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1. Introduction. This survey focuses on the following polynomial op-
timization problem: Given polynomials p, g1, ..., gm € R[x], find
pmin = ienﬂg p(z) subject to g1(z) >0,...,gm(z) >0, (1.1)
ZER™

the infimum of p over the basic closed semialgebraic set

K:={zeR"|gi(z) >0,...,9m(zx) > 0}. (1.2)
Here R[x] = R[xy,...,Xy] denotes the ring of multivariate polynomials in
the n-tuple of variables x = (x1,...,%,). This is a hard, in general non-

convex, optimization problem. The objective of this paper is to survey
relaxations methods for this problem, that are based on relaxing positiv-
ity over K by sums of squares decompositions, and the dual theory of
moments. The polynomial optimization problem arises in numerous appli-
cations. In the rest of the Introduction, we present several instances of this
problem, discuss the scope of the paper, and give some preliminaries about
polynomials and semidefinite programming.
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1.1. The polynomial optimization problem. We introduce sev-
eral instances of problem (1.1).

The unconstrained polynomial minimization problem. This is
the problem

p™ = inf p(o), (1.3)

of minimizing a polynomial p over the full space K = R"™. We now men-
tion several problems which can be cast as instances of the unconstrained
polynomial minimization problem.

Testing matrix copositivity. An n X n symmetric matrix M is said
to be copositive if xT Mx > 0 for all x € R%; equivalently, M is copositive
if and only if p™* = 0 in (1.3) for the polynomial p := > " | x7x5M;;.
Testing whether a matrix is not copositive is an NP-complete problem [94].

The partition problem. The partition problem asks whether a given
sequence aq,...,a, of positive integer numbers can be partitioned, i.e.,
whether z7a = 0 for some x € {#1}". Equivalently, the sequence can be
partitioned if p™™ = 0 in (1.3) for the polynomial p := (3, a;x;)? +
i (x? — 1)%. The partition problem is an NP-complete problem [40].

The distance realization problem. Let d = (d;;)ijcr € RF be

a given set of scalars (distances) where E is a given set of pairs ij with
1 <i < j <n. Given an integer £k > 1 one says that d is realizable

in R* if there exist vectors vy,...,v, € R¥ such that dij = |lv; — vj|
for all ij € E. Equivalently, d is realizable in R* if p™ = 0 for the
polynomial p := ZijeE(dfj - Z:Zl(xih — x;,)%)? in the variables x;,

(i=1,...,n,h = 1,...,k). Checking whether d is realizable in R* is an
NP-complete problem, already for dimension k = 1 (Saxe [123]).

Note that the polynomials involved in the above three instances have
degree 4. Hence the unconstrained polynomial minimization problem is a
hard problem, already for degree 4 polynomials, while it is polynomial time
solvable for degree 2 polynomials (cf. Section 3.2). The problem (1.1) also
contains (0/1) linear programming.

(0/1) Linear programming. Given a matrix A € R™*™ and vectors
b€ R™, ¢ € R™, the linear programming problem can be formulated as

min ¢’z st. Az < b,

thus it is of the form (1.1) where the objective function and the constraints
are all linear (degree at most 1) polynomials. As is well known it can
be solved in polynomial time (cf. e.g. [128]). If we add the quadratic
constraints 2 = z; (i = 1,...,n) we obtain the 0/1 linear programming
problem:

min ¢’z s.t. Az <b, :v?:xi Vi=1,...,n,

well known to be NP-hard.
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The stable set problem. Given a graph G = (V,E), aset S CV
is said to be stable if ij € E for all 4,7 € S. The stable set problem asks
for the maximum cardinality «(G) of a stable set in G. Thus it can be
formulated as

= i s.tb.oa <1 (ij 2 =g (4 .
a(@) max sz st.x,+2; <1(ijeRE), zi=x; i€V) (14)
eV
=max » z; st xz; =0 (ij € E), v —x;=0(G€V). (15)
z€R iev
Alternatively, using the theorem of Motzkin-Straus [93], the stability num-
ber «(G) can be formulated via the program

% =min 27(I + Ag)r s.t. E =1, 2,>0(eV). (1.6)
a
eV

Using the characterization mentioned above for copositive matrices, one
can derive the following further formulation for a(G)

a(G)=inf t s.t. t(I + Ag) — J is copositive, (1.7)

which was introduced in [32] and further studied e.g. in [46] and references
therein. Here, J is the all ones matrix, and A¢g is the adjacency matrix
of G, defined as the V' x V' 0/1 symmetric matrix whose (4, j)th entry is 1
precisely when ¢ # j € V and ij € E. As computing «(G) is an NP-hard
problem (see, e.g., [40]), we see that problem (1.1) is NP-hard already in the
following two instances: the objective function is linear and the constraints
are quadratic polynomials (cf. (1.5)), or the objective function is quadratic
and the constraints are linear polynomials (cf. (1.6)). We will use the
stable set problem and the following max-cut problem in Section 8.2 to
illustrate the relaxation methods for polynomial problems in the 0/1 (or
+1) case.

