Mastermath, Spring 2018 Lecturers: D. Dadush, L. Ducas
Intro to Lattice Algs & Crypto Lecture 7 Scribe: S. Huiberts

Periodic Gaussian, Discrete Gaussian and Transference

In this lecture, we look at the Periodic and Discrete Gaussian functions and study them
through Fourier-analytic methods. We prove a tail bound for the Discrete Gaussian, which we
use to prove a stronger transference result.

1 The Periodic Gaussian
DEerFINITION 1 We define the function ps : R" — R by

pu(x) = e, 55,
and from this we define the periodic Gaussian fs : R" — R by

fs(t) == ps(L+t) = Z ps(x +t).

xel
We write p := p;.
The function f; approaches a constant function as s — co, and approaches separate Gaussian

densities as s — 0. Later in this lecture we will formalize this notion by defining a smoothing
parameter.

(a) Periodic Gaussian on Z2 for s = 0.3. (b) Periodic Gaussian on Z? for s = 1.

PRroPOSITION 2 The functions ps satisfy the following properties.
1. [gaps(x)dx = s".
2. ps(y) = s"p1/5(y):

Proor: We prove both properties for s = 1. The general cases follow by a change of variables.
The first property is proven by switching the product and integration:

n n e}
/]R’1 p(x)dx = /n He’m‘?dx = H/ e*”xl’zdxi =1.
i=1 i=17/—

The equality [, e~ ™ dx; = 1 is the standard Gaussian integral.



Observe that we can also integrate every variable separately to prove the second property.

n 0o
-~ _ —7t||x||? ,—27i{y,x _ — X2 —27iy;x;
P<y>—/,,e Ix|2g—2rily >dX—H/we P2
j=17-

N Y

We complete the square and get [ ¢ ™ ™¥i¥idy; = e 7Y/ [0, e mlytiy)? dx;. We argue that

the integral [~ e (xj+iy;)? dx; is the same for every value of y;, which we show by differentiation.
d

diyj /_ efn(xﬁiyj)de]. — /_W(Zixf _ Ziyj)efn(xﬁriyj)zdxj
= 2i[e~ (X Hiy))* |

x/:—oo

= 0.
The derivative equals 0 for all values of y;, hence the integral does not depend on y; and

)2 e
[ e W dy; = [% e ™dy;=1. O

LEmMMA 3 (PROPERTIES OF THE PERIODIC GAUSSIAN)  For a full-rank lattice £ C R" and s > 0, the
periodic Gaussian f, satisfies

1. fs(t) is maximized when t € L.

2. fo(t) > fo(0)e IS for all £ € R™.

Proor: The function ps satisfies all conditions for the Poisson summation formula: it is continu-

ous, and satisfies |ps(x)| < W for some C,6 > 0. In particular, p(x) > 0, and
o(x) < e WP < co-trroldl < €
(14 [Ix]) o)’

for C = (") and any & > 0. The second inequality follows from a - b < a? + b2, and the last
inequality stems from the fact that 1 +a < ¢”.
As ps satisfies all necessary conditions, we can use the Poisson summation formula:

p(£+t Zmyt

yeﬁ*

Y, & Yy(y).
yeL*

1’!

det(L’)

We know that p; is real-valued, so it makes sense to upper bound the above sum. The function
p1/s is non-negative everywhere, so we can upper bound the summation by the triangle inequality

as
Y, M0 (y) < 1Y T (y) < Y 1Y oy 4(y).
yeL* yeL* yeL*

For t € £ we have ¢t} = 1, which makes both inequalities tight. Hence p; attains its maximal
value at points t € L.



For the second statement, we have

JAGED oI

xel

-y e e e L
xeL 2

_ Z e*7'(||t/s|\zef7'c\|x/sH2(16727r<x,t>/s2 + 162n<x,t>/sz)_
xel 2 2

By convexity, se=270t/5* 4 127bet)/s* > 1 o

DEFINITION 4 For a full-rank lattice £ C R" and € > 0, the smoothing parameter 1.(L) is the number
s > 0 such that p1,s(L*) =1+e.

