Solutions to Exercise Set 3

Solution 3.1 A straightforward calculation shows that X has the eigenvectors

o-gl] = sl

with respective eigenvalues £1. Thus, X has spectral decomposition X = |+)(+| — |—)(—|, and
therefore, recalling that |[+)(4| + |—)(—| = I, we obtain

e = eI E)H + =N
= cos(0) (|+){+] + |=)=1) — #sin(®) (|[+)(+] = [=}=I)
= cos(0) — isin(0)X

which, as matrix, equals

o i0X _ [ cos(f)  —isin(0)
—isin(f)  cos(6)

Solution 3.2 First, we observe that for L € P(H) and R € P(H') with respective spectral
decompositions L = 3, Aile;)(e;| and R =3, pu| f;)(f;] with Ai, pj > 0, it holds that

LoR= Nujlen]|f) el (Sl

]
is the spectral decomposition of L ® R, and therefore

(Lo RP =3 Nl fi)eill fj\—Z/\plez eJ@Z NS =17 RY
ij

for any power p € R. For L € L(H) and R € L(H'), this then implies that

IL® R| = \/(L @ RNL®R)=VILIL&RIR=|L2® |R2=+/(L|®|R|)?=|L|®|R]|,
and thus that
IL @RIy = tr(|L & RI”) = tr((|L] @ |R)?) = tr(|L] @ |RI) = te(|LP) tr(|RIP) = [ LI IR

The claim follows by taking p-th roots.

Solution 3.3 Let {|i)};cr be the eigenbasis of p — o, i.e., consider the spectral decomposition
p—o =7, Nli)i| of p—o. Then,

5(P.Q) = 5 Y ln(li)le) — (1) = 5 S [er3ilto — )] = 3 3 il = (o).

which was to be shown.

Solution 3.4 Let
A=>"Nleesl  and  B=>" il £l
i J

be the respective spectral decompositions of A and B, where we restrict ¢ and j to those with
Ai # 0 and pj; # 0, respectively. Then, as discussed in Sect. 0.3, for any such i with \; # 0



and j with p; # 0, it holds that |e;) € supp(A) and |f;) € supp(B), and so, by assumption
(il f;) = 0 for all those i and j’s. Therefore,

A+ B = Mleiel + D> il i) fl
i J

forms the spectral decomposition of A + B, and so

1A+ Bl =l + > il = 1Al + Bl

? J

Lemma 7.8 follows by observing that pxg—p'y g = >, Px(2)|z){(z|® (pE— p£), and that the
lz)(x| @ (pE— pi¥)’s have pairwise orthogonal supports. Indeed, the support of |z){z|® (pE— pE)
is contained in span(|z)) ® HEg.

Solution 3.5 For the first inequality, we see that

Guess(X) = max Px(z) = max E Pxy(x,y) > maxmax Pxy(z,y) = Guess(XY),
T x x Y
y

which implies the claim. For the second, we observe that

Guess(X[Y) = ) Py(y) max Pxjy (zly) = Y _ max Pxy (,y)
Yy Yy

> maXZPXy(:U,y) = max Px(z) = Guess(X).
y

Finally, recycling part of above, we get

Guess(X|Y) = E max Pxy (z,y) < E max Pyy (x,y") = |Y|Guess(XY)
z z,y’
y y

which again gives us the claimed inequality by taking —log on both sides.