The max-cut problem. Let G = (V, E) be a graph and w;; € R
(ij € E) be weights assigned to its edges. A cut in G is the set of edges
{ije E|ieS,jeV\S} for some S CV and its weight is the sum
of the weights of its edges. The max-cut problem, which asks for a cut
of maximum weight, is NP-hard [40]. Note that a cut can be encoded
by z € {#1}V by assigning #; = 1 to nodes i € S and z; = —1 to
nodes ¢ € V \ S and the weight of the cut is encoded by the function
> ijer(wij/2)(1—z;x;). Therefore the max-cut problem can be formulated
as the polynomial optimization problem

mc(G, w) := max Z (wi;/2)(1 — zizj) st xi=1,...,
ijEE

2-1. (1.8

n
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1.2. The scope of this paper. As the polynomial optimiza-
tion problem (1.1) is NP-hard, several authors, in particular Lasserre
[65-67], Nesterov [95], Parrilo [103, 104], Parrilo and Sturmfels [107],
Shor [138-141], have proposed to approximate the problem (1.1) by a hi-
erarchy of convex (in fact, semidefinite) relaxations. Such relaxations can
be constructed using representations of nonnegative polynomials as sums
of squares of polynomials and the dual theory of moments. The paradigm
underlying this approach is that, while testing whether a polynomial is
nonnegative is a hard problem, testing whether a polynomial is a sum of
squares of polynomials can be formulated as a semidefinite problem. Now,
efficient algorithms exist for solving semidefinite programs (to any arbitrary
precision). Thus approximations for the infimum of p over a semialgebraic
set K can be computed efficiently. Moreover, under some assumptions on
the set K, asymptotic (sometimes even finite) convergence to p™ can be
proved and one may be able to compute global minimizers of p over K. For
these tasks the interplay between positive polynomials and sums of squares
of polynomials on the one hand, and the dual objects, moment sequences
and matrices on the other hand, plays a significant role. The above is a
rough sketch of the theme of this survey paper. Our objective is to intro-
duce the main theoretical tools and results needed for proving the various
properties of the approximation scheme, in particular about convergence
and extraction of global minimizers. Whenever possible we try to provide
detailed proofs and background.

The link between positive (nonnegative) polynomials and sums of
squares of polynomials is a classic question which goes back to work of
Hilbert at the end of the nineteenth century. As Hilbert himself already re-
alized not every nonnegative polynomial can be written as a sum of squares;
he in fact characterized the cases when this happens (cf. Theorem 3.4).
This was the motivation for Hilbert’s 17th problem, posed in 1900 at the
International Congress of Mathematicians in Paris, asking whether every
nonnegative polynomial can be written as a sum of squares of rational func-
tions. This was later in 1927 answered in the affirmative by E. Artin whose
work lay the foundations for the field of real algebraic geometry. Some
of the milestone results include the Real Nullstellensatz which is the real
analogue of Hilbert’s Nullstellensatz for the complex field, the Positivstel-
lensatz and its refinements by Schmiidgen and by Putinar, which are most
relevant to our optimization problem. We will present a brief exposition
on this topic in Section 3 where, besides some simple basic results about
positive polynomials and sums of squares, we present a proof for Putinar’s
Positivstellensatz.

The study of positive polynomials is intimately linked to the theory of
moments, via the following duality relation: A sequence y € RN" is the se-
quence of moments of a nonnegative measure p on R™ (i.e. y, = f x®p(dx)
Va € N) if and only if y"p:= 3" yapa > 0 for any nonnegative polyno-
mial p =" pax® € R[x]. Characterizing moment sequences is a classical
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problem, relevant to operator theory and several other areas in mathe-
matics (see e.g. [1, 64] and references therein). Indeed, sequences of mo-
ments of nonnegative measures correspond to positive linear functionals
on R[x]; moreover, the linear functionals that are positive on the cone
of sums of squares correspond to the sequences y whose moment matrix
M(y) := (Ya+8)a,senn is positive semidefinite. Curto and Fialkow have
accomplished a systematic study of the truncated moment problem, deal-
ing with sequences of moments up to a given order. We will discuss some
of their results that are most relevant to polynomial optimization in Sec-
tion 5 and refer to [23-26, 38] and further references therein for detailed
information.

Our goal in this survey is to provide a tutorial on the real algebraic
tools and the results from moment theory needed to understand their appli-
cation to polynomial optimization, mostly on an elementary level to make
the topic accessible to non-specialists. We obviously do not pretend to offer
a comprehensive treatment of these areas for which excellent accounts can
be found in the literature and we apologize for all omissions and impreci-
sions. For a more advanced exposition on positivity and sums of squares
and links to the moment problem, we refer in particular to the article by
Scheiderer [125] and Schmiidgen [127] in this volume, to the survey article
by Helton and Putinar [52], and to the monographs by Prestel and Delzell
[114] and by Marshall [87, 90].

1.3. Preliminaries on polynomials and semidefinite programs.
We introduce here some notation and preliminaries about polynomials,
matrices and semidefinite programs. We will introduce further notation
and preliminaries later on in the text when needed.

