algorithm for finding the top
eigenvector is essentially optimal, by proving an Q(d1'5) quantum query lower bound for this task. We do
this by analyzing a hard instance A = %uuT + N, which hides a vector u € {—1,1} using a d x d matrix N with
i.i.d. Gaussian entries of mean 0 and standard deviation ~ 1/+/d. Note that the value u;u;j/d has magnitude 1/d,
but is “hidden” in the entry A;; by adding noise to it of much larger magnitude ~ 1/ Vd. One can show that
(with high probability) this matrix has a constant eigenvalue gap, and its top eigenvector is close to u/\/a

6Such an efficient procedure will, however, have to rely on structure present in the data, and unfortunately does not apply in
general to problems where one aims to process some real-world data.
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First, this hard instance provides the above-mentioned unsurprising” Q(d?) query lower bound for classical
algorithms, as follows. To approximate the top eigenvector (and hence u), an algorithm has to recover most of
the d signs u; of u. Note that the entries of the ith row and column of A are the only entries that depend on wu;.
If the algorithm makes T' queries overall, then there is an index i such that the algorithm makes at most 47'/d
queries to entries in the ith row and column, while still recovering u; with good probability. Slightly simplifying,
one can think of each of those entries as a sample from either the distribution N(1/d,1/d) or the distribution
N(—1/d,1/d), with the sign of the mean corresponding to u;. It is well known that Q(d) classical samples are
necessary to estimate the mean of the distribution to within +1/d and hence to distinguish between these two
distributions. This implies 47 /d = Q(d), giving us the T' = (d?) classical query lower bound for approximating
the top eigenvector of A (Corollary 5.1).

Second, a similar but more technical argument works to obtain the Q(d1‘5) quantum query lower bound
(Corollary 5.2), as follows. A good algorithm recovers most u;-s with good probability. If it makes T' quantum
queries overall, then there is an index i such that the algorithm has at most 47/d “query mass” on the
entries of the ith row and column (in expectation over the distribution of A), while still recovering w; with
good probability. It then remains to show that distinguishing between either the distribution N(1/d,1/d) or
the distribution N(—1/d,1/d), with the ability to query multiple samples from that distribution in quantum
superposition, requires Q(\/E) quantum queries. This we prove by a rather technical modification of the adversary
bound of Ambainis [2, 3], adjusted to inputs which are vectors of samples from a continuous distribution, using
expectations under a joint distribution g on pairs of matrices (the two marginal distributions of p are our hard
instance conditioned on u; = 1 and u; = —1, respectively) of Hamming distance roughly V/d in the ith row and
column.

1.4 Related work Our algorithms produce classical descriptions of the top eigenvector(s). This is very different
from HHL-style [33] algorithms that return the vectors in the form of a log(d)-qubit state whose vector of
amplitudes is (proportional to) the desired vector. Our approach contrasts for instance with algorithms like
quantum PCA [44], which can efficiently find the top-¢ eigenvectors as quantum states assuming the ability to
prepare A as a mixed quantum state. It also contrasts with the recent work of Seki and Yunoki [57], who show
how to apply a given Hermitian matrix many times to a given quantum state |¢), giving rise to a quantum version
of the power method that outputs quantum states. The most closely related quantum algorithm we are aware of is
producing classical descriptions of eigenvectors in the special case where A is symmetric and diagonally-dominant
(SDD): Apers and de Wolf [9, Claim 7.12] show how to approximately find the top-q eigenvalues and eigenvectors
of a dense SDD matrix A in time (7)(all‘5 + qd), using their quantum speed-up for Laplacian linear solving.®

There is a fair amount of work on finding the largest (or smallest) eigenvalue of a given Hamiltonian A,
but the setting there is usually different and incomparable to ours: A is viewed as acting on log(d) qubits, and
classically specified as the sum of a small number of terms, each acting non-trivially on only O(1) of the qubits
(this is the canonical QMA-complete problem). There is also work on finding the top eigenvalue of a given matrix
in general (not necessarily a local Hamiltonian), for instance Lemma 50 of [6]; some of these works even involve
a version of the power method [49]. However, none of these methods readily generalizes to finding a classical
description of the top eigenvector itself.

A recent paper by Apers and Gribling [8, Theorem 5.1] also gives a quantum algorithm for approximate
matrix-vector multiplication. Their result is incomparable to ours: it uses a different norm to measure the
approximation, and it is geared towards the case of tall-and-skinny sparse matrices A; if instead the matrix A is
d x d and dense (the regime we care about in this paper), then their time complexity can be roughly d*°, which is
much worse than ours. Their application area is also different from ours: it is to speed up interior-point methods
for linear programs where the number of constraints is much larger than the number of variables.

7A simpler way to see this lower bound is to consider the problem of distinguishing the all-0 matrix from a matrix that has a 1
in one of the d2 positions and Os elsewhere. This is just the d2-bit OR problem, for which we have an easy and well-known Q(d2)
classical query bound. However, the quantum analogue of this approach only gives an (d) lower bound, since the quantum query
complexity of d2-bit OR is O(d). Therefore we present a more complicated argument for the classical lower bound whose quantum
analogue does provide an essentially tight bound of Q(d*-?).

80ne can actually reduce the general symmetric A to the case of an SDD matrix by defining A’ = A + cI for sufficiently large ¢
to make A’ SDD, and then renormalizing A’ to operator norm < 1. The problem with this reduction is that ¢ could be as big as d
and then the eigenvalue gap of the new matrix is much smaller than that of A.
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One of our main tools for our upper bounds is a novel, essentially unbiased tomography procedure to estimate
a d-dimensional pure state (“essentially unbiased” here means the error vector’s expectation is exponentially
close to 0) from O(d) “conditional samples” of the state, see our Section 3.2. There have already been quantum
algorithms for essentially unbiased mean estimation for d-dimensional random variables [21, 58], and one might
hope to use these to recover our tomography procedure in an easier way.  However, their input models are
somewhat different from ours and it is not clear how to tweak their algorithms to recover an unbiased state-
tomography procedure that works in our input model. In a nutshell, [21, 58] require an oracle that outputs
the random vectors in binary, i.e., with each coordinate explicitly written, while our algorithm only requires an
exponentially smaller quantum state whose amplitudes represent the vector of interest.

1.5 Future work Here we mention some questions for future work. First, can we improve the d-dependence
of our second algorithm from d'®*+°() to d'°? Note that the o(1) comes from Low’s Hamiltonian simulation
result [45]; in his context it is also still an open question whether the o(1) can be removed. Can we also improve
our algorithm to use fewer or even no QRAM bits, while retaining the current dependence on d, v, €7

Second, our upper bound of roughly ¢qd'-® for finding the subspace spanned by the top-g eigenvectors is
essentially optimal for constant ¢, but it cannot be optimal for large ¢ (i.e., ¢ = Q(d)) because diagonalization
finds all d eigenvectors exactly in time roughly d?37, which is less than d?®°. We should try to improve our
algorithm for large q.

Third, matrix-vector multiplication is a very basic and common operation in many algorithms. So far there
has not been much work on speeding this up quantumly, possibly because easy lower bounds preclude quantum
speed-up for ezact matrix-vector multiplication (Footnote 3). Can we find other applications of our polynomially
faster approrimate matrix-vector multiplication? Omne such application is computing an approximate matrix-
matrix product AB in time roughly d?®, by separately computing AB; for each of the d columns B; of B. This
would not beat the current-best (but wholly impractical) matrix-multiplication techniques, which take time d?-37-,
but it would be a very different approach for going beyond the basic O(dg) matrix-multiplication algorithm. A
related application is to matrix-product verification: we can decide whether AB is close to C' in Frobenius norm
for given d x d matrices A, B,C, in quantum time roughly d'®, by combining our approximate matrix-vector
computation with Freivalds’s algorithm [24]. This should be compared with the quantum algorithm of Buhrman

and Spalek [16] that tests if AB is equal to C' (over an arbitrary field) using @(d5/3) time.

2 Preliminaries

Throughout the paper, d always denotes the dimension of the ambient space R? or C?, log without a base means
the binary logarithm, In = log, is the natural logarithm, and exp(f) = /. We let [d] denote the set {1,...,d}

and [d] — 1 denote the set {0,...,d —1}. We denote by ||v|| the ¢3-norm of a vector, and by ||v||, its £,-norm. For
[LAv]]

Ae C e define the spectral norm ||A| = max ol

veCd’

1g(z) = {11fmeS,

. For a set .S, we define the indicator function 1g as

0 otherwise.

The total variation distance between probability distributions P and @ is defined as dry (P, Q) = sup 4, P(A)—
Q(A), where the supremum is over events A. In particular, for discrete distributions we have dry (P,Q) =
23, |P(z) — Q(z)|. We say that two random variables are §-close to each other if the total variation distance

between their distributions is at most §. For two distributions P, Q over the same space, the relative entropy
Dk (P Q) (also called Kullback-Leibler divergence or KL-divergence) from P to @ is defined as

_ ) - HM xr = HM
DKL(PHQ)*JP() ! q(z)d Ep[l (1(17)]7

where p(z), q(x) are the probability density functions (pdf) of P and @, respectively. In case P is not absolutely
continuous with respect to Q we define Dk (P | Q) = .

For us a projector is always a matrix IT which is idempotent (II> = II) and Hermitian (IT' = II). This is
sometimes called an “orthogonal projector” in the literature, but we drop the adjective “orthogonal” in order
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to avoid confusion with orthogonality between a pair of projectors. For a subspace S we denote the unique
(orthogonal) projector to S by Ilg.

2.1 Computational model and quantum algorithms Our computational model is a classical computer
(a classical random-access machine) that can invoke a quantum computer as a subroutine. The input is stored
in quantum-readable read-only memory (a QROM), whose bits (or more generally, entries, if one entry is a
number with multiple bits) can be queried. Alternatively, we could assume we have some circuit that computes
the input bits on demand. The classical computer can also write bits to a quantum-readable classical-writable
classical memory (a QRAM). Such a QRAM, storing some m-bit string z = zg ... z;,—1 admits quantum queries
(a.k.a. quantum read operations), which correspond to the unitary O, that maps |i,b) — [i,b@® z;), where
i€{0,...,m—1} and b € {0,1}. As already mentioned in the introduction, we think of one QRAM query as
relatively “cheap”, in the same way that a classical RAM query can be considered “cheap”: imagine the m bits
of z as sitting on the leaves of a log(m)-depth binary tree, then reading the bit at location ¢ intuitively just means
going down the log(m)-length path from the root to the leaf indicated by 4.

The classical computer can send a description of a quantum circuit to the quantum computer; the quantum
computer runs the circuit (which may include queries to the input bits stored in QROM and to the bits stored
by the computer itself in the QRAM), measures the full final state in the computational basis, and returns the
measurement outcome to the classical computer. In this model, an algorithm has time complezity T if in total it
uses at most T elementary classical operations and quantum gates, quantum queries to the input bits stored in
QROM, and quantum queries to the QRAM. The query complexity of an algorithm only counts the number of
queries to the input stored in QROM. We call a (quantum) algorithm bounded-error if (for every possible input)
it returns a correct output with probability at least 2/3 (standard methods allow us to change this 2/3 to any
constant in (1/2,1) by only changing the complexity by a constant factor).

We will represent real numbers in computer memory using a number of bits of precision that is polylogarithmic
in d/e (i.e., O(1) bits). This ensures that all numbers are represented throughout our algorithms with negligible
approximation error and we will ignore those errors later on for ease of presentation. In this paper, we are mainly
interested in approximating the top eigenvector of a given matrix A. In the quantum case, we assume entries of
A are stored in a QROM, which we can access by means of queries to the oracle Oy4 : |ij)|0) — |ij)|A;;). In
the special case where A is s-sparse, meaning that each of its rows and columns has at most s-nonzero entries,
we additionally assume we can also query the location of the fth nonzero entry in the jth column. This is called
“sparse-query-access to A”, and is a common assumption for quantum algorithms working on sparse matrices (for
instance in Hamiltonian simulation). This corresponds to storing the matrix A using an “adjacency list”, i.e., the
locations and values of the nonzero entries for each row and column in, a QROM.

2.2 Quantum subroutines In this section we describe a few known quantum algorithms that we invoke as
subroutines.

THEOREM 2.1. ([26, 62], FIXED-POINT AMPLITUDE AMPLIFICATION) Let a,d > 0, U be a unitary that maps
|0) — |¢) and Ra, Rjgy, be quantum circuits that reflect through subspaces A and (the span of) |0) respectively.
Suppose |4 |Y) | = a. There is a quantum algorithm that prepares |¢") satisfying | [y — %H < 4§ using a

total number of O(log(1/8)/a) applications of U, UL, controlled R4, Ry and additional single-qubit gates.

We also use the following theorem to help us find all marked items in a d-element search space with high
probability. The theorem was implicit in [29, 14]. For more details and for a better d, 6-dependency, see [7, Section
3.

THEOREM 2.2. Let f : [d] — {0,1} be a function that marks a set of elements F' = {j € [d] : f(j) = 1}, and
0 € (0,1). Suppose we know an upper bound w on the size of F' and we have a quantum oracle Oy such that
Oy 7y |b) = |7)16@® f(4)). Then there exists a quantum algorithm that finds F' with probability at least 1 — 6,

using O(V/du - polylog(d/d)) time.

THEOREM 2.3. (FOLLOWS FROM SECTION 4 OF [15], AMPLITUDE ESTIMATION) Let ¢ € (0,1). Given a natural
number M and access to an (n + 1)-qubit unitary U satisfying

U10")[0) = val|¢oy[0) + V1 —alé)[1),
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where |¢o) and |¢1) are arbitrary n-qubit states and a € [0,1], there exists a quantum algorithm that uses
O(M1og(1/68)) applications of U and UT and O(M log(1/8)) elementary gates, and outputs an estimator A such
that, with probability > 1 — 9§,

1
—A< =
Va—=Al< 47

2.3 KP-tree and state-preparation Here we introduce a variant of the QRAM data structure developed by
Prakash and Kerenidis [52, 38] for efficient state-preparation. We call this data structure a “KP-tree” (or K P, if
we are storing the vector v) in order to credit Kerenidis and Prakash. The variant we use is very similar to the
one used in [17].

DEFINITION 2.1. (KP-TREE) Let v e C?. We define a KP-tree KP, of v as follows:
e The root stores the scalar ||v|| and the size of the support t = |supp(v)| of v.
e KP, is a binary tree on O(tlogd) vertices with depth [logd].
o The number of leaves is t; for each j € supp(v) there is one corresponding leaf storing v;.

e Each edge of the tree is labeled by a bit; the bits on the edges of the path from the root to the leaf corresponding
to the jt entry of v form the binary description of j.

o Intermediate nodes store the square oot of the sum of their children’s squared absolute values.

For ¢ < [logd] and j € [2Y] — 1, we define KP,(, ) as the scalar value stored in the j** node in the £*" layer,
i.e., the node that we can reach from the root by the path according to the binary representation of j. If there is
no corresponding j'"* node in the (' layer (that is, we cannot reach a node by the path according to the binary
representation of j from the root), then K P,({,j) is defined as 0. Note that both the numbering of the layer and
the numbering of nodes start from 0. When v is the all-0 vector, the corresponding tree consists of a single root
node with t = 0.

If we have a classical vector v € C%, we can build a KP-tree for v using O(d) time and QRAM bits. Given a

KP-tree KP,, we can efficiently query entries of v and prepare the quantum state ] HDTJH [7):
jeld]—-1

THEOREM 2.4. (MODIFIED THEOREM 2.12 OF [17]) Suppose we have a KP-tree KP, of v € C?, and we can

apply a unitary Ok p, that maps |€,k)|0) — |¢,k)|KP,(¢,k)). Then one can implement a unitary U, that maps

[0 to |1y = D] ”1;—7” |7 up to error € by using O(logd) applications of Okp,, O}PU, and O(1) additional
jeld]-1

elementary gates.

Note that if [|v|| < 1, then we can similarly prepare the quantum state [v) = [0) > wv;|j) + [1)|0) using
jeld]—1

O(1) time and queries to KP,,.

2.4 Block-encoding and Hamiltonian simulation Block-encoding embeds a scaled version of a (possibly
non-unitary) matrix A in the upper-left corner of a bigger unitary matrix U.

