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6 S. Gribling et al.

1 Introduction
1.1 Bipartite quantum correlations

One of the distinguishing features of quantum mechanics is quantum entanglement,
which allows for nonclassical correlations between spatially separated parties. In this
paper we consider the problems of quantifying the advantage entanglement can bring
(first investigated through Bell inequalities in the seminal work [3]) and quantifying
the minimal amount of entanglement necessary for generating a given correlation
(initiated in [5] and continued, e.g., in [43,53,60]).

Quantum entanglement has been widely studied in the bipartite correlation setting
(for a survey, see, e.g., [44]). Here we have two parties, Alice and Bob, where Alice
receives a question s taken from a finite set S and Bob receives a question ¢ taken from
a finite set 7. The parties do not know each other’s questions, and after receiving the
questions they do not communicate. Then, according to some predetermined protocol,
Alice returns an answer a from a finite set A and Bob returns an answer b from
a finite set B. The probability that the parties answer (a, b) to questions (s, t) is
given by a bipartite correlation P(a, bls, t), which satisfies P (a, b|s, t) > 0 for all
(a,b,s,t) € I' and Za’b P(a,bls,t) = 1 forall (s,t) € S x T. Weset ' =
A x B x § x T throughout. Which bipartite correlations P = (P(a, bls, 1)) € R
are possible depends on the additional resources available to the two parties Alice and
Bob.

When the parties do not have access to additional resources the correlation P is
deterministic, which means it is of the form P(a, b|s,t) = Pa(al|s) Pg(b|t) for all
(a,b,s,t) € I'ywhere P4 = (Pa(als)) and Pp = (Pp(b|t)) take their values in {0, 1}
and satisfy

> Palals) =) _ Pp(blt) =1 forall (s,t)eSxT. (1)
a b

When the parties use local randomness the above functions P4 and Pp are convex
combinations of 0/1-valued ones, that is, P4 and Pp take their values in [0, 1] and
satisfy (1).

When the parties have access to shared randomness the resulting correlation P is
a convex combination of deterministic correlations and P is said to be a classical
correlation. The classical correlations form a polytope, denoted Cj,(I"), whose valid
inequalities are known as Bell inequalities [3].

We are interested in the quantum setting, where the parties have access to a shared
quantum state upon which they can perform measurements. The quantum setting can
be modeled in different ways, leading to the so-called tensor model and commuting
model; see the discussion, e.g., in [12,36,58].

In the tensor model, Alice and Bob each have access to “one half” of a finite
dimensional guantum state, which is modeled by a unit vector ¥ € C? ® C? (for
some d € N). Alice and Bob determine their answers by performing a measurement
on their part of the state. Such a measurement is modeled by a positive operator valued
measure (POVM), which consists of a set of d x d Hermitian positive semidefinite
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Bounds on entanglement dimensions and quantum graph... 7

matrices labeled by the possible answers and summing to the identity matrix. If Alice
uses the POVM {E¢},c4 when she gets question s € S and Bob uses the POVM
{Ftb }»ep When he gets question ¢ € T, then the probability of obtaining the answers
(a, b) is given by

P(a,bls,t) = Tr(E¢ ® F))Yy™) = y*(ES ® FP)y. )

If the state v can be written as ¥ = ¥4 ® ¥'p, then P(a, b|s, t) = (ij?wA)(WEFtb
Yp) forall (a, b, s, t), and thus P is a classical correlation. Otherwise, ¥ is said to be
entangled and can be used to produce a nonclassical correlation P.

A correlation of the above form (2) is called a quantum correlation; it is said to
be realizable in the tensor model in local dimension d (or in dimension d*) when
¥ € C? @ C? and E¢, FP € C4*9. Let Cg(l“) be the set of such correlations and
define

c,(m = Jcda.
deN

Denote the smallest dimension needed to realize P € C,(I”) in the tensor model by

Dy(P)=min{d”>:d e N, P e CJ(I")}. 3)

The set CL}(F) contains the deterministic correlations.! Hence, by Carathéodory’s
theorem, Cj,.(I") C C; (I') holds for ¢ = |I'| + 1 — |S]||T|; that is, quantum entan-
glement can be used as an alternative to shared randomness. If A, B, S, and T all
contain at least two elements, then Bell [3] shows the inclusion Coc(I") € C, (1) is
strict; that is, quantum entanglement can be used to obtain nonclassical correlations.

The second commonly used model to define quantum correlations is the commuting
model (or relativistic field theory model). Here a correlation P € R’ is called a
commuting quantum correlation if it is of the form

P(a, bls, 1) = Te(XYPyry™) = v*(X4Y))y, “)

where {X¢}, and {Ytb} » are POVMs consisting of bounded operators on a separable
Hilbert space H, satisfying [X¢, Y] = XY} — Y’ X% = 0 for all (a, b, s,t) € I,
and where ¥ is a unit vector in H. Such a correlation is said to be realizable in
dimension d = dim(H) in the commuting model. Denote the set of such correlations
by Cgc(l’) and set Cyc(I") = Cj;?(]“). The smallest dimension needed to realize a
quantum correlation P € Cy(I") is given by

Dye(P) =min{d € NU {00} : P € C4.(I}. (5)

If P e Cg (I") has a decomposition (2) with d x d matrices EY, Ftb , then P has a
decomposition (4) with d? X d? matrices X¢ = E¢® I and Y? = I ® F}. This shows
the inclusion Cg(]") - C[‘;C (I'), and thus

! n fact, C (} (I") consists of the correlations obtained using only local randomness.
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8 S. Gribling et al.

Dye(P) < Dy(P) forall P € C,(I"). (6)

The minimum Hilbert space dimension in which a given quantum correlation P
can be realized quantifies the minimal amount of entanglement needed to represent P.
Computing D, (P) is NP-hard [55], so a natural question is to find good lower bounds
for the parameters D, (P) and D, (P). A main contribution of this paper is proposing
a hierarchy of semldeﬁnlte programming lower bounds for these parameters.

As said above we have Cd(F ) C Cd (I"). Conversely, each finite dimensional
commuting quantum correlatlon can be reahzed in the tensor model, although not
necessarily in the same dimension [58] (see, e.g., [12] for a proof). This shows

Cy(IN) = | JCh(I') S Cye(I). )
deN
Using a direct sum construction one can show the sets C, (") and Cy.(I") are convex.
Whether the two sets C,(I") and C,¢(I”) coincide is known as Tsirelson’s problem.

In a recent breakthrough Slofstra [54] showed that the set C,(I") is not closed
for |[A| > 8, |B| = 2, |S| > 184, |T| > 235. More recently it was shown in [14]
that the same holds for |A| > 2, |B| > 2, |S| > 5, |T| = 5. Using a compactness
argument one sees that the set C d(F ) is closed for all d. So, when C, (I") is not closed,
the inclusions Cd(F) C Cy (F) are all strict and there is a sequence {P;} € C,(I")
with D, (P;) — oo. Moreover since Cyc(I") is closed [15, Prop. 3.4], the mclusmn
C,(I) g Cye(I7) is strict, thus settling Tsirelson’s problem. Whether the closure of
C,(I") equals Cy(I") for all I" has been shown to be equivalent to having a positive
answer to Connes’ embedding conjecture in operator theory [21,42]. This conjecture
has been shown to have equivalent reformulations in many different fields; we refer
to [23] for an algebraic reformulation in terms of trace positivity of noncommutative
polynomials.

Further variations on the above definitions are possible. For instance, we can con-
sider a mixed state p (a Hermitian positive semidefinite matrix p with Tr(p) = 1)
instead of a pure state v, where we replace the rank 1 matrix {4 * by p in the above
definitions. By convexity this does not change the sets C, (") and C¢(I). It is shown
in [53] that this also does not change the parameter D, (P), but it is unclear whether or
not Dy (P) might decrease. Another variation would be to use projection valued mea-
sures (PVMs) instead of POVMs, where the operators are projectors instead of positive
semidefinite matrices. This again does not change the sets Cy (1) and Cy(I7) [40],
but the dimension parameters can be larger when restricting to PVMs.

When the two parties have the same question sets (S = T') and the same answer
sets (A = B), a bipartite correlation P € R is called synchronous if it satisfies

P(a,bls,s) =0 forall s €S anddistinct a,b € A.
The sets of synchronous (commuting) quantum correlations are denoted Cy (1) and
Cye,s(I"), respectively. We have Cy s(I7) € Cye,s(17) and the set Cye 5 (1) is closed.

The synchronous correlation sets are already rich enough in the sense that it is still the
case that Connes’” embedding conjecture holds if and only if cI(Cy s(I")) = Cye,s(I")
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Bounds on entanglement dimensions and quantum graph... 9

for all I" [13, Thm. 3.7]. The quantum graph parameters discussed in Sect. 1.3 will be
defined through optimization problems over synchronous quantum correlations.

For a synchronous quantum correlation P it turns out thatits local dimension Dy (P)
is given by the factorization rank of an associated completely positive semidefinite
matrix M p. Recall that amatrix M € R"*" is called completely positive semidefinite if
there existd € N and d x d Hermitian positive semidefinite matrices X1, ..., X, with
M = (Tr(X;X;)). The minimal such d is its completely positive semidefinite rank,
denoted cpsd-rank(M). Completely positive semidefinite matrices are used in [28] to
model quantum graph parameters and the cpsd-rank is investigated in [16,17,49,50].
In Sect. 2 we show the following link between synchronous quantum correlations and
cpsd-rank.

Proposition 1 The smallest local dimension in which a synchronous quantum correla-
tion P canbe realized is given by the completely positive semidefinite rank of the matrix
Mp indexed by S x A with entries (Mp)(s,a),(t,p) = P(a, bls,t) for (a,b,s,t) € I
That is, Dy (P) = cpsd-rank(Mp).

In[16] we used techniques from tra01al polynomial optimization to define a semidef-
inite programming hierarchy {E,p (M)};en of lower bounds on cpsd-rank(M). By
the above result this hierarchy gives lower bounds on the smallest local dimension
in which a synchronous correlation can be realized in the tensor model. However, as
shown in [16], this hierarchy typically does not converge to cpsd-rank (M) but instead
(under a certain flatness condition) to a parameter SCPS (M), which can be seen as
a block-diagonal version of the completely positive semidefinite rank. This flatness
condition is a rank stab1l1zat10n condition on the optimal solution of the semidefinite
program defining &, cpsd (M); for a formal definition see (21) in Sect. 3.3.

Here we use similar techniques, now exploiting the special structure of quantum cor-
relations, to construct a hierarchy {€3(P)} of lower bounds on the minimal dimension
D, (P) of any—not necessarily synchronous—quantum correlation P. The hierarchy
converges (under flatness) to a parameter £J(P), and using the additional structure
we can show that SE(P) is equal to an interesting parameter A, (P) < D, (P). This
parameter describes the minimal average entanglement dimension of a correlation
when the parties have free access to shared randomness; see Sect. 1.2.

In the rest of the introduction we give a road map through the contents of the paper
and state the main results. We will introduce the necessary background along the way.

1.2 A hierarchy for the average entanglement dimension

We give here an overview of the results in Sect. 3 about bounding the entanglement
dimension of general (non synchronous) correlations. We are interested in the minimal
entanglement dimension needed to realize a given correlation P € C,(I"). If P is
deterministic or only uses local randomness, then D, (P) = Dy(P) = 1. But other
classical correlations (which use shared randomness) have D,(P) > D,.(P) > 1,
which means the shared quantum state is used as a shared randomness resource. In [5]
the concept of dimension witness is introduced, where a d-dimensional witness is
defined as a halfspace containing conv(Cg(F )), but not the full set C,(I"). As a
measure of entanglement this suggests the parameter
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10 S. Gribling et al.

