Corollary 8.7. As function D(AE) — R, the guessing probability Guess(A|E) is convex.

We conclude the subsection by showing that the chain rule (point 3. of Lemma A.4) still holds.
Proposition 8.8. For all states page € D(ABE)
Hoo (A|BE) > Hoo (ABJE) — logrank(pg) > Hoo (ABJE) — log dim(Hp) .

Proof. Let A > 0 and o € D(E) with supp(pg) C supp(og) so that A - 14 @ [ ® o > pase.
Then also A -4 ® p%, R og > p% PABE p% = paBe, where the equality is due to Corollary 8.2 and
Remark 0.2. So, for og := p%/rank(B) € D(Hp) we have A -rank(pg) - la®og®oce > page. O

8.2 Min-Entropy of Superpositions

We start with the following technical observation, which relates a superposition of states to the
corresponding mizture of the states.

Lemma 8.9. Consider |¢) € S(H) and p € D(H) of the form
o) =D aulr)  and = |agl’|z)l,
TEX, TEX,

where {|z)}zex is an orthonormal basis of H and X, C X. Then, |o)p| < |Xs| - p.

Proof. Let |¢)) € H. Then
2

(WlleNellv) = [Wlp)* =

Zaz@bl@

XDl (@lz)? = X D lawl* (W) {x|v) = | Xo| - (1b]5]¢)

where the inequality is obtained by viewing ) o, (¢|z) as inner product of the length-|X,|
vectors with entries o, (¢|x) and 1, and applying Cauchy-Schwarz inequality. O

This allows us to related the min-entropy of a superposition to the min-entropy of its mixture.
Proposition 8.10. Let |Q2) € S(AE) be a superposition
Q) = D aulw)|e”)
rEXo

where {|z)}zex is an orthonormal basis of Ha and X5 C X, and let pag, pae € D(AE) be given
by

pae=Q  and  par= ) |aulle)z] @ @) e"] .
TEX,

Then, for any og € D(E)
Hoo (paeloE) = Hoo(patloE) — log | Xl .
Furthermore, if T is a CPTP map that acts on either of A and E, or on both, then

Heo (Z(paE)|loe) > Hoo(T(paE)|0E) — log | XS] .

Proof. Let A > 0 be so that A-I1®og > pag. Then, by Lemma 8.9 above, it follows immediately
that |Xs|A -1 ® og > pag, which proves the first inequality. The extension involving the CPTP
map follows by observing that if |X,| - pag > pae then also |X,| - T(pae) > T(pag), because a
CPTP map preserves positivity, and thus the same argument still applies. O
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8.3 Rényi Divergence and Rényi Entropy

We now introduce and discuss a parameterized entropy notion H,(A), respectively H, (A|E)
for the conditional version, referred to as (conditional) Rényi entropy, which recovers the
definition of the min-entropy Hy, when taking the limit o — oco. In the limit o« — 1, it recovers
the well-known Von Neumann entropy, the quantum extension of the Shannon entropy
(Definitions A.2 and A.3). The case o = 2 is referred to as collision entropy.

Like for the min-entropy, the definition for the unconditional version is quite harmless.

Definition 8.4. Let 0 < a <1 or 1 < a < o0. For a given pa € D(A), the Rény entropy of
order « is defined as

1 (6% 1 [e%
Hu(A) :=Hu(pa) == 1 logtr(p%) = 1 log ||lpalls -

-« -«
When bringing pa into diagonal form, the classical results (see Appendix A.3) apply, and thus
Hy(A) = Hoo(A) for a — 0o, Hy(A) — Hp(A) := logrank(pa) for @« — 0, and Hy(A) — Hi(A)
for a — 1, where

Hi(A) :=H(A) := —tr(palog pa)
is known as Von Neumann entropy.

The conditional version is again trickier. It will be useful to first define the following. We
remark that it is convenient to think of D,, when applied to density operators, as a distance
measure, even though it is not a metric.

Definition 8.5. Let 0 < o # 1. For p € D(H) and o € P(H), the Rény divergence of order
« s defined as

1
a—1

Da(pllo) = logtr<(crl2_7apal2;aa)a) = aa logHal’;Tapcrl;TaH

-1

«
whenever supp(p) C supp(o), or a < 1 and supp(p) L supp(o), and Dy(p, o) := oo otherwise.