As a function of s, p1,s(L*) is strictly decreasing, going to 0 as s — oo and going to o0 as s — 0.
Because of this, 77:(£) is well-defined: it exists and is unique. The following lemma justifies why
we call 7,(£) the smoothing parameter.

LEMMA 5 For £ C R" a lattice and s > n.(L), we have

n n

S

(=) qer()

S

det(L)’

<ps(L+1t) < (1+¢)

Proor: Using the Poisson summation formula we get

_ s 27y t) ,—7llsy|2
P = Gargy L0

e (1§ ),
det(L)

yeL\{0}

It suffices if we can bound the summation in absolute value by e. By the triangle inequality,
Xyes {0} 2yt o=yl | < Zyeﬁ*\{0}|ezm<y't>|e*"”53’“2. We know that [e2™ (8| < 1, so the last
sum is bounded by p;,s(L*\{0}). Now recall that p;,5(£*\{0}) < & by our assumption that
s > 11¢(L). This implies

Si’l

ps(L+t) € [1—8,1+s]det(£).

For some basic intuition, we provide the next two lemmas on the behavior of 7.(£)

LEMMA 6 For L C R" a full-rank lattice, 171 /2(L) > m

Proor: Let s =
We have

m. It suffices to show that py/s(L£*) > 3/2. Let x € L£* have ||x|| = A1 (L").

3
p1/s(L7) > 1+ p1/s(x) + prys(—x) = 142 eI > pX
as needed. O

The function ps(£\{0}) decays quickly as s grows. This is reflected in the smoothing param-
eter for different values of ¢, which are not too far off from each other.



LemMA 7 For any full-rank lattice L C R", e € (0,1), and k > 1, we have 1¢(L) < 1142 (L) < kne(L).

Proor: The first inequality holds because p;/s(L*) is strictly decreasing in s. Now suppose
without loss of generality that #.(£) = 1. Then,

kZ
P1/kp(c) (L0} = ) P,ﬁ(g)(y)k2<< ) pﬂs(ﬁ)(y)> =,

yeL\{0} yeL\{0}

so k17e(L) > 1,42 (L) as needed. O

ProrosITioN 8 For a full-rank lattice L C R" and any t € R",s > 0, > 1 we have
Pas(L+1) < a"ps(L).

Proor: We recall that by Lemma 3} pas (£ +t) < pus(L). From here, we derive the result using
the Poisson summation formula:
(as)" .
Pas(’c) = det(ﬁ)pl/("‘s)(£ )
SVl
< n *

=a"ps(L).

2 The Discrete Gaussian

In this section we define the discrete Gaussian distribution. For the discrete Gaussian we can
prove similar tail bounds as for the regular Gaussian. At the end of this section, we use these tail
bound to get a stronger transference result.

DEFINITION 9 For a full-rank lattice L C R", s > 0 and t € R", the discrete Gaussian distribution

D 1 has probability mass function Prx.p,, . [X = x| = pf&(i)t) if x € L+ tand 0 otherwise.

To prove a strong tail bound on the norm of X ~ D, we use the following general bound
for non-negative random variables.

LemMmA 10 For any random variable X on R4 we have the following tail estimate for all t, A > 0:

E [eAXZ]

ProoF: By monotonicity we have the following equalities of probabilities:

Pr[X > t] = Pr[X% > 3] = Pr]AX? > Af2] = Pr[e?X > o).

Recall Markov’s inequality: for s > 0 and a random variable Y on R} we have Pr[Y > s] < @.

This is because E[Y] = E[Y|Y > s]Pr[Y > s] + E[Y|Y < s]Pr[Y < s] > sPr[Y > s]|. The result
immediately follows. O



LemMA 11 Let £ C R" be a full-rank lattice and t € R". For any o« < 1 and X ~ Dy,

(X2 1 p(£)
El ]S\/1—(x” p(L+t)

Proor: We rewrite the expectation by writing out the summation defining it.

