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In a recent paper, Šijačić and Ebert[Phys. Rev. E.66, 006410(2002)] systematically studied the transition
from Townsend to glow discharge, referring to older work by von Engel and M. Steenbeck[Elektrische
Gasentladungen. Ihre Physik und Technik(Springer, Berlin 1934), Vol. II ] up to Raizer[Gas Discharge Physics
(Springer, Berlin, 1991)]. Šijačić and Ebert stated that this transition strongly depends on secondary emission
g from the cathode. We show here that the earlier results of von Engel and Raizer on the small current
expansion about the Townsend limit actually are the limit of smallg of the Šijačić and Ebert expression, and
that for largerg the old and the Šijačić and Ebert new results vary by no more than a factor of 2. We discuss
the g dependence of the transition, which is rather strong for short gaps.
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In a recent article[1], the transition from Townsend to
glow discharge was reinvestigated with analytical and nu-
merical means. On the analytical side, a systematic, small
current expansion about the Townsend limit was performed
and it was stated:

“The result agrees qualitatively with the one given by
Raizer [2] and Engel and Steenbeck[3]. In particular, the
leading order correction is also of ordera9s j /md2. However,
the explicit coefficient ofj2 differs: while the coefficient in
[2,3] does not depend ong at all, we find that the depen-
dence ong is essential, as the plot ofF in Fig. 1 of [1]
clearly indicates. In fact, within the relevant range of 10−6

øgø100, this coefficient varies by almost four orders of
magnitude. We remark that it indeed would be quite a sur-
prising mathematical result if the Townsend limit itself
would depend ong, but the small current expansion about it
would not.”

Here, we remark that while the systematic calculation in
Ref. [1] was correct, the interpretation and comparison to
earlier work requires some correction.

To be precise, the model treated in[1–3] and by many
other authors is a one-dimensional time independent
Townsend or glow discharge characterized by the classical
equations for electron and ion particle currentJe,+ and elec-
tric field E, given by

]xJe = uJeuāsuEud, ]xJ+ = uJeuāsuEud, s1d

]xE =
e

e0
sn+ − ned, s2d

Je = − nemeE, J+ = n+m+E. s3d

Impact ionization in the bulk of the discharge is given by the
Townsend approximation

āsuEud = a0 e−E0/uEu. s4d

(In [1], the generalized caseāsuEud=a0 exps−E0/ uEuds was
treated.) Boundary conditions at the anodesx=0d and for
secondary emission at the cathodesx=dd are

J+s0d = 0, uJesddu = g uJ+sddu. s5d

The discharge is characterized by the potentialU and total
electric currentJ, as

U =E
0

d

dx Esxd, J = esn+m+ + nemedE. s6d

It is useful to introduce dimensionless voltage and cur-
rent, as

u =
U

E0/a0
, j̄ =

J

e0a0E0 m+E0
, s7d

where j̄ = j /m with the definition of j from [1]. It should be
noted that only bulk gas parameters have been used as units;
therefore, the dimensionlessu and j̄ are independent ofg.

Further dimensional analysis yields that the current-
voltage characteristicsu=us j̄d can depend on three param-
eters only; namely, on the dimensionless gap lengthL=a0d,
on the coefficientg of secondary emission, and on the mo-
bility ratio m=m+/me. In practice, the dependence on the
small parameterm is almost negligibly weak[1]; therefore,
u=us j̄ ,L ,gd. Here, the dimensionless gap lengthL is related
to pd throughL=Apd as long as the coefficienta0 is related
to pressure asa0=Ap.

How strongly does the characteristicsu=us j̄ ,L ,gd depend
on g? In [1], Šijačić and EbertsSEd calculated the whole
Townsend-to-glow regime numerically and derived, by ex-
panding systematically in powers of currentj̄ about the
Townsend limit, that

u = uT − ASE j̄ 2 + Os j̄ 3d, s8d
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ASE=
ET a9

2 a8

Fsg,md
saETd3 , s9d

asETd = e−1/uETu, s10d

which gave an excellent fit to the numerical solutions. Here,

Fsg,md =
Lg

3

12
+ s1 + mds2 − Lg − 2e−Lg − Lge−Lgd

+ s1 + md2S1 − e−2Lg

2
−

s1 − e−Lgd2

Lg
D ,

Lg = ln
1 + g

g
, s11d

andET anduT are field and potential in the Townsend limit of
“vanishing” current, i.e., with breakdown values

ET =
1

lnsL/Lgd
, uT =

L

lnsL/Lgd
. s12d

The minimal potentialuT is Lge1, it is attained for gap length
L=Lge1 on the Paschen curveuT=uTsLd [1–3].