1 1
inf{maxie[l] Dy(P):1¢€ N, A € RZ , Zki =1, P= Z)»,‘P,’, P; € Cq(F)}.

i=1 i=1

(®)
Observe that, for a bipartite correlation P, this parameter is equal to 1 if and only if
P is classical. Hence, it more closely measures the minimal entanglement dimension
when the parties have free access to shared randomness. From an operational point
of view, (8) can be interpreted as follows. Before the game starts the parties select a
finite number of pure states y; (i € I) (instead of a single one), in possibly different
dimensions d;, and POVMs {E¥ (i)}, {Ftb(i)};, foreachi € I and (s,7) € S x T. As
before, we assume that the parties cannot communicate after receiving their questions
(s, t), but now they do have access to shared randomness, which they use to decide on
which state 1/; to use. The parties proceed to measure state ; using POVMs {E¢ (i)},
{Ftb (i)}, so that the probability of answers (a, b) is given by the quantum correlation
P;. Equation (8) then asks for the largest dimension needed in order to generate P
when access to shared randomness is free.

It is not clear how to compute (8). Here we propose a variation of (8), and we
provide a hierarchy of semidefinite programs that converges to it under flatness. Instead
of considering the largest dimension needed to generate P, we consider the average
dimension. That is, we minimize i1 Ai Dg(P;) over all convex combinations P =
> ics Ai P;. Hence, the minimal average entanglement dimension is defined by

1 1
Ag(P) = inf[ S aDg(P):TeN AeRL Y ai=1,

i=1 i=1

1
P=Y P P eCy) ©)
i=1

in the tensor model. In the commuting model, the parameter A,.(P) is defined by
the same expression with D, (P;) being replaced by D,.(P;). Observe that we need
not replace Cy(I") by Cyc(I") since Dyc(P) = oo for any P € Cye(IN\Cy(IM).
Moreover, in view of (6), we have the inequality

Age(P) < Ay(P) forall P e C,(I). (10)

It follows by convexity that for the above definitions it does not matter whether we use
pure or mixed states. We show that for the average minimal entanglement dimension
it also does not matter whether we use the tensor or commuting model.

Proposition 2 For any P € Cy(I") we have Ay, (P) = Ay (P).

We have A, (P) < Dy(P)and Ayc(P) < Dyc(P) for P € C,(I"), with equality if
P is an extreme point of C,; (I"). Hence, we have D, (P) = Dy(P) if P is an extreme
pointof C, (I"). We show that the parameter A, (P) can be used to distinguish between
classical and nonclassical correlations.

Proposition 3 For P € C,(I") we have Ay(P) = 1 ifand only if P € Cioc(I").

@ Springer



Bounds on entanglement dimensions and quantum graph... 11

As mentioned before, there exist sets I" for which C, (1) is not closed [14,54],
which implies the existence of a sequence {P;} € C,(I") such that D, (P) — oo. We
show this also implies the existence of such a sequence with A, (P;) — oo.

Proposition 4 If C,(I") is not closed, then there exists a sequence {P;} € Cy(I")
with A4 (P;) — oo.

Using tracial polynomial optimization we construct a hierarchy {£1(P)} of lower
bounds on A, (P). For each r € N this is a semidefinite program, and for r = oo
it is an infinite dimensional semidefinite program. We further define a (hyperfinite)
variation £J(P) of £% (P) by adding a finite rank constraint on the matrix variable, so
that

EN(P) <ENP) < - <EL(P) < EM(P) < Aye(P).

We do not know whether Sgo (P) = Sf (P) always holds. First we show that we imposed
enough constraints in the bounds Eﬂ(P) so that SE(P) = Aye(P).

Proposition 5 For any P € C,(I") we have gl(p) = Age(P).

Then we show that the infinite dimensional semidefinite program &%, (P) is the limit
of the finite dimensional semidefinite programs.

Proposition 6 For any P € C,(I") we have EN(P) —> EL(P)asr — oo.

Finally we give a flatness criterion under which finite convergence & ;l (P) = éf (P)
holds. The definition of flatness follows later in the paper [see (21)]; here we only note
that it is a rank stabilization property which is easy to check given a solution to £2( P).

Proposition 7 If S,q(P) admits a ([r/3] + 1)-flat optimal solution, then we have
£1(P) = E(P).

1.3 Quantum graph parameters

Nonlocal games have been introduced in quantum information theory as abstract mod-
els to quantify the power of entanglement, in particular, in how much the sets C, (1)
and Cy(I") differ from Cjoc(I"). A nonlocal game is defined by a probability distri-
butionm: Sx T — [0, 1]and apredicate f: Ax BxSxT — {0, 1}. Alice and Bob
receive a question pair (s, ¢) € S x T with probability 7 (s, ). They know the game
parameters 7w and f, but they do not know each other’s questions, and they cannot
communicate after they receive their questions. Their answers (a, b) are determined
according to some correlation P € R!", called their strategy, on which they may agree
before the start of the game, and which can be classical or quantum depending on
whether P belongs to Cjoc(17), Cy(I"), or Cyc(I"). Then their corresponding winning
probability is given by

Y ws.t)y Y. Pabls,O)f(a b5 1) (11)

(5,0)eSxT (a,b)eAxB

A strategy P is called perfect if the above winning probability is equal to one, that is,
if for all (a, b, s, t) € I" we have
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12 S. Gribling et al.

(n'(s,t)>0 and f(a,b,s,t):O) — P(a,bls,t) =0. (12)

Computing the maximum winning probability of a nonlocal game is an instance of
linear optimization [of the function (11)] over Cj,(I") in the classical setting, and
over C,4(I") or Cy4c(I") in the quantum setting. Since the inclusion Cjoc(I") € Cy(I7)
can be strict, the maximum winning probability can be higher when the parties have
access to entanglement; see the CHSH game [10]. In fact there are nonlocal games
that can be won with probability 1 by using entanglement, but with probability strictly
less than 1 in the classical setting; see the Mermin-Peres magic square game [34,47].

The quantum graph parameters are analogues of the classical parameters defined
through the coloring and stability number games as described below. These nonlocal
games use the set [k] (whose elements are denoted as a, b) and the set V of vertices
of a graph G (whose elements are denoted as i, j) as question and answer sets.

In the quantum coloring game, introduced in [1,9], we have a graph G = (V, E) and
an integer k. Here we have question sets S = T = V and answer sets A = B = [k],
and the distribution 7 is strictly positive on V x V. The predicate f is such that
the players’ answers have to be consistent with having a k-coloring of G; that is,
fla,b,i, j) = 0 precisely when (i = j anda # b) or ({i, j} € E and a = b).
This expresses the fact that if Alice and Bob receive the same vertex, they should
return the same color and if they receive adjacent vertices, they should return distinct
colors. A perfect classical strategy exists if and only if a perfect deterministic strategy
exists, and a perfect deterministic strategy corresponds to a k-coloring of G. Hence
the smallest number k of colors for which there exists a perfect classical strategy is
equal to the classical chromatic number x (G). It is therefore natural to define the
quantum chromatic number as the smallest k£ for which there exists a perfect quantum
strategy. Observe that such a strategy is necessarily synchronous since, in view of (12),
f(a,b,i, i) =0 when a # b implies P(a, b|i,i) = 0 when a # b.

Definition 1 The (commuting) quantum chromatic number y,(G) (resp., x4¢(G)) is
the smallestk € N for which there exists a synchronous correlation P = (P (a, bli, j))
in Cy 5 ([k]*> x V?) (resp., Cye s ([k]* x V?)) such that

P(a,ali,j) =0 forall aelk],{i,j}€E.

In the quantum stability number game, introduced in [32,51], we again have a graph
G = (V,E) and k € N, but now we use the question set [k] x [k] and the answer
set V x V. The distribution 7 is again strictly positive on the question set and now
the predicate f of the game is such that the players’ answers have to be consistent
with having a stable set of size k, that is, (i, j, a, b) = O precisely when (a = b
andi # j)or[a # band (i = jor {i, j} € E)]. This expresses the fact that when
Alice and Bob receive the same index @ = b € [k], they should answer with the same
vertex i = j of G, and if they receive distinct indices a # b from [k], they should
answer with distinct nonadjacent vertices i and j of G. There is a perfect classical
strategy precisely when there exists a stable set of size k, so that the largest integer k
for which there exists a perfect classical strategy is equal to the stability number «(G).
Again, such a strategy is necessarily synchronous, so we get the following definition.
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Bounds on entanglement dimensions and quantum graph... 13

Definition 2 The (commuting) stability number «, (G) (resp., ag4c(G)) is the largest
integer k € N for which there exists a synchronous correlation P = (P(i, jla, b)) in
Cq.s (V2 x [k1%) (resp., Cye,s (V2 x [k]?)) such that

P(i, jla,b) =0 whenever (i = jor{i,j} € E)anda # b € [k].

The classical parameters y (G) and «(G) are NP-hard. The same holds for the
quantum coloring number x,(G) [20], and also for the quantum stability number
a4 (G) in view of the following reduction to coloring shown in [32]:

xq(G) =min {k € N: g (GOKy) = |V} . (13)

Here GLIK} is the Cartesian product of the graph G = (V, E) and the complete graph
K. By construction we have

Xqc(G) = xq(G) = x(G) and  a(G) = 4(G) = ge(G).

The separations between x,(G) and x(G), and between «,;(G) and «(G), can be
exponentially large in the number of vertices. This is the case for the graphs with
vertex set {£1}" for n a multiple of 4, where two vertices are adjacent if they are
orthogonal [1,32,33]. It is well known that the chromatic number of a graph increases
by 1 if we add a new vertex that is adjacent to all other vertices. Surprisingly, this is not
true in general for the quantum chromatic number [31]. While it was recently shown
that the sets Cy (1) and Cyc s (I") can be different [14], it is not known whether there
is a separation between the parameters x4 (G) and x40(G), and between a4 (G) and
age(G).

We now give an overview of the results of Sect. 4 and refer to that section for
formal definitions. In Sect. 4.1 we first reformulate the quantum graph parameters
in terms of C*-algebras, which allows us to use techniques from tracial polynomial
optimization to formulate bounds on the quantum graph parameters. We define a
hierarchy {yrc"l(G)} of lower bounds on the commuting quantum chromatic number
and a hierarchy {yftab(G)} of upper bounds on the commuting quantum stability
number. We show the following convergence results for these hierarchies.

Proposition 8 There is an ro € N such that erOI(G) = X4c(G) and yrStab(G) =
aqc(G) for all r > ro. Moreover, if yf"l(G) admits a flat optimal solution, then
YUG) = x4(G), and if y™(G) admits a flat optimal solution, then yS*®(G) =
oy (G).

Then in Sect. 4.2 we define tracial analogues {Ersmb(G)} and {Ef"l(G)} of Lasserre
type bounds on «(G) and x (G) that provide hierarchies of bounds for their quantum
analogues. These bounds are more economical than the bounds y,“OI(G) and yrS‘ab(G)
(since they use less variables) and they also permit to recover some known bounds
for the quantum parameters. We show that E:tab(G), which is the parameter E;gdb(G)
with an additional rank constraint on the matrix variable, coincides with the projective
packing number a,,(G) from [51] and that Sgéab(G) upper bounds . (G).
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14 S. Gribling et al.

Proposition 9 We have £5%°(G) = a,(G) > a,(G) and £3%°(G) > ayc(G).

Next, we consider the chromatic number. The tracial hierarchy {& f‘)l (G)} unifies two
known bounds: the projective rank & ¢(G), a lower bound on the quantum chromatic
number from [32], and the tracial rank &;,(G), a lower bound on the commuting
quantum chromatic number from [46]. In [13, Cor. 3.10] it is shown that the projective
rank and the tracial rank coincide if Connes’ embedding conjecture is true.