DEFINITION 2.2. Suppose that A is a 2¥-dimensional matriz, a,e > 0, and a € N. We call an (a + w)-qubit
unitary U an (a, a,€)-block-encoding of A if

[A—a0*® Lw)U(|0%) ® Lrw)| < e

THEOREM 2.5. ([46]) Suppose that U is an (a,a,e/|2t])-block-encoding of the Hamiltonian H. Then we can
implement an e-precise Hamiltonian-simulation unitary V which is a (1,a + 2,¢)-block-encoding of e, with
O(|at| +1og(1/e)) uses of controlled-U and its inverse, and with O(alat|+ alog(1/e)) additional elementary gates.
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THEOREM 2.6. ([45, THEOREM 2|) Let A be a d x d Hermitian matriz with operator norm < 1, and t > 0.
Suppose A has sparsity s and we have sparse-query-access to A. Then we can implement a unitary U such that

U — exp(iAt)| < & using O(t\f(t\f/s) ) time and queries.

If we do not have a sparse oracle or if A is dense, then the time complexity of the above theorem simply
becomes O((v/dt)' o) /() by setting s = d.

THEOREM 2.7. ([26, COROLLARY 71]) Lete € (0,1/2), A be a dx d Hermitian matriz with operator norm < 1/2,
and U = exp(iA). Then we can implement a (2/m,2,¢e)-block-encoding of A, using O(log(1/e)) applications of
controlled-U, controlled-U inverse, O(log(1/¢)) time, and one auziliary qubit.

Combining the above two theorems, we have the following theorem.

THEOREM 2.8. Let A be a d x d Hermitian matrix with operator norm < 1. Suppose A has sparsity s and we
have sparse-query-access to A. Then we can implement a unitary U which is a (4/m,2,e)-block-encoding of A with

(7)(\/5(3/5)0(1)) time and queries.

THEOREM 2.9. ([5], LEMMA 6) Let U = >, U, ® |x){x| and V' = >, Vo ® |x){x| be controlled (by the second
register) state-preparation unitaries, where Uy = |0Y[0%%Y — |0Y[¢hy) + [1) [002) and V, : [0) |02 — [0) |ps) +
1) |¢x) are (a+ 1)-qubit state-preparation unitaries for some (sub-normalized) a-qubit quantum states [, , |y ).
Then (I @ VI)(SWAP® Iat1)(I @ U) is a (1,a + 2,0)-block-encoding of the diagonal matriz diag({(t|¢.)}),
where the SWAP gate acts on the first and second qubits.

2.5 Singular-value and singular-vector-perturbation bounds We invoke some tight bounds on the
perturbation of singular values and singular vectors of a matrix. In the following we order the singular values of
a matrix A in decreasing order, such that i < j = ¢;(A4) = ¢;(A4).

THEOREM 2.10. (WEYL’S SINGULAR VALUE PERTURBATION BOUND [12, COR. III.2.6, PROBLEM III1.6.13])
Let A, B € C"™™ be any matrices, then for all i € [n] we have

5i(A) —<i(B)| < |[A— B

In order to state the following perturbation bound on the singular-value subspaces we define H§ to be the
projector onto the subspace spanned by the left-singular vectors of X having singular values in S.

THEOREM 2.11. (WEDIN-DAVIS-KAHAN sin(f#) THEOREM [60]) Let A, B € C™*™ be any matrices, and a,§ = 0
then?
|A— B

P

LEMMA 2.1. (OPERATOR NORM EQUIVALENCE TO sin(f) BETWEEN SUBSPACES [12, AFTER EXER. VII.1.11])
Let P,Q € C"*™ be projectors with equal rank, then |P — Q| = |P(I — Q)| = ||(I — P)Q]|.

||(I - Hﬁa)HgaJr&H <

2.6 Concentration inequalities Repeated sampling is very important for our quantum tomography algo-
rithms, and here we describe some of the tail bounds we need.

PROPOSITION 2.1. (BENNETT-BERNSTEIN BOUND [13, THEOREM 2.9 & EQN. 2.10]) Let X®: i € [n] be in-
dependent random variables with finite variance such that, for each i, XV < b for some b > 0 almost surely (i.e.,
this event has probability measure 1). Let

g Z"JXm _E[XO], i (xOy2
i=1 i=1

9This bound is tight for any rank-r projectors A, B, when o = 0 and § = 1 due to Lemma 2.1. Wedin’s paper proves the statement
for singular-vector subspaces that we use here, and the analogous statement for normal matrices is proven in Bhatia’s book [12,
Theorem VII.3.1], which actually also implies Theorem 2.11 with a bit of work.
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then for any t > 0,

v (bt t2
PY[S = t] < exp (_th(’U>> < exp <_2U_|_2bt>7
3

where h(z) = (1 4+ 2)In(1 + z) — z.

PROPOSITION 2.2. (CHERNOFF-HOEFFDING BOUND [18], [34, THEOREM 1], [13, SECTION 2.6]) Let 0 < X <

1 be a bounded random variable and p := E[X]. Suppose we take n i.i.d. samples X® of X and denote the

XD x@ .4 xm)
n

normalized outcome by s = . Then we have for all e > 0

2
(2.1) Prfs > p +e] < e DrrHelnn < oxp <_z<p+>">
&2
(2.2) Pr[s < p—¢] < e Prepelpn < oxp 5o
p

where Dp(z || p) = xIn 2+ (1-2) ln<%) is the Kullback—Leibler divergence between Bernoulli random variables

with mean x and p respectively.

Proof. The first inequality is [34, Theorem 1], while (2.2) follows from (2.1) by considering 1— X ). The rightmost
(z—y)* 0

inequalities come from the observation that Va,y > 0: Dxr(x || y) = spctigr

COROLLARY 2.1. (OKAMOTO-HOEFFDING BOUND) Let X, s be as in Proposition 2.2, then we have

Prlvs=\p+e] < exp(—Qezn),
Pr[v/s < /p—¢] < exp(—a2n).
Proof. This directly follows from (2.1)-(2.2) using the observation [50] that

)

Dir(z ||p) = 2(vz—vp)? VO<p<wz<l
Drr(x|p) > (Vp—vz)® Vo<z<p<l
O

2.7 Matrix concentration inequalities We state some random matrix concentration results for tall matrices
(i.e., matrices with more rows than columns), but in our case we mostly apply them to flat matrices (having more
columns than rows), thus we effectively apply the statements to GT. We use the following non-asymptotic bounds.

THEOREM 2.12. (WELL-CONDITIONED TALL (GAUSSIAN MATRICES [59, THEOREM 5.39 & FOOTNOTE 25])
There exist absolute constants'® ¢,C = 1 such that the following holds for all N = n: if G € CN*" is a random
matriz whose matriz elements have i.i.d. real or complex standard normal distribution (in the complex case with
independent real and imaginary parts each having centered normal distribution with variance %), then its smallest
singular value ¢min(G) and largest singular value ¢nax(G) satisfy, for allt =0

Pr[VN — Cvn — t < 6uin(G) < Gmax(G) < VN + Cy/n +t] > 1 — 2exp(—t2/(2¢)).

10Tn the real case [23, Theorem I1.13] gives ¢, C' = 1. While [59, Footnote 25] asserts that the statement can be adapted to the complex
case, there are no specifics provided, and the proof of [59, Corollary 5.35] is borrowed from [23, Theorem II.13], where the adaptation of
the statement to the complex case is presented as an open question. It is tempting to try and adapt the proof of the real case using the
observation that ¢yin (G) = min|j, =1 max), =1 R{u*, Gv) together with the Slepian-Gordon lemma [28, Theorem 1.4], however this
approach seems to irrecoverably fail due to a banal issue: while |||ud|v) — |u/Mv")||? < |Ju—u'||? + ||v —v||? holds for real unit vectors,
for complex unit vectors only the weaker |||uplv) — |[u/|v/)||? < 2|lu — /|2 + 2|jv — v'||? holds in general. Indeed, for any « € (0, 2m)
consider the complex numbers u = 1,v = iexp(ia),u’ = exp(—ia),v’ = i, then we have |uv —uw'v’'|2/(Ju—u'|? + |[v —v'|?) = 1+ cos().

Copyright (© 2025 by SIAM
Unauthorized reproduction of this article is prohibited



COROLLARY 2.2. In the setting of Theorem 2.12, if N > 16C?n, we have
1 7
Pr Z\/N < ¢min(G) < Gmax(G) < Z\/N > 1 — 2exp(—N/(8¢)).

Proof. Apply Theorem 2.12 with ¢ = /N /2. O

The following slightly tighter bound can be used for bounding the norm of individual columns or rows of
Gaussian random matrices.

PROPOSITION 2.1. Let v be an n-dimensional random vector whose coordinates have i.i.d. real or complex standard
2
normal distribution, then E[||v||] <+/n and Pr[||v]| =y/n +t] < exp(—%) Vt = 0.

Proof. We have E[|[v||]] < +/E[||v]|?] = +/n by Jensen’s inequality. The function v — ||v|| is 1-Lipschitz due to the
triangle inequality, and hence by the concentration of Lipschitz functions on vectors with the canonical Gaussian
measure (Proposition 2.18 & Equation (2.35) of [42]) we have Pr[||v]| = /n + t] < exp(—t2/2).11 0

Next we invoke a concentration bound for the operator norm of a random matrix with independent bounded rows.

THEOREM 2.13. (INDEPENDENT BOUNDED ROWS [59, THEOREM 5.44 & REMARK 5.49]) There exists an ab-
solute constant ¢ > 0 such that the following holds. Let G € CN*™ be a random matriz whose rows G; are
independent, each having mean 0 and a covariance matriz'? with operator norm at most S?, and almost surely
|Gilla < B for all i € [N]. Then for every t > 0, with probability at least 1 — 2n exp(—c't?) one has

(2.3) |G|l < 2|S|VN +tB.
In case G is a real-symmetric Gaussian matrix, we have the following non-asymptotic bound.

THEOREM 2.14. (SYMMETRIC GAUSSIAN MATRIX [10, COROLLARY 3.9 WITH ¢ = 0.25]) Let G € R¥9 be q
symmetric matric with G;; = b;; - gi;, where the random variables {g;; : i = j} are i.i.d. ~ N(0,1) and the

{bij : i = j} are arbitrary real scalars. Denote by,q, = max [Y, bfj and b}, .. = max |b;;|. Then for every t >0,
i ] i

7.5

P 22 “Umax T /1 ary
r{|G| 5 bmas + {8

bt v/Ind + t] < exp(—t2/(46*2,,.)).

2.8 Bounds on random variables with adaptive dependency structure Here we present some useful
bounds on random variables, where the dependency structure follows some martingale-like structure.

The first bound gives an intuitive total variation distance bound for “adaptive” processes. The main idea
is to couple two adaptive random processes that are step-wise similar. We use the following folklore [4, p. 1]
observation:

THEOREM 2.15. (TOTAL VARIATION DISTANCE AND OPTIMAL COUPLING) Let X,Y be random variables. Then
drv (X,Y) < e iff there exist e-coupled random variables X andY (possibly dependent) with the same distribution
as X and 'Y, respectively, such that Pr[X #Y] < e.

COROLLARY 2.3. Let X be a random wvariable and A an event of the underlying probability space such that
Pr[A] > 0. Then for Y' = X|A, the conditioned version of X (i.e., Pr[Y’ € S] = Pr[A& X € S]/Pr[A] for all
measurable sets S), we have that dry (X,Y’) < 1 — Pr[A].

1 Actually, in the complex case the upper bound is even stronger: exp(—t2).

121f 4y € C™ is a mean-0 random vector and C' = E[T4)] is its covariance matrix, then the covariance matrix of the complex
conjugate random variable * is E[¢Tt*] = C*. On the other hand we have Cov(R(v)) + Cov(S(¢)) = C+72C*7 and therefore
[[Cov(R()) + Cov(I(¢))|| < ||C]|. Thus we can apply [59, Theorem 5.44 & Remark 5.49] separately to the real and imaginary parts
of the random vectors G;, whence the extra (possibly sub-optimal) factor of 2 in (2.3).
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Proof. Let Y be a random variable that is independent of A, but its distribution is identical to that of Y’, i.e.,
Pr[Y’ € S] = Pr[Y € S] = Pr[A& X € S]/Pr[A] for all measurable sets S. In Theorem 2.15 take X := X, and
Y := X on Aand Y := Y on the complement of A; by construction we have Pr[X # Y] < 1 — Pr[A]. Finally,
observe that for all measurable sets .S we have

Pr[Y € S] = Pr[A& X € S] + Pr[A& Y € §] = Pr[A& X € S] + Pr[A] - Pr[Y € ]

- (1+§ﬂﬂ>f>rm&x€ﬂ IW Pr[X € S| A] = Pr[Y" € §].

|

LEMMA 2.2. (CONDITIONAL TOTAL VARIATION DISTANCE BASED BOUND) Let X = (X1, X2) and X' = (X1, X})
be two discrete random variables, and let Xop 1= Xo| X1 =2, X5, = X}| X =x. Suppose that dpv (X1, X1) <e1
and dry (Xoz, Xb,) <ez for all x such that Pr[X; = x| Pr[X] = x] > 0, then dprv (X, X')<e1 + (1 —e1)e2

Proof. Due to Theorem 2.15 we can find e;-coupled random variables X 1, X/ 1, and blmllarly €o- coupled ng, Xgl
for all z in the range of X, X respectively. We can assume without loss of generality that X, and X 20 AIC mutually
independent for all z in the range of X3, X| and likewise are X1 and sz. We then define X = (X 1 X2 Xl) and

X = ()Nfl,X;X,) so that clearly Pr[X = (z1,%3)] = Pr[X = (21,22)] and Pr[X’ = (z1,25)] = Pr[X’ = (21, 32)].

On the other hand due to the tight coupling of Theorem 2.15 we also get

dry (X, X') < Pr[X # X']
= Pr[X; # X{]+ ) Pr[X; = X| = 2& Xy, # X},

= Pr[X; # X{] + > Pr[X; = X{ = 2] Pr[X, # X}, ]

|

The following is essentially a martingale property, which could be stated more generally, but here we prove a
simple version for completeness.

LEMMA 2.3. (MARTINGALE-LIKE COVARIANCE SUM) If X,Y,Z € C? are vector-valued discrete random variables
such that E[Z|(X,Y)] =0 (i.e., E[Z|(X = 2,Y =y)] =0 for all z,y), then Cov(X + Z) = Cov(X) + Cov(Z).

Proof. Tt is easy to see that E[Z] = 0, and we can assume without loss of generality that E[X] = 0.

Cov(X + Z) =E[|X + ZXX + Z]]
= > Pr((X,Y) = (z,y)|E[|lz + Z)(z + Z|[(X,Y) = (z,y)]

(z,y):
Pr[(X,Y)=(z,y)]>0

= > Pr[(X,Y) = (2,y)](JoXz| + E[|2XZ||(X,Y) = (,y)])

(z,y):
Pr[(X,Y)=(x.9)]>

ZPr |x><ﬂf| + > Pr((X,Y) = (z,9)]E[|Z)}{Z][(X,Y) = (z,9)]

z,y):
Pr[(X,Y)=(z,y)]>0

= Cov(X) + Cov(Z).
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2.9 Gaussian, Sub-Gaussian, and discrete Gaussian distributions A random variable X over R has
Gaussian distribution with mean p = E[X] and variance o2 =Var(X), denoted X ~ N(u,c?), if its probability
density function is

_ 1 (z —p)?
p(x) = Wexp(fw), for z € R.

A well-known property of a Gaussian is that its tail decays rapidly, which can be quantified as:

o If X ~ N(u,0?), then for any ¢ > 0, it holds that

Pr[X — > ] < \/;m exp(—L2/(202)).

A random variable X over R is called 7-sub-Gaussian with parameter o > 0, denoted in short by X ~ 7-subG(a?),
if its moment-generating function satisfies E[exp(¢tX)] < exp(7) exp(a?t?/2) for all t € R. We list and prove a few
useful properties of sub-Gaussian distributions below.

e The tails of X ~ 7-subG(a?) are dominated by a Gaussian with parameter a, i.e.,

(2.4) Pr[|X| > t] < 2exp(7) exp(—t?/(2a2)) Vt > 0.

e If X; ~ 7-subG(a?) are independent, then for any a = (ay,...,aqs)T € R?, the weighted sum Y a;X; is
i€[d]

(2lieq) Ti)-sub-Gaussian with parameter & = Z a?a?.