By taking the limit “component-wise”, one expects —and this is indeed the case —that

Doo(pae|1a ®@ 0g) := lim Da(pag|[1a ® 0€) = log|log"*pacog ||, = —Hoo(paeloE) -

This indicates that we are on the right track and motivates the following definition.

Definition 8.6. Let 0 < o # 1. For a given pag € D(AE) we define

Ha(A|E) := —minDa(pae || 14 ® o),
where the min is over all og € D(E).

For an “empty” system E = (), i.e., Hg = C, we recover H,(A|E) = H,(A).

Remark 8.4. Using similar reasoning as in the case of the min-entropy, it is good enough to
quantify over of with supp(og) C supp(pe), and so we may assume without loss of generality
that Hg = supp(pg). This then also ensures that the minimum is indeed attained, given that
the objective function is continuous and the optimization is over a compact set.

Compared to o — oo, the limit o« — 1 is less clear. We state here without proof nor intuition
that Dy (pag, Ia ® o) — tr(pAElog(pAE) - pAglog(UE)). Furthermore, one can show that here
the optimal choice for og is pg, so that

H1(A[E) = —tr(paelog(pag) — paelog(pe)) = H(AE) — H(E),
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which is the conditional Van Neumann entropy H(A|E).

D, is monotonically increasing in «, and thus Hy (A|E) is monotonically decreasing in ce. We
only show the following special case here.

Proposition 8.11. For any p € D(H) and o € P(H)
Da(pllo) < Doo(plo)

Proof. Let p =Y. A\i|i)(i| be the spectral decomposition of p. Then, we have
Ds(pllo) =logtr((a™*p 0_1/4)2) =logtr(po™"?po™"?) = logz Ni{ilo™2p o™ ?]i)
i

< logz Ai Amax (07 2p o) =1og Amax (0™ *po™"?) = Dus(p|lo) ,

)

which proves the claim. O

The Rényi entropy satisfies similar properties than the min-entropy, like monotonicity for
classical subsystems and data-processing inequality (for o > %) and chain rule, similar to
Propositions 8.4, 8.5 and 8.8. The chair rule is comparably simple.

Proposition 8.12. For 0 < a < 0o and any page € D(ABE), we have
H,(A|BE) > H,(AB|E) — Hy(B)
Proof. Using Corollary 8.2, which ensures supp(page) C supp(la ® pg ® Ig), and Remark 0.2,

we observe that p% page p% = page. So, setting op := p%/rank(pg), for % # o < 00 we obtain

1— 11—«

108§H (08 ® 0F) % pABE (o8 ® UE);T .

o
Ha(A|BE) 2 —Da(pasellla @ 05 ® o) = 1— -

I8 1;04 0 0 1;04
i 10gHUEa PBPABEPBOE"

a— log rank(pB) = _Da(pABEHHAB & O’E) - Ho(B)

for any o € D(E), and so the claim follows by maximizing over og. The cases a = 1 and oo
follow by taking limits. O

Arguing the monotonicity for classical subsystems and the data-processing inequality is sub-

stantially more involved, and will be obtained in the upcoming sections.

8.4 Data-Processing Inequality
The goal of this section is to prove the data-processing inequality for the divergence D,,.
Theorem 8.13. Let 1 < a < co. Foranyp € D(H), 0 > 0 and CPTP map T € L(L(H), L(H')):

Da(%(p), %(9)) < Dalp; o).

The data-processing inequality for the conditional entropy H, then follows immediately.

Corollary 8.14. For a as above, pag € D(AE) and T € L(L(E),L(E')) a CPTP map:
Ha (AIZ(E)) > Ha(A[E),

where Ho (A|Z(E)) is naturally understood as Ho(A|E') for pag = Te—e (paE).
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Remark 8.5. Another immediate consequence is that Dy (p,0) > 0 for all p,o € D(H), and that
H,(AJE) < Ho(A) <logdim(Ha); indeed, this follows by setting T := tr.