2 2
NTT||X —T7T||X
E[eXI?] — Txerrt e X el

p(L+1t)

_ 01, im(L+1)
p(L+t)

By Proposition o1 ia(L+t) < \/1lfa” pféﬁ)t) as needed. O

TuEOREM 12 For £ C R" a full-rank lattice, r > 1,5 > 0 and X ~ Dy, we have
Pr [HXH > rs ”} < Mrne—%(ﬂ—l) < ME—%(r—l)z_
2| = ps(L+t) ps(L+t)

Proor: We prove this inequality using Lemma which holds for all « > 0, and Lemma
which holds for a < 1.

n . IE[@“TEHXHz]
Pr{|[X[[ > sy /5] < min T

. 1 P(ﬁ) —anr?/2
< .
e B p(£+t)e

We can minimize the last expression by differentiating with respect to a. Doing so, we find that
a=1- rlz minimizes the right-hand side. We fill this in and find

n ps(ﬁ) n,—2(r2—1)
< 2 7
Pr[|IX|| > rswzn] < ps(£+t)r e ?
ps(L) 51

< ————e

~ ps(LH4t)

We used on the last line that 0 < In(r) <r—1forallr > 1. O
CoroOLLARY 13 For any full-rank lattice L C R", t € R" and s > 0, we have that

pS(‘C) —n
> < ——— .
e (Lt

Consequently, p(L + t\/nBy) < 4 "p(L).

Proor: We apply the stronger bound in Theoremwith r = +/27. The corollary follows because

—(2m —1)/24+1In(v2m) < —1In(4). We observe that Prx.p,,, [|X]| > sv/n] = %ﬁtﬁ)@) to

conclude the final result. O

Now we have all tools we need to prove strong transference theorems.

5



THEOREM 14 For any full-rank lattice L C R", the following inequalities hold:

(L) < 2

o
L <7 PIEDE

2A1(£7)

2
a7

2. 3mp(L) < u(L) < v/nipya(L),

Proor oF 1: We abbreviate s =
We have that

T\/ﬁﬁ*)' For the lower bound, let x € £ be such that ||x|| = A1(L).

02/s(L\{O}) > p2/s(X) + pa/s(—x) = 2 TEME)/2* 5 o g,

as needed.

For the upper bound, we use the tail bound on the discrete Gaussian to bound the probability
mass at distance A (L*) from the center of the distribution D+ 1,5, which will allow for a bound
on ps(L*). Using that A1 (L") = <+/n and applying Corollary l

p X|| >M(LY)] <47
XND;,UJ” = A(£)] <

Observe that

“\{0 ) -1
Pr [HXH > /\l(ﬁ*)] _ Pl/s(ﬁ \i }) _ Pl/s(ﬁ )* )
X~Dps /s p1/5(L¥) 01/5(L¥)
It therefore follows that p1,s(L£*) < ﬁ <1+42-47",505 > tp4-4(L). O
PROOF OF 2: Let s = 11,2(L). First we prove the upper bound. We fix some t € R". Lattice
points in L close to a vector t correspond to short vectors in the set £ —t. We show that such

short vectors exist through a probabilistic argument. We will prove that for X ~ D,_¢, we have
Prx~p,_.,[[IX|| < sy/n] > 0. Using the tail bound on the discrete Gaussian and Lemmawe have

pS(E) —n
bl tS[HXH > sv/n] < W‘L

_ (1+1)s"/det(£)
T (1- %)s"/det(ﬁ)
=3-47"<1.

—n

So with non-zero probability, |X|| < sy/n, which is equivalent to the lattice point X + t having
distance less than s\/n from t. As such a nearby lattice point exists for any choice of t, we have a
bound on the covering radius u(L£) < v/ny1,2(L).

For the lower bound, choose t € R" such that ps(£ +t) < #Zﬂ) and ||t|| < u(L). Such t
exists, because for D a fundamental domain of ﬁ Jpps(£+x)dx = dizﬁi Furthermore, the

upper bound of Lemma 5|is tight for ps(£) = Appealing to Lemma

- 2det( )

2 _ps(LHY) s

3 ps(L)
Taking logarithms lets us deduce the result. O

CoROLLARY 15 For a full-rank lattice L C R", u(L)A1(L*) <n
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Proor: We know that 171,,(£) <17 2 (L), which implies that

n

u(L) < Vnpp(L) < \/ﬁﬂfn(ﬁ) < M)
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