159

To prove (2.4), we first use Markov’s inequality to obtain that for all s > 0
Pr[X > t] = Prlexp(sX) = exp(st)] < E[exp(sX)]/exp(st) < exp(r) exp(a?s?/2 —

Since the above inequality holds for every s > 0, we have Pr[X > t] < exp( t2/(2a?)) because mig(a252/2 —st) =
s§>

—t2/(2a?). The same argument applied to —X gives the bound on Pr[X < —t].
The second property can be easily derived using the independence of the X;’s:
d d d d
E[exp(t Z a; X;) HE exp(ta; X;)] < neXp(TZ) exp(afait?/2) = exp Z exp Z aZa?t?)2).
i=1 i=1 i=1 im1 izl

Next, we explain what a discrete Gaussian is. For any s > 0, we define the function ps: R — R as
ps(r) = exp(—mx?/s?). When s = 1, we simply write p(x). For a countable set S we define ps(S) = > ps(a); if

aeS

ps(S) < 00, we define Dg 5 = ﬁps to be the discrete probability distribution over S such that the probability of
drawing x € S is proportional to ps(z). We call this the discrete Gaussian distribution over S with parameter s.
The following theorem states that such distributions over Z are sub-Gaussian with parameter s:

THEOREM 2.16. ([47, LEMMA 2.8]) For any A\,v > 0 and 7 € (0,0.1], if s = A\/log(12/7)/7,'3 then Dz4y s is
T-sub-Gaussian with parameter s. Moreover, for every s > 0, Dyz s is 0-sub-Gaussian with parameter s.

We also consider truncations of the above infinite discrete Gaussian distributions, and define D[ L.R] as

Dyn[—L,R),s- For every 6 € (0,1], if L, R > s4/21n(1/0), then by Corollary 2.3 we have drv (Dz, S,D[ L R ) < 296,
because the tail of Dz 4 can be bounded by 2§ using (2.4) due to Theorem 2.16. We also define D%lfs)d N oas a

13Here the lattice we consider is the one-dimensional lattice A\Z, so the length of the shortest nonzero vector \i(AZ) is just A.
Also, by using the equation between the smoothing parameter and the length of the shortest vector [48, Lemma 3.3], we have

Nr(AZ) < +/log(2 + 2/7)/m - M (AZ) < log(3/7)/m. Therefore, if s > Ay/log(3/7)/m, then s > n,(A\Z) and hence Dyz4,, s is
log((1 + )/(1 — 7))-sub-Gaussian. By the fact log((1 + 7)/(1 — 7)) < 47 and changing 7 — 7/4, we get the theorem as stated here.
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modular version of the discrete Gaussian distribution Dz s, which has probability Drzrf‘;d N(k) =Dz s(N-Z + k)
for every k€ {—|N/2],...,0,...,[N/2] — 1}, and probability 0 for all other k € Z. Again, by using Theorem 2.16
and (2.4), we have that for every § € (0,1/2), if N > 2s4/21n(1/0), then dTV(Dzﬁs,D%fgd N) < 2. Combining

these we get dry (Drzrtcs’d N D%TSL’R]) <46 if N,L, R > 2s4/21n(1/6). Finally, these arguments can also be applied
to Dz4.,s with large enough s.

COROLLARY 2.4. Letd € (0,1]. Foranyc > 0 and 7 € (0,0.1], if s = 4/log(12/7)/m and N, L, R > 10s4/21n(2/4),

then Dzyc.s, D%}i:f’], and Dgfg’SN are 49 exp(7)-close to each other in total variation distance.

Using the discussion and corollary above, we can show the truncated discrete Gaussian state is close to the
modular discrete Gaussian state when IV, s are both reasonably large.

THEOREM 2.17. Let § € (0,0.1], s > 84/2log(3), N > 16s4/2In(3) even number, and t € [-&,X]. Let
f iR — C be an arbitrary phase function such that |f(x)| =1 for every x € R and

1
@) == 3 a4 Opala+ 1)),
\/amgz x ps(x T
1
G =—== flz+tps(z +1) |2),
Gir xe{fg...,zo:,...,gu
G = S Ol D)+ mod N) = ),

where G, Gmod, Ger are normalizing factors. Then |G |G™°) | |G) are 95-close to each other.'*

Proof. Let [+a]] denote the set {—[a]...,0,...,[a] — 1}. We first show |G'") is close to |G). Define \Eft@ =

Ger |G, which has f3-norm 4/ %= < 1. We can see

— 1
MG”>—K%H2=E§ > pla+t) <

zeZ\[+ Y] z€Z\{z:|x+t|<N/4}

pi(e +1t) < 67

Ql =

where the last equality holds because p? = Ps/v/3 and D, sV is 02-sub-Gaussian with parameter s/v/2 by
Theorem 2.16 (note s/v/2 = 84/log(1/0) = 1/log(12/62)/x) and because of the first property of sub-Gaussians:
Pr|z+t| > N/4] < 2exp(6%) exp(—(N/4)?/(2-5?/2)) < 6%. Note that 1 = || |GT") | = | |G) ||| |Gt >—|G) | = 1-6

and hence || |G — |G | = |(4/ S —1)|G') | < 6. Therefore, we obtain

G —1GY | < | |GFY — |G| + | |GFY — |Gy | < 26.

To show |G™°%) is close to |G, let us similarly define |C/?E‘E> = \/@ |G™edy. We can see
Gmod 2 _ 1 2 1 2
[ |Gmedy — |G| Sa Z ( Z ps(x+t+Ny)) -I—a Z <ps(m+t)> )
e[+ 5]  veZ\{0} aeZ\[+ Y]

To upper bound the first term in the RHS above, we split the domain of  into three disjoint parts: D = {x €
[+50: |z +t| <N/}, Do ={ze[+J]: N/2> |z +¢t| > N/4}, and Dy = {z e [+ ] : [z + t| > N/2}.

MEquivalently, if t € [-5N/8, —3N/8] (and the constraints for N, s remain the same), then |G), |(GT")") = \/Cl;ff > flz+
‘T ze[N]
t)ps(z + t) [z), [(GmoD)y = G1 y ZZf(x + t)ps(x + t) |x mod N)) are 9d-close to each other.
moa ge.
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0
When z € Dy, we can see Y, ps(z+t+ Ny) <ps(x +1t)-2 >, 6% = ps(z +t) - 262/(1 — §%), because for
yeZ\{0} y=1
every y € Nu {0} and = € D; both

(2.5) Po(@ +t+ (y+ DN)/pu(a + t +yN) = exp(— 75 - N2« +) + (29 + )N)) < &
and
(2.6) ps(a +t— (y+ 1)N)/ps(z +t — yN) = eXp(—S% CN(=2(z + 1) + (2y + 1)N)) < 62

hold (because exp(—Z% - N(N £+ 2(x + 1)) < exp(—7% - NTQ) < 62 for every z € Dy).
When z € Dy we use a similar argument, the only difference is that Equations (2.5) and (2.6) now hold for
every y € N (excluding 0), so

©
Z ps(x+t+ Ny) < ps(x+1t)-2 Z 6% = py(x +1)-2/(1 —6%).
yeZ\{0} y=0

When z € D3, we can see that either z + N or  — N is N/2-close to (but 3N /8-far from) —¢, and without loss
of generality and for simplicity we can assume |z + N — (—t)| € [3N/8, N/2]. Then using a similar argument as
for the = € Dy, we can show that for every x € Ds,

D1 ps(w+t+ Ny) <ps(z+N+1)-2/(1-6%.
yeZ\{0}

Since p? = Py and Dy o 5 s §2-sub-Gaussian with parameter s/v/2, we have

@ o<y N (X nerieNy) 5 Y (prn)

zeD1uD2UDs  yeZ\{0} zeZ\[£ 5]
1/, 282 2, 2 )
<—= s s s
() ;) P+ + (1—5) ;3 P @+ + (1—5) w;) P (@4 N +1) +0°G)
1, 46 8 ) ) 45% + 852, )
<= = < 1002,
G((1_52)2G+(1_52)2(6G)+6G) s + 07 <108
where the second equality holds because
> Poyyal@ +1) + > Pyyya(®+ N +1)
x€Do x€Dg
2 2 2 2
< > Pejva(e +1) < G- 2exp(6?) exp(—(N/8)%/(2- 5°/2)) < 6°G.

zeZ\{x:|z+t|<N/8}

Note that | [G™o%) | € || |G) [+ |G™@)— |G | (implying || |G™o@) | € (1++/106)) and hence || [Gmod) — [Gmody | =
[(/ Sze2 — 1) |G™o0) | < v/108. As a result, we obtain | [G™0d)— |Gy | < || |Gody — [G) || + || [God) — |Gmody | <
24/108 < 78. By triangle inequality, we obtain | |G™°%) — |G*") || < || |G™°L) — |G | + | |G) — |G*) | < 94. 0

2.10 Fourier transform The Fourier transform h : R — C of a function h : R — C is defined as
R 0
h(w) = J h(zx) exp(—2mizw) dx.
—o0
The next facts follow easily from the above definition. If h is defined as h(w) = g(w + v) for some function g and

value v, then we have .
J(w) = h(w) exp(2mivw).
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On the other hand, if h(z) = g(z) exp(2mizv), then

h(w) = §lw —v).

Another important fact is that the Fourier transform of p; is s - py/s for all s > 0. Also, the sum of p,(z) over
C' - Z satisfies the Poisson summation formula [54, Lemma 2.14]:

THEOREM 2.18. For any scalar C' > 0 and any Schwartz function f : R — C (i.e., f and each of its derivatives
go to 0 faster than every inverse polynomial as the absolute value of the argument goes to infinity),

DGy =ct > o).

jeC-Z jeC—1.Z

2.11 Area of hyperspherical cap Let By(r) denote the d-dimensional ball with radius 7. The surface area

d

of By(r) is well-known to be 1%?;) r4=1 [43, p. 66], where I is the Gamma function. Let A%(¢) be the surface area
2

of a hyperspherical cap in By(r) with spherical angle ¢. The area of this hyperspherical cap can be calculated by

integrating the surface area of a (d — 1)-dimensional sphere with radius rsin 6 [43, p. 67]:

d—1

4 i 2m 2 ¢
Ay(9) = J 2A5500 (/2)rdh = pd=1 L sin%=2 94do.

0 L5

We abbreviate Ag4(¢) := Al(¢) for simplicity.

Following Ravsky’s computation in his reply to a question on StackExchange [53], we now use the area of the
hyperspherical cap to upper bound the probability of the event that a uniformly random vector v on S?~! only
has a small overlap with another (fixed) unit vector v.

THEOREM 2.19. Let d > 3 be and integer, v € R? be a unit vector, and a € [0,1]. Then we have

[JISH

Pr [[Kv,uw)| <a] < o

un -1 T T(4)

- a.

=

Proof. Let ¢ € [0,7/2] such that cos ¢ = a. We can see that if |{v,u)| = a, then u will be in the hyperspherical

cap (whose center is v) with spherical angle ¢, and the probability that a uniformly-random u lands in that

hyperspherical cap is A‘Z‘Zf:%). Therefore,

u};ﬁ_l [[{v, u)| < a :Ad(wjﬁzﬂ—/;)ld(@ _ ( wz))—l ' ( 27rdd_zl)>f sin 09240

d

By using Legendre’s duplication formula F(g)F(%) = %F(d — 1) [56, Chap. 8.21, Eq. 102] and the fact
I'(d) = (d — 1)!, we obtain

r(4)? B 2d=2((d _1)1)2 g2 d—2\ -1 .
r(4 F(%)FQ(%) = e = v <¥) , if d is even,
d—1y ~ ) reg)rest ()1 i d-3\
r) (1"2()%(1)22 ) = 22{;((%)!;2 = \/;56122) : (di), if d is odd.

2

Plugging the above into Theorem 2.19, we have the following corollary.
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COROLLARY 2.5. Let d > 4 be an integer, v € R be a unit vector, and ¢ = 1. Then we have

Pr [|o,u)] < —=] < 2.

u~Sd-1 c\/g c
Proof. By Theorem 2.19, it suffices to show % . ngi) . ﬁ < 1 for every d = 4. When d is even, by using
2
Robbins’ bound j% exp(—ﬁ) < (2;7) < f:—m [55, consequence of Eq. 1], we have
rg) 212 (d—2>—1 42 (L )<\/E &)
r(Lh) ~ va \ez) SN PR SO
d
mplying that 2 - b < /2 -exp(l) < 1. Similarly, when d is odd, we b
implying that 7= - fratry - 75 exp(g) imilarly, when d is odd, we have
L(g)  Vr(d-2) (H) __d-2
= R AN )
implying that - Mg L 2._d2 -, O

v T(%E) V4 Sy w d(d—3)

3 Time-efficient unbiased pure-state tomography

In this section we design efficient methods for obtaining a good classical description of a pure quantum state (i.e.,
tomography), by manipulating and measuring multiple copies of that state.

3.1 Pure-state tomography by computational-basis measurements A direct corollary of Corollary 2.1
as observed in [5] is that computational-basis measurements yield a good approximation of the absolute values of
the amplitudes of a (sub)normalized quantum state vector.

COROLLARY 3.1. Suppose that £,5 € (0,1], ¥ € C? has ly-norm at most 1, and we are given n > éln(%)

copies of the pure quantum state |p) := |0 |1y + [01), where (|J0)0|®I) [0+) = 0. If we measure each copy in the
computational basis and denote by s; the normalized number (i.e., frequency) of outcomes |0) |i) then the vector

bi =5

with probability at least 1 — & gives an e-ly, approzimation of [¢|. Moreover, |[¢|l2 < 1 with certainty and if
[¥]l2 = 1, then also |||z = 1, and in general |||v||2 — [[¢]|2| = € holds with probability < g.

Proof. By Corollary 2.1 we have that

Prflva — il > <] < 5.

and similarly

-1 -1
- )
Pr| [l = lla] = ] = Pr||\| 25—y | 2 il == | < 2.
1=0 =0
Finally, ||v]|3 =Z?=_01 s; < 1, where the last inequality is an equality if ||¢)]|2 = 1. 0

3.2 Pure-state tomography using conditional samples Now we show how to produce an unbiased
estimator of ¢ itself (not just of the magnitudes of its entries) with bounded variance using computational-
basis measurements with the help of a reference state ¢». Our approach is inspired by [39] but improves over their
biased estimator by making it unbiased.
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LEMMA 3.1. Suppose that 1 € C¢ has||v||, < 1, and we are given a copy of the state |¢') := ( 1> (10)]wy+]0+) ) +

|=>(10)]¥) + |6’L>)>/\/§, where [0) = |0%) for some a € N, (JOX0|®I)[0+) =0, and (|0X0|®I)|0'+) = 0. If we
measure | "y in the computational basis and denote by X € {0,1}2? the indicator of the measurement outcomes
|b)[0) i) (this X is a weight-1 Boolean vector indezed by (b,i) where b € {0,1} and i € [d] — 1), then the random
vector ¥’ € C% with coordinates

. Xo,i — X1,
|l
7k
is an unbiased estimator of ¥ = Re(z/%-%), with |¥']2 < m with certainty, and covariance
matriz Cov(y') = £ + diag(ﬂf_'lz) — [pTNPR.

Proof. The probabilities of getting measurement outcomes |0 |0) |i) and |1)|0) |i) are

2 2 b 4 s + [ |2
_ ‘wz| +¢1'¢Z Zw1¢z+‘wz| :E[XO,i]v

pos = 10101 Gl = |2 Y

pa = GG = [ B < B GBI gy,
and therefore
E[Xo,; — X1:] = poi —p1,i = w = |¢ZW = [}
For the norm bound observe that
NP LS. e VLS PR W—
= = |9 = min{[Y;[: i€ [d] =1} min{|y]: i€ [d] -1}

We can compute the covariance matrix directly as follows

. . 12 /1a). |2
Cov()is = B[] — BIW{IELS] = 0,2t Pt ymy 5 WAL L e

|32
where the second equality uses that X, ; Xy ; = 0ap - 055 - Xq,; because X is a weight-1 Boolean vector. 0

By an analogous argument as in the proof of Lemma 3.1, we can obtain an unbiased estimator of the

y ¥
imaginary parts w? = Im (wj ii) (with the same f-norm and covariance matrix gaurantee) by measuring

" = (|+> (10) [y + [01)) + i |=) (10) [¥) + |(_)”->)>/\/§ in the computational basis.

We now give a procedure (the first part of Theorem 3.1) to find an unbiased estimator ¥ of 1 that
simultaneously has a good bound on the error of the estimator (with overwhelming probability) in some k fixed
directions using Lemma 3.1. The second part of Theorem 3.1 shows that the output ¢ will be close (in total
variation distance) to an “almost ideal” unbiased estimator @Z that simultaneously has a good bound on the error
of the estimator with certainty in some k fixed directions. This will be used later when estimating a matrix-vector
product Aw in order to avoid an estimation-error that has too much overlap with %k of the eigenvectors of A.