Polynomials. Throughout, N denotes the set of nonnegative integers
and we set NP := {a € N" | |a] := Y3 | a; <t} for t € N. R[xq,...,Xy)]
denotes the ring of multivariate polynomials in n variables, often abbrevi-
ated as R[x] where x stands for the n-tuple (xi,...,%,). Throughout we
use the boldfaced letters x;,X,y, z, etc., to denote variables, while the let-
ters x;,x,y, z,... stand for real valued scalars or vectors. For a@ € N,

x® denotes the monomial x{" ---x%" whose degree is |a| := Y I | .

n
T" = {x“ | @ € N"} is the set of all monomials and, for ¢ € N,
T} = {x* | @ € N}} is the set of monomials of degree < ¢. Consider
a polynomial p € R[x|, p = > cn» PaXx®, where there are only finitely
many nonzero p,’s. When p, # 0, p,x® is called a term of p. The degree

of p is deg(p) := max(t | po # 0 for some o € N7') and throughout we set
d, = [deg(p)/2] for p € R[x]. (1.9)
For the set K = {z € R" | g1(x) > 0, ..., gm(z) > 0} from (1.2), we set

dg = max(dg,,...,dg, ). (1.10)
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We let R[x]; denote the set of polynomials of degree < .

A polynomial p € R[x] is said to be homogeneous (or a form) if all
its terms have the same degree. For a polynomial p € R[x] of degree d,
p = Zla‘gdpaxo‘, its homogenization is the polynomial p € R[x,X;1]

||

defined by p := Z\a|§dpaxaxi;1 .

For a polynomial p € R[x], p = > pax®, vec(p) := (Pa)acnn denotes
its sequence of coefficients in the monomial basis of R[x]; thus vec(p) € R,
the subspace of RN" consisting of the sequences with finitely many nonzero
coordinates. Throughout the paper we often identify a polynomial p with
its coordinate sequence vec(p) and, for the sake of compactness in the
notation, we often use the letter p instead of vec(p); that is, we use the same
letter p to denote the polynomial p € R[x] and its sequence of coefficients
(Pa)a- We will often deal with matrices indexed by N™ or N?. If M is
such a matrix, indexed say by N", and f,g € R[x], the notation f7 Mg
stands for vec(f)T Mvec(g) = > a5 fa9sMa,p. In particular, we say that
a polynomial f lies in the kernel of M if M f := Mvec(f) =0, and Ker M
can thus be seen as a subset of R[x]. When deg(p) < ¢, vec(p) can also be
seen be seen as a vector of RN | as p, = 0 whenever |a| > ¢+ 1.

For a subset A C R™, Spang(A4) := {372 \ja; | a; € A,\; € R}
denotes the linear span of A, and conv(A) := {3770, Nja; [ a; € A, €
Ry, Ej Aj = 1} denotes the convex hull of A. Throughout e, ..., e, denote
the standard unit vectors in R", i.e. ¢; = (0,...,0,1,0,...,0) with 1 at
the ith position. Moreover Z denotes the complex conjugate of z € C.

Positive semidefinite matrices. For an n xn real symmetric matrix
M, the notation M > 0 means that M is positive semidefinite, i.e. 27 Mz >
0 for all x € R™. Here are several further equivalent characterizations:
M > 0 if and only if any of the equivalent properties (1)-(3) holds.

(1) M = VVT for some V € R"*"; such a decomposition is sometimes
known as a Gram decomposition of M. Here V can be chosen in R™*"
where r = rank M.

(2) M = (v vy)};_, for some vectors vi,...,v, € R". Here the v;’s may
be chosen in R" where r = rank M.

(3) All eigenvalues of M are nonnegative.

The notation M > 0 means that M is positive definite, i.e. M > 0 and
rank M = n (equivalently, all eigenvalues are positive). When M is an
infinite matrix, the notation M > 0 means that every finite principal sub-
matrix of M is positive semidefinite. Sym,, denotes the set of symmetric
nxXn matrices and PSD,, the subset of positive semidefinite matrices; PSD,,
is a convex cone in Sym,,. R™*" is endowed with the usual inner product

<A,B> = T’I’(ATB) = Z aijbij

i,j=1
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for two matrices A = (a;;), B = (bij) € R"*™. As is well known, the cone
PSD,, is self-dual, since PSD,, coincides with its dual cone (PSD,)* :=
{A €Sym, | (A,B) >0VB € PSD,,}.

Flat extensions of matrices. The following notion of flat extension
of a matrix will play a central role in the study of moment matrices with
finite atomic measures, in particular, in Section 5.

DEFINITION 1.1. Let X be a symmetric matriz with block form

X = (;T g) (1.11)

One says that X is a flat extension of A ifrank X = rank A or, equivalently,
if B= AW and C = BTW = WTAW for some matriz W. Obviously, if
X is a flat extension of A, then X = 0 <= A = 0.

We recall for further reference the following basic properties of the
kernel of a positive semidefinite matrix. Recall first that, for M € PSD,,
and z € R", z € Ker M (i.e. Mz =0) <= 2T Mz = 0.