Proposition 11 We have Ej‘)l(G) = &7(G) = xq(G) and sggl(c) = &,(G) <
Xgc(G).

We compare the hierarchies éf‘)l (G) and y,°°1 (G), and the hierarchies éftab(G) and
yﬁtab(G). For the coloring parameters, we show the analogue of reduction (13).

Proposition 12 For r € N U {00} we have y°/(G) = min{k : £%°(GOK;) = |V|}.

We show an analogous statement for the stability parameters, when using the homo-
morphic graph product of Kj with the complement of G, denoted here as K « G, and
the following reduction shown in [32]:

ay(G) = max{k € N: oy (K x G) = k}.

Proposition 13 For r € N U {oo0} we have yﬁtab(G) = max{k : E,S‘ab(Kk *G) = k}.

Finally, we show that the hierarchies {)/rCOl (G)}and {yrstab (G)} refine the hierarchies
(£1(G)} and (£} (G)}.

Proposition 14 For r € N U {00, ¥}, £°1(G) < y°1(G) and £5°°(G) > y%(G).

1.4 Techniques from noncommutative polynomial optimization

In a (commutative) polynomial optimization problem we minimize a multivariate
polynomial f(xi, ..., x,) over a feasible region defined by polynomial inequalities.
Such a problem has the form

inf{f(xl,...,x,,) cx eR", glxy, ..., xp) ZOforge%}

for some finite set & of multivariate polynomials. Lasserre [24] and Parrilo [45] intro-
duced the moment/sum-of-squares method to solve such problems (see, e.g., [25,27]
for details). The moment method is based on the observation that the above polynomial
optimization problem is equivalent to minimizing | f (x)d(x) over all probability
measures @ supported on the set D(¥) = {x € R" : g(x) > Oforg € ¥4}. In
turn, this is equivalent to minimizing L( f) over all linear functionals L on the space
of polynomials satisfying L(p) > 0 for all polynomials p that are nonnegative on
D(%¥). To get a tractable relaxation we then consider the linear functionals L on the
space of polynomials up to degree 2r and require that L is nonnegative on all squares
s2 and weighted squares s2g (for g € 4) of degree at most 2r. This condition can
be expressed with a polynomially sized semidefinite program for any fixed r. These
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Bounds on entanglement dimensions and quantum graph... 15

relaxations are good in the sense that, under a mild assumption,” they converge to the
optimal value of the polynomial optimization problem as r goes to infinity.

In [37,48] this approach has been extended to the general eigenvalue optimization
problem, which is a problem of the form

inf{y*f(X1,...,X)¥ :d €N, ¢ € C? unit vector, X1, ..., X, € C*9,
g(X1,....X,) = 0forg € 4}.

Here, the matrix variables X; are allowed to have any dimension d € N and {f} U¥
is a set of symmetric polynomials in noncommutative variables. In a tracial optimiza-
tion problem, instead of minimizing the smallest eigenvalue of f (X, ..., X},), we
minimize its normalized trace Tr(f (X1, ..., X,))/d (so that the identity matrix has
trace one) [6—8,22]. Such a problem has the form

inf{Tr(f(X1,....Xp))/d :d €N, Xi,..., X, € C,
g(X1,....X,) = Oforg € 4},

where the matrix variables X; may again have any dimension d and {f} U ¢ is a set
of symmetric polynomials in noncommutative variables. The moment approach for
these two problems again relies on minimizing L( f), where L is a linear functional
on the space of noncommutative polynomials that either models ¥* f (X1, ..., X,)¥
or models the normalized trace evaluation Tr(f (X1, ..., Xy))/d.

Let us focus on the tracial setting which is the setting used in this paper. As in
the commutative case, one obtains tractable (semidefinite programming) relaxations
by requiring L to “behave like a trace evaluation on noncommutative polynomials
of degree at most 2r”. Specifically, we ask L to be nonnegative on all Hermitian
squares s*s and weighted Hermitian squares s*gs (for g € ¥¢) of degree at most
2r, and we require the new tracial condition L(pg) = L(gp), which indeed holds
for trace evaluations; see Sect. 3.3 for details. Under an analogous mild assumption,
the asymptotic limit of these relaxations is well understood: we obtain a solution
(X1, ..., Xp) living in a C*-algebra .7 equipped with a tracial state 7. The question
thus becomes: when can such a solution be converted into a solution to the original
tracial optimization problem, i.e., to a solution living in a usual matrix algebra?

For our purposes, a C*-algebra <7 can be defined as a norm closed *-subalgebra
of the space Z(H) of bounded operators on a complex Hilbert space H. Here, the
involution * on Z(H) is the usual adjoint operation, and a *-subalgebra is an algebra
that is closed under taking adjoints. When H has finite dimension d this means <7 is a
matrix x-algebra, i.e., o is a subalgebra of C¢*? that is closed under taking complex
conjugates. Examples of matrix x-algebras include the full matrix algebra C¢*? or the
x-algebra generated by given matrices X1, ..., X, € C4%4 denoted C(X1,..., X,).
An algebra is called finite dimensional if it is finite dimensional as a vector space.

2 Tobe precise, it suffices that there exists a constant R > O such that R — ) _; xi2 can be written as a sum of

weighted squares s2g with g € ¢ U {1}. This is called the Archimedean condition of the quadratic module
associated to ¢, see Sect. 3.3.
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16 S. Gribling et al.

Essential for understanding the asymptotic limit of the above relaxations for tracial
polynomial optimization are the following results due to Artin and Wedderburn (see
[2,59]): Any finite dimensional C*-algebra is (*-isomorphic to) a matrix *x-algebra
containing the identity, and in turn any such matrix *-algebra is isomorphic to a direct
sum of full matrix algebras. We record the latter result for future reference:

Theorem 1 ([2,59]) Let o/ be a complex matrix x-subalgebra of C¢*? containing
the identity. Then there exists a unitary matrix U and integers K, my, ny for k € [K]
such that

K K
UAdU* = @(C""X”" ® Iy,) and d = kank.
k=1 k=1

Going back to the question above about the asymptotic limit of the relaxations to
the tracial optimization problem: when the obtained solution (X7, ..., X;) lives in a
finite dimensional C*-algebra it can be converted into an optimal matrix solution to the
original tracial optimization problem. As we will later see (Theorem 3) this happens
when the limit linear functional L satisfies some finite rank condition since then L is
a convex combination of trace evaluations at matrix tuples (X1, ..., X,) satisfying
g(X1, ..., X,) = Oforall g € ¢.In addition note that this may happen at a relaxation
of finite order » when the optimal solution L satisfies the so-called flatness condition
(see Theorems 3 and 4).

An important feature in noncommutative polynomial optimization is the dimen-
sion independence: the optimization is over all possible matrix sizes d € N. In fact,
this was the original motivation in the works [36] and [12], where noncommutative
polynomial optimization was first used for approximating the set Cy.(I") of commut-
ing quantum correlations and the maximum winning probability of nonlocal games
over C4(I") (and, more generally, for computing Bell inequality violations). In some
applications one may want to restrict to optimizing over matrices with restricted size d.
In [35,38] techniques are developed that allow to incorporate this dimension restric-
tion by suitably selecting the linear functionals L in a specified space; this is used
to give bounds on the maximum violation of a Bell inequality in a fixed dimension.
A related natural problem is to decide what is the minimum dimension d needed to
realize a given algebraically defined object, such as a (commuting) quantum corre-
lation P. Here we propose an approach based on tracial polynomial optimization:
starting from the observation that the trace of the d x d identity matrix gives its
size d, we consider the problem of minimizing L(1) where L is a linear functional
now modeling the non-normalized matrix trace. This approach has been used in sev-
eral recent works [16,39,57] for lower bounding factorization ranks of matrices and
tensors.

2 Entanglement dimension of synchronous quantum correlations

By combining the proofs from [52] (see also [32]) and [46] one can show the following
link between the minimum local dimension of a synchronous correlation and the
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Bounds on entanglement dimensions and quantum graph... 17

completely positive semidefinite rank of an associated completely positive semidefinite
matrix.

Proposition 1 The smallest local dimension in which a synchronous quantum correla-
tion P can be realized is given by the completely positive semidefinite rank of the matrix
M p indexed by S x A with entries (Mp)s,a),t.p) = P(a, bls, t) for (a,b,s,t) € I'.
That is, Dy (P) = cpsd-rank(Mp).

Proof Suppose first that (¥, E¢, Ftb ) is a realization of P in local dimension d as in
(2). We will show M p is completely positive semidefinite with cpsd-rank-(Mp) < d.

Taking the Schmidt decomposition of i, there exist nonnegatlve scalars {A;} and
orthonormal bases {u;} and {v;} of C¢ such that y = Zl 1 Vi ui @v;.3 If we replace
Y by Zl | Vi Vi ® v and E¢by UESU™, Where U is the unitary matrix for which
u; = Uv; forall i, then (Zl 1 \/_u, ®v;, E Fb) still realizes P and is of the same
dimension d.

Given such a realization (Zl‘-lzl VA v @, E¢, Ftl’ ) of P, we define the matrices

d
K=Y Vi, X¢=K'"TE!K'? v} =K'F K

By using the identities vec(K) = ¢ and

vec(K)*(E® ® FP)vec(K) = Tr(K E‘K FP) = Tr(K'/?E*K'2 K2 FP K1/?),

(14)
and substituting X§ = KI/ZE”KI/2 and Yb Kl/zFbKl/2 we see that
P(a,bls, 1) = (X%, Y}y forall a,b,s,1, (15)
and
(K.K)=1, Y X¢{=>"y/=K forall s.t. (16)
a b

Foranys € §,as P issynchronous we have 1 = Za,b P(a,bls,s) =), P(a,als,s).
Then the Cauchy—Schwarz inequality gives

1= Pa.als.s) =Y (X{, 78 <Y (xE XAy v/
a a

a

= (o) (S )
SIOED RIS o ST

3 The Schmidt decomposition v = Z,d:l Vi ui @i of ¥ € C? @CH can be viewed as the singular value

decomposition Z?:l VAju;v} of the matrix vee ™! (), where vec : C4%4 — C4 @ C4 is the operation
that sends uv™ to u ® v.
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18 S. Gribling et al.

Thus all inequalities above are equalities. The first inequality being an equality shows
that there exist a5, > 0 such that X¢ = o Y& for all a, 5. The second inequality
being an equality shows that there exist S such that | X{|| = B||Y{ ] for all a, s.
Hence,

Bl Y{ I = 1X5 1 = lles,a Yl = s allY{ Il = esall Yl forall a,s,

which shows X¢ = B,Y{ forall a,s. Since ), X¢ = K =), Y, we have ; = 1
for all s. Thus X¢ = Y¢ for all a, s. Therefore,

(Mp) ..oy = <X§‘, Xf) forall a.b,s.t,

which shows M p is completely positive semidefinite with cpsd-rank(Mp) < d.
For the other direction we suppose {X¢} are smallest possible Hermitian positive
semidefinite matrices such that (Mp)(s.a).r.0) = (X%, X?) for all a, 5, ¢, b. Then,

1= P(a,bls.0) = Z(xg, Xf> - <Zx§, Zxﬁ’> forall s, 7,
a,b a b

a,b

which shows the existence of a matrix K such that K = ), X¢ for all s. We have
(K, K) = 1 and thus vec(K) is a unit vector. Moreover, since the factorization of M p is
chosen of smallest possible size, the matrix K is invertible. Set E¢ = K ~1/2X4K~1/2
for all s, a, so that Zu E¢ =1 for all 5. Then, using again (14) we obtain

P(a, bls, 1) = (Mp)(s.a).¢b) = (X9, XP) = vec(K)*(E® ® EP)vec(K),

which shows P has a realization of local dimension cpsd-rank¢(Mp). O

3 A hierarchy for the minimal entanglement dimension
3.1 The minimal average entanglement dimension

Here we investigate some properties of the average entanglement dimension A (-),
which was introduced in Sect. 1.2 in (9). We start by showing that it does not matter
whether we use the tensor model or the commuting model.

