Solutions to Exercise Set 2

Solution 2.1 Note that |p) = 3, \/pali) @ |i) and \/pa' = \/pa, so that
o)l = pali)ilv/pa @ li)]

7.]
and

el = 3 VAN () = 3 VoAKiIVER = pa-

1,J
That |p) € S(3() follows directly from {ple) = tr(@)e]) = tr(tra(@)p])) = tr(pa) = L.

Solution 2.2 By the Schmidt decomposition, we can write |¢) as

= plenlfi),
=1

where {le1),...,|eq,)} and {|f1),...,|faz)} are orthonormal bases of 34 and Hp, respectively,
r <da,dg, and p1,...u > 0. Therefore, we can write

pa = tra(le)el) Zuzlez (el and  pp=tra(le)el) Zmlfz (fil

and thus have the respective spectral decompositions of pa and pg, and we observe that the
non-zero eigenvalues of pa as well as of pg are given by the ,u?’s, and thus are identical.

Solution 2.3 Let {|i)}ier be the fixed orthonormal basis considered for the notation of Sec-
tion 0.6. For A = |i)(j| and B = |k)(¢| with 4,4, k,¢ € I we have |A) = |i)|j) and B = |k)|{),
and thus
(AIB) = ((il @ (GN)(Ik) @ [€)) = (ilk){7l€) ,
while
tr(AB) = te(|7)il[k)(El) = (ilk) tr(|7)¢]) = (ilk)(El3) -

Since (j|¢) is 0 or 1, and thus (j|¢) = (¢|), the first claim holds for the considered A and B.
For general A and B, the claim follows from linearity and the fact that the |i){j|’s form a basis.

As for the second claim, for B = |i)(j| and X = |k)(¢| with 4,7, k,¢ € I and for arbitrary A,
we have

AXBT = Alk)l|5)il = Alk)(€l5) (]

and therefore, noting that (by linearity) the ket-vector representation maps |p)(i| — |¢)|é) for
any |p) € H, we have

|AXBT) = Alk) ® [i){€l5) = Alk) ® [i) (j|€) = (A® [i)(i])|k)|¢) = (A® B)|X)
Again, this implies the claim for an arbitrary B and X by linearity.

Solution 2.4 The proof of Theorem 6.6 shows that the Kraus operators T, can be chosen so
that |T) = V/A|eg), where S, Aleg)(eq| is the spectral decomposition of the Choi-Jamiotkowski
representation J(T) of T. In particular, the ket vectors |7y) are mutually orthogonal and thus
tr(T)T3,) = (Ty|Tx) = 0 for all £ # k.

Solution 2.5 Using properties as discussed in Section 0.7, we see that

T(R) = | S TRT)) = 3 |TRT]) =3 |LRT]) =3 T, @ Tu|R),
1 l 1

which proves the claim.