LEMMA 1.2. Let X be a symmetric matriz with block form (1.11).

x

(i) If X > 0 or if rank X =rank A, then « € Ker A = (O) € Ker X.
(ii) If rank X = rank A, then Ker X = Ker (A B).
Proof. (i) Az = 0= 0 =2"Az = (7 0) X (3), which implies

X (3) =0if X > 0. If rank X = rank A, then B = AW for some matrix

W and thus BTz = 0, giving X <g> =0.
(ii) Obviously, rank X > rank (A B) > rank A. If rank X = rank A, equal-
ity holds throughout, which implies Ker X = Ker (A B). d

Semidefinite programs. Consider the program

p*i= sup (C,A) st. X =0, (4;,X)=b;(j=1,...,m) (1.12)
XeSym,,

in the matrix variable X, where we are given C, A4,..., A, € Sym,, and
b € R™. This is the standard (primal) form of a semidefinite program; its
dual semidefinite program reads:

d* = inf by s.t. A —C =0 1.13
yemm Y8 jzzlya j = (1.13)

in the variable y € R™. Obviously,

p* <d*, (114)
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known as weak duality. Indeed, if X is feasible for (1.12) and y is feasible
for (1.13), then 0 < (X, 3", y;4; — C) = b"y — (C, X). One crucial issue
in duality theory is to identify sufficient conditions that ensure equality in
(1.14), i.e. a zero duality gap, in which case one speaks of strong duality.
We say that (1.12) is strictly feasible when there exists X > 0 which is
feasible for (1.12); analogously (1.13) is strictly feasible when there exists
y feasible for (1.13) with 37" | y;4; — C = 0.

THEOREM 1.3. If the primal program (1.12) is strictly feasible and
its dual (1.13) is feasible, then p* = d* and (1.13) attains its supremum.
Analogously, if (1.13) is strictly feasible and (1.12) is feasible, then p* = d*
and (1.12) attains its infimum.

Semidefinite programs are convex programs. As one can test in poly-
nomial time whether a given rational matrix is positive semidefinite (using
e.g. Gaussian elimination), semidefinite programs can be solved in poly-
nomial time to any fixed precision using the ellipsoid method (cf. [45]).
Algorithms based on the ellipsoid method are however not practical since
their running time is prohibitively high. Interior-point methods turn out
to be the method of choice for solving semidefinite programs in practice;
they can find an approximate solution (to any given precision) in polyno-
mially many iterations and their running time is efficient in practice for
medium sized problems. There is a vast literature devoted to semidefinite
programming and interior-point algorithms; cf. e.g. [96, 117, 147, 150, 156].

We will use (later in Section 6.6) the following geometric property of
semidefinite programs. We formulate the property for the program (1.12),
but the analogous property holds for (1.13) as well.

LEMMA 1.4. Let R :={X € PSD,, | (4;,X)=b; (j =1,...,m)}
denote the feasible region of the semidefinite program (1.12). If X* € R
has mazimum rank, i.e. rank X* = maxxeg rank X, then Ker X* C Ker X
for all X € R. In particular, if X* is an optimum solution to (1.12) for
which rank X* is mazimum, then Ker X* C Ker X for any other optimum
solution X.

Proof. Let X* € R for which rank X* is maximum and let X € R.
Then X' := 1(X* + X) € R, with Ker X’ = Ker X* N Ker X C Ker X*.
Thus equality Ker X’ = Ker X* holds by the maximality assumption on
rank X*, which implies Ker X* C Ker X. The last statement follows simply
by adding the constraint (C, X) = p* to the description of the set R. 0O

Geometrically, what the above lemma says is that the maximum rank
matrices in R correspond to the matrices lying in the relative interior of the
convex set R. And the maximum rank optimum solutions to the program
(1.12) are those lying in the relative interior of the optimum face (C, X) =
p* of the feasible region R. As a matter of fact primal-dual interior-point
algorithms that follow the so-called central path to solve a semidefinite
program return a solution lying in the relative interior of the optimum face
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(cf. [156] for details). Thus (under certain conditions) it is easy to return
an optimum solution of maximum rank; this feature will be useful for the
extraction of global minimizers to polynomial optimization problems (cf.
Section 6.6). In contrast it is hard to find optimum solutions of minimum
rank. Indeed it is easy to formulate hard problems as semidefinite programs
with a rank condition. For instance, given a sequence a € N, the program

p*:=min (aa’,X) st. X >0, X;;=1(G=1,...,n),rank X =1

solves the partition problem introduced in Section 1.1. Indeed any X > 0
with diagonal entries all equal to 1 and with rank 1 is of the form X = z2T
for some x € {£1}". Therefore, the sequence a = (ai,...,a,) can be
partitioned precisely when p* = 0, in which case any optimum solution
X = 2z gives a partition of a, as a”x = Z?:l a;x; = 0.