Proposition 2 For any P € C4(I") we have Ay (P) = Aye(P).

Proof The inequality A,-(P) < A,4(P) was observed in (10). For the reverse inequal-
ity assume we have a decomposmon P = Z —1Ai P, which is feasible for Ay (P).
This means we have POVMs { X (i)}, and {Yb(z)}b in C4 >4 with [X%(i), Y2 ()] =0
and unit vectors ¥; € C% such that P;(a,bl|s,t) = viXy (i)Yth(i)l//i for all
(a,b,s,t) € I'andi € [I]. We will construct another decomposition of P which will
provide a feasible solution to A, (P) with value at most ) _; A;d;.
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Bounds on entanglement dimensions and quantum graph... 19

Fix some index i € [/]. Applying Theorem 1 to the matrix s-algebra C({X{ (i)}4,s)
generated by the matrices X¢ (i) for (a,s) € A x § shows that there exist a unitary
matrix U; and integers4 K;, my, nj such that

({X (l)}as @(anxnk ®Imk) and d; = kank

k=1 k=1

By assumption each matrix Ytb(i ) commutes with all the matrices in C({X§(i)}4,s),
and thus U; Ytb (1)U} lies in the algebra @, (I,, ® C™**"). Hence, we may assume

K; K; K
X)) =P EGK) @Iy, Y (i) =1 ® FG.0). i = Vi
k=1 k=1 =
with E4(i, k) € C" "%, Ftb(i, k) € C™">mk and ;€ C" @ C™. Then we have
Pi(a,bls, 1) = Tr(X“(i>Yb<i)w,~w-*>

—anu Tr(E“o k) ® F G, o wz)
~ 1l

Qi k(a.bls,t)

where Q;x € Cu(I'). As Y, Ivikll> = l¥ill> = 1, we have that P, =
> Wik ||2Q,-,k is a convex combination of the Q; x’s.

We now show that Q;x € Cy' in{me-n} () Consider the Schmidt decomposition
Vi IWigll = S 5 vi g @ wy g, where A > 0and {v; 1)yt € C'*
and {wl,k,;}l:l C C™* are orthonormal bases. Define unitary matrices Vi € C"x*"*
and Wy € C">*" guch that Vyv; ; is the Ith unit vector in R for 1 <1 < ny and
Wiw; k1 is the [th unit vector in R™* for 1 <1 < my. Let E¢(i, k)’ (resp., Ftb(i, k)
be the leading principal submatrices of .Vk E¢ (i, k) V' (resp., Wi F,b (i, )W) of size
min{my, ny}. Moreover, set ¢; = ;n:l?{mk’”"} Xi kel ® e, where e; is the Ith unit
vector in R™Min”e.nk} Then we have

Qi(a, bls, 1) =Tr (E?(i, D ® FL. b I”””“”‘)

ikl

min{my,ny}

. b, .
= Y hikdrikr O ELG v ) Wi FP G kw; )
1,I'=1

4 We omit the explicit dependence on i in the integers my, nj to simplify the notation.
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20 S. Gribling et al.

min{my,ny}
= Y hikdkikr(efELG kY en)(ef FP G k) er)
1,I'=1

= Tr((E4(i, k) ® FP (i, k) )i ki),

which shows Q; x € CJ™™"" (),

Combining the convex decompositions P = ), A;P; and P; = ), i xl? Qiks
we get the following convex decomposition P = Zi‘ e AillVik IR Qi k. from which we
obtain

Ag(P) <> hillWisl® min{m, ni}® <> 4 minfmy, g}
i,k

, ik
<Y himgng =Y hid;. H
ik i

‘We now show that the parameter A (-) permits to characterize classical correlations.

Proposition 3 For P € C;(I") we have Ay(P) = 1 ifand only if P € Cioc(I").

Proof If P € Cjc(I"), then P can be written as a convex combination of deterministic
correlations (which belong to C l(1“ )), and thus A, (P) = 1.

For the reverse implication, assume A;(P) = 1 Then there exist a sequence of
convex decompositions P = ) ;i A; Pl 1ndexed byl € N, with {Pl } € Cy(I7) and
lim;_s oo Z,E,I A1 Dy (Pl) =1. Decompose the set I' as the disjoint union Il_ U Ifr,
where Dy (P!) = 1fori € I' and D,(P!) > 1fori € I\. Let e > 0. Then, for all /
sufficiently large we have

”
™
Kol

|

L= od [ 42> 2 =Y M+ > alp,ph

iell iell, iell, iell iell,

iell

implying Zzell A < ¢&.This shows that the sequence,u Zzel’ Ajtendstolas/ —
oo. The correlatlon Pl =D ierl A P! / u! is a convex combmatlon of deterministic
correlations and thus it belongs to CIOC(F ). Moreover, P! - P asl — oo, which
implies P € Cjpe(I7). O

As we already observed earlier, when the set C4(I") is not closed, the inclusion
Cg(l") C C,(I') is strict for all d (because with a compactness argument one can
show that ij(F) is closed), and thus there exists a sequence {P;} € C,(I") with
Dy (P;) — oo asi — oo. We show the analogous unboundedness property for the
average entanglement dimension A (-). For the proof we will use the fact that also the
sets Cgc(l“) are closed for all d € N.
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Proposition 4 If C,(I") is not closed, then there exists a sequence {P;} € Cy(I")
with Ay (P;) — oo.

Proof Assume for contradiction there exists an integer K such that A;(P) < K forall
P € C,(I"). We will show this results in a uniform upper bound K" on Dy (P), which,
in view of (7), implies that C, (I") is equal to the closed set C (fc, (I'), contradicting the
assumption that C, (F ) is not closed. For this, we will first show that any P € C,(I")
belongs to conV(C ().

In a first step observe that any P € Cy(I" )\conv(C (1)) can be decomposed as

P=p R+ 1—-p)0r, (17)

where Ry € Cy(I'), Q1 € conv(C,fc(F)), and 0 < u; < K/(K + 1). Indeed, by
assumption and using Proposition 2, A,.(P) = A,(P) < K, so P can be written as
a convex combination P = Y, ; A; P; with {P;} € Cy(I") and ) ;.; AiDyc(P;) <
K.As P ¢ conV(C,fC(F)), the set J of indices i € I with Dyc(P;) > K + 1is
non empty. Then (K + 1)) ;e ;A < D ey 2iDye(Pi) < K, and thus 0 < pup :=
Zie! Ai < K/(K + 1). Hence (17) holds after setting Ri = (D_;.; ; Pi)/p1 and
(Zzel\l AP /(1 = ).

As Ry € C,(IN)\ conV(C (1)), we may repeat the same argument for R;. By

iterating we obtain for each 1nteger k € N a decomposition

P =pipy. .. upRy
+A=pu)Q1+ (1 —pu2)Qo+ -+ prpa ... ug—1(1 — ) Ok,

=(1 =1 p2-..1t) Ok

where Ry € Cq(F) Qk € conv(C (M) and pipo .. puk < (K/(K + 1))]‘. Then
the sequence pip2 ... wi tends to 0 as k — 00. As the entries of Ry lie in [0, 1] we
can conclude that pimo ... i Ry tends to 0 as k — o0. Hence the sequence (Qk)k
has a limit Q and P = Q holds. As all Qk lie in the compact set conv(C (I)), we
also have P € conv(CK (I")). So we reach a contradiction, which shows C,(I") C
conv(C ().

The extreme points of the compact convex set conv(C (7)) lie in C (1), so,
by the Carathéodory theorem, any P € conv(C Lf (I")) is a convex comblnatlon of ¢
elements from C qKC(F ), where ¢ = |I"'|+1—1S||T|. By using a direct sum construction
one can obtain Dy.(P) < cK, which shows K " := ¢K is a uniform upper bound on
Dy (P) forall P € Cy(I'). O

3.2 Setup of the hierarchy

We will now construct a hierarchy of lower bounds on the minimal entanglement
dimension, using its formulation via A, (-). Our approach is based on noncommutative
polynomial optimization, thus similar to the approach we used in [16] for bounding
matrix factorization ranks.
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We first need some notation. Set x = {x¢ : (a,s) € A x S}andy = {y? : (b,1) €
B x T}, and let (x,y, z), be the set of all words in the n = |S||A| + |T||B| + 1
symbols x{, ytb, and z, having length at most r. Moreover, set (X, y, z) = (X, ¥, Z)co-
We equip (X, y, z), with an involution w + w* that reverses the order of the symbols
in the words and leaves the symbols x{, y,b , z invariant; e.g., (x%z)* = zx?. Let
R(x,y, z), be the vector space of all real linear combinations of the words of length
(aka degree) at most r. The space R(x,y, z) = R(X,Y, z)co is the x-algebra with
Hermitian generators {x¢}, { ytb }, and z, and the elements in this algebra are called
noncommutative polynomials in the variables {x{}, { yf 1 z.

The hierarchy of bounds on A, (P) is based on the following idea: For any feasible
solution to A, (P), its objective value can be modeled as L(1) for a certain tracial
linear form L on the space of noncommutative polynomials (truncated to degree 2r).

Indeed, assume {(FP;, A;);} is a feasible solution to the program defining A, (P)
(introduced in Sect. 1.2). That is, P = >, A;P; with A; > 0, Y ;A = 1 and
Pi € Cy(I). Assume Pi(a, bls,t) = Tr(X2(@)YP @)y y}) where ¢ € C% and
the POVM’s {X%(i)}, (Y2 (i)} € C%*% are asin (4), that s, for all (s, ¢, a, b) € I the
matrices X¢(i) and Y? (i) commute: [X%(i), Y2 (i)] = X9(i) Y (i) — YP (i) X9 (i) = 0.
For r € N U {oo}, consider the linear functional L € R(x, y, z)3, defined by

L(p) = ZM Re(Tr(p(X (@), Y(0), ¥iy))) for peR(x,y, )2

Here, for each index i, we set
X(@)=(Xi@G):(a,s) e AxS), Y(@i)= (Ytb(i) :(b,t) e BxT),

and we replace the variables x, yt}’ , 2 by X4(i), Yt” (i), and ;) respectively. First
note that we have L(1) = ), A;d;. That is, L(1) is equal to the objective value of
the feasible solution {(P;, A;);} to Ayc(P). Secondly, for all (s, ¢, a, b) € I" we have
L(x8ybz) = P(a, bls, 1).

We will now identify several computationally tractable properties that this linear
functional L satisfies. The hierarchy of lower bounds on A,(P) then consists of
optimization problems where we minimize L (1) over the set of linear functionals that
satisfy these properties.

First note that L is symmetric, that is, L(w) = L(w*) for all w € (x,y, z)2,, and
tracial, that is, L(ww’) = L(w'w) for all w, w’ € (x,y, z) with deg(ww’) < 2r.

Next, for all p € R(x,y, z),—1 we have

L(p*xip) = Y % Re(Tr(C(i)* X4 ()C (i) = 0,

where C (i) = p(X(@@), Y(@), ¥i¥;), as C(i)* X (i)C (i) is positive semidefinite since
X¢ (i) is positive semidefinite. In the same way one can check that L(p* y[b p) > 0and
L(p*zp) > 0. That is, if we set

%:{x?:seS,aeA}U{ytb:teT,beB}U{z},
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then L is nonnegative (denoted as L > 0) on the truncated quadratic module

Mo (G) = cone{p*gp :p eRX,y, z), g €4 U1}, deg(p*gp) < Zr}. (18)
Similarly, setting

%z{z—zz}u{l—fo:seS}

acA

Ul =Y st eTYu{lxd, y1: (s, t,a, by e T},
beB

we have L = 0 on the truncated ideal

Ty () = {ph p eR(X,y,2), h € #, deg(ph) < Zr}. (19)

Moreover, we have L(z) = ) ; A;Re(Tr(y; 1//1.*)) = 1. In addition, for any matrices
U,V e C4%*di we have
ViU Vi = Y Vi Uiy,
and therefore, in particular,
L(wzuzvz) = L(wzvzuz) forall u,v,w € (x,y, z) with deg(wzuzvz) <?2r.
That is, we have L = 0 on .%, (%, ), where
Ky = {zuzvz —zvzuz 1 u,v € u,v € (X, Yy, z) with deg(zuzvz) < 2r}.