THEOREM 3.1. Let 1 € C? such that |[1]s <1, ,6 € (0,1], e R, ke N, n > %(% + %) ln(%). Suppose

there exists a “reference state” (not necessarily known to the algorithm) ¢ € C? such that |1);]? > max{%, nl;)?}
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Vje [d] -1, and ||v|| < 1. Given n copies of the pure quantum states
5= (19 (0010 + 95) + 1> (019> +104) ) V2
5= (14 (02194 109) + 1> (0019 +10%) ) V2.

where |0y = [0%) for some a € N, (|0)0| ® I)[0+) = 0, and (|0)0| ® I) |0'*) = 0, if we measure each copy in
the computational basis and denote by sy, ;, sy ; the normalized number of measurement outcomes [by|0)]j) from
measuring the states |¢'> and |@"y respectively, then the random vector 1) € C* with coordinates

7

|51

is an unbiased estimator of 1. Moreover, for every set V.= {v\9): j € [k]} € C? of vectors we have

.- / / /) I/
T/)J = (807-] - 817]‘ + ZSO,j - 7/517]‘)

(3.7) Pr[VveV: | (b —ploy | < ]21—5.

el
vd'
In particular if k = d, then PI’[H’(ZJ —Ylla < 5] >1-06.

Finally, let {v(j): j € [k] } be a fived set of orthonormal vectors and Iy be the projector to their span. Let A
be the event that 3j € [k]: | (b — ¥|vW))| > ﬁ, A be the complement of A, and X be an independent Bernoulli

random variable such that Pr[X, = 0] = ¢ := f%}’; for p :== Pr[A]. Define ¥ eC? as follows'®

g " onAn(Xe=1)
Y= -+ 3 U ED ) AU (Xe = 0)] on Ay (X¢=0).
Jelk]

Then E[J] =, Pr[Vj € [k]: |<1Z— Plvy| < %id] =1 (which is why we call ¥ an “almost ideal” unbiased

; o : 7 T 7 7 2k
estimator), the total variation distance between v, and ¥ is at most 4, andHCov(ka)H < HCOV(ka)H +250e° 5 <

1 g2
Proof. We prove the first part of Theorem 3.1 first. Let us define the random vectors v, 1" € C? with coordinates
. Xo; — X1, o e Xo; — X1
! Y51 ! 1951
where X', X” € {0,1}2¢ denote the indicator of the measurements outcomes |b)|0) |7) for the states |y and |p"),
respectively. Then by Lemma 3.1 and the discussion after the proof of Lemma 3.1, ¢’ 1" are unbiased estimators

e e
of Y := Re <¢j lii’]l), and ¢} := Im (wj lﬁh) respectively, such that ||¢)/[|2, |[1"||2 < V/d/e with certainty and

3

1 1 1 1
(3.8) 0wWHEWmWﬁﬁ@+%y,&MWHMWEWﬁﬁQ*my,
where for the latter psd inequalities we used that [t;|? > n[t;|? and hence diag(Ql‘lfpi_‘F) < % 1.

Let w € RY, then the random variables 1, := ('|w), " = (" |w) satisfy |4/, | < ||[¢/||l2]|lw|2 < Vd||w|2/e,
[0 | < (|9 |2)lwlle < Vd||wl]|2/e with certainty. Also, E[|¢,|?] and E[[¢/ |?] are both < (% + %)Hwﬂ%, because
for both ¢ = 9’ and ¢ = ", we have

E[| (plw) [] = (w| E[¢¢"] |w) = (w| (Cov(¢) + E[¢]E[¢"]) |w) < [|Cov(¢) + E[SIE[¢" ]| - [lw]]3.

15Here we introduce X¢ to ensure that Pr[A u (X¢ = 0)] exactly equals §, which is helpful because we use both upper and lower
bounds on this probability in the proof.
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Let ¥/, ¥” € R? be the sum of n i.i.d. copies of ¢/,1)”, respectively, obtained from the measurement outcomes of
the n copies of |¢") and |¢”), so that

1/; .

(3.9) by = (V) —H\IIN)HW i
J

Let us analogously define W/, := (¥'|w), and ¥/ := (¥”|w). Then clearly E[¥’ ] = n{(y®|w), and E[¥”] =
n {(¢3|w). For all 7 > 1, the Bennett-Bernstein tail bound (Proposition 2.1) implies

2.2,2 2 Ad
Pr[% ), >Ten||w|2] < vep| T w3/ (4d)
2vd (1+ 2) Iwln + 5 wilgn

£2n/(4d) 5\

and similarly Pr[|®” — n(yS|w)| = ren||w||z/v/4d] < ( )T.

= Re(;), 7}

5 :=Im(9;), and observe that for any v e V'

Lot b e o
et v; 1= Vitaoir Vs

Wloy — Wlvy = = W + W]y — Y® + o)
UER //U\s ’U‘y //,U%
<<W| ) ot - (] >+W|~J> <<\1}| i B §R>>

~
=al|5% |2 :=b||5% |2 =c[| 57|z i=d|| 5%

SO

10y~ <oy | < VEmaxd [Re(¢Glo) — (ol

(@l - ol }

= 2max{‘a||ﬂ%|2 + 0|53

oo [ell® e + ]

< v2max{[al, b, e[, |d]}(|7%||2 + 57 ]2)
< 2max{lal, [bl, [e], [d]}[|vl2,

where the last step uses that |9;| = |v,| for all j, and Cauchy-Schwarz. Using Eq. (3.10) four times with different

choices of w , and the union bound over 4 events, we have max{|a|, |b],|c|, |d|} < 575 except with probability

< 8(%)T. Eq. (3.7) now follows by choosing 7 = 1 and taking the union bound over all k vectorsve V. If k > d

then we can apply the statement for a set V' containing the computational basis, and then Hz/; =Yoo < ﬁ implies
|¢h — ||z < e by Cauchy-Schwarz.

Now we prove the second part of Theorem 3.1, where V is an orthonormal set (the “Finally” part). Note

that the previous paragraph already proved that for every v € C¢ and for all 7 > 1,

5 T
(311) PGl - )] > 7= lolla] <857 )
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Defining & := ¢/+/d and 97 := (v@|) — ), we bound

B9 1y (59D = 32 B[99 a1 1) < Zw%Pr[wue( Crast]

=0
0 5 2!
)i 2 5 of+1g 7j 02 0+1 2
(petis >t < 5(&)) < Baremfion - o] < Sorvies(
(since 6/k < 1,and 2¢ = £ + 1)
i 5\
< 2“158()
= 8k
be Sf6N .o &[1Y
i 0k <1 =2—— — ) <2— -
(since &/ ) kﬂ;‘s(zﬂg) kﬁ;)(él)
36 €
3.12 30
(3.12) ki

We have already proven Eq. (3.7), implying that p = Pr[A] < §. Observe that

E[wD ) |A U (X = 0)] = @Dy + E[¢7|A U (X¢ = 0)],
and hence
E[(wP]h — )| AU (X¢ = 0)] = E[/|A U (X = 0)].

Since Pr[A U (X¢ = 0)] = 1 — Pr[A n (X¢ = 1)] = 4, using (3.12) we have

. . E[[¢ 1 40 x. — €6+ 2= 3
313 B4 0 (= 0l B [ A (X =0 = S Aet] LTIV (1, 2) 2

Since we modified 1/} on an event of probability § to get w, the total variation distance between the distributions
of the random variables z/) and 1) is at most 6. The boundedness of w is by construction and the unbiasedness is
inherited from that of ¢, as follows: abbreviating the event A N (X¢ =1) to B, we have

E[J] = Px[B] - E[¢) | B] + Pr[B] -E[J | B]
— Pr[B]-E[} | B] + Pr[B]-E[(I )% + 3 @) E[wD )] | B]
Jjelk]
— Pr[B]-E[} | B] + Pr[B]-E[(I — )¢ + Y oDy 0|4} | B]
Jelk]
— Py[B]-E[} | B] + Pr[B]-E[(I - T)J + T4 | B]
— Py[B]-E[} | B] + Pr[B]-E[} | B] = E[J] = v.
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Finally, defining & := s\/g and ¢ 1= I, (¢ — 1) = il v we bound
[E{1931t ey (14900)] | < B[00y (1900)] = X B[Rtz 1)
£=0

< 24f+1€—2pr[\|w||2e 2] < Y atrie pi i > 2]

£=0
(PT[HQLH > 7€ < Sk(s‘ic)T> < Z 4£+1528k( J )

£+1
(since /k < 1, and 2¢ > £ + 1) < Z 4“15_2814:(5)
= 8k
0 £ 0 L
since <1 = 40e°— — | <4622 z
o 58 () <475 25
£=0 £=0
k
14 = 8922,
(3.14) 80e pi

This then implies that

| Cov 1) — Cov(td)| = | [ 1)< - Laldh — )3 — ke

] (1936681 - 1015 = 945 = 011 L

(315) <[[E[16 s xemo] | +[B[117 - 035 - ol Lacixmo

where the second equality is because 1/; = ’lZJ/ on the complement of the event A U (X, = 0). Using the definition
of ¢, and the fact that II;(I — II;) = 0, we can see that II;%) conditioned on A U (X, = 0) is actually a fixed
vector E[IIx1) | A u (X = 0)], not a random variable anymore. We now have

2

B[00 5~ 0l Lo ]| = P o (X = 00 [B[1015 - 03 | 4w (X = 0]

2

Continuing with Eq. (3.15), we have

o) ~ Conmd)| < |E[ 1930 avire-o)

-+ 3lELS | 40 (X - O]
o k
(by (3.13) and (1 + 3/k < 4)) < E[||¢H§]1AU(X<=O)] + 165~

~ B[l Lacxemo (Lo (191 + Lo (191) | + 16225

(by (3.14) and Pr[A U (X = 0)] = 9) < 687 + 852~ 2k o + 160z QS = 25552%
We obtain )
| covmd)| <[ covirng) — covtmd)| +|[covims)|| < 255522 + 4(115(85)
becauseHCov w) H HCOV H =1 HCOV ) + Cov(¥")||,
bounded by 2(3 + %)I using Eq. (3.8). O
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If we have n conditional samples |¢) := (|0) (|0) [¢) + [0+))+]1)|0)]0))/v/2, then we can first use Corollary 3.1
to produce (with success probability > 1 — é) a ﬁ -4 approximation 1’ of the vector |¢| of the magnitudes of
[¥il+—5

entries, which has |[¢'[|2 < 1. Settmg i 1= , and building a KP-tree for 1) to be able to efficiently prepare
a state that is coordinate-wise m—close to 1)/ ||¢||2, we can transform the conditional copies |¢) to the form

required by Theorem 3.1 using O (n log2 (d)) classical operations, ordinary quantum gates and QRAM calls. Since

1 = Q(1), we get a time-efficient unbiased tomography algorithm using O(Edz ln<26d)> conditional samples.

3.3 Improved pure-state tomography using state-preparation oracles If we have a state-preparation
oracle available, rather than copies of the state, then the precision-dependence can be quadratically improved
using iterative refinement [25]:

COROLLARY 3.2. Let 1 € C? such that ||[¢|| <1, and £,6 € (0, 3]. Suppose we have access to a controlled unitary
U (and its inverse) that prepares the state U |097 = |09 1)) +[029), where o', a = O(poly log(d/(6¢))). There
is a quantum algorithm that outputs a random vector @Z e C? such that, for every set V = {v(l v@), v(k)}
of unit vectors, with probability at least 1 — 8, | —plv)| < e/\/d for all v € V, using O(4poly log(kd/(sé))
applications of controlled U, UT, two-qubit quantum gates, read-outs of a QRAM of size O(d - poly log(kd/(£d))),
and classical computation. ~

If Kk = d and V is an orthonormal set, then 1 is d-close in total variation distance to an “almost ideal”
discrete random variable ¥ € C¢ such that E[)] = ¢, Pr[Vv e V: |{d—v|v)| < —] =1, and ||Cov(¢))|| < &

Proof. The idea is to use the tomography algorithm of [25] to get an estimator ¢’ with £s-error e, with success
probability > 1 — 2, using O(d log(d/é)) queries in time O(g log(1/0) - polylog(d/e)). In case of failure we set
o=

We first build the KP-tree for ¢ in QRAM. We can now prepare a state |0)[¢’) + |1)|.), and thus also the
state |00 |(¢» —¢")/2)+|1)|..), and using linearized amplitude amplification [26, Theorem 30], we can also prepare
a subnormalized state ¢ such that ||¢ — (¢ —¢")/(2¢)|| < 16\[ with C’)(log(d/é)/&) (controlled) uses of U and UT.

As discussed at the start of this subsection, by Corollary 3.1 using dln( d) copies of |¢) we can output a
vector p € [0,1]? such that with probability at least 1 — 3, |u; — [¢;]] < = for every j € [d]. (In case of failure

we once again set 1\/; = 1).) Upon success, the vector p := 3 lu+ 5 fld where 1,4 is the d-dimensional all-1 vector,

satisfies |p,]|2 1 max{|¢;|?, 2} for every j € [d]. Also, by using O(d) time and QRAM bits, we can construct a

KP-tree KP for #'. Thus, by using one query to KP,, and O(1) time, we can prepare a state |0)[u') + [0/1),
L ST

jeld]
By Theorem 3.1 we can output an unbiased estimator ¢ of ¢ such that Pr[vv e V: [{d — ¢[v)| < f] > 17%
Defining ¢ := 1 + 2¢¢ we then have Pr[Vv € V: | (¢ — |v) | < 8—\/3] >1— 2 since [|¢ — (¥ )/( g)|l < 16[

If V is an orthonormal basis, then furthermore ¢ is d/4-close to an “ideal” (though not error-free ) unbiased

estimator ¢’ of ¢ such that Pr[Vv € V: |{¢' — ¢|v)| < 8—\1/3] = 1. Since ||¢ — (¢p — ¥')/(2¢)]| W there is

another discrete-valued estimator ¢ within total variation distance % to ¢’ that satisfies E[¢] = (¥ — ')/(2¢)
aind Pr[||¢ —V(Z)’H > ﬁ] = 0 in turn implying Pr[Vv € V: \|/<¢ — (¢ — ¢’\)//(2e)|v>| f] 1. We then set
¥ =1 4+ 2¢¢ (in case no failure happened). We have ||[Cov(¢)|| < 2||Cov(¢ — ¢')|| + 2||Cov(¢’)||, because for all
vectors a, b, the matrix 2aa’ + 2bb" — (a + b)(a + b)T = (a — b)(a — b)' is psd. Therefore the claimed properties of

z/;, 7; follow from those of q~5, ¢ as guaranteed by Theorem 3.1, assuming § < % without loss of generality. O

N

4 Quantum noisy power method

In this section we introduce quantum algorithms for approximating the top eigenvector or top-q eigenvectors. For
simplicity, we assume the input matrix A is real and Hermitian, and has operator norm ||A]| < 1 (which implies
all entries are in [—1,1]). Since A is Hermitian, its eigenvalues A1,..., Ay are real, and we assume them to be
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ordered in descending order according to their absolute value.'® Since the entries of A are real, there is always an
associated orthonormal basis of real eigenvectors vy,...,vq. For simplicity and without loss of generality, when
we mention the gth eigenvector of A, we mean v, in this basis. The goal of the algorithms in this section is to find
a unit vector w which has large overlap with v; in the sense that [(w,v;)| = 1 —¢2/2. Note that this is equivalent
to finding a unit vector w satisfying that either |w —vi[2 or |w + v1[2 is small (at most €), and hence we say w
approximates vy with small /5-error.

4.1 Classical noisy power method for approximating the top eigenvector For the sake of completeness
and pedagogy, we start with the noisy power method of Hardt and Price [32], given in Algorithm 1 below. Like
the usual power method, it works by starting with a random vector and applying A some K times to it; the
resulting vector will converge to the top eigenvector after relatively small K, assuming some gap between the first
and second eigenvalues of A. We include a short proof explaining how the noisy power method can approximate
the top eigenvector of A even if there is a small noise vector Gy, in the kth matrix-vector computation that does
not have too much overlap with v;.

input : a Hermitian matrix A € [—1,1]9*¢ with operator norm || A|| < 1;
Let wg be a unit vector randomly chosen from S%1;
for k —0to K —1do

yr = Awy, + Gi;

W1 = Y/ |yr2;
end
output: wg;

Algorithm 1: Noisy power method (NPM) for approximating the top eigenvector of A

THEOREM 4.1. Let A be a d x d Hermitian matriz with top eigenvector vy, first and second eigenvalues \1 and
A2, and v = |A1| —|A2|. Let €€ (0,0.5) and K = % log(20d/e) (for larger K the theorem still holds). Suppose

Gk, v1)| < 7/(50v/d) and |Gylz < ev/5 for all k € [K] — 1. Then the unit vector wg in Algorithm 1 satisfies
[(wpe,v1)| = 1 — €2/2 with probability > 0.9.