1.4. Contents of the paper. We provide in Section 2 more detailed
algebraic preliminaries about polynomial ideals and varieties and the reso-
lution of systems of polynomial equations. This is relevant to the problem
of extracting global minimizers for the polynomial optimization problem
(1.1) and can be read separately. Then the rest of the paper is divided into
two parts. Part 1 contains some background results about positive poly-
nomials and sums of squares (Section 3) and about the theory of moments
(Section 4), and more detailed results about (truncated) moment matri-
ces, in particular, from Curto and Fialkow (Section 5). Part 2 presents
the application to polynomial optimization; namely, the main properties
of the moment/SOS relaxations (Section 6), some further selected topics
dealing in particular with approximations of positive polynomials by sums
of squares and various approaches to unconstrained polynomial minimiza-
tion (Section 7), and exploiting algebraic structure to reduce the problem
size (Section 8).

2. Algebraic preliminaries. We group here some preliminaries on
polynomial ideals and varieties, and on the eigenvalue method for solving
systems of polynomial equations. For more information, see, e.g., [6, 19,
21, 22, 144].

2.1. Polynomial ideals and varieties. Let Z be an ideal in R[x];
that is, Z is an additive subgroup of R[x] satisfying fg € Z whenever f € T
and g € R[x]. Given hq, ...,y € R[x],

(hl,...,hm) = {Zujhj | ULy enyUm ER[X]}
j=1

denotes the ideal generated by h1, ..., hy,. By the finite basis theorem, any
ideal in R[x] admits a finite set of generators. Given an ideal Z C R[x],
define

Ve@) ={xeC"| f(z) =0VYf eI}, WR(EI):=Vc(Z)NRY
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Ve(Z) is the (complex) variety associated to Z and Vg(Z) is its real variety.
Thus, if 7 is generated by hq,. .., hy, then Vo (Z) (resp., Vr(Z)) is the set
of common complex (resp., real) zeros of hy, ..., h,. Observe that V¢ (Z)
is closed under complex conjugation, i.e., T € Vi (Z) for all v € Vi (Z), since
T consists of polynomials with real coefficients. When V¢(Z) is finite, the
ideal 7 is said to be zero-dimensional. Given V C C™,

I(V) = {f € R | f(v) =0 Vv € V'}
is the vanishing ideal of V. Moreover,
VT :={f e R[x] | f¥ € T for some integer k > 1}
is the radical of 7 and

VT = {fG]R[x] |f2k+zp§el for some k > 1, pl,...,meR[x]}

j=1

is the real radical of . The sets Z(V'), vZ and v/Z are again ideals in R[x].
Obviously, for an ideal Z C R[x],

I C VI CI(Ve(T)), T < VI CI(Ve(D)).

The following celebrated results relate (real) radical and vanishing ideals.

THEOREM 2.1. Let T be an ideal in R[x].
(i) (Hilbert’s Nullstellensatz) (see, e.g., [21, §4.1]) VI = T(Vc(T)).
(ii) (The Real Nullstellensatz) (see, e.g., [10, §4.1]) VI = Z(Vx(T)).
The ideal Z is said to be radical when 7 = /T , and real radical when
T = v/Z. Roughly speaking, the ideal 7 is radical if all points of Vi(Z) have
single multiplicity. For instance, the ideal Z := (x?) is not radical since
Ve(Z) = {0} and x € Z(Vc(Z)) \ Z. Obviously, T C Z(Ve(Z)) C Z(Vr(2)).
Hence, 7 real radical = 7 radical. Moreover,

T real radical with |Vg(Z)| < co = V(Z) = W&(Z) C R™ (2.1)

Indeed, Z(Ve(Z)) = Z(Vr(Z)) implies Ve (Z(Ve(Z))) = Ve(Z(Vr(Z))). Now,
Ve(Z(Ve(Z))) = Ve(Z), and Ve(Z(Ve(Z))) = Vr(Z) since Vr(Z) is an al-
gebraic subset of C™ as it is finite. We will often use the following char-
acterization of (real) radical ideals which follows directly from the (Real)
Nullstellensatz:

7 is radical (resp., real radical)
N
The only polynomials vanishing at all points of V¢(Z7)
(resp., all points of Vg(Z)) are the polynomials in Z.

(2.2)

The following lemma gives a useful criterion for checking whether an ideal
is (real) radical.

LEMMA 2.2. Let T be an ideal in R[x].



168 MONIQUE LAURENT

(i) Z is radical if and only if
VfeRx] ffel= fel. (2.3)

(ii) Z is real radical if and only if

Yp1,....pm ERX] Y ple€T=>p1,....pm€T. (2.4)
j=1

Proof. The ‘only if’ part is obvious in (i), (ii); we prove the ‘if part’.

(i) Assume that (2.3) holds. Let f € R[x]. We show f* € T = fe T
using induction on k& > 1. Let k > 2. Using (2.3), we deduce flF2l e 1.
As [k/2] <k —1, we deduce f € T using the induction assumption.

(ii) Assume that (2.4) holds. Let f,p1,...,pm € R[x] such that
P2+ 3 p} € T; we show that f € Z. First we deduce from (2.4)
that f* p1,...,pm € Z. As (2.4) implies (2.3), we next deduce from the
case (i) that f € 7. a

We now recall the following simple fact about interpolation polynomi-
als, which we will need at several occasions in the paper.