For the proof of the data-processing inequality for the divergence, it will be convenient to
consider a variant of D, that is without the ——scahng and without the log. Furthermore, for
simplicity and since this is good enough to conclude Corollary 8.14, we restrict to where we
restrict to full-rank, i.e., invertible, p € D(H) and o € P(H), denoted respectively as D*(H)
and P*(H). Thus, we define

do : D30 x P*(H) = R, (p,0) > (0% po's)")

Our goal is to show that d, is decreasing under the partial trace when a > 1, respectively
increasing when o < 1. By the monotonicity of the log, this implies the data-processing
inequality for ¥ being the partial trace — for full-rank p and ¢, and in general due to continuity.
By the Stinespring representation, and observing that D, is invariant under isometries, this
then implies Theorem 8.13 for arbitrary T. The cases o = 1 and oo follow by taking limits.

We start with the following convexity/concavity property.

Lemma 8.15. Fora >1 (3 <a < 1), da is jointly convez (concave).

The strategy of the proof is to reduce the claimed convexity statement to the celebrated Lieb’s
Concavity Theorem, as given in Corollary B.13 in Appendix B.4.

Proof. First, consider a > 1. Applying Corollary 7.4 with p = « and optimizing over the choice
of R, we obtain

e po e )) = p- “poa R) — 1 Q}
tr((a? po2 )) pr}r{lg%({tra2 pa2 R) g tr(R)

=p-max {tr “%Ro Qq) - ftr(Rq)}

1

1 1
where the second equality uses 1= 1—+= O‘T_l Writing W = ¢ 22 Ro 24, we then obtain

S

tr((a%"po%&)a) =p- gvlg%{tr(pw) ltr((Cf%Wﬁ)q)}

— p- max {tr(pW) - %tr((Wl/le/qwl/Q)q> } ,

where the second equality is due to Lemma 0.4. The goal is now to show that the term %tr(-) is
concave as a function of o for every W. This then ensures that the entire objective function is
(jointly) convex as a function of (p, o) for every W, since tr(pW) is linear in p and thus trivially
convex. It then follows that the max over W is convex as well (see Remark B.2), which then
proves the claim.

In order to argue concavity, we again apply Corollary 7.4, now to R = W1/2¢Y/4W1/2 and
optimize over L. Writing L as L = Z'/P_ we then obtain

1
qtr<(W1/201/qW1/2)q) = max {tr(Zl/le/le/qW”?) _ %tr(Z)}.

Here, tr(Zl/pW1/2al/qW1/2) is jointly concave in Z and o by Corollary B.13 for any W. Thus,
this holds for the entire objective function, and thus the concavity claim we were aiming for
holds (see Remark B.2).
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For a < 1, we can show as above, but using the reverse version of Corollary 7.4, that

1—

tr ((012aap0 Za )a> =p- mi>n {tr(pW) _ étr((Wl/Qal/qwl/Q)q>}

—p- $m {tr(pW) + tr((Wﬂ/%l/q’Wﬂ/z)q’)} ,

where the second equality is by setting ¢’ := —¢. It now remains to argue that Ltr(-) is concave,
which is done exactly as above, noting that % = ITTC“ <1 for @ > 1/2, so that Corollary B.13
again applies. ]

In order to get from convexity/concavity of d, to the de-/increasingness of d, under the
partial trace, we first introduce the following.

Definition 8.7. For a given orthornormal basis {|0), ..., |d — 1)} of H, the generalized Pauli
operators X and Z are respectively defined as

U
—

X =Y le+1)e]  and  Z:=Y 0
_ 0

~
I

where the addition £ + 1 is understood to be modulo d.

The generalized Pauli operators X and Z satisfy the following basic properties, all easy to verify.
They are both unitaries, X% =1 = Z% and ZX = ¢*"/4X Z. Furthermore, tr(X) = 0 = tr(Z).

Considering a fixed orthonormal basis, we introduce the superoperator

¢:L(H) = L(KH), R— dQZXxZZ (Z1)*(XT)* 2ZZZXU%(XT) (Z),

where the sum is over all z and y in Z/dZ, and where the equality holds because of the above
commutativity property of X and Z.

