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‘ The area-inferaction model in space

Density
p(x) = af" )y A

with respect to unit rate Poisson process on bounded W c R?. Here 3, is
positive, n(x) denotes the cardinality of x and A, (x) the area of

(x ® B(0,r)) N W.

~v = 1: Poisson process;
~ > 1: attraction, cf. Widom-Rowlinson (1970);
~ < 1, inhibifion, cf. Baddeley and Van Lieshout (1995).
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‘ Multi-scale areq-interaction

Consider the influence function defined for u # v by

() = ki fri_1 <|lu—ol|| <rj
)
0 if|lu—ovl|| >rm

forro=0<ri<ro<---<rp,andl =K1 > ko> > Km > 0and set

p(x) aB") exp |—logy | max K (w, :E)dw]

W TEX

= af"™exp —logfyZﬁ;j]{w cW:d(w,x) € (7"3'177"3'“]

j=1

in full analogy to pairwise inferaction models based on k.

Gregori, Van Lieshout and Mateu (2003).
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Note that

p(x) =

a8 exp

a8 exp

j=1

‘ Product inferpretation

—logy Y r; |[((x® B(0,73)) \ (x & B(0,75-1))) N W]

—logy Y (kj — rj+1)|(x ® B(0,75)) N Wl]

j=1

fyl-ij _H'j—i—l )_ATj (X)

under the convention k,,+1 = 0.

Relaxing the constraint that «; > ;1. INnhibition and atfraction may be
combined, cf. Picard ef al. (2009) and Ambler and Silverman (2010).
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‘ Space-fime area-inferaction: Definifion

Density
p(x) = af" )y xS

with respect o unit rate Poisson process on bounded subset
Ws x Wr C R* x R. Here o > 0 is a normalizing constant,

¢ is Lebesgue measure restricted to Wg x Wr,
~ > 0 is the interaction parameter, and

G is a cylinder

CE(0,0) = {(y,5) € W x Wr : ||yl < 7 |s| < t}.
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a‘ Mulfi-scale space-tfime area-interaction

Consider the influence function defined for u # v by

K if (’LLS —Vs,uT — ’UT) < Gj \Gj—l

~((us, ur), (vs, vr)) = { 0 if (us —vs,ur —vr) € Gm

where, forro <ri <re < - - <rm,to<ti1 <ta <+ <tpm,.G1 C--- CGm
are nested cylinders Cﬁjﬁ (0,0),1 =K1 > K2 > -+ > Kkm AN set

p(x) = af"®exp —log7/ max ﬁ:((ws,wT),(a:,t))dwsdwT]
! W

SXWT (a: t)EX

— aﬁ"(x) exp logvzﬁsj x@GH)\ (xDGj-1))
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‘ Product inferpretation and Markov property

Since

n(x b —L(xDG;
p(x) = o™ [~
71=1

for
log; = (kj — Kj+1)log~y
under the convention x,,+1 = 0, the log conditional intensity is

log A((y,s);x) = 10g<p(XU{(y,s)})>

p(x)

= logfB—) logyt(((y,5) & Gy)\ (x& Gy))

j=1

and hence p is Markov atf range 2 max{rm, tm }.

Note: generalise to any ~; by relaxing the constraint k; > k;1.
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‘ Varicella

* fransmitted by direct conftact with the rash or by inhalation of
aerosolised droplets from respiratory tract secretions of patients;

* mostly mild in childhood, severe in adults;

* may be fatal in neonates and immuno-compromised people;
* 10 to 21 days incubation period;

* ifchy, vesicular rash, fever and malaise;

* it takes 7 to 10 days for vesicles to dry out.
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‘ Data

@21 cases in 16 districts in Valencia, Spain, during 2013.

Bounding region Ws = [0, 9] x [0, 9] km?.

Bounding tfime region W = [0, 52] weeks.
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y (km)

‘ Exploratory analysis — Spafial component

g(r)

Left: projection in space. To get rid of duplicate locations, add jifter in

(0,0.01) fo each coordinate.

Right: estimated pair correlation function assuming stafionarity and

isotropy, Epanechnikov kernel

Ke(t)

Conclusion: r,,, ~ 2.

|\ CWL

3 t?
:4—<1——2>, —€§t§e,
€ €

with bandwidth according to Stoyan’s rule of thumb 0.15(5))
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N Exploratory analysis — lemporal component
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Projection in time and estimated auto-correlation function assuming
stationarity.

Conclusion: t,, ~ 7.5.
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‘ Modelling — Covariate information

Idea: add a first order interaction function based on explanatory
variables.

Visual inspection suggests a separable function

A(z,t) = BMz)Z(t),z € [0,9]%,t € {0,...,51}

is reasonable, where 5 > 0, A(z) is a non-parametric estimate of the
population density, and Z(t) a fitted harmonic regression

3
_ Z cj cos(2mjt/52) + d; sin(27jt/52)) + c(a + bt)

rescaled by 100.
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‘ Results and defails

Ax):

Known: number N; of inhabitants in 559 sections in the 16 districts. Take

N; uniformly distributed points in each section, apply a Gaussian kernel

smoother with o = 0.15 and global edge correction, and scale by 1, 000.

Z(t):
Estimate co,...,c3,d1,...ds, c, a and b by maximum likelihood in the
Gaussian family.
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‘ Inference

Starting from r,, = 2 and t,,, = 7.5, we zoom in by discarding ranges
where the estimated parameters x oscillate around zero to arrive af the
following model:

p(x) o< g [ Aa,t)exp Z/ﬁsg (x® G\ (xDGj-1))

(z,t)Ex

for r = (0.1,0.2,0.3,0.4,0.5,0.6) and ¢ = (0.75, 1.0, 1.25, 1.5, 1.75, 2.0).
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‘ Estimating the paramefters

Nguyen-Zessin—-Georgii equation

E Z (:CX\{CE}:| [/WS/WT (x, X)Ao(x; X)dx| .

reXNWgxWy

The Takacs-Fiksel idea is to choose convenient functions h, estimate
both sides, equate and solve for 6.

Pseudo-likelihood: (Besag, 1977; Jensen and Mgller, 1991)

0
o0

Logistic regression: (Baddeley et al. 2014)

h(z, X) = —log Ao(z; X)

0 Ao (x5 X)

M X) = 5g 1o Ao(z; X) + p(x)

with p(z) = A(z)Z(t)/25.
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‘ \Validation

99 realisations from the fitted model in MPPLIB using

Metropolis—Hastings.

Monte Carlo envelopes for estimates of Linhom (1, t = 3r) (Gabriel

and Diggle, 2009) using stpp.
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