LEMMA 2.3. Let V. C C™ with |V| < co. There exist polynomials
po € Clx| (forv € V') satisfying p, (v) = 1 and p,(u) = 0 for allu € V\{v};
they are known as Lagrange interpolation polynomials at the points of
V. Assume moreover that V is closed under complexr conjugation, i.e.,
V =V :={v|veV}. Then we may choose the interpolation polynomials
in such a way that they satisfy py = Py for allv € V and, given scalars a,
(v € V) satisfying az = @, for all v € V, there exists p € R[x| taking the
prescribed values p(v) = a, at the points v € V.

Proof. Fix v € V. For u € V, u # v, pick an index i,, € {1,...,n}

for which w;, # v;, and define the polynomial p, := H M.
weV\fo} Vin T Uiu
Then the polynomials p, (v € V) satisfy the lemma. If V = V, then we
can choose the interpolation polynomials in such a way that pz = Dy, for all
v € V. Indeed, for v € VN R", simply replace p, by its real part and, for
v € V\R", pick p, as before and choose py := D,. Finally, if az = @, for
all v € V, then the polynomial p := ) i, a,p, has real coefficients and
satisfies p(v) = a, for v € V. a

The algebraic tools just introduced here permit to show the following
result of Parrilo [105], giving a sum of squares decomposition for every
polynomial nonnegative on a finite variety assuming radicality of the asso-
ciated ideal.

THEOREM 2.4. [105] Consider the semialgebraic set

K:={z e R"| hi(x)=0,..., hpm,(x)=0,g1(x) >0,...,gm(x) >0}, (2.5)
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where hi,... gy 91, -+, 9m € R[x] and mog > 1, m > 0. Assume that
the ideal T := (hy,...,hm,) is zero-dimensional and radical. Then every
nonnegative polynomial on K is of the form ug + Z;nzl u;g; + q, where
UQ, Uy - - -, Uy, aTE SUMS of squares of polynomials and q € I.

Proof. Partition V := V¢(Z) into SUT UT, where S = V N R,
TUT =V \R" Let p, (v € Vc(Z)) be interpolation polynomials at the
points of V, satisfying pz = P, for v € T (as in Lemma 2.3). We first
show the following fact: If f € R[x] is nonnegative on the set S, then
f =0 4 q where ¢ is a sum of squares of polynomials and ¢ € Z. For this,
for v e SUT, let v, = \/f(v) be a square root of f(v) (thus, v, € R if
v € S) and define the polynomials ¢, € R[x] by ¢, := Y,p, for v € S and
Qv = YoPv + FoPo for v € T. The polynomial f — ZveSUT(qv)2 vanishes at
all points of V; hence it belongs to Z, since 7 is radical. This shows that
f =04 q, where ¢ is a sum of squares and g € 7.

Suppose now that f € R[x] is nonnegative on the set K. In view of
Lemma 2.3, we can construct polynomials s, $1,. .., $m € R[x] taking the
following prescribed values at the points in V: If v € V'\ S, or if v € S and
f(v) >0, so(v) := f(v) and s;(v) :=0 (j =1,...,m). Otherwise, v ¢ K
D)
so(v) = sj(v) :=0for j € {1,...,m} \ {j»}. By construction, each of the
polynomials sg, s1, ..., S, is nonnegative on S. Using the above result, we
can conclude that s; = 0 +¢;, where o; is a sum of squares and ¢; € Z, for
7 =0,1,...,m. Now the polynomial q := f — sy — E;nzl 5;g; vanishes at
all points of V' and thus belongs to Z. Therefore, f = s+ Z;nzl 5;9;+q=
o0+ > 510595 + ¢, where ¢’ := q+qo + 7", ¢jg; € T and 0g,0; are
sums of squares of polynomials. O

and

and thus g;,(v) < 0 for some j, € {1,...,m}; then s; (v) :=

2.2. The quotient algebra R[x]/Z. Given an ideal 7 in R[x], the
elements of the quotient space R[x]/Z are the cosets [f] := f+Z ={f+q |
q € T}. R[x]/Z is a R-vector space with addition [f]+[g] = [f+g] and scalar
multiplication A[f] = [Af], and an algebra with multiplication [f][g] = [fg],
for A € R, f,g € R[x]. Given h € R[x], the ‘multiplication by h operator’

mp:  Rx|/I — R[x|/Z (2.6)
f modZ +— fh modZ '
is well defined. As we see later in Section 2.4, multiplication operators
play a central role in the computation of the variety Vg(Z). In what
follows we often identify a subset of R[x] with the corresponding subset
of R[x]|/Z consisting of the cosets of its elements. For instance, given
B ={b1,...,bn} C R[x], if the cosets [b1],..., [bn] generate R[x|/Z, i.e., if
any f € R[x] can be written as Z;vzl Ajbj + q for some A € RY and q € Z,
then we also say by abuse of language that the set B itself is generating in
R[x]/Z. Analogously, if the cosets [b1],...,[bn] are pairwise distinct and
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form a linearly independent subset of R[x]/Z, i.e., if Zjvzl Ajb; € T implies
A = 0, then we say that B is linearly independent in R[x]/Z.