In [1], it was argued that the coefficientASE in (8)
strongly depends ong due to the factorFsg ,md in (9). This
factor Fsg ,md indeed strongly depends ong, for small g
actually in leading order likeLg

3 /12. (Note that there is a
discrepancy between equation(50) in [1] for Fsg ,md which
is reproduced as Eq.(11) in the present paper, and the plot in
Fig. 1 of [1] for 10−1,g,100. Equation(50) in [1] is cor-
rect and the figure erroneous.Fsg ,md actually varies by five
orders of magnitude on 10−6,g,100, not only by four.)

At this point, the question of how the remaining factors in
ASE depend ong was omitted. In fact, the denominator
saETd3 in (8) has in leading order the same strong depen-
dence ong, since

1

saETd3 = F L

Lg

lnsL/LgdG3

, s13d

according to the Townsend breakdown criterionaL=Lg; cf.
(10)–(12). Therefore, the leading order dependence onLg

3 of
the coefficient of j̄2 in (8) is cancelled and replaced by a
dependence onL3, while the term witha9 has the classical
explicit form

ET a9

2a8
=

1 − 2ET

2ET
=

lnsL/Lgd − 2

2
. s14d

In [2,3], another small current expansion was derived from
(1)–(3), assumingn+@ne andn+sxd<const. This approxima-
tion was criticized in[1], since it is in contradiction with the
boundary condition(5); however, for very smallg, it is a
good approximation in a large part of the gap. The resulting
equations(8.8) and(8.10) from [2] read in the notation of the
present paper

U = UT −
UT

48

1 − 2ET

2ET
S J

JL
D2

, s15d

JL =
e0m+UT

2

2d3 . s16d

(Here, a misprint in[2] was corrected, namely, the missing
factor UT in the coefficient ofJ2 in (15), is now included.
Furthermore, the factor 1/s8pd in (8.8) is substituted bye0/2
in (16), since we here write the Poisson equation(2) in MKS
units rather than in Gaussian units; cf.(8.6) in [2].)

In (15), the physical current densityJ is compared toJL.
JL is the current density at which deviations from the
Townsend limit through space charges start to occur; it ex-
plicitly depends ong throughUT (12).

Comparison of the results of Šijačić and Ebert(8) and of
von Engel and Raizer(ER) (15) show that the coefficients
ASE,ER in the expansion(8) are related as

ASE= AER
12 Fsg,md

Lg
3 , AER=

1 − 2ET

2ET

L3

12 ET
3 . s17d

The coefficientsASE andAER depend in the same way onL,
and they are essentially independent ofm for realistic values
of m. Therefore, the ratioASE/AER depends only ong as
shown in Fig. 1. Forg→0, the ratio tends to unity. For a

FIG. 1. The ratioASE/AER of the small current expansions by
Šijačić and Ebert and by von Engel and Raizer as a function ofg.

FIG. 2. The normalized coefficientA=24 ASE/ sL3 ln4 Ld as a
function ofg for gap lengthsL=Apd=15, 30, 60, 120, 240(dashed
and solid lines with labels).
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large range ofg values, the deviation is not too large, ap-
proaching a factor 0.44 forg=10−1.

Figure 2 shows that the factorASE indeed strongly de-
pends ong for the givenL.

The strong dependence ofASE or AER on g for a given
short gap lengthL means that we can obtain both negative
and positive differential resistancedU/dJ close to the
Townsend limit for the same gap length. Therefore, the
choice ofg is important since it can change the differential

conductivity and therefore the stability of a Townsend dis-
charge in a short gap.
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