We get the idea of adding these last constraints from [37], where this is used to study
the mutually unbiased bases problem.

We call #(9) = Mxo(¥) the quadratic module generated by ¢, and we call
I Poo) = Foo (U Xoo) the ideal generated by 777 U Zoo.

For r € N U {oo} we can now define the parameter:

EN(P) = min{L(l) : L € R(x,y, z)5, tracial and symmetric,

L(z) =1, L(x*y’z) = P(a, bls, 1) forall (a, b, s, 1) € T,
L>0on./,%), L=0on JZ,(%U%,)}.

Note that for order r = 1 we get the trivial bound Sf(P) =1.

For each finite 7 € N the parameter £(P) can be computed by semidefinite pro-
gramming. Indeed, the condition L > 0 on .#5, (%) means that L(p*gp) > 0 for all
g € ¥ U {1} and all polynomials p € R(x, y, z) with degree at most » — [deg(g)/2].
This is equivalent to requiring that the matrices (L(w*gw’)), indexed by all words
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w, w’ with degree at most r — [deg(g)/27, are positive semidefinite. To see this, write
p =2, Pwwandlet p = (p,) denote the vector of coefficients, then L(p*gp) > 0
is equivalent to pT (L(w*gw’))p > 0. When g = 1, the matrix (L(w*w’)) is indexed
by the words of degree at most 7, it is called the moment matrix of L and denoted by
M, (L) (or M(L) when r = o0). The entries of the matrices (L(w*gw’)) are linear
combinations of the entries of M, (L), and the constraint L = 0 on %, (7 U %))
can be written as a set of linear constraints on the entries of M, (L). It follows that for
finite » € N, the parameter &7 (P) is indeed computable by a semidefinite program.

Additionally, we define the parameter el(P) by adding to the definition of £L(P)
the constraint rank(M (L)) < oo. By construction this gives a hierarchy of lower
bounds for A, (P):

ENP) <... <EN(P) <EL(P) <ENP) < Aye(P).

Indeed, if L € R(x,y, z)3, is feasible for érq (P) then its restriction to R(x, y, z)5._,
is feasible for Srq_l(P), which implies 5rq—1 (P) < L(1) and thus frq_l(P) < &(P).

3.3 Background on positive tracial linear forms

Before we show the convergence results for the hierarchy {&7(P)} we give some
background on positive tracial linear forms, which we will use again in Sect. 4. We
state these results using the variables xi, ..., x,, where we use the notation (x) =
(x1, ..., xn). The results stated below do not always appear in this way in the sources
cited; we follow the presentation of [16], where full proofs for all these results are also
provided.

First we need a few more definitions. A polynomial p € R(x) is called symmetric
if p* = p, and we denote the set of symmetric polynomials by Sym R(x). Given
¢ C SymR(x) and 7 C R(x), the set 4 (¥) + 7 (J7) is called Archimedean if it
contains the polynomial R — }_7_, x? for some R > 0.

Recall that for our purposes a C*-algebra .2 can be defined as a norm closed -
subalgebra of the space Z(H) of bounded operators on a complex Hilbert space H.
We say that a C*-algebra <7 is unital if it contains the identity operator (denoted 1).
Anelement a € <7 is called positive if a = b*b for some b € 7. A linear form 7 on a
unital C*-algebra <7 is said to be a state if T(1) = 1 and 7 is positive; that is, T(a) > 0
for all positive elements a € .«7. We say that a state 7 is tracial if t(ab) = t(ba) for
alla, b € <. See, for example, [4] for more information on C*-algebras.

The first result relates positive tracial linear forms to C*-algebras; see [37] for the
noncommutative (eigenvalue) setting and [8] for the tracial setting.

Theorem 2 Let Y C Sym R(x) and 5 C R(x) and assume that # () + I ()
is Archimedean. For a linear form L € R(x)*, the following are equivalent:

(1) L is symmetric, tracial, nonnegative on #(9), zero on I (), and L(1) = 1;
(2) there is a unital C*-algebra <f with tracial state T and X € /™ such that g(X)
is positive in < for all g € 9, and h(X) = 0 for all h € F€, with

L(p) =1(p(X)) forall p e R(x). (20)
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The following can be seen as the finite dimensional analogue of the above result. The
proof of the unconstrained case (¢ = 2 = (J) can be found in [7], and for the
constrained case in [8].

Given a linear form L € R(x)*, recall that its moment matrix M (L) is given by
M(L),» = L(u*v) for u,v € (x). Recall also that L is called a normalized trace
evaluation if there exists a tuple (X1, ..., X;) of d x d Hermitian matrices (for some
d € N) such that L(p) = Tr(p(Xy, ..., X,))/d for all p € R(x).

Theorem 3 Let ¢ C Sym R(x) and 77 C R(x). For L € R(x)*, the following are
equivalent:

(1) L isasymmetric, tracial, linear formwith L(1) = 1 that is nonnegative on (%),
zero on S (), and has rank(M (L)) < oo;

(2) there is a finite dimensional C*-algebra </ with a tracial state T and X € <"
satisfying (20), with g(X) positive in </ for all g € 4 and h(X) = 0 for all
h e ;

(3) L isaconvex combination of normalized trace evaluations at tuples X of Hermitian
matrices that satisfy g(X) = 0 forall g € 4 and h(X) = 0 forall h € .

Given an integer r € N a (truncated) linear functional L € R(x),, is called §-flat if
the principal submatrix M,_s(L) of M, (L) indexed by monomials up to degree r — §
has the same rank as M, (L), i.e.,

rank (M, (L)) = rank(M,_s(L)). 21

One says L is flat if it is §-flat for some § > 1. The following result claims that
any flat linear functional on a truncated polynomial space can be extended to a linear
functional L on the full algebra of polynomials. It is due to Curto and Fialkow [11] in
the commutative case and extensions to the noncommutative case can be found in [48]
(for eigenvalue optimization) and [7,22] (for trace optimization).

Theorem 4 Let1 <6 <r < 00,9 C SymR(x)os, and 7 C R(x)25. If L € R(x)},
is symmetric, tracial, §-flat, nonnegative on M»(9), and zero on S, (H), then L
extends to a symmetric, tracial, linear form on R(x) that is nonnegative on M (9),
zero on I (), and whose moment matrix M (L) has finite rank.

The following technical lemma, based on the Banach-Alaoglu theorem, is a well-
known tool to show asymptotic convergence results in polynomial optimization.

Lemma 1 Let¥ € SymR(x), 7 C R(x), and assume that for somed € Nand R >
Owe have R — (x% +-- --I—X,%) € Mra(9)+ I2q4(FF). Forr € Nassume L, € R(x)3,
is tracial, nonnegative on M-, (4) and zero on S, (). Then |L,(w)| < R"™V2L, (1)
SJor all w € (X)2,—24+2. In addition, if sup, L,(1) < oo, then {L,}, has a pointwise
converging subsequence in R(x)*.

3.4 Convergence results
We first show that the parameter £1(P) coincides with the average entanglement

dimension A, (P) and then we consider convergence properties of the bounds "g‘rq(P)
to the parameters f;‘go(P) and SE(P).
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Proposition 5 For any P € C,(I") we have glp) = Aye(P).

Proof We already know £J/(P) < A,c(P). To show £/(P) > A,c(P) we let L
be feasible for £J(P), so that L > 0 on .# (%), L = 0 on . (H U %) and
rank(M (L)) < oo. We apply Theorem 3 to the scaled linear form L/L(1) (note that
L(1) > Osince L(z) = 1): there exist finitely many scalars ; > Owith ) ; ; = L(1),
Hermitian matrix tuples X(i) = (X¢(i))a,s and Y(@) = (Y[b (1))p.s» and Hermitian
matrices Z;, so that

gX(@),Y®@),Z)>=0 forallg €9, h(X(i),Y(@i),Z;) =0 forall h € 3 U Zwo,
(22)

and
L(p) = Z)“i Tr(p(X(@),Y(@), Z;)) forall p e R(x,y,z). (23)

By Artin-Wedderburn theory (Theorem 1) we know that for each i there is a unitary
matrix V; such that V;C(X (i), Y (i), Z;) V}* = P, (Cd“dk@)lmk. Hence, after applying
this further block diagonalization we may assume that in the decomposition (23), for
each i, C(X(i), Y(i), Z;) is a full matrix algebra C%*4i

Since h(X(i), Y(i), Z;) = 0 forall h € Rs U {z — z°}, Z; is a projector and the
commutator [Z,-uZi, Zl-in] vanishes for all u, v € (X(i), Y(i), Z;) and hence for
all u,v € C(X(@(@),Y(@), Z;). This means that [Z; 1 Z;, Z;ThZ;] =0 forall T}, T, €
Cdixdi  As Z; is a projector, there exists a unitary matrix U; such that U; Z; U =
Diag(1,...,1,0,...,0). The above then implies that for all 71 and T, the leading
principal submatrices of size rank (Z;) of U; T1U;* and U; T, U;* commute. This implies
rank(Z;) < 1 and thus Tr(Z;) € {0, 1}. Let I be the set of indices with Tr(Z;) = 1.
Then wehave ) ;. A =) ; A Tr(Z;) = L(z) = 1.

For each i € [ define P; = (Tr(X?(i)Ylb(i)Zi)), which is a quantum cor-
relation in C;IQ(F) because Tr(Z;) = 1, and X%, Y? > 0 with Yo X0 =
>, YPG) = I and [X%(i), Y’ ()] = 0 in view of (22). Using (23) we obtain
P = Zie[ Ai P;.Hence, (P;, A;);es forms a feasible solution to A4 (P) with objective
value Ziel A.ich(Pi) < Zie] Aid; < Zi Aid; = L(1). O

The problem &7 (P) differs in two ways from a standard tracial optimization prob-
lem. First it does not have the normalization L(1) = 1 (and instead it minimizes
L(1)), and second it has ideal constraints L = 0 on .%,,(%,) where %, depends on
the relaxation order r. Nevertheless we can show that asymptotic convergence still
holds.

Proposition 6 For any P € C,(I") we have EN(P) > EL(P)asr — .

Proof First observe that 1 — z2, 1 — (x9)2, 1 — (y*)? € #4(9 U H3), where 54
contains the symmetric polynomials in .77’; i.e., omitting the commutators [x¢, y,b 1.
Indeed, we have 1 — z2 = (1 — )2 + 2(z — z2) and

1— (%=1 —x9? +2(1 — xx(1 — x%) 4 2x° ((1 - ng’> +> xg’) x4,

a a'#a
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and the same for y?. Hence R — 22 — ), (x)? = 3", (y))? € Ma(Y U ) for
some R > 0. Fix ¢ > 0 and for each r € N let L, be feasible for &1 (P) with value
L,.(1) < Eﬂ (P)+e¢. As L, istracial and zero on .%, (%)), it follows (using the identity
p*gp = pp*g+Ip*g. p])that L = 0on .5, (7). Hence, L, > 0 on ./, (9 UH).
Since sup, L, (1) < A,(P) + ¢, we can apply Lemma 1 and conclude that {L,}, has
a converging subsequence; denote its limit by L, € R(x)*. One can verify that L. is
feasible for €% (P), and £ (P) < Lo (1) < lim,_ o0 &1 (P) + & < 3 (P) +¢. Letting
& — 0 we obtain that £3(P) = lim,_, o £E3(P). o

Next we show that finite convergence holds under a certain flatness condition: if
£1(P) admits a 8-flat optimal solution with § = [r/3] + 1, then & (P) = £J(P). This
result is a variation of the flat extension result from Theorem 4, where § now depends
on the order r because the ideal constraints in £ ( P) depend on 7.