Theorem 2.6 below relates the cardinality of V(Z) and the dimension
of the quotient vector space R[x|/Z. This is a classical result (see, e.g.,
[21]), which we will use repeatedly in our treatment. The following simple
fact will be used in the proof.

LEMMA 2.5. Let T C R[x] with |Vc(Z)| < oo. Partition Ve(T) into
Ve(Z) = SUT UT where S = Ve(Z) NR™, and let p, be interpolation
polynomials at the points of Vi (Z) satisfying py = Dy for all v € Ve(T).
The set L := {p, (v € S),Re(py),Im(p,) (v € T)} is linearly independent
in R[x]/Z and generates R[x]|/Z(Vc(T)).

Proof. Assume ) o APy + D, cr Ao Re(py) + X, Im(p,) € Z. Eval-
uating this polynomial at v € V¢ (Z) yields that all scalars A,, A, are 0.
Thus £ is linearly independent in R[x]/Z. Given f € R[x], the poly-
nomial f — 37 oy () f(v)py lies in Z(Ve(Z)). Now, - oy (z) f(v)pe =
Y wes FW)Py + 22 cr2Re(f(v)py) can be written as a linear combination
of Re(py) and Im(p,). This implies that £ generates R[x]|/Z(Vc(Z)). a

THEOREM 2.6. An ideal T C R[x] is zero-dimensional (i.e., |[Vo(T)| <
00) if and only if the vector space R[x]/Z is finite dimensional. Moreover,
[Ve(Z)| < dim R[x]/Z, with equality if and only if the ideal T is radical.

Proof. Assume k := dimR[x]/Z < co. Then, the set {1,x1,...,x}}
is linearly dependent in R[x]/Z. Thus there exist scalars Ag,..., A\ (not
all zero) for which the polynomial f := ZZ:O Anx? belongs to Z. Thus,
for v € Ve(Z), f(v) = 0, which implies that v; takes only finitely many
values. Applying the same reasoning to the other coordinates, we deduce
that Vi (Z) is finite.

Assume now |V¢(Z)] < oo. Say, {vi |v € Ve(2)} = {a1,...,ar}. Then
the polynomial f := Hizl(xl — ap) belongs to Z(Ve(Z)). By Theorem
2.1, f € VI, ie., f™ € T for some integer m; > 1. Hence the set

{[1], [x1], - - -, [xF™]} is linearly dependent in R[x]/Z and thus, for some
integer ny > 1, [x}"] lies in Spang([1],. .., [x}*~']). Similarly, for any other
coordinate x;, [x}""] € Spang([1],.. ., [x~']) for some integer n; > 1. From

this one can easily derive that the set {[x*] |0 < a; <n; —1 (1 <i<n)}
generates R[x]/Z, which shows that dimR[x]/Z < occ.

Assume V¢ (Z) is finite and let £ be as in Lemma 2.5. As £ is linearly
independent in R[x]/Z with |£| = |Vc(Z)| we deduce that dim R[x]/Z >
[Ve(Z)|. Moreover, if 7 is radical then Z = Z(Vg(Z)) and thus £ is also
generating in R[x]/Z, which implies dim R[x]|/Z = [V(Z)|. Finally, if 7 is
not radical, there exists a polynomial f € Z(V¢(Z)) \ Z and it is easy to
verify that the set £ U {f} is linearly independent in R[x]/Z. a

For instance, the ideal Z := (x? —x; | i = 1,...,n) is radical and zero-
dimensional, since V¢ (Z) = {0,1}", and the set {[[,c, x| L € {1,...,n}}
is a linear basis of R[x]/Z.
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Assume N := dimR[x]/Z < oo and let B = {by,...,bn} C R[x] be
a basis of R[x]/Z; that is, any polynomial f € R[x] can be written in a
unique way as

N
f= Zx\jbj—l—q, where ¢ € T and A € RY;
j=1
——
resp(f)

in short, p = Y | Ajb; mod Z. The polynomial res(f) 1= Y"1 A;b; is
called the residue of f modulo Z with respect to the basis B. In other words,
the vector space Spang(B) := {Zjvzl Ajbj | A € RN} is isomorphic to
R[x]|/Z. As recalled in the next section, the set B, of standard monomials
with respect to any monomial ordering is a basis of R[x]/Z; then the residue
of a polynomial f w.r.t. By is also known as the normal form of f w.r.t.
the given monomial ordering. Let us mention for further reference the
following variation of Lemma 2.3.

LEMMA 2.7. Let T be a zero-dimensional ideal in Rx] and let B be a
basis of R[x]/Z. There exist interpolation polynomials p, at the points of
Ve(Z), where each p, is a linear combination of members of B.