Lemma 8.16. As a superoperator, & = ( )tr R BB T

dim dim (%)

Proof. We observe that (R) commutes with X and Z. Indeed,

X€(R) = ZX””“ZZR(ZT (XN = ZX‘”ZZ N(xH*=! = ¢(R)X
and similarly for Z. From this it follows that &(R) = A(R) - I for some scalar A\(R). Indeed,
writing €(R) = >, ,exelk){¢| and applying (k| - |€) to both sides of Z&(R) = &(R)Z shows
that g = 0 for k # ¢. Furthermore, applying (/+1| - |¢) then to X&(R) = €(R)X shows that
g0 = €r41,041. The claim now follows from observing that A(R) - tr(I) = tr(€(R)) = tr(R). O

We are now ready to prove the decreasingness of d, under the partial trace for a > 1, and
correspondingly for a < 1, from which Theorem 8.13 then follows. Noting that

]. . 1 z X
tre(pae) ® Sl = (ldA ® g]IEtr> (paE) = (ida @ €g)(paE) = 7 Z XEZEpae (Zh (X)),

d
7y
and correspondingly for oag, we obtain that
do (tI‘E<pAE), tI‘E(O'AE)) (d2 Zx v XxZEPAE (ZE)Z(XE)I’ d% Zz,y XEZEUAE (ZE)Z<XE)95>

1
< = > da(XEZEpae (Z)*(XD". XEZEoae (Z]) (XD)") = da(pac. oae)
$7y

where the inequality is Jensen’s inequality, and the final equality is because of the unitary
invariance of d,.
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8.5 Duality Property of Rényi Entropy

We contionue the discussion of the general Rényi entropy by showing the following duality
relation. With this relation, we can now for instance easily verify that the conditional min-
entropy of an EPR pair AE is indeed Hoo (A|E) = —H,5(A) = —1, as we claimed earlier. The
same for H,. Furthermore, it follows that H,(A|E) > —log dim(H ) for any state pag.

Theorem 8.17. Let 3 < o, 8 < oo with é—l—% = 2. Then, for any pure page = |¢)(¢)| € D(ABE):
Ho(A|B) + HR(A|E) = 0.
For non-pure states, the inequality > 0 holds.

For the proof, we introduce the following technical tool.

Lemma 8.18. Let pag = |o)(¢| € D(AE), and set pa = tre(pag) and pe := tra(pag). Then,
for every Hermitian Ra € L(A) with supp(Ra) C supp(pa) there exists a Hermitian Rg € L(E)
with supp(Rg) C supp(pe) — and vice versa — with the same list of non-zero eigenvalues and
so that for every La € L(A)

tr(v/paLavpaRa) = (¢|La® Relp) .

Proof. Let |¢) = >, pilei)| fi) € S(AE) be the Schmidt decomposition. We may assume that
Ha = supp(pa) and Hg = supp(pe) (because if not, we restrict to the respective subspaces
supp(pa) and supp(pg)). Also, replacing Rg by UTRgU for a suitable unitary U, we may
assume that |e;) = |f;). But then, given that \/pa = >, \/fti|ei)(e;| and invoking the notation
from Section 0.7, we have |/pa) = |¢). Hence, applying Corollary 0.5, we obtain

tr(y/paLav/paRa) = (p|La® RY o),

proving the claim. O

Proof. We may assume that o < 1 and 8 > 1, and it will be useful to set 0 < o/ := =2 =

(634
é—lzl—%— 15B_ —f's with o/ =1 and g/ = -1 incasea:%andﬁ:oo. Note that,
by definition and using Lemma 0.4,

1 e

logHUB PAB UB

H,(A|B) = —min Dy (pag || Ia ® o) = —min -
oB

1
= L togmax|jog " pas o], =  logmax| 3 o8 o3l

with the understanding that the optimization is over all g € D(Hpg) with supp(og) C supp(ps)-
Set p = —% and ¢ := —é so that é —I—% = é+ O‘T_l = 1 and correspondingly for g and
p. Then, by the reverse Holder inequality, we get that for any 74 € D(Ha ® Hp) with
supp(7ag) C supp(pas)

a5 o8 Pazll, = loas o8 Paall, 728 |l, < tr(paz o8 PAETAS )
where the equality is because Hrggl H = tr(TAB)_O‘/ =1.