Proposition 7 If £1(P) admits a ([r/3] + 1)-flat optimal solution, then we have
&'(P) = EL(P).

Proof Let$ = [r/3]+ 1 and let L be a §-flat optimal solution to &7 (P), i.e., such that
rank(M, (L)) = rank (M, _ 5(L)) We have to show 5, (P) > é* (P), wh1ch we do by
constructing a feasible solution Lto £J(P) with the same objective value L (1) = L(1).
In the proof of Theorem 4 (see [16, Thm. 2.3], and also [22, Prop. 6.1] for the original
proof of this theorem), the linear form L is extended to a tracial symmetric linear form
LonR(x, y, z) thatis nonnegative on .# (¢), zero on .¥ (J¢), with rank(M (L)) < oo.
To do this a subset W of (x, y, z),—s is found such that we have the vector space direct
sum R(x, y, z) = span(W) & .# (N, (L)), where N, (L) is the vector space

Ny(L) ={p € R(x,y,2), : L(gp) =0 forallg € R(x,y,z),}.
It is moreover shown that . (N, (L)) C N(i). For p € R(x,y, z) we denote by r,
the unique element in span(W) such that p — r, € Z(N,(L)).
We show that L is zero on .% (%xo). Fix u, v, w € R(x, Yy, z). Then we have
I:(w(zuzvz —Zvzuz)) = I:(wzuzvz) - f,(wzvzuz).
Since L is tracial and u — Fu, U—ry, W —ry € Z(N,(L)) C N(i), we have
i(wzuzvz) = i(rwzruzrvz) and i(wzvzuz) = i(rwzrvzruz).
Since deg(ryzryzryz) = deg(ryzryzryz) < 3+ 3(r — §) < 2r we have
I:(rwzruzrvz) = L(ryzryzryz) and i(rwzrvzruz) = L(ryzryzryz).
SoL=0 on I (%)) implies L =0o0n I (Ko)-
Since L extends L we have L(z) L(z) = 1 and L(x z) = L(xsaytbz) =

P(a, bJs, t) for all a, b, s, t. So, L is feasible for E* (P) and has the same objective
value L(1) = L(1). O
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4 Bounding quantum graph parameters

We investigate the quantum graph parameters a4 (G), v, (G), a4c(G), and x4c(G),
which are quantum analogues of the classical graph parameters «(G) and x (G). They
were introduced earlier in Sect. 1.3 in terms of nonlocal games and synchronous
quantum correlations (in the tensor and commuting models). As we will see below,
they can be reformulated in terms of the existence of positive semidefinite matrices
with arbitrary size (or operators) satisfying a system of equations corresponding to
the natural integer linear programming formulation of «(G) and x (G). This opens the
way to using techniques from noncommutative polynomial optimization for designing
hierarchies of bounds for the quantum graph parameters. We present these approaches
and compare them with known hierarchies for the classical graph parameters.

4.1 Hierarchies y,c"l(G) and yﬁt“"(G) based on synchronous correlations

In Sect. 1.3 we introduced quantum chromatic numbers (Definition 1) and quantum
stability numbers (Definition 2) in terms of synchronous quantum correlations sat-
isfying certain linear constraints. We first give (known) reformulations in terms of
C*-algebras, and then we reformulate those in terms of tracial optimization, which
leads to the hierarchies )/,COI(G) and yﬁtab(G).

The following result from [46] allows us to write a synchronous quantum correlation
in terms of C*-algebras admitting a tracial state.

Theorem 5 ([46]) Let I' = A? x S? and P € RT'. We have P € Cye5(I') (resp.,
P € Cy (I")) if and only if there exists a unital (resp., finite dimensional) C*-algebra
o/ with a faithful tracial state © and a set of projectors {X¢ : s € S,a € A}ine/
satisfying Y ,ca X$ = 1 for all s € S and P(a,bls,t) = r(X?Xf’) for all
s,teSanda,b € A.

Here we add the condition that t is faithful, that is, T (X*X) = 0 implies X = 0, since
it follows from the GNS construction in the proof of [46]. This means that

0= Pla,bls, ) = e (XX =7 (x¢)° (x0)) = o ((x¢x?) xex?)

implies X% X f’ = 0. It follows from Definition 1 and the above that x,.(G) is equal to
the smallest k£ € N for which there exists a C*-algebra <7, a tracial state T on .7, and
a family of projectors {X{ :i € V, ¢ € [k]} C & satisfying

Y epg X —1=0 forall i€V, (24)
XfX; =0 if (c£candi=j) or (c=c and{i, j} € E). (25)

The quantum chromatic number y, (G) is equal to the smallest k € N for which there
exists a finite dimensional C*-algebra .7 with the above properties.
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Analogously, o (G) is equal to the largest k € N for which there is a C*-algebra
o/, atracial state T on 7, and a set of projectors {X!. : ¢ € [k],i € V} C o satisfying

Yiev X —1=0 forall c € [k], (26)
XEXZ:, =0 if(i#jandc=c) or ((i=jor{i,j} € E)andc # ),
(27)

and o, (G) is equal to the largest k € N for which .7 can be taken finite dimensional.

These reformulations of x,(G), x4c(G), a4(G) and oy (G) also follow from [41,
Thm. 4.7], where general quantum graph homomorphisms are considered; the formu-
lations of x,(G) and x4.(G) are also made explicit in [41, Thm. 4.12].

Remark 1 The above definition for the parameters o, (G) and y,(G) (tensor model)
can be simplified. Indeed, instead of asking for projectors { X'} living in a finite dimen-
sional C*-algebra equipped with a tracial state and satisfying the constraints (24)—(25)
or (26)—(27), one may ask for such projectors that are matrices of unspecified (but
finite) size (as in [9,32,52]). This can be seen in the following two ways.

A first possibility is to apply Artin—Wedderburn theory, which tells us that any finite
dimensional C*-algebra is isomorphic to a matrix algebra.

An alternative, more elementary way is to use the link presented in Sect. 2
between synchronous quantum correlations and completely positive semidefinite
matrices. Indeed, as we have seen there, having a synchronous quantum correlation

= (P(c, c'li, j)) € RVZxIkP? certifying x,(G) < k is equivalent to having a set of
positive semidefinite matrices {X ¢} satisfying the constraints (24)—(25). Here we use
the basic fact that since X; X; > 0, we have P(c,c'|i, j) = Tr(X‘X§ ) = 0if and
only if X CX ¢ =0.N ext, observe that the constraints (24)—(25) 1mply that the matrices
X¢ are pI‘O_]eCtOI'S Indeed, for every i, ¢/, by multiplying (24) by X <" and using (25) we

obtam (X7 )2 X; ¢ The analogous result holds of course for the quantum stability
number oy (G).

Finally, note that restricting to scalar solutions (1 x 1 matrices) in these feasibility
problems recovers the classical graph parameters x (G) and «(G).

We now reinterpret the above formulations in terms of tracial optimization. Given
agraph G = (V, E), leti >~ j denote {i, j} € Eori = j.Fork € N, let L%”g‘}g and
jzi”Gsfib denote the sets of polynomials corresponding to equations (24)—(25) and (26)—
27):

%°°l= I—Zx

celk]

u{xfx§ (c#c andi = j)or(c=c and (i, j} E)},

A = {1—Zx;l ‘ce [k]} U {xg' Ji(i# jande=c) or (i :jandc;éc’)}.

ieV
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We have

1

1= (x)" e ) + 7 (HE).

since 1 — (x¢)% = (1- Xf)z +2 (xf — (xic)z), and

1
¥ () = (I—fo‘”)+ > i en(ash). o9
¢ c'ic'#e

and the analogous statements hold for jf(;t‘,:b Hence, both .#Z (¥) + . (%’f"l) and

MD)+ I (%’ftab) are Archimedean and we can apply Theorems 2 and 3 to express
the quantum graph parameters in terms of positive tracial linear functionals. Namely,

Xgc(G) = min {k eN:LeR{xf:ieV,ce [k]})* symmetric, tracial, positive,
L) =1, L=00n.5 (D},

and x,(G) is obtained by adding the constraint rank (M (L)) < oc. Likewise,

gc(G) = max {k eN:Le R({xé ¢ € [k],i € V})* symmetric, tracial, positive,

L) =1, L =0on.7 (A% } ,

and a, (G) is given by this program with the additional constraint rank (M (L)) < oo.

Starting from these formulations it is natural to define a hierarchy {yrco1 (G)} of lower
bounds on x,(G) and a hierarchy {y,smb(G)} of upper bounds on a4 (G), where the
bounds of order r € N are obtained by truncating L to polynomials of degree at most
2r and truncating the ideal to degree 2r:

erOI(G) = min {keN : L e R({x{ :i € V, ¢ € [k]})5, symmetric, tracial, positive,
L()=1, L =0on.%, (%gf’,i)} :
)/,Stab(G) = max {keN 1L e ]R({xé :c € [k],i € V})5, symmetric, tracial, positive,

L) =1, L=0on .7 (23] .

Then, by defining y°(G) and y£%(G) by adding the constraint rank(M (L)) < oo
to VOCSI(G) and )/géab(G), we have

YN G) = x4e(G), V3°(G) = aye(G), and
YENG) = x4(G),  ¥E(G) = 0y (G).

The optimization problems erOI(G), for r € N, can be computed by semidefi-
nite programming and binary search on k, since the positivity condition on L can
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be expressed by requiring that its truncated moment matrix M, (L) = (L(w*w’))
(indexed by words with degree at most r) is positive semidefinite. If there is an
optimal solution (k, L) to y,COI(G) with L flat, then, by Theorem 4, we have equal-
ity yr“’l(G) = x4(G). Since {yrc"l(G)}reN is a monotone nondecreasing sequence
of lower bounds on x,(G), there exists an ro such that for all » > ry we have
erOI(G) = yf()"l(G), which is equal to yggl(G) = X4c(G) by Lemma 1. The analo-
gous statements hold for the parameters y,smb(G). Hence, we have shown the following
result.

Proposition 8 There is an ry € N such that yr“’](G) = Xqc(G) and yrStab(G) =
aye(G) for all r > ro. Moreover, if erOI(G) admits a flat optimal solution, then

YUG) = x4(G), and if v (G) admits a flat optimal solution, then y ™ (G) =
ay(G).

Remark 2 A hierarchy {2,(I")} of semidefinite outer approximations for the set
Cyc(I') of commuting quantum correlations was constructed in [46] (revisiting the
approach in [36,48]). This hierarchy converges, that is,

Cye(IN) = 2oo(I) =[] 2:(I).
reN

These approximations 2, (") are based on the eigenvalue optimization approach,
applied to the formulation (4) of commuting quantum correlations. So they use lin-
ear functionals on polynomials involving the two sets of variables x{ and ylb for
(a, b, s, t) € I'. Paulsen et al. [46] use these outer approximations to define a hierar-
chy of lower bounds converging to x,.(G), where the bounds are defined in terms of
feasibility problems over the sets 2, (I").