Proof. Let wy = Zie[d] Oéz(o)vi. Because wy is chosen uniformly at random over the unit sphere, by Corollary 2.5

(without loss of generality assuming d > 4), with probability > 0.9, we have |oz§0)| > 1/(10v/d) and hence we
assume \a§0)| > 1/(10v/d) below for simplicity. Suppose wy = Dield] oaz(»k)vi. We define the tangent angle of wy,
4 (k))z

as tanf, = Z(‘)‘:‘Z’; = TQ(,ST , and hence tanfy < 10v/d. Tt suffices to show that tanfx < £/2, because that
: ol

implies [(wg,v1)| = cosO > 1 —&2/4.
Since wy, = Yeqq o™, we have Awy, = Dield] ol N\, Also because Gy, satisfies [(G,, v1)| < ~7/(503/d)

7

16Sometimes the eigenvalues are ordered 1 > A1 > --- = A\g = —1 according to their value (instead of their absolute value). To
find the vy associated with Aj in this situation, one can just let A’ = A/3 + 21/3. Then the eigenvectors of A and A’ are the same,
and the eigenvalues of A’ now are all between 1/3 and 1 (and hence one can use Algorithm 1 to find v1). This trick can also be used
to find vy by simply considering A” = —A/3 + 2I/3. Note that the gap between the top and the second eigenvalues of A’ might be
different from the gap between the top and the second eigenvalues of A”.
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and |G|z < ev/50, we can give an upper bound for tan 6y as follows:

Sa03al2 +1Gkle _ Pely S +er/s 1 ufsingy +ev/5

N

tan 011

Pl [0 = [Gron] Il ey = /G0va) sl =95
1 |Ai|sinfy +ev/5  sinby [A1] 1 ey/5
 cos No| +4v/5  cosO |\o| +4v/5  cosOr |Na| +47/5
|\ ev/5
<tanfy - —————— + (1 + tanby) - ———
s T ays T (LAl o
/5 [Xel+ev/5 /5 o] +/5 +€v/5
=(1- tanfy + —————=¢ < max tan 0y }.
= a8 Pl 3978 ™ ¥ [T+ 475 © el 0
Note that % < max{e, \/\\|+72v/5} because the left-hand blde is a weighted mean of the components on the
: [Ao|+ev/5 _ /5 [Aa| [A2|+2v/5 Aa| Aa| — (ol
right (2Fa7% = € moliss + |/\2‘+27/5 *efras)- Also, ‘/\2|+27/5 < (‘/\2‘+257/5)2/5 _ (Tffl)2/5, so we have
tanf41 < max{e, tandy - max{e, ( |)2/5}} By letting K = lol,?ll log(20d /<), we obtain tanfx < £/2, which
concludes the proof. ]

4.2 Quantum Gaussian phase estimator Before we explain our quantum noisy power method, we introduce
another tool which we call the “quantum Gaussian phase estimator”. Its aim is to do phase estimation with
(approximately) Gaussian error on the estimate. The high-level idea of this estimator is to replace the initial
uniform superposition in the algorithm of phase estimation [40, 20] by a discrete Gaussian quantum state, with
standard deviation s; then the distribution of the error @ — a between the amplitude a and the estimator a
produced by the quantum Gaussian amplitude estimator, is also a discrete Gaussian distribution, now with
standard deviation 1/s.}7 Since the latter distribution is sub-Gaussian with parameter 1/s, with probability at
least 1 — § the output is at most 4/log(1/d)/s away from a. Recall that ps is the pdf for the Gaussian with
standard deviation s, defined in Section 2.9.

THEOREM 4.2. Let 6 € (0,0.1], s = 204/210g(1/d), a € [0,1], N = 200 - [s4/1l0og(100/6)], U be a unitary, |3y be
an eigenvector of U such that U |1/J> = exp(mia/4) |¥). There e:cists a quantum algorithm that for every such U

and a, given one copy of |y, outputs an estimator a satisfying that a — a distributes §-close to D%_Zf%u 8
’\V2s

for some v € [0,1), using O(s - polylog(s/d)) applications of controlled-U, controlled-U~" and O(s - polylog(s/d))
time.

Proof. We first explain the algorithm of our quantum Gaussian phase estimator. Let |psy =
L > ps(2) |2), where G is a normalizing constant. Let U, be a unitary that maps [2)[¢) —

va 26{—N/2,...,.N/2—1}

|2)U? |¢p) for z € {—=N/2,...,N/2 — 1}, and U, be a unitary that maps |z) — (—1)*|z) (this U, is basically a

Z-gate on the least-significant bit of z).

The algorithm is as follows. We first prepare the state |psy |w’). We then apply U, to this state, apply Uy,
apply QFTT\,1 on the first register, and then measure the first register in the computational basis, divide the
outcome value by N/8, subtract 4 from it, and output this value.

We first explain the time complexity of the above algorithm. To prepare |ps)y, it suffices to compute all
values of ps(z) for z € {—N/2,...,N/2 — 1},'% and computing all those values (ps(—N/2),...,ps(N/2 — 1)) and
constructing a KP-tree with those values stored in its leaves takes O(N -poly log N) time. To construct the unitary
U., it suffices to use O(Npoly log N) applications of controlled-U, controlled-U ! and time. Also, QF Ty can be
implemented using O(log? N) elementary gates. As a result, the total cost here is O(N log N -log(1/8) +log® N) =
O(s - polylog(s/§)) time and O(N - polylog N) = O(s - polylog(s/d)) applications of controlled-U, controlled-U 1.

17There have been other variations of quantum phase estimation with non-uniform initial state to improve the statistics of the
outcome, for instance in the context of Hamiltonian simulation [19], but to the best of our knowledge ours is the first application
with a discrete Gaussian initial state.

180nce we have those values, we can do the controlled-rotation tricks similar to how the KP-tree routine produces the quantum
state. Since we only need to prepare |ps) once, it is fine for us to prepare the state using Nlog N time. This procedure does not
require the use of QRAM. See the discussion above Theorem 2.13 in [17].
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Now we show the correctness of the above algorithm. Applying U,U, to |psy|w’) gives the state
1 > ps(2)(—1)% exp(miaz/4) |z) |w'). If we discard the second register, which is in tensor product
VG (NN 21}

with the rest of the state, then the remaining state is also 99-close to

[Py = — Zps z) exp(2mi(a/8 + 1/2)z) |(z + N/2 mod N) — N/2)

zEZ

because s > 84/2log(1/6), N > 16s4/2In(1/d), and by Theorem 2.17, where G is a normalizing constant.
Therefore, the distribution of the outcome of the quantum Gaussian phase estimator is 96-close to the distribution
obtained by measuring the following state (using a’ = a/8 + 1/2)

QFTH V) = \/7 Z Z ps(2) exp(2mia’z) exp(—2miy((z + N/2 mod N) — N/2)/N) |y)

ye[N] z€Z

Z N psl2) exp(2miz(Na' — y)/N) |y) (e=2muN=IN _ 1)

yE[N ] 2€Z

v 24 X pun()epmiz(Na’ —y)} ) (2 — 2/N)

yE[N z€ %7

— Z {N Z Ps/n exp (2miz(Na' —y))(x )} ly> (by Theorem 2.18)
yE[N zeN-Z
1 s s
== 2 Ax N 2 pasle = Na' +u)fly) Py = 5 - Pws)
NG ye[N] {N zeEN-Z } N
s
=g & pwa(N 2N+ y)ly)
ye[N]

s
:m ZpN/S(—Na’ +9y)|ly mod N).
yeL

By Theorem 2.17 again, because a’ € [1/2,5/8], N/s = 84/2log(1/d), and N = 16(N/s)+/21n(1/0), we know
QFT ' ) is 9d-close to WZye pN/s( Nda' + y) ly) where G” is a normalizing constant. Therefore, the
[—N/2,N/2—1]
Z—Na/, 2L

since 4/log(12/0)/m < =% and 1075 N -1/21In(1/6) < N/2, by Corollary 2.4 we know y — Na' is also 96 + 46 exp(d)-
close to Dy_ n| &x = DZ s for some v € [0,1), implying that the distribution of 8y/N —4—a is 9§ + 49 exp(9)-

probability distribution of y—N a’ (letting y be the measurement outcome) is 94-close to D . Moreover,

close to D LR P . As a result, the output of the algorithm in the second paragraph is 9 + 96 + 40 exp(d)-close
Yo Jzs
to D RV Yo T Rescaling § by a multiplicative constant, we finish the proof. 0
’V2s

Using Theorem 2.16, since % > 84/log(12/6)/m/N by the choice of N, we can see Dy , . .3 is 0-sub-
N s

. . 4+/2 . 42 .
Gaussian with parameter =¢=. By letting s = ==, we have the following corollary.

COROLLARY 4.1. (SUB-GAUSSIAN PHASE ESTIMATOR, SUBGPE(U,¢,7)) Let e,7 € (0,0.1], a € [0,1], U be a
unitary, 1) be an eigenvector of U such that U |¢) = exp(wia/4) |¢). There exists a quantum algorithm that,
given one copy of |y, outputs an estimator a satisfying that a — a is T-close to T-sub-Gaussian with parameter &
using @(poly log(1/7)/e) applications of controlled-U, controlled-U~" and elementary gates.

4.3 Quantum noisy power method using Gaussian phase estimator In this subsection we combine the
noisy power method and the quantum Gaussian phase estimator (introduced in the previous subsection) to get
a quantum version of the noisy power method. It approximates the top eigenvector of a given matrix A with
additive fy-error € in O(d'"/(~2¢)) time, which is a factor d%2° faster in its d-dependence than the best-possible
classical algorithm (see Section 5.2 for the Q(d?) classical lower bound).

Copyright (© 2025 by SIAM
Unauthorized reproduction of this article is prohibited



We first prove the following theorem, which helps us estimate an individual entry of a matrix-vector product
Aw (the vector u would be one of the rows of A).

THEOREM 4.3. (INNER PRODUCT ESTIMATOR, IPE(7,d,¢)) Let 7,0, € (0,0.1], and u,w € B s.t. |w|z = 1.
Suppose we can access a KP-tree KP,, of w and have quantum query access to entries of u by a unitary O,.
There is a quantum algorithm that with probability at least 1 — &, oulputs an estimator i satisfying that i — {u,w)
is T-close to T-subG(e?), using O(d* poly log(d/8) + d®* poly log(1/7)/e) time.

Proof. In this proof, we index entries of vectors starting from 0. Let I; = [-d~%2°,d=9%%] and I, = [-1,1]\I;.

Let w = w1 4+ ug, where (uy1); = u;1, (u;) and (u2); = w1, (u;) for every j € [d] — 1. Informally, u; is the vector

with smallish entries, and wus is the vector with largish entries. We separately estimate (uy,w) and (us, w).
Finding u,; and computing (uy, w). The number of nonzero entries of usy is at most v/d because ||ufjs < 1.

We first find (with success probability at least 1—4/2) all the nonzero entries of uy in O(\/d - v/d - poly log(d/s)) =
O(d®™ - polylog(d/§)) time using Theorem 2.2. Since we can query the entries of w through its KP-tree, we can
now compute (ug, w) in time O(+/d).

Estimating (u;,w). Our goal below is first to show how to prepare (in time O(1)) a superposition
corresponding to the vector d=%2%u;, using the fact that all entries of u; are small; and then to use this to
estimate (u;,w) with Gaussian error in time O(d°25 /g).

We can implement O,, using 2 queries to O, and @(1) elementary gates: query O, and then apply O;*
conditional on the magnitude of the value being > d=%2° to set the value back to 0 for entries that are in the
support of uy rather than u;. Let CR be a controlled rotation such that for every a € [—d =925, d=0-25]

CR|ay|0) = |a) (a-d**®|0) + /1 — a2 - dO-5 [1)).

This can be implemented up to negligibly small error by (5(1) elementary gates. Using one application each of
Ou,, O, and CR, and O(1) elementary gates, we can map

uy !

0964y 0y 0) FBL ST 021010 I Y a0 ) (wn),) [0)
jeldl-1 geldl—1
L®CR, (@O () 1) 1(ua)510) + (\/d—1 — (u1)3 - d=0% |5) |(u1);) (1))
jeld]—1
0,,;®I Z (d=% (uy); |55 0) |0) + (\/d—l — (m)? ~d=05[5)[0)|1)).
jeld]—1

Swapping the second register to the front of the state, we showed how to implement the state-preparation unitary
Ug-o0.25,, that maps

Ug-o25y, : [0) 0280 — |0) Z (d7025(uy);) 5> + 1) | @),
je[d]—1

for some arbitrary unnormalized state |®).

Now we show how to estimate (u1,w). Since we have a KP-tree of w, we can implement the state-preparation
unitary U, that maps |[0®!8d) 2je[d)—1 Wy 1) using O(1) time by Theorem 2.4. Let W = I® U, ® Z
and V = Uyg-o.2s,, ® I. Using Theorem 2.9 (with x ranging over 2 cases), we can implement a (1,logd + 2,0)
block-encoding of diag({d—°2%(uy,w), —d=°?(uy,w)}) in O(1) time. In order to be able to use our Gaussian
phase estimator, we want to convert {(uj,w) into an eigenphase. To that end, by Theorem 2.5, we implement a
unitary U, which is a (1,logd + 2,0)-block-encoding of W = exp(im((u1,w)/4)Z) using O(d*?®) time. Since
|0) is an eigenvector of W with eigenvalue exp(in{uy,w)/4), our Gaussian phase estimator (Corollary 4.1) can
output (with success probability > 1 — §/2) an estimator 7 such that 7 — (uy,w) is 7-close to 7-subG(g?) using

O(poly log(1/7)/e) applications of controlled-Ue,y, controlled-U_,}, and time.

Because (u,w) = {u1,wy + {uz, w), with probability at least 1 — § we obtain an estimator & = 7 + (uz,w)
such that ji — (u,w) = ij — (uy,w) is 7-close to T-subG(&?). 0

Note that the two terms in the time complexity of the above theorem are roughly equal if ¢ is a small constant
times 1/4/d. Such a small error-per-coordinate translates into a small overall £o-error for a d-dimensional vector.
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Accordingly, such a setting of £ is what we use in our quantum noisy power method for estimating the top
eigenvector.

input :a Hermitian matrix A € [—1,1]9*¢ with operator norm at most 1;
Let 7 = [A1(A)] — [A2(A)]; e € (0,1); K = 121l 10g(20d/e);

Let 6 = 1/(1000Kd); 7 = §/(1000Kd?); ¢ = T \/I(fg’*(mom/é);

Let wg be a unit vector randomly chosen from S%1;
for k —0to K —1do

Prepare a KP-tree for wy;

For every j € [d], compute an estimator (yx); of (A;, wy) using IPE(7,d, ) of Theorem 4.3 (A; is the

jth row of A);

wit1 = Yi/ Yk 2;
end
output: wg;

Algorithm 2: Quantum noisy power method using Gaussian phase estimator

THEOREM 4.4. (QUANTUM NOISY POWER METHOD USING GAUSSIAN PHASE ESTIMATOR, ALGORITHM 2) Let
A e [~1,1]7%¢ be a symmetric matriz with operator norm at most 1, first and second eigenvalues A\1(A) and
A2(A4), v = |M(A)] — [A2(A)], v1 = v1(A) be the top eigenvector of A, and € € (0,1]. Suppose we have quantum
query access to entries of A. There exists a quantum algorithm (namely Algorithm 2) that with probability at
least 0.89, outputs a d-dimensional vector w such that |(w,v1)| = 1 — €2/2, using O(d*7/(y2¢)) time and O(d)
QRAM bits.

Proof. Each iteration of Algorithm 2 uses @(d) time and QRAM bits to build the KP-tree for wy, and for every
j € [d], we use O(d®™poly log(d/d) + d**poly log(1/7)/¢) time and O(v/d) QRAM bits for estimating (A;,w)
by IPE(7,6,¢) in Theorem 4.3. Hence the total number of elementary gates we used and queries to entries of A
is @(d (d0'75 + d0'25/<) ‘K) = @(d1'75/(’}/2€)).

