
Solutions to Exercise Set 1

Solution 1.1 By acting with h'| from the left and with |'i from the right, and then taking

absolute values, we see that
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where the first inequality is triangle inequality, and the second is Cauchy-Schwarz. But since

the inequalities must be equalities, we have that every |'ii = !i|'i for a scalar !i 2 C with

|!i| = 1, and thus |'iih'i| = !!̄|'ih'| = |'ih'|.

Solution 1.2 Consider the spectral decomposition ⇢ =
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where the right-hand side is obviously non-negative, and it is upper bounded by (
P

i �i)
2
= 1,

with equality if and only if �i = 0 for all but one i (again by Proposition 0.1), i.e., ⇢ is pure.

Solution 1.3 Consider the spectral decomposition ⇢ =
P

i �i|iihi| of ⇢. Then,
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The lower bound follows because �i � 0 and � � 0, and the upper bound follows from hi|�|ii  1

and
P

i �i = 1.

Solution 1.4 Let {|ii}i2I be an eigenbasis of ⇢��, i.e., consist of the vectors from the spectral

decomposition ⇢� � =
P

i �i|iihi|. Since ⇢ 6= �, there exists j with �j 6= 0. For that j, we have
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Solution 1.5 Fix an orthonormal basis {|eii}i2I , and consider arbitrary fixed indices i, j 2 I.
For |'i = |eii+ |eji and |'0i = |eii+ i|eji, we see then that 0 = h'|A|'i = hei|A|eji+ hej |A|eii
and 0 = h'0|A|'0i = ihei|A|eji � ihej |A|eii, where for the latter we used that h'0| = hei|� ihej |.
It now follows that hei|A|eji = 0. Since i 2 I was arbitrary, we get that A|eji = 0; indeed, only

the 0-vector is orthogonal to a basis. Finally, since j 2 I was arbitrary, we then get A = 0.