For synchronous correlations we can use the result of Theorem 5 and the tracial
optimization approach used here to define directly a converging hierarchy {2, ;(I")}
of outer semidefinite approximations for the set Cy¢ s(17) of synchronous commuting
quantum correlations. These approximations now use linear functionals on polynomi-
als involving only one set of variables x{ for (a, s) € A x S. Namely, forr € NU {00}
define 2, (I") as the set of P € R for which there exists a symmetric, tracial,
positive linear functional L € R({x{ : (a,s) € A x §})3, such that L(1) = 1 and
L = 0 on the ideal generated by the polynomials x¢ — (xf)2 ((a,s) € A x S)and
1-> aca X2 (s € 8), truncated at degree 2r. Then we have

Cyes(I) = oo s(I) = () 2,.5(I).
reN

The synchronous value of a nonlocal game is defined in [13] as the maximum value
of the objective function (11) over the set Cyc s (17). By maximizing the objective (11)
over the relaxations 2, (I") we get a hierarchy of semidefinite programming upper
bounds that converges to the synchronous value of the game. Finally note that one
can also view the parameters yrc"l(G) as solving feasibility problems over the sets
2, ,(I).
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4.2 Hierarchies £°'(G) and £5'%"(G) based on Lasserre type bounds

Here we revisit some known Lasserre type hierarchies for the classical stability number
«(G) and chromatic number x (G) and we show that their tracial noncommutative
analogues can be used to recover known parameters such as the projective packing
number «,(G), the projective rank & ¢(G), and the tracial rank &, (G). Compared to
the hierarchies defined in the previous section, these Lasserre type hierarchies use less
variables (they only use variables indexed by the vertices of the graph G), but they
also do not converge to the (commuting) quantum chromatic or stability number.
Given a graph G = (V, E), define the set of polynomials

%”G:{xi—xiz:ieV}U{xixj:{i,j}eE}

in the variables x = (x; : i € V) (which are commutative or noncommutative depend-
ing on the context). Note that 1 — x> € .# (#) + #> () for all i € V, so that

i

M D) + S () is Archimedean.
4.2.1 Semidefinite programming bounds on the projective packing number

We first recall the Lasserre hierarchy of bounds for the classical stability number «(G).
Starting from the formulation of «(G) via the optimization problem
oe(G):sup{in :x e R, h(x):Oforhej‘f(;}, (29)
ieV
the r-th level of the Lasserre hierarchy for «(G) (introduced in [24,26]) is defined by

lasilab(G) = sup {L (Z xi) : L € R[x]3, positive, L(1) =1, L =0 on .%, (%"G)} .
ieV

Then we have lasjtfi (G) < lasimb(G) and the first bound is Lovdsz’ theta number:

lasﬁtab(G) = ¥ (G). Finite convergence to «(G) is shown in [26]:
lasyig (G) = a(G).
Roberson [51] introduces the projective packing number

1
o, (G) = sup [E Zrank X;:d €N, X € (¢ projectors,
ieV

X;X; =0for{i, j} E}

- sup{éTr(%Xi) ‘deN, Xe (Y, h(X)=0forh e %G} (30)
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as an upper bound for the quantum stability number «, (G). Here 4 denotes the
set of real symmetric d x d matrices. Note that the inequality o, (G) < «,(G) also
follows from Proposition 9 below. Comparing (29) and (30) we see that the parameter
o, (G) can be viewed as a noncommutative analogue of a(G).

For r € NU {oo} we define the noncommutative analogue of lasjmb(G) by

E:tab(G) = sup[L(Zx,-) : L € R(x)3, tracial, symmetric, and positive,
ieV

L(d)=1,L=0on J/z,(%a)},

and £%°(G) by adding the constraint rank (M (L)) < oo to the definition of £3%°(G).

o0
In view of Theorems 2 and 3, both £3%°(G) and £5*°(G) can be reformulated in

o0
terms of C*-algebras: g;gab(G) (resp., éjmb(G)) is the largest value of 7(}_,.y Xi),
where o7 is a (resp., finite-dimensional) C*-algebra with tracial state T and X; € .«
(i € [n]) are projectors satisfying X; X; = 0 for all {i, j} € E. Moreover, as we
now see, the parameter Sjmb(G) coincides with the projective packing number and the

parameters £°°(G) and &5 (G) upper bound the quantum stability numbers.

Proposition 9 We have £§%°(G) = a,(G) > ay(G) and £55°(G) > aye(G).

Proof By (30), @, (G) is the largest value of L(} ;. x;) taken over all linear func-
tionals L that are normalized trace evaluations at projectors X € (§¢)" (for some
d € N) with X; X; = Ofor {i, j} € E. By convexity the optimum remains unchanged
when considering a convex combination of such trace evaluations. In view of Theo-
rem 3 [the equivalence between (1) and (3)], we can conclude that this optimum value
is precisely the parameter E:tab(G). This shows equality a,(G) = jtab(G).
Consider a C*-algebra <7 with tracial state T and a set of projectors X' € o7 (for
i €V, c € [k]) satisfying (26)—(27). Then, setting X; = Zce[k] ch fori € V, we
obtain projectors X; € .o/ thatsatisty X; X; = 0if {i, j} € E. Moreover, the following
holds: T(Y_;cy Xi) = Y e Ty X1 = k. This shows £32°(G) > a4(G) and,
when restricting <7 to be finite dimensional, E:tab(G) > a4 (G). O

Using Lemma 1 one can verify that £5%°(G) converges to £54°(G) as r — o0,
and for » € N U {oo} the infimum in Ersmb(G) is attained. Moreover, by Theorem 4, if
£5%°(G) admits a flat optimal solution, then equality £5%° = £51%(G) holds. The first
bound £§'°(G) coincides with the theta number, since £{“°(G) = las{®®(G) = ¥ (G).
Summarizing we have o, (G) < égg‘b(G) and the following chain of inequalities

4g(G) < @y(G) = E°(G) < EX°(G) = §°(G) = §)™(G) = ?(G).
4.2.2 Semidefinite programming bounds on the projective rank and tracial rank

We now turn to the (quantum) chromatic numbers. First recall the definition of the
fractional chromatic number:

xr(G) :=min{ Z ks:AERfG, Z AgzlforallieV},
Se. S SeSGieS
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where .7 is the set of stable sets of G. Clearly, xr(G) < x(G). The following
Lasserre type lower bounds for the classical chromatic number x (G) are defined
in [19]:
lasﬁ"](G) = inf {L(l) : L € R[x]5, positive, L(x;) =1 € V),
L = 0on %, (%)} .

Note that we may view x y(G) as minimizing L(1) over all linear functionals L €
R[x]* that are conic combinations of evaluations at characteristic vectors of stable
sets. From this we see that lasf"l(G) < xf7(G) forall r > 1. In [19] it is shown that
finite convergence to x y(G) holds:

lasy;, (G) = x7(G).

The bound of order r = 1 coincides with the theta number: las§°1(G) = 9(G).
The following parameter & ¢ (G), called the projective rank of G, was introduced
in [32] as a lower bound on the quantum chromatic number x, (G):

d
£4(G) = inf{— cd,reN, Xi,....X, e 74 Te(X)) =r (i € V),

.
X} =XiG e V), XiX; =0 (i j) € BY).

Proposition 10 ([32]) For any graph G we have & (G) < x4(G).

Proof Set k = y4(G). It is shown in [9] that in the definition of x,(G) from (24)—
(25), one may assume w.l.0.g. that X7 are projectors that all have the same rank, say, r.
Then, for any given color ¢ € [k], the matrices X lc (i € V) provide a feasible solution
to £7(G) with value d/r. This shows &¢(G) < d/r. Finally, d/r = k holds since
by (24)—(25) we have d = rank(/) = Zle rank (X7) = kr. O

In [46, Prop. 5.11] it is shown that the projective rank can equivalently be defined as

£7(G) =inf {A : &/ is a finite dimensional C*-algebra with tracial state t,
X; € o projector with t(X;) = 1/1 (i € V),
XiX;=0(i,j}e E)}.
Paulsen et al. [46] also define the tracial rank &;-(G) of G as the parameter obtained
by omitting in the above definition of £7(G) the restriction that 7 has to be finite

dimensional. The motivation for the parameter &;-(G) is that it lower bounds the
commuting quantum chromatic number [46, Thm. 5.11]:

&r(G) < Xqc(G).

Using Theorems 2 and 3 (which we apply to L/L(1) when L is not normalized),
we obtain the following reformulations:
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£r(G) =inf {L(l) : L € R(x)* tracial, symmetric, positive, rank (M (L)) < oo,
L(xj)=1( €V), L=0on.7(#5)},

and &;,-(G) is obtained by the same program without the restriction rank(M (L)) <
00. In addition, we obtain that in this formulation of &7(G) we can equivalently
optimize over all L that are conic combinations of trace evaluations at projectors
X; € §¢ (for some d € N) satisfying X; X; = O for all {i, j} € E. If we restrict
the optimization to conic combinations of scalar evaluations (d = 1) we obtain the
fractional chromatic number. This shows that the projective rank can be seen as the
noncommutative analogue of the fractional chromatic number, as was already observed
in [32,46].

The above formulations of the parameters &;,(G) and £7(G) in terms of linear
functionals also show that they fit within the following hierarchy {§f°1(G)},eNu{oo},
defined as the noncommutative tracial analogue of the hierarchy {lasf"l(G)},:

é,“’](G) = inf {L(l) : L € R(x)3, tracial, symmetric, and positive,
L(xj)=1(G €V), L =0o0n %,(#)}.

Again, 5:01(G) is the parameter obtained by adding the constraint rank(M (L)) < oo
to the program defining sgg‘(G). By the above discussion the following holds.

Proposition 11 We have £°4(G) = £4(G) < x4(G) and £X(G) = &,(G) <
Xqc(G).

Using Lemma 1 one can verify that the parameters £°°'(G) converge to £5%/(G).
Moreover, by Theorem 4, if & f"l (G) admits a flat optimal solution, then we have & rc°1 =
§§°1(G). Also, the parameter éf"l(G) coincides with las‘i"](G) = 9 (G). Summarizing
we have gggl(G) =£,(G) =< x4c(G) and the following chain of inequalities

9(G) = £°U(G) < £°4(G) < £24(G) = &,(G) < £°M(G) = £4(G) < x4(G).

Observe that the bounds las‘;OI(G) and gf"](G) remain below the fractional chro-
matic number x r(G), since £7(G) = é:O](G) < lasff’l(G) = x7(G). Hence, these
bounds are weak if x 7 (G) is close to 9(G) and far from x (G) or X¢(G). In the clas-
sical setting this is the case, e.g., for the class of Kneser graphs G = K (n, r), with
vertex set the set of all r-subsets of [r] and having an edge between any two disjoint
r-subsets. By results of Lovdsz [29,30], the fractional chromatic number is n/r, which
is known to be equal to 9 (K (n, r)), while the chromatic number is n — 2r + 2. In [19]
this was used as a motivation to define a new hierarchy of lower bounds {A,(G)} on
the chromatic number that can go beyond the fractional chromatic number. In Sect. 4.3
we recall this approach and show that its extension to the tracial setting recovers the
hierarchy {erOI(G)} introduced in Sect. 4.1. We also show how a similar technique
can be used to recover the hierarchy {y,Stab(G )}.
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4.2.3 A link between £5%°(G) and £°'(G)
In [19, Thm. 3.1] it is shown that the bounds las$'®®(G) and 1as¢®'(G) satisfy
lasftab(G)lasf"l(G) > |V| foranyr > 1,

with equality if G is vertex-transitive. This extends a well-known property of the
theta number (i.e., the case r = 1). The same property holds for the noncommutative
analogues £5%°(G) and £°°/(G).

Lemma 2 Fora graph G = (V, E) and r € N U {00, ¥} we have £5%(G)&°N(G) >
| V|, with equality if G is vertex-transitive.