Similarly, but noting that , <0,

/ 1 . ’
(A1) = S ogminlrd o, — —-5 ogmil ot il
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and, by the (ordinary) Holder inequality now,

12 _B" 12

WETE o HPAETE IOAEHB = tr(pi(i-fg PXEUA;E)

HIOAETE pAEHﬁ ‘

for any oag € D(Ha ® Hg) with supp(oag) € supp(pae).-
Finally, by invoking Lemma 8.18 twice, once with AB versus E, and once with AE versus B,
tr(pah 08 g Tag) = (WI(Ta @ 0f @ 72)|) = tr(piE7E Piaofe)
for suitable choices of 74p and oag as considered above. Putting things together, this proves
H.(A|B) + Hg(A|E) < 0.

In order to argue equality, we observe that the two inequalities in the reasoning above
become equalities when we minimize/maximize over T7ag and ocag, and thus over 7¢ and o,
respectively. Showing H, (A|B) + Hg(A|E) = 0 then reduces to swapplng say, the max over og
and the min over 7¢ in front of the objective function (¢|(Ia ® 0 ® TE )|1). This can be done
by means of Von Neumann’s minimax theorem (Theorem B.6), given that the function is
concave in og and convex in 7e. These latter properties follow from the results in Appendix B.4.

The claim for a non-pure state page follows by purifying the state to, say, pasce, and using
data-processing inequality to argue that H,(A|B) > H,(A|BC). O

8.6 Monotonicity for Classical Subsystems

Finally, we show that, in line with Proposition 8.4 for the min-entropy, also the Rényi entropy
H, is monotone for classical subsystems.

Proposition 8.19. For 3 < a < oo and pxag =Y., Px(2)|z)(z]| @ p4e € D(X @ Ha @ HE):
H,(XA|E) > Hy(A|E) .

For the proof, we introduce the following technical lemma, which can be appreciated as a variant
of the data-processing inequality.

Lemma 8.20. Let 3 < a < co. Then, for any p € D(H), o € P(H) and projection I1 € L(H):
Do (ITpIl || IToII) < Do (IpIl | o) .

Proof. We show the claim for % < a < 1. The case a > 1 works along the same lines, with the
inequalities turned around, and one has to take some care with the support of o, and, as usual,
the cases o = 1 and oo follow by taking limits.

Given that 0 < 1?704 < 1, Jensen’s operator inequality (Theorem B.7) implies that
11—« l—«

Mo = M=To s M+ ([—M)0 = (I-T) < (ol + (I - M0 —T0)) = = (ToTI) =

Hence,
da(HpH||a):tr<(alif“HpHalz’a) >_tr<(\/1ﬁa g Jlﬁ) )
:tr<( TPl o 5" 11 HpH)a> gtr((\/ﬁ(nan) \/lﬁ> >:da(HpH||H0H),

where the inequality is by Corollary 7.3. The claim follows by observing that D, = ﬁ logd,,
turning the inequality around for o < 1. O
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Proof of Proposition 8.4. We extend pxar to

pxxiae =Y \/Px(@)Px(a)|z)a'| @ |o)(a| @ phe € D(Hx @ Hxr © He),

z,x’

where Hx = Hx» = CI*¥l, and we define the projection Ixx/ := 3 |z){z| ® [x)(z|, for which it
obviously holds that IIxx'pxx'aerllxx’ = pxx'aer. Therefore, applying the above lemma,

Do(pxxaellIxa ® oxe) > Da(pxxrae || Hxx (Ixa ® oxe)lxx)
=Do(pxxaellla @ Oxx/(Ix ® oxg)Ixx7)

for any ox/g € D(Hx ® Hg). Expoiting that

tr(Ixx/(Ix ® ox/e)llxx) = Ztr(\w)(x\ ® (lo)z| @ Ig)oxe(|z)z| © L)) = tr(oxe) = 1,

we obtain that H,(XA|X'E) < H,(A|XX'E). Finally, to conclude, we consider the state
px x'Aer obtained by purifying each p%.. We observe that pxx’agF is pure, and the above
reasoning applies equally to pxx/ar. Using the duality property (Theorem 8.17), we then get
that

H,(XA|E) = —Hg(XA|X'F) > —Hg(A|IXX'F) = Hy(A|E) ,

as is claimed. ]
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