Now we are ready to show the correctness of Algorithm 2. By Theorem 4.1 and the union bound, it suffices to
show that for each k € [K] — 1, both |yr — Awy |2 < ve/5 and [{yx — Awg, v1)| < v/(508/d) hold with probability
> 1-1/(100K). Fix k. By Theorem 4.3, we know that for every j € [d], with probability at least 1—6, (yr —Awy);
is 7-close to T-subG(¢?) for every j € [d]. Let e = y — Awy. There are three different kinds of bad events, whose
probabilities we now analyze. Firstly, we can see that for every j € [d], with probability at least 1 — ¢,

£>2 5
Pr[|ej > 57\/6&] < 2exp(T) - exp (— 52\/52 ) + 7 = 2exp(T — 20010g(1000Kd/d)) + T < T00Kd"
Therefore, with probability at least 1 — dé — §/(100K), |e;| < 5"’—\5& for every j € [d], implying that [e]> < %

Secondly, by the properties of sub-Gaussians from Section 2.9, we know that with probability at least 1 — d6,

{e,v1) is dr-close to dr-subG( Y (v1)3¢?). Thirdly, since vy is a unit vector, we have that (with probability at
Jjeld]

least 1 — dd) {e,v1) is dr-close to dr-subG(¢?) and hence

Pr[|<e,v1>| > 7] < 2exp(dr) - exp <—(50W\/3) ) Cdr

50v/d
log(1000K d/5)
oA r e 7 < .
2 &2 AT < T00Kd

= 2exp(dr) - exp (—

As a result, by the union bound over the three kinds of error probabilities, for each k € [K]u {0}, with probability
1—2ds — §/(50K) = 1 —1/(100K), we have both |y, — Awy|s < ve/5 and |[(yr — Awy,v1)| < v/(504/d). This
proves correctness of Algorithm 2. 0
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4.4 Almost optimal process-tomography of “low-rank” reflections In this subsection we describe an
essentially optimal algorithm for the “tomography” of projectors IT of rank at most ¢ (or of the corresponding
unitary reflection 21T — I ).19 We will use this in the next subsection to approximate the eigensubspace spanned
by the top-q eigenvectors. For generality, we will from here on allow our matrices to have complex entries, not
just real entries like in the earlier subsections.

Our algorithm is inspired by the noisy power method and has query complexity (7)(dq / 5) and time complexity
@(dq/s + dqz) (using QRAM). When ¢ « d this gives a better complexity than the optimal unitary process-
tomography algorithm of Haah, Kothari, O’Donnell, and Tang [31]. Also in the special case when ¢ = 1 this gives
a qualitative improvement over prior pure-state tomography algorithms [39, 5] which required a state-preparation
unitary, while for us it suffices to have a reflection about the state, which is a strictly weaker input model.2°
Surprisingly, it turns out that this weaker input essentially does not affect the query and time complexity.

Observe that if we have two projectors II, I’ of rank r, then

(4.16) [T —1[1/(2r) < [T =TT < T — 11|} /2.

This implies that the e-precise estimation of a rank-1 projector II (i.e., the density matrix corresponding to a
pure state) is equivalent to e-precise approximation of the quantum state II. Since the complexity of pure-state
tomography using state-preparation unitaries is known to be (:)(d/s) [5], it follows that our algorithm is optimal
up to log factors in the ¢ = 1 case.

Similarly, the query complexity of our algorithm is optimal for ¢ = % up to log factors, as can be seen by
an information-theoretic argument using e-nets, since by Lemma 4.1 there is an ensemble of exp(€(dq)) rank-¢'
projectors for ¢’ = min(q, [%J) such that each pair of distinct projectors is more than £ apart in operator norm. We

conjecture that the query complexity of the task is actually ﬁ(dq/s), meaning that our algorithm has essentially
optimal query complexity for all € € (0, é]

Now we briefly explain our algorithm for finding an orthonormal basis of the image of II, assuming for ease
of exposition that its rank is exactly ¢. We want to find a d x ¢ isometry W such that |[WWT —II| is small. Our
algorithm (Algorithm 3 below) can be seen as a variant of the noisy power method: We start with generating
m Gaussian vectors gi,...,g9m (m = é(q) will be slightly bigger than ¢), with i.i.d. (complex) normal entries
each having standard deviation ~ 1/ V/d. Subsequently, we repeat the following process K ~ log d/m times: we
estimate Ilg; for every i € [m] using our quantum state tomography algorithm (Theorem 3.1 and Corollary 3.2),
and multiply the outcome by 2, resulting in m new vectors (these factors of 2 allows our analysis to treat all the
errors together in one geometric series later). Finally, let V' be the d x m matrix whose columns are the versions
of those m vectors after the last iteration. The algorithm classically computes the singular value decomposition

(SVD) of this V, and outputs those left-singular vectors wy, wa, ..., w, that have singular value greater than the
threshold of ﬁ.
Note that the span of g1, ..., g, includes the ¢g-dimensional image of IT almost surely. Hence if no error occurs

in the tomography step, then V = 2KTI[gy, ..., g,n], and the image of V is the image of II (almost surely). Thus,
it Y7, giwz-u;r is the SVD of V, then Zie[q] wiwz = II. That is, we get the desired output W by rounding the
singular values of V' appropriately: the first ¢ singular values are rounded to 1, and the others are rounded to 0.
To show the stability of this approach it remains to show that the singular values i, ..., of the final V' in the
non-error-free case are still large (& 1), the other d — ¢ singular values are still essentially 0, and the error incurred
by the quantum state tomography is small. Our analysis relies on the concentration of the singular values of
sufficiently random matrices, see Section 2.7.

To bound the effect of errors induced by tomography we combine the operator norm bound on random
matrices of Theorem 2.13 with our unbiased tomography algorithm (Theorem 3.1). The key observation is that

Corollary 3.2 gives an estimator 1 that is d-close in total variation distance to an “ideal” (though not error-
2
£

free) estimator J that satisfies E[J] = 1), whose covariance matrix has operator norm at most S? < 5, and

19Having access to a controlled reflection 2I1 — I is equivalent up to constant factors to having access to controlled U%l (i.e.,
controlled-Uyy and its inverse) for a block-encoding Uy of the projector II, as follows from the QSVT framework [26].

20Indeed, we can implement a reflection about a state |+/) by a state-preparation unitary and its inverse as in amplitude amplification.
However, if we only have access to a reflection about an unknown classical basis state |i) for ¢ € [d], then we need to use this reflection
Q(V/d) times to find i (because of the optimality of Grover search) showing that the reflection input is substantially weaker than the
state-preparation-unitary input.
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T — T, < /% with certainty. For the sake of analysis we can assume that we work with W, because we
only notice the difference between 1; and v with probability at most 8, which can be made negligibly small at
a logarithmic cost in Corollary 3.2. Finally, we use perturbation bounds on singular values and vectors from
Section 2.5.

Input : Dimension d, maximum failure probability ¢’ € (0, l] target precision € € (0, %],

(’)(ff ) -approximate block-encoding Uy of a projector II of rank <

Output: e-approximate orthonormal basis W of the image of II, i.e., — HH <e
Init: m::min([max<166’2q,801n 10 )Ld), K:= [log ( % + 1)}, gi=—«-—
() ? 65-+984 /In (202 ) e/

10
// the constants c¢,C come from Corollary 2.2 and in the real case ¢, C =1
// the constant ¢ comes from Theorem 2.13

1.) if m = d then set g; = |j) /4, else generate m random vectors g; with i. i d. complex (or real if

I € R4*4) standard normal entries multiplied by 7 :=
2.) for j=1tomdo
Set 9\ = g;; if [|g;|| > 2 then ABORT
for k=0to K —1do
Classically compute ||gj )|| and store g]k)/||gj(k)|| in a KP-tree

f

(we can now unitarily prepare [1)) = Hg]k)/||gJ( )|| using this KP-tree and Uty)

Obtain y]( ) via z—:’/||g§ )H—premse tomography (Corollary 3.2) on [¢) setting d « ¢'/(5mK)
// query complexity is ~(d/a)

Set g% 2[|g!® [y FH Vi | g¥ Y| > 2 then ABORT

endfor

endfor

1

[g! (K) (K)
14-

3.) Output the left-singular vectors of V = s. ., gm | with singular value above
// Classical complexity is O(dq ) via direct diagonalization of V1V

// The output is correct with probability at least 1—¢’

// The total Up-query and quantum gate complexity is @(dq/a)

Algorithm 3: Time-efficient approximation of the top-q eigensubspace

We say that Uy is an e-approximate block-encoding of II if ||Uy — U| < € for some U satisfying
=0 ®NU(0*)y®I).2!
THEOREM 4.5. (CORRECTNESS OF ALGORITHM 3) Let IT € C?*4 be an orthonormal projector of rank at most
q, given via an @(3—‘3) -approximate block-encoding Ur. Algorithm 3 outputs an isometry W such that, with

probability at least 1 — &', |[WWT — 11| < e, using (’)( ) controlled Ut, UITI, two-qubit quantum gates, read-outs
of a QRAM of size O(d), and O(dq ) classical computation.

Proof. First consider the case when there is no error in tomography and in the implementation of II. Then we end

up with g(K) 2KHg(O) and the corresponding matrix Vigeq = ZK[Hg( ). Hg )] has almost surely rank(II)

21The condition [|({0%| ® 1)U (|0%) ® I) — II|| < &’ appears similar, however is in some sense quadratically weaker. Consider, e.g.,
cos(x) —sin(z)

[T=1,a=1, and U = sin(z)  cos(z)

, then 1 — cos(z) = 22/2 + O(x*), but for any unitary U = |0){0| + z|1)(1| we have

U — Ul| = |sin(z)| = |z| + O(|z|3). Nevertheless, because II is a projector, we can remedy this in general by converting Upy to an
(approximate) block-encoding of II/2 via linear combination of unitaries, and then applying quantum singular value transformation
with the polynomial —T53(x) = 3z — 423; the resulting unitary is then indeed O(e’)-close to a perfect block-encoding of II, see for
example the proof of [26, Lemma 23].
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nonzero singular values with associated left-singular vectors lying in the image of II. The m = d case is trivial. If

m < d, then due to Corollary 2.2 all corresponding singular values are in (%, 1) with probability at least 1 — ‘5— 2

By Proposition 2.1 (and a union bound over all j € [m]) we know that with probability at least 1 5—' we have

for all j € [m] that® ||g;|| < n(v/d + 4/2In(10m/d")) < £. Thereby with probability at least 1 — 22 Algorlthm 3

(0)

does not abort at the intialization of 9; and the left-singular vectors of V;g4eq with singular Value at least 1/7

form the columns of the desired matrix W such that WWT = II; in the remainder of the proof we assume this is
the case.

Second, we consider what happens when the tomography has error, but we can implement II exactly. Let
é§_k74) N g( ) 2k ZHg

be the aggregate tomography error that occurred from the K th iteration to the k-th

iteration where k € [K], ¢ € [k] — 1, and observe that egk = (k Ry Zl 125 Hég” Y For each
iteration, we do the tomography with precision &'/|| gj || on ng(» /|l gj(k)H via Corollary 3.2, guaranteeing that
~(k,k—1) k,k—1)

is d-close in total variation distance to an “ideal” random variable e; such
that ||e§»k’k71)|| < ¢ and HHeSAk’k*l)H < €’4/q/d almost surely, and E[egk’kfl)] =0, ||Cov(e§k’k71))|| < ;% (to see

this, choose V' to be an orthonormal basis whose first ¢ elements span the image of II). We define analogously

the random variable €

e§k’€) : (k = Zl pyn 2870 He§i’i_1). Note that the distribution of e(k k=1) (and eEk’k_l)) can depend on
ég.i’i 2 (and e(” 1), respectively) only if j = j" and ¢ < k. Let &; := (é §1 0),65-2’1), . .,é(»K’K_l)), and define e;

analogously. We can apply Lemma 2.2 recursively to show that drv(€;,e;) < KJ. Since the €; are independent
from each other, we can assume without loss of generality that so are the e;. Once again by Lemma 2.2 we get that

when comparing the two sequences of m random variables, we have drv ((€;: j € m),(e;: j € m)) < mKo = %.
From now on we replace (€;: j € m) by (e;: j € m) throughout the analysis, which can therefore hide an additional
failure probability of at most %/.

By the triangle inequality we have that

e < e~ 1’\|+sz e V) < & +Z2k '\/q/d
< (14 284/q/d)e’ < (1 +2(x/d/m + 1)+/q/d)e’ < B¢

for every k € [K]. This also implies that for every k¥ € [K] we have |\g§k)|| < ”2ng.§0)” + He;k’O)H
||2KHg || +5e’ <1+ 5¢’ <2, and therefore Algorithm 3 also does not abort in the for-loop.

Let us define Eippo := [egK’O), .. .,6575 ’0)] = V — Vigear as the matrix of accumulated tomography errors.
We can apply Lemma 2.3 recursively with X = Hegk_l’o),Y = - H)e§k_1’0), Z = egk’k_l) to show that for all
k € [K] we have

k—1
k, k,k— — ii—
|Cov(ef ™) < [|Cov(ef ™) + 3 47 Cov(Ttel )|
i=1

k—1
k,k—1 —i ii—1
< Iov(ef )+ ) 4+ Cov(e )]

Kk . o2 41{512 d/m+1) 2,12 1622
< A< < .
~ 3d 3d 3m
22The matrix 7[950), .. ,g<0)] is a d x m random matrix with i.i.d. (complex) standard normal entries. After multiplying by II this

effectively (up to a rotation) becomes a ¢ x m random matrix with i.i.d. (complex) standard normal entries. We apply Corollary 2.2
(with N = m) to the latter matrix, obtaining the interval [i\/m, %x/m for its singular values. Multiplying by n2% = 4/(7/m) we
get the interval [%, 1] for the singular values of Vigeq-

23We have n(vd 4+ 1/2In(10m/8")) < nvd + %«/mn(mm/&) <2+ 2y W =2+ 24 2In(m)+21n(10/6") +21"(10/5/ < 2 because

m > 81n(10/4’) and MDT(I) takes its maximum at = = e, where it is less than %.
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Applying Theorem 2.13 for t = 4/In(10d/d")/c’ gives that with probability at least 1 — % we have

8’ €
4.1 Eromoll < 2= + 7¢'A/In(10d/8)) /¢ < —.
(417 Bromoll < 5 + 7&V/I(T0/5)]E <

Since || Eiomol| < 1, using the notation of Theorem 2.11 we have that II = 1Yigee! and the rank of HZT14
is rank(II) < ¢ due to Weyl’s bound (Theorem 2.10). Therefore, by Theorem 2.11 and Lemma 2.1 we have
ITT — HZﬁH < UV — Videalll = 14|| Etomo|| < € as desired.

Finally, let us analyze the effect of implementation errors in Up. We perform tomography mK times via
Corollary 3.2, each time using T' = O(gpoly log(d/(£9)) applications of U%l, therefore the induced total variation
distance® in the output distribution is at most TmkK - (’j(%) < %. Preparing a KP-tree that allows a similar

precision for the preparation of gék)/ Hg](-k)H likewise induces at most an additional % total variation distance,

implying that our algorithm outputs a sufficiently precise answer with probability at least 1 — ¢ when all
approximations are considered. The quantum gate complexity comes entirely from Corollary 3.2, which is gate
efficient, while the final computation requires computing the SVD of a d x m matrix, which can be performed in
O(dm?) = O(dg?) classical time. O

Using basic quantum information theory, one can see that recovering the g-dimensional subspace with small
constant error € = 1/6 gains us (dq) bits of information about the subspace, and hence requires 2(dg) quantum
queries. This shows that the query complexity of our previous algorithm is essentially optimal in its dg-dependence.
We first show that there exists a large set of g-dimensional projectors that are all far apart from each other. This
might be a standard result, but we did not find a reference in the literature so provide our own proof.

LEMMA 4.1. Let ¢ < d/2. There exists a set S of q-dimensional subspaces of R? of size exp(Q(dq)) such that for
any distinct s,r € S we have |11, — I, || > %, where II; denotes the projector to the subspace t.
Proof. We can assume without loss of generality that d > 1283,

First let us assume that ¢ < d/64; we show the existence of such a set S via the probabilistic method, by
showing that for any set S of subspaces, if |S| < exp(qd/32 — 1), then with non-zero probability a Haar-random
g-dimensional subspace r satisfies ||[II; — II,|| > % for every s € S (thereby we can take S « S U {r}). We
sample 7 as follows: generate a random matrix R € R?*? with i.i.d. standard normal entries, and accept R only if
Smin (R) = %\/& (i.e., take a sample conditioned on this happening — we know by Theorem 2.12 that this happens
with probability > 1).

Upon acceptance we compute a singular value decomposition R = ULV T and define IT = UUT as the projector
corresponding to the subspace. Since II = UUT is an orthogonal projection to the image of R = USVT we have
IIr; = r; for all columns r; of R and thus

[TLsrs ]| = [T || — [|(TT — ILs )|
= [|rs]| — [[(TL — ILs )|
= (1 — [T = ILg )[4
> (1 — || = IL | )Smin(R)
3

> SVd(1 - - 1L,

Hence [[IT — IL,|| < % is only possible if ||II,r;|| > +/d/2 for all columns of R. Without the conditioning (on

Smin (R) = %\/&, the condition we accept R), Ilsr; is effectively a random g-dimensional vector with i.i.d. standard
normal entries. Since v/d/2 — (/g > v/d/4, by Proposition 2.1 for any s € S we have Pr[||ILr;|| > vd/2] <
exp(—d/32), and due to the independece of the columns the probability that this happens for all i € [¢] is less
than exp(1 — ¢d/32) even after conditioning. Taking the union bound over all s € S we can conclude that with
non-zero probability ||TT — II,|| > % for all s€ S.