Proof. Given a set of interpolation polynomials p,, replace p, by its
residue modulo Z with respect to B. O

2.3. Grobner bases and standard monomial bases. A classi-
cal method for constructing a linear basis of the quotient vector space
R[x]/Z is to determine a Grébner basis of the ideal Z with respect to some
given monomial ordering; then the corresponding set of standard monomi-
als provides a basis of R[x]|/Z. We recall here a few basic definitions about
monomial orderings, Grobner bases, and standard monomials. A monomial
ordering ‘>’ is a total ordering of the set T,, = {x® | @ € N"} of monomials,
which is a well-ordering and satisfies the condition: x* = x? = x*+7 -
xP+7. We also write ax® = bx” if x* = x” and a,b € R\ {0}. Examples
of monomial orderings are the lezicographic order ‘>..’, where x® =, x”
if a > @ for a lexicographic order on N”, or the graded lexicographic order
“griex’s where X = p1e. X7 if o] > ||, or |af = |B] and x* =, x”. The
latter is an example of a total degree monomial ordering, i.e., a monomial
ordering = such that x® = x” whenever |a| > |£].

Fix a monomial ordering > on R[x|. For a nonzero polynomial f =
Yo fax®, its terms are the quantities f,x* with f, # 0 and its leading
term LT(f) is defined as the maximum f,x* with respect to the given
ordering for which f, # 0. Let Z be an ideal in R[x]. Its leading term ideal
is LT(Z) := (LT(f) | f € Z) and the set

By =T, \LT(Z) = {x“ | LT(f) does not divide x* Vf € I}
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is the set of standard monomials. A finite subset G C 7 is called a Grobner
basis of Z if LT(Z) = LT(G); that is, if the leading term of every nonzero
polynomial in 7 is divisible by the leading term of some polynomial in G.
Hence x* € B, if and only if x“ is not divisible by the leading term of any
polynomial in G. A Grébner basis always exists and it can be constructed,
e.g., using the algorithm of Buchberger.

Once a monomial ordering > is fixed, one can apply the division algo-
rithm. Given nonzero polynomials f, g1, ..., gm, the division algorithm ap-
plied to dividing f by ¢1, . . ., gm produces polynomials u, ..., u,, and r sat-
isfying f = Z;”:l ujgj+7, no term of r is divisible by LT(g;) (j = 1,...,m)
if r # 0, and LT(f) > LT(ujg;) if u; # 0. Hence deg(f) > deg(u;g;)
if u; # 0, when the monomial ordering is a graded lexicographic or-
der. When the polynomials ¢g1,...,¢m form a Grobner basis of the ideal
Z:=(g1,---,9m), the remainder r is uniquely determined and r is a linear
combination of the set of standard monomials, i.e., r € Spang(B.); in par-
ticular, f € Z if and only if » = 0. In other words, the set By of standard
monomials is a basis of the quotient vector space R[x|/Z.

EXAMPLE 2.8. Consider the polynomial f = x%y 4+ xy? + y? to be
divided by the polynomials k1 = xy —1, hg = y?—1. Fix the lex order with
x >y. Then LT(f) = x?y, LT(h1) = xy, LT(h2) = y?. As LT(h1)| LT(f),

we write

f=xy+xy’+y’=(xy-1Dx+y)+x+y*+y.
N—_—— ———

h1 q

Now LT(g) = x is not divisible by LT(h;),LT(hz), but LT (hz) divides the
term y2 of ¢. Thus write

g=* -1 +x+y+1
——

ha
This gives
f=hi(x+y)+hs+x+y+1 (2.7)
No term of the polynomial r := x +y + 1 is divisible by LT(h;), LT (h2),
thus r is the remainder of the division of f by hi, hg (in that order). If we
do the division by ha, hy then we get the following decomposition:

f=(x+1hy+xh; +2x+1. (2.8)

Thus (2.7), (2.8) are two disctinct decompositions of f of the form

2
f= Zuihi +r
i=1
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where no term of r is divisible by LT(h;),LT(hz2). Hence the remainder
is not uniquely defined. This is because the set {h1, ha} is not a Grobner
basis of the ideal Z := (hy, ha). Indeed the polynomial

hy i=yhi —xhs =y(xy = 1) = x(y* - 1) =x -y €T

and LT (hs) = x is not divisible by LT (hq ), LT (h2). For the given monomial
ordering, the set of standard monomials is B = {1,y}, the set {hq, hs}
is a Grobuer basis of Z, and dimR[x]/Z = 2 = |V(Z)| with Ve (Z) =
{(17 1)7 (_17 _1)}

2.4. Solving systems of polynomial equations. One of the at-
tractive features of Lasserre’s method for minimizing a polynomial over
a semialgebraic set is that, when some technical rank condition holds for
the optimum solution of the given relaxation, then this relaxation is in fact
exact and moreover one can extract global minimizers for the original prob-
lem. This extraction procedure requires to solve a system of polynomial
equations

h/l(x) = Oa"'vhmo(x) = Oa

where the ideal Z := (hy, ..., hm,) is zero-dimensional (and in fact radical).
This problem has received considerable attention in the literature. We
present the so-called eigenvalue method (also known as the Stetter-Moller
method [92]) which relates the points of Vi (Z) to the eigenvalues of the
multiplication operators in the quotient space R[x|/Z. See, e.g., [19, 37,
144] for a detailed account on this method and various other methods for
solving systems of polynomial equations.

Fix a basis B