Proof Let L be feasible for £<°'(G). Then L = L/L(1) provides a solution to £ (G)
with value Z’(Ziev xi) = |V|/L(1), implying that E,S‘ab(G) > |V|/L(1) and there-
fore £ (G)§7°(G) = | V.

Assume G is vertex-transitive. Let L be a feasible solution for Eﬁ‘ab(G). As G is
vertex-transitive we may assume (after symmetrization) that L(x;) takes a constant
value. Set L(x;) =: 1/ forall i € V, so that the objective value of L for Srsmb(G) is
|V|/A. Then L = AL provides a feasible solution for £ ,COI(G) with value A, implying
£¢l(G) < A. This shows £°/(G)ENP(G) < |V. O
For a vertex-transitive graph G, the inequality & ¢ (G)a,(G) < |V| is shown in [32,
Lem. 6.5]; it can be recovered from the r = * case of Lemma 2 and o, (G) < «,(G).

4.2.4 Comparison to existing semidefinite programming bounds
By adding the constraints L(x;x;) > 0, for all i, j € V, to the program defining

ff"l(G), we obtain the strengthened theta number 9+ (G) (from [56]). Moreover, if
we add the constraints

Lixj) =0 for i#jeV, 31)

D L(xixj) <1 for ieV, (32)
jeC

L(1) + Z L(xixj) > |C|+|C'| for C,C’distinctcliquesin G (33)
ieC,jeC’

to the program defining the parameter & ]COI (G), then we obtain the parameter &spp(G),
which is introduced in [46, Thm. 7.3] as a lower bound on &;(G). We will now show
that the inequalities (31)—(33) are in fact valid for 52“’1 (G), which implies

£5°UG) > &spp(G) = 9T (G).

For this, given a clique C in G, we define the polynomial

gc :=1—Zx,- € R(x).

ieC
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Then (32) and (33) can be reformulated as L(x;gc) > 0 and L(gcgc’) > 0, respec-
tively, using the fact that L(x;) = L(xiz) = 1 foralli € V. Hence, to show that any
feasible L for $2°°l(G) satisfies (31)—(33), it suffices to show Lemma 3 below. Recall
that a commutator is a polynomial of the form [ p, g] = pg —gp with p, g € R(x). We
denote by ©, the set of linear combinations of commutators [ p, g] with deg(pg) < r.

Lemma 3 Let C and C' be cliques in a graph G and let i, j € V. Then we have
gc € MWD) + S (HG), and xixj, xigc, &c&c' € Ma(D) + I4(HG) + Oy.

Proof The claim g¢ € 4> () + %2 () follows from the identity

2
ge=(1-2u) +Xi—xDH+ X xixj=gh+h (4
ieC ieC i#jeC
————
8c h

where h € %, (). We also have

2 2 2 2 2 2
Xixj = xiXjxp +xj (6 —x7) +x7(xj — x7) + [xi, x5+ [xi —x7, x50,

xige = xigexi + 8o (xi — x7) + [xi — x7, g2] + i, xi 8¢,
and, writing analogously g¢r = g%, + i’ with ' € (), we have

gcgc = 8cgegc + 18, gege) + [h, 8ol + geh' + hh' + ggh. o

Using the bound &spp(G) it is shown in [46, Thm. 7.4] that the tracial rank of the
cycle Cpp 1 satisfies £591(Cay41) = (21 + 1)/n. Combining this with Lemma 2 gives
n= (‘Eggab(anH) > a4c(Capt1), and equality holds since e (Cont1) > a(Copy1) =

n.

4.3 Links between the bounds y°(G), £°1(G), y5'*(G), and £5'*"(G)

In this last section, we make the link between the two hierarchies {Eﬁtab(G)} (resp.
{£°1(G)}) and {¥3%(G)} (resp. {y°1(G)}). The key tool is the interpretation of the
coloring and stability numbers in terms of certain graph products.

We start with the (quantum) coloring number. For an integer k, recall that the
Cartesian product GLK} of G and the complete graph K is the graph with vertex set
V x [k], where two vertices (i, ¢) and (j, ¢’) are adjacent if ({i, j} € E and ¢ = ¢’) or
(i = j and ¢ # ¢’). The following is a well-known reduction of the chromatic number
x (G) to the stability number of the Cartesian product GLIKy:

x(G) = min{k e N: a(GOKy) = |V|}.
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It was used in [19] to define the following lower bounds on the chromatic number:
Ar(G) = min {k € N : las}**(GOKy) = |V},

where it was also shown that las$°1(G) < A-(G) < x(G) for all r > 1, with equality
Av|(G) = x(G). Hence the bounds A, (G) may go beyond the fractional chromatic
number. This is the case for the above mentioned Kneser graphs; see [18] for other
graph instances.

The above reduction from coloring to stability number has been extended to the
quantum setting in [32], where it is shown that

Xxq(G) =min{k € N : oy (GUKy) = |V}.

It is therefore natural to use the upper bounds & ,S‘ab (GUOKy) on ey (GUKY) in order to
get the following lower bounds on the quantum coloring number:

min{k : £%°(GOK;) = |V}, (35)

which are thus the noncommutative analogues of the bounds A, (G).

Observe that, for any k € N and r € N U {oo, %}, we have $,Stab(GDKk) < |V],
which follows from Lemma 3 and the fact that the cliques C; = {(i, ¢) : ¢ € [k]}, for
i € V, cover all vertices in GL1Ky. Let

CcOk, = {8c; i €V}, where gc, =1— Z x7,
celk]

denote the set of polynomials corresponding to these cliques. We now show that the
parameter (35) in fact coincides with the parameter y,“’l(G) for all r € N U {oo}.

For this observe first that the quadratic polynomials in the set %G‘:Oll correspond
precisely to the edges of GLIKy, and that the projector constraints are included in
ﬂz(%ccf’kl) [see (28)]. Hence we have

I (HES) = I (H0k, U €601k, )- (36)

We will also use the following result.

Lemma 4 Let r € NU {oo, %} and assume L is feasible for Sﬁtab(GElKk). Then, we
have L(}icy.ccpg X)) = |VIifand only if L = 0 on 95, (€60k,)-

Proof Assume L = 0on %, (650k,)- Then0 =} .y L(gc,) = |V = L(Q; . x{).

Conversely assume that 0 = L( Y ey e XF) = [VI = 2icy L(gc,). We will
show L = Oon %, (650, )- For this we first observe that g¢;, — (g; )2 € S (A0 ki)
by (34). Hence L(gc,) = L(g%l_) > 0, which, combined with ) ; L(g¢;) = 0, implies
L(gc;) = Oforalli € V. Next we show L(wgc,) = 0 for all words w with degree
at most 2r — 1, using induction on deg(w). The base case w = 1 holds by the above.
Assume now w = uv, where deg(v) < deg(u) < r. Using the positivity of L, the
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Cauchy-Schwarz inequality gives |L(uvgc;)| < L(u*u)l/zL(v*gav)l/z. Note that it
suffices to show L(v*gc,v) = 0 since, using again (34), this implies L(v*g%j v) =0
and thus L(uvgc;) = 0. Using the tracial property of L and the induction assumption,
we see that L(v*gc,v) = L(vv*gc;) = 0 since deg(vv*) < deg(w). O

Proposition 12 For r € N U {00} we have y°/(G) = min{k : £5“°(GOK;) = |V|}.

Proof Let L be a linear functional certifying y,COI(G) < k. Then, using (36) we see
that L is feasible for Erstab(GDKk) and Lemma 4 shows that L(Zi’c x{) = |V|. This
shows Srsmb (GOK}y) = |V] and thus equality holds (since the reverse inequality always
holds). Therefore, min{k : £5%°(GOK) = |V|} < k.

Conversely, assume éf"“b(GDKk) = |V/|. Since the optimum is attained, there
exists a linear functional L feasible for §r5tab(GDKk) with L(ZLC x{) = |V|. Using
Lemma 4 we can conclude that L is zero on .%,(¢snk, )- Hence, in view of (36), L
is zero on %, (5%). This shows y°/(G) < k. o

Note that the proof of Proposition 12 also works in the commutative setting; this shows
that the sequence A, (G) corresponds to the usual Lasserre hierarchy for the feasibil-
ity problem defined by the equations (24)—(25), which is another way of showing
Ao (G) = x(G).

We now turn to the (quantum) stability number. For k € N, consider the graph
product K; = G, with vertex set [k] x G, and with an edge between two vertices
(c,i) and (¢, j) when (¢ # ¢’,i = j)or (c = c',i # j)or (c # ¢, {i, j} € E).
The product K; * G coincides with the homomorphic product K; x G used in [32,
Sec. 4.2], where it is shown that

ag(G) = max {k € N: ay(Ki * G) = k}.

This suggests using the upper bounds Ermb(Kk *x G) on oy (Ki *x G) to define the
following upper bounds on a, (G):

max {k € N: £ (K » G) = k}. (37)

For each ¢ € [k], the set C¢ = {(c,i) : i € V}isaclique in K; » G, and we let
CxisG = {gcc 1 c € [k]},  where gee =1— Zxé,
ieV

denote the set of polynomials corresponding to these cliques. As these k cliques cover
the vertex set of K; » G, we can use Lemma 3 to conclude that Ef‘ab(l{ ¥ *G) < k for
all r € NU {oo, *}.

Again, observe that the quadratic polynomials in the set L%”Gsﬁb correspond precisely
to the edges of Kj » G and that we have

er (%Cﬁfib) = rj2r (%Kk*G U %Kk*G)~
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Based on this, one can show the analogue of Lemma 4: If L is feasible for the program
Ef‘ab(Kk * G), then we have L(Zi’c x.) = kif and only if L = 0 on %, (€k«G)-
This lemma can be used to show the following result, whose proof is analogous to that

of Proposition 12 and thus omitted.
Proposition 13 For r € N U {oo} we have )/,S‘ab(G) = max{k : Ef‘ab(Kk * G) = k}.

We do not know whether the results of Propositions 12 and 13 hold for » = x,
because we do not know whether the supremum is attained in the program defining
the parameter E:tab() = ap(-) (as was already observed in [51, p. 120]). Hence we
can only claim the inequalities

e (G) = min{k : £*°(GOKy) =|V|} and
ys(G) < max{k : £“° (K x G) = k}.

As mentioned above, we have 1asf°l(G) < A;(G) for any r € N [19, Prop. 3.3].
This result extends to the noncommutative setting and the analogous result holds for
the stability parameters. In other words the hierarchies {yr°°1 (G)}and {yf‘ab (G)} refine
the hierarchies {£5°!(G)} and {£5%°(G)}.

Proposition 14 For r € N U {00, ¥}, £°1(G) < y°U(G) and £5%°(G) > yS&(G).

Proof We may restrict to » € N since we have seen earlier that the inequalities hold
for r € {00, *}. The proof for the coloring parameters is similar to the proof of [19,
Prop. 3.3] in the classical case and thus we omit it. We now show Sﬁtab (G) = yﬁtab (G).
Set k = yﬁtab(G) and, using Proposition 13, let L € ]R(xé:i € V,c € [k]);, be
optimal for Ef‘ab(K xr * G) = k. That is, L is tracial, symmetric, positive, and satisfies
L(l) = 1, L(Zi’c xf,) =k, and L = 0 on ¥ (J%k,.c). It suffices now to construct
a tracial symmetric positive linear form L e R(x;:i € V)3, such that i(l) =1,
L(Y;cy xi) = k, and L = 0 on %, (%), since this will imply £°°(G) > k. For

this, for any word x;,, ..., x;, with degree 1 <t < 2r, we define I:(x,-l, Co X)) =
Y e LG .. xl), andweset L(1) = L(1) = 1. Then, wehave L(Y .y xi) = k.
Moreover, one can easily check that L is indeed tracial, symmetric, positive, and
vanishes on %, (7). O
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