24With more careful tracking of error spreading in the estimated vectors it might be possible to show that it suffices to have access

to a block-encoding satisfying the weaker condition ||((0%| ® I)Un(|0*) ® I) — II|| < \/Zlim'
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The statement for ¢ = Q(d) follows from [30, Lemma 8]. Alternatively, if ¢ > d/64, we can set ¢’ := [¢/128],
d :=d—(¢—¢) so that ¢ < d’/64. Then from a large set S’ of ¢/-dimensional subspaces of R? satisfying
[y —IL/|| > 1 for any distinct s',7’ € §” we construct S := {s: Il = Iy @ I,_q for some s’ € 5’} so that also
[T — IL.|| > § for any distinct s,r € S. O

4.5 Time-efficiently approximating the subspace spanned by top-q eigenvectors In this subsection,
we give a quantum algorithm to “approximate the top-¢ eigenvectors” in a strong sense using gd'-5t°(1) time
(and g4/sd'*°() time if the matrix is s-sparse). In particular, when ¢ = 1, this algorithm outputs a vector that
approximates the top eigenvector using d'*+°(1) time. This is what we referred to as our “second algorithm” in
Section 1.2.

Consider the following situation: for g € [d], suppose we only know there is a significant eigenvalue gap between
the gth eigenvalue A, and the (¢ + 1)th eigenvalue Ag41. Is there a way we can learn the subspace spanned by
the top-q eigenvectors? Here we consider the subspace instead of the top-q eigenvectors directly, because there
might be degeneracy among A1, ..., \q, in which case the set of the top-q eigenvectors is not uniquely defined.

We first estimate the magnitude of A, (with additive error v/100) using the following theorem.

THEOREM 4.6. Let 6 € (0,1), ¢ < d, A e C¥ be a Hermitian matriz with operator norm at most 1, vy, ..., vq be
an orthonormal basis of eigenvectors of A, and corresponding eigenvalues A1, ..., g such that |\1| = -+ = |Adl,
where we know the gap v = |A| — |[Ag+1]- Suppose Us = exp(wiA). There is a quantum algorithm that

with probability at least 1 — 0, estimates |\y| with additive error v/100, using (’)(@ log(w) log($) log(%))
controlled applications of UL and @(@ log(W) log(4) log(%)> time.

, T—1
Proof. Let &' = 6/(10d), A = 3 N\i|vi){v;|, and T = 2[108(20010g(1/8/M1+2 " Unitary W = 3] [t){t| ® exp(witA)
i€[d] t=0
does Hamiltonian simulation according to A on the second register, for an amount of time specified in the first
register. Observe that ﬁ > liyliy = ﬁ > |viy|v¥) because of the invariance of maximally entangled states
i€[d]

i€[d]
under unitaries of the form U ® UT. Hence we can apply phase estimation with precision 7/200 and failure
probability ¢’ to the quantum state ﬁ iez[él] |v;) [vF) |0) using W, to obtain the state

(4.18) S o oy L,

\/a i€[d]

where the state |L;) contains a superposition over different estimates \; of \;. For each i € [d], if we were to
measure |L;) in the computational basis, then with probability at least 1 — ¢’ we get an outcome X; such that
I\i — Ai| < 7/200.%5 Let p e [0,1], and R, be a unitary that marks whether a number’s absolute value is <
i.e., for every a € [—1,1]

Ry lab |0) = {|a>|o>, if Ja] > p

|ay |1, otherwise.

This unitary can be implemented up to negligibly small error by (7)(1) elementary gates. Applying R, on the
last register of the state of Eq. (4.18) and an additional |0), we obtain ,/p, [¢o)|0) + /1 — p, |#1)[1) for some
|¢oy and |¢1), where p, is the probability of outcome 0 if we were to measure the last qubit. Note that if
[ = | Agl + /150 > |A\q| +7/200, then p, < (¢—1)/d+ (d— g+ 1)d’/d, where the first term on the right-hand side
is the maximal contribution (to the probability p, of getting outcome 0 for the last qubit) coming from |L;) with
i < ¢—1 and the second term is the maximal contribution coming from |L;) with ¢ > ¢ — 1. On the other hand,
if p1 < |Ag| — /150 < |Ag| — /200, then p,, > (¢/d) - (1 —¢"), which is the minimal contribution coming from |L;)

25There’s a small technical issue here: the unitary e™4 (to which we apply phase estimation) has phases ranging between —m and
m because the \; range between —1 and 1, and phase estimation treats —m and 7 the same. However, we can easily fix that by

applying phase estimation to the unitary e™*4/2, whose phases range between —7/2 and /2.
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with ¢ < ¢q. The difference between the square-roots of these two values is therefore

— _ _ 1_26/
(419 N L L N I NN — |
d d d d d %75,“/%

where the last equality is because a — b = (a? — b?)/(a + b). Because §' = §/(10d) € (0,1/(10d)), both terms in
the denominator are < 4/¢/d, and hence the right-hand side of Eq. (4.19) is at least 2/(54/¢d). To estimate ||
with additive error /100, it therefore suffices to do binary search over the values of p (with precision /300, that

is, binary search over p € {0,+/300,2v/300,...,1}), in each iteration estimating ,/p, to within +1/(5/qd). We
can implement the unitary that maps [0)[0) — /Py |$0) |0) + /1 — pu |¢1)|1) using one application of W and

O(1) time. Let §” = 6/(1010g(300/~)) > 0. By Theorem 2.3 with additive error n = 1/(54/qd) = ©(1/4/qd) and
with failure probability 6”, one iteration of the binary search succeeds with probability at least 1 — ¢” and uses
O(log(1/6")/n) = O(\/qidlog(w)) applications of W and W1, and @(\/q;dlog(w)) time. Therefore by
the union bound, with probability at least 1 — ([log(300/)] + 1) - 6” = 1 — ¢, all iterations of the binary search
give a sufficiently good estimate of the value ,/p, of that iteration, so the binary search gives us an estimate of
[Ag| to within +(v/150 + ~/300) = ++/100.

Since we use O(log(1/7)) iterations of binary search, we use O(\/qd log(%) log(%)) applications of W
and W' and @(«/qdlog(%)log(%)) time for the whole binary search. We can implement W and W'
using O(T) = O(M) controlled applications of U5 and @(M) time. Thus we obtain a good estimate
of |A;| with probability > 1 — 4, using O(@log(%)log(%)log(%)) controlled applications of UT and
@(@log(ilog(g/w)log(%)log(%)> time. O

The above theorem assumes perfect access to exp(miA) = Uy for doing phase estimation. If we only assume we
have sparse-query-access to A, then by Theorem 2.6 we can implement a unitary U4 such that ||Tj' A—exp(mid)| < e
using O(s%57°(1) /eo(1)) time and queries.

Since the procedure in Theorem 4.6 makes use of D = O(@log(%)log(%)log(%)) controlled
applications of U;TL, if we replace Uy with U 4, the algorithm still outputs the desired answer with success
probability at least 1 — § — De.?5 By plugging in the time complexity for constructing Us with ¢ =

@<@log(log(1/7)/%’; o2 (/) log(l/w)), with the constant in the ©(-) chosen such that Te < § (and rescaling § by

factor of 2), we immediately have the following corollary.

COROLLARY 4.2. Let ¢ < d and A € C¥*? be a Hermitian matriz with operator norm at most 1, v1,...,vq be an
orthonormal basis of eigenvectors of A, and eigenvalues A1, ..., g such that |\| = -+ = |\q|, where we know the
gap v = |Ag| — [Ag+1l, and 0 € (0,1). Suppose A has sparsity s and we have sparse-query-access to A. There is
a quantum algorithm that with success probability at least 1 — J, estimates |A;| with additive error /100, using

(5(501@) (ﬂ)l“’(l)) queries and time.

v

The following proposition shows that every bounded-error quantum algorithm needs (v/ds) sparse-access
queries to estimate the top eigenvalue of an s-sparse matrix with constant additive error. This implies the above
corollary is near-optimal when ¢ = 1.

PROPOSITION 4.1. Let A € C™¥9¢ be a Hermitian matriz with operator norm at most 3. Suppose A has sparsity s
and we have sparse-query-access to A. Every bounded-error quantum algorithm that estimates the top eigenvalue
of A with additive error 0.1 uses Q(v/ds) queries.

26Here we use the fact that if two unitaries are e-close in operator norm, and they are applied to the same quantum state, then
the resulting two states are e-close in Euclidean norm, and the two probability distributions obtained by measuring the resulting two
states in the computational basis are e-close in total variation distance.
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Proof. For simplicity and without loss of generality we assume A has sparsity 2s + 1 and d > 2s + 1 is a
multiple of s. The idea is to encode an s(d — s)-bit string into a 2s + l-sparse d x d matrix. Given a string
X € {0,1}5¢=9) .= XMW x @)  X(@/)~1 with Hamming weight either 0 or 1, where X*) is an s2-bit Boolean
string for each k € [d/s —1]. For every k € [d/s 1], define Y (®) € {0,1}*** as (Y®));; = X&), .. Let A be defined
by d/s-d/s = d*/s®> many s x s square matrices such that for i > j

Ay =<{Y® 42-d.J  ifi=j+1
0, otherwise,

where I is the s x s identity matrix, Js is the s x s all-1 matrix, and 0, is the s x s all-0 matrix; and for ¢ < 7,
Aij = A;‘Fl One can easily see that A has sparsity 2s + 1, and because the Hamming weight Ham(X) of X is
at most 1, the operator norm of A is at most 2 + 25 -27% < 24+ d-27% < 3. Note that given access to the
oracle Ox that maps |i)|0) — |iy|X;) for every i € [s(d — s)], one can construct an oracle that allows us to make
sparse-query-access to A using 2 applications of O)i(.

Observe that if Ham(X)=0, then the operator norm of A is at most 1+2s-27¢ < 14+d-27% < 1+1/(e:In2) < 1.6,
while if Ham(X)=1, then the operator norm of A is at least 2. Therefore, if there exists a T-query quantum
algorithm A that estimates the top eigenvector of A with additive error 0.1, then A can also be used to decide
whether the s(d— s)-bit string X has Hamming weight 0 or 1 using 27T queries to Ox. By the well-known quantum
query lower bound for search, every bounded-error quantum algorithm needs Q(+v/ds) queries for this, implying

T = Q(Vds). o

Note that a v/ds lower bound for estimating the top eigenvalue implies a v/ds lower bound for approximating
the quantum state |v1) of the top eigenvector: once we have |v1), we can apply the quantum phase estimation
algorithm with precision € to estimate Ay with additive error € using (’5(1 /5) controlled applications of exp(miA)
and exp(—miA). Combining this with Hamiltonian simulation (Theorem 2.6) and our lower for approximating A
(Proposition 4.1), we conclude that every bounded-error quantum algorithm that outputs a state at ¢a-distance
< 0.05 from |v;), needs Q(+/ds) queries.

Once we know |)\,|, we can apply [26, Theorem 31] to implement a block-encoding of Uy using @(1/7)
applications of a block-encoding of A, where I = Zie[ al vivg. Combining the above argument with Theorem 2.8,
we directly get the following corollary of Theorem 4.5:

COROLLARY 4.3. Let ¢ < d and A € C**? be a Hermitian matriz with operator norm at most 1, vi,...,vq be an

orthonormal eigenbasis of A with respective eigenvalues A1, ..., g such that |A\1| = -+ = |\4|, where we know the

gap v = |Ag| — | Ag+1|- Let €,0 € (0,1) and II = Zie[q] vivz. Suppose A has sparsity s and we have sparse-query-

access to A. There exists a quantum algorithm that outputs a d x q matric W with orthonormal columns such
i i1 . ~ dr/5 1+o(1) 1 z 1+0(1) )

that, with probability at least 1 —§, |WWT~1I| < e, using O ( q) + (*Vqs) +dg? | time and

ye so(1) ¥
O(d) QRAM bits.

For the case of dense matrix A, we can set s = d to get time complexity roughly gd'®>. The special
case ¢ = 1 gives our main result for approximating the top eigenvector (with additive fs-error )27 in time

@((d1'5/(7€))1+0(1)>. The e-dependency is slightly worse than the algorithm in Section 4.3, while both the d-

dependency and ~-dependency are significantly better (for d, the power is 1.5 + o(1) instead of 1.75; for -, the
power is 1 + o(1) instead of 2). In Section 5 we show that its d-dependence to be essentially optimal. However,
the complexity with respect to ¢ is sub-optimal for ¢ close to d, because one can diagonalize the entire matrix A
classical in matrix-multiplication time O(d“).

We also remark that one can (approximately) prepare the quantum state |v1) of the top eigenvector of the

matrix A (with success probability > 0.9) in time ~ (@)”"(1) without using QRAM: first use Corollary 4.2 to

2"Note that for every unit w,v € C? it holds that ||ww’ — vot|| = 24/1 — [(w,v)|2, thus ¢ > |Jww’ — vol|| implies [(w,v)| >

VI—e2/a>1—e%/4>1-¢2)2.
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estimate A; (with additive error v/100 and with success probability > 0.99) and then implement an €’-approximate
o(l
block-encoding of projector |v;y{wv;] in time (9(%) by Theorem 2.8 and [26, Theorem 31]. After that, we

generate a vector g with i.i.d. (complex) standard normal entries, prepare the corresponding normalized quantum
state |g) (with probability > 0.99 — exp(—d/2) it has overlap > 1/(100v/2d) with v;)?® and apply the block-
encoding to project it down, obtaining a state that looks like a [0) [v1) ++/1 — |2 |1) [v1-) where |a| = Q(1/+/d).

By Theorem 2.1, O(\/alog(l/fs)) amplitude amplification rounds then suffice to prepare |v1) (up to £3-norm error
€/2), - (@)Ho(l)) by choosing &’ = ©(g/(v/dlog(1/¢))) such that Te' < £/2,

where T is number of amplitude amplification rounds. This algorithm is near-optimal in its d-dependence and
s-dependence because of the argument after the proof of Proposition 4.1.

COROLLARY 4.4. Let A € C¥™? be a Hermitian matriz with operator norm at most 1, v, . .., vq be an orthonormal
eigenbasis of A with respective eigenvalues A1,...,Ag such that |A\1| = -+ = |\g|, where we know the gap

= |A| — |A2]. Let € € (0,1). Suppose A has sparsity s and we have sparse-query-access to A. There exists
a quantum algorithm that with probability at least 0.98 — exp(—d/2), outputs |U1) that approzimates |vi) with
ly-error € using @<501<1) (@)Ho(l)) time.

5 Lower bounds for approximating the top eigenvector

In this section we prove essentially tight classical and quantum query lower bounds for approximating the top
eigenvector of a matrix whose entries we can query.

5.1 The hard instance for the lower bound Consider the following case, which is the “hard instance”
for which we prove the lower bounds. Let u € {—1,1}? be a vector, and define symmetric random matrix
A = Zuu” + N where the entries of N are i.i.d. Nj; ~ N(0, ;5557) for all 1 <i < j < d (and N;; = Ny if i > j);
the goal is to recover most (say, 99%) of the entries of the vector u. In this problem7 the information about the
u;-s is hidden in the matrix A: the entry A;; is clearly a sample from N (u it I 106 T7g5q)- Hence to learn entries of u,
intuitively we should be able to distinguish the distribution N (%, ;7ts7) from the distribution N(—3, 15t57)- In
the classical case (where querying an entry of A;; is the same as obtaining one sample fom the distribution) it
requires roughly €(d) queries to the entries of the ith row and column to learn one u;, even if all u; with j # i are
already known. In the quantum case, it requires Q(\/ﬁ) queries. Intuitively, learning 0.99d of the u;-s should then
require roughly d times more queries, so (d?) and (d'-) classical and quantum queries in total, respectively.
We show in the next two subsections that this is indeed the case.

First we show that (with hlgh probablhty) A has a large eigenvalue gap. Note that A = uu + 5000 fG

where G;; ~ N(0,1) for 1 < i < j < d and G;; = Gj; for the lower-triangular elements. Slnce G itself is
symmetric and its entries are i.i.d. ~ N(O, 1), by Theorem 2.14 with t = 0.4+/d (here b = V/d and b%,,, = 1)
we have that the operator norm of G is upper bounded by 2.5v/d + 0.4+ 0(1))\/8 < 3+/d with probability at least
1 — exp(—0.04d); below we assume this is indeed the case. Therefore, by triangle inequality, the top eigenvalue
of A is upper bounded by 1 + 53 and lower bounded by ”A%Hg > 1 — 535, implying that there is a unit top

eigenvector v; = v1(A) of A that has inner product nearly 1 with the unit vector %:

3 1 3
1— —— < [|Avi]2 < [~uu® <
[Avilz < llZwuofla + | o ——= 2000[ Guif2 < \\FU il + 30607

2000
hence |(vy, %>| =>1- 1000 We may assume without loss of generality that the eigenvector v; has been chosen
such that (v, %} is positive, so we can ignore the absolute value sign. The signs of v (A) have to agree with the
signs of u in at least 99.4% of the d entries, because each entry where the signs are different contributes at least

28Since g has i.i.d. (complex) standard normal entries, (v |g) has (complex) standard normal distribution. Since by Proposition 2.1,
with probability = 1 — exp(—d/2), |g| < v/2d, and since the pdf of the standard normal distribution is p(x) = f exp(—z2/2)), w

know with probability > 1 — exp(—d/2) — 0.01-2 - \/T > 0.99 — exp(—d/2), |<vi|g)|/|g] = 1/(100v2d).
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1/d to the squared distance between u/+/d and vy (A):

U L) [y 0 (A); <0} < |25 = () = 2= 2T m(A) < o5

Moreover, the second eigenvalue \3(A4) of A is at most 0.08:

3 wuTw 3 \/3-1997
Ag(A) = Awls < —— < 0.08,
2(04) = omax | NAwle < gaeg+ L omex 1=l < 5550+ Tger <

where the last inequality holds because (v, %> =>1-— ﬁ?g Hence there is a constant gap between the top and

the second eigenvalue of A.

If we have an algorithm that outputs a vector @ satisfying @ — v1(A)|2 < 1555, then we can use the signs of
@ to learn 99% of the u;-s. Hence a (classical or quantum) query lower bound for recovering (most of) u is also a
query lower bound for approximating the top eigenvector of our hard instance.

5.2 A classical lower bound We first show that every classical algorithm that recovers 99% of the u;-s needs
Q(d?) queries.

THEOREM 5.1. Let u € {—1,1}4 be a vector, e11,€e12,--.,€14,€22,- - -, €4q be d(d+1)/2 independent samples drawn
from N(0, 15657), and A € R be the matriz defined by

A

1 . . .
s quiuj +egj, if 1 <i<j<d,
1] .
otherwise.

Jiy

Suppose we have query access to entries of A. Every bounded-error classical algorithm that computes a @ € {—1,1}¢
at Hamming distance < d/100 from u, uses 2(d?) queries.

Proof. Suppose there exists a T-query bounded-error classical algorithm A to compute such a @, with worst-case
error probability < 1/20. Note that the only entries that depend on u; are in the ith column and row of A. Let
random variable T; be the number of queries that A makes in the ith column and row (here the randomness
comes from the input distribution and from the internal randomness of 4). Because every query is counted at
most twice among the T;-s (and only once if the query is to a diagonal entry of A), we have E[Zie[d] T;] < 2T.
Define index i as “good” if Pr[u; = 4;] = 0.8, and let I be the set of good indices. Since A has error probability
at most 1/20, we can bound the expected Hamming distance by

d d d d 1 d
E[H u)] < Pr[H , 1) < —] - — + Pr[H , —]d<1l — 4+ — -d< —.
[Ham(u, @)] r[Ham(u, @) 100] 100 + Pr[Ham(u, @) > 100] 100 + 20 10

By plugging in the definition of I, we obtain

1 — |1
d > E[Ham(u, @)] = Z Prlu; # ;] = Z Priu; # 4;] = Z E= dT|G|,

10 ie[d] ie[d\Ic ie[d]\Ig

implying that |Ig| > d/2. Because E[},;.;, T;] < E[X};c(4 T3] < 2T, by averaging there exists an index i € I
such that E[T;] < 47/d. This implies that there is a classical algorithm A’ that recovers u; with probability at
least 0.8 using an expected number of at most 47"/d queries to entries in the ith row and column of A.

Now suppose we want to distinguish u; = 1 from u; = —1 using samples from N (%, F%)Gd)‘ We can use A’
for this task, as follows. Generate uq,...,uj_1,%jt1, .- -, uq uniformly at random from +1, and generate egj from

29 et vy = alﬁ + B1wy and vy = azﬁ + Bows for some unit vectors wi, we L % and for some a1, as, 81, B2 € [—1,1] satisfying
_ 1B182] [B1] _

a% + ,8% = a% + B% = 1. Since v1 L w2, we have {(vi,v2) = ajas + B182{wi,w2) = 0, implying |az| ot [{wi, wa)| < o =
2
Vizei _ 3007
o] S 997 -
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N(0, g5557) for all 1 <i < j <d. Then we define a d x d matrix A’ as
Lugu; + €, if1<i<j<d i¢/{i,j}
yED LA sample from N (%, 4-1%)6d) ifi=iand i<y

)

u; - sample from N (%, 4.1})6(1) ifj=iandi<j

Al otherwise.

Note that for every i,j € [d], Aj; is a sample drawn from N (%52, - Ti657)- Given that our algorithm knows the

values it generated itself (in partlcular all u; with j # ) it can implement one query to an entry in the ith row
or column of A’ by at most one new sample from N (%, - 1%5 T7054): and queries to other entries of A’ do not cost
additional samples.

By running A’ on the input matrix A’, we have Pr[u; = 4;] = 0.8. Hence by using an expected number of
AT /d samples drawn from N (%, ;5t5;), we can distinguish u; = 1 from u; = —1 with probability > 0.8. Then by
Markov’s inequality, worst-case 407"/d samples suffice to distinguish u; = 1 from u; = —1 with probability = 0.7.

The KL-divergence between N (%, 15557) and N(—%, ;5bs7) is Eons, )[8 - 1002] = 810 10 . As a result,

1
4.1064
by using the well-known Pinsker’s inequality (drv(P,Q) < /iDkr(P|Q) [41, 22, 37]) and the fact that
D (P8 Q%) =t - Dgr(P| Q) for any distributions P,Q and natural number ¢, we obtain

11 sor 11 sor
< S N - E O VA S S - B o
2a) dTV(N(d’4-106d) T N(=3 11050 d)
(by Pinsker’s inequality) < \/1D (N(1 ;)@7% N(—1 ;)@7%)
Y quastty S\ PRI 11064 4 1-100d" °
1 40T 1 1 1 1
= T D (N(=, —— ) IN(==, ——)) = O(/T/a?
\/2 d KL( (d’4~106d)H ( d’4~106d)) O( / )
implying T' = Q(d?). |

By the discussion in Section 5.1, we therefore obtain the following corollary.

COROLLARY 5.1. Let A be a d x d symmetric matriz with||A]| = O(1) and an Q(1) gap between its top and second
eigenvalues. Suppose we have query access to the entries of A. Every classical algorithm that with probability at
least = 99/100, approzimates the top eigenvector of A with ly-error at most Tloo uses Q(d?) queries.

This query lower bound is tight up to the constant factor, since we can compute the top eigenvector exactly
using d? queries: just query every entry of A and diagonalize the now fully known matrix A (without any further
queries) to find the top eigenvector exactly.

5.3 A quantum lower bound Now we move to the quantum case, still using the same hard instance. Our
proof uses similar ideas as the hybrid method [11] and adversary method [2, 3] for quantum query lower bounds,
but adjusted to continuous random variables instead of input bits.

THEOREM 5.2. Let u € {—1,1}? be a uniformly random wvector, ei1,eia,...,€1d,€22,-..,€qqa be d(d + 1)/2
independent samples drawn from N (0, F%)Gd)f and A € R4 be the random matriz defined by

A

e quin + ey, if 1<i<j<d,
ij = )
otherwise.

Jis
Suppose we have quantum query access to entries of A. FEwvery bounded-error quantum algorithm that computes

@ e {—1,1} at Hamming distance < d/100 from u, uses Q(d*®/\/logd) queries.

Proof. Let v denote the input distribution given in the theorem statement, and X ~ v be a random d x d
input matrix according to that distribution (with instantiations of random variable X denoted by lower-case z).
Let O, denote the query oracle to input matrix x. Suppose there exists a T-query quantum algorithm
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A = UrO,Ur_q---U;0,Uy, alternating queries and input-independent unitaries on some fixed initial state
(say, all-0), to compute such a @ with error probability < 1/20, probability taken over both v and the internal
randomness of A caused by the measurement of its final state. Our goal is to lower bound 7.

For t € {0,...,T — 1}, let |[¢!) = Z amj li,j) |¢%:;) be the quantum state of algorithm A just before

i,5€[d

its (t + 1)st query on input matrix z. Let [T be the final state on input z. We define the query mass

on (i,j) € [d] x [d] on input x as pijz = 3, |ak;;|*>, and define the query mass on i on input z as
te[T]

pie = 2 labyl? +lal?. Note that 3, lal,;[* < 1 for all x and t. Every |al,;;|* is counted once in

te[T],5€[d]
Dirz and once in pj, if i # j, and counted only in p;, if i = j. Hence we have Zie[d] iz < 2T for every x. Define
T; = E,.[piz] as the expected query mass on the ith row and column of the input matrix, then Zie[d] T, <2T.
Call index i € [d] “good” if Pr[u; = ;] > 0.8, where the probability is taken over v and the algorithm’s
internal randomness. Let I be the set of good indices. Since A has error probability at most 1/20, we have
d d d o d 1 Q< d

EIH 7~ <PH 7~<7 100 Pr[H 7d<17 — a0 x .
[Ham(u, #)] < Pr[Ham(u, @) < 1551+ 355 + PrHam(u, @) > 7551 100 " 20 10

Using linearity of expectation and the definition of I, we have

4. E,[Ham(u, )] = Y Prlu; # @] > >, Prlu; # @] >

10 i€[d] i€[d]\Ia

d— |Ig|
5 Y

which implies |Ig| > d/2. Since 3}, Ti < Xy Li < 2T, by averaging there exists an index i € I such that
T; < 4T/d. We fix this i for the rest of the proof. Note that because i has Pr,[u; = @;] > 0.8, we also have
Pr,, [u; = 4;] > 0.6 and Pr,_[u; = 4;] > 0.6, where the distributions v, and v_ are v conditioned on u; = 1 and
u; = —1, respectively.

We now define an (adversarial) joint distribution p on (X, Y)-pairs of input matrices, such that the marginal
distribution of X is v, and the marginal distribution of Y is v_. First sample a matrix = (with associated
u e {—1,1} with u; = 1) according to v,. We want to probabilistically modify this into a matrix y by changing
only a small number of entries, and only in the ith row and column of z. Let f and g be the pdf of N(d7 T 105d)
and N(— d, T wﬁd) respectively. Consider an entry zj; in the ith row of z, with j # i. Conditioned on the
particular u we sampled, its pdf was f if u; = 1 and g if u; = —1. If the pdf of z;; was f, then obtain y;; from

xi; as follows: if z3; > 0, then negate it with probability %, else leave it unchanged.
ij

Claim: If zj; ~N(d,4106d) then y;; ~ N(— d741106d)

Proof: Let h be the pdf of y;;. For a value z > 0, we have h(z) = f(z) — f(2) - (z}(zg(z) g(2).

For 2 < 0 we have h(z) = f(2) + f(—2) - LE024=20 = f(2) + f(—2) — g(—2) = f(=2) = 9(=). m

If the pdf of zj; was g instead of f, then we do something analogous: if z;; < 0, then negate it with probability
g(@iz)—f(@is)

Jg(xij) .

Let matrix y be obtained by applying this probabilistic process to all entries in the ith row of z, and changing

the entries in the ith column to equal the new ith row (since the resulting y needs to be a symmetric matrix).
Outside of the ith row and column, = and y are equal. Let u be the resulting joint distribution on (z,y) pairs. An
important property of this distribution that we use below, is that the d x d matrices  and y typically only differ
in roughly v/d entries, because the probability with which x;; is modified (=negated) is O(1/+/d). The marginal
distribution of Y is v_, because the change we made in the X-distribution corresponds exactly to changing wu;
from 1 to —1. We could equivalently have defined p by first sampling ¥ ~ v_, and then choosing x;; by an
analogous negating procedure on y;;.

We now use the general template of the adversary method [2] together with our distribution u to lower bound
the total number T' of queries that A makes. Define a progress measure Sy = Epy~, [(4%[1})]. As usual in the
adversary method, this measure is large at the start of the algorithm and becomes small at the end: Sy = 1
because (¥0[¢)) = 1 for all z,y (since the initial state is fixed, independent of the input); and Sy < 1 — (1)
because for (x,y) ~ p, our algorithm outputs 1 with probability at least 0.6 on 2 and outputs —1 with probability

. This gives the analogous claim: the pdf of y;; is then f.
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at least 0.6 on y, meaning that <1/)£|z/)5> is typically bounded below 1. Let A; = [S;11 — St| be the change in the
progress measure due to the (¢ + 1)st query. We can upper bound that change as follows:

Ap = By [ 10 — @i lvpll
= [Eay~u[051 (010, — 1) [43)]]

= [Egy~p Z atxij <i7j|<¢tmj‘ Z yZJ I, ]>|¢yl] |
i,5€[d] 1,J Tij FYij

| ©:J:%ij #Yij

= Eoy~u Z |O‘§cij‘ : |O‘§/ij| + Z |afcji| ‘ |O‘gt;ji|

| 71215 #Yij JiT i #Yji
< lE 2 2
= 2 Y~ Z | ;c1_7| +|ay1]| Z ‘ x]1| +|ay]1| ’
JiTij #Yij JiT5i FYji

where we use that [ = Uy 10, [¢h) and [ = Uy 10, [4l), that OLO,, : i, 4,b) — i, 5)[b— zij + yiz),
that z and y only differ in the ith row and column, and the AM- GM inequality (ab < (a? +b?)/2) in the last step.
Now observe that

Ery"# Z 131j|2 Z E xlj 7 yij] : |aiij|2]
JiTij #Yij Jjeld] y
0
f(xiy) — g(x;
ZJ J i) | ol P - f(w55)das;
7 Jo f(zi5)
mmﬁ (1)
9\ Tij t o2
= = v .azi_ ffﬂldfﬂl
(J;) f(xl])) J| ( ]) J

J

+

0]
- s U0) = 0(a) oy )

<Z( max |1 —exp(—8-10°2)| - E, [Jaly, ]

7 \ zefo, 10vioed
oe]
+ \/m f(zij) g(xij))dxij)
8- 107 1
Z ( Og ]E:E~V+ [| zlj| ] + 2d_100)
J

where the first part of the first inequality holds because ?Ei” g = exp(—8 - 106:Uij), the first part of the second

inequality holds because for every z, 1 —exp(—z) < z, and the second part of the second inequality holds because

both f and g are Gaussians with variance 1555 and 10:}“ —1>10. m.
We can similarly upper bound >} Egyp[ X |ozle| ], Z Epy~nl 22 |ay1j| 1,
te[T] Jix i #Yji [T] J:Tij £ Yij
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and Y Epyou[ X ol ;?]. Now we have

te[T] JTi#Yji

Q(l) < |So — ST|

< Z Ay
te[T]—1
1
<5 2 Eeu| X (lelP+lalyl)+ Y (lakyl?+ lalyl?)
te[T]—1 Jiai; #Ys; Jiji# Y
4-107\/logd .
< N (P B oy P ok P + By [laly? + ol ?]) +4d71)

te[T]—1,j5€[d] \/E

<4~107\/@
b Vd
<8~107\/@
b Vd
<8~107\/@.£
S— 7

(Ex~u+ [pm] + Ey~u_ [ply]) + 4d797
Ex~u[pim] + 4d_97

+4d77,

where the sixth inequality uses that v, + v_ = 2v, and that j ranges over d values and ¢ ranges over 1" values
(and T < d? without loss of generality). This implies 7' = (d'-5/+/logd). 0

Again invoking the discussion in Section 5.1, we obtain the following corollary which shows that our second

algorithm is close to optimal.

COROLLARY 5.2. Let A be a d x d symmetric matriz with ||A|| = O(1) and an Q(1) gap between its top and
second eigenvalues. Suppose we have quantum query access to the entries of A. Every quantum algorithm that with
probability at least = 99/100, approxzimates the top eigenvector of A with ly-error at most ﬁ uses Q(d*?/+/log d)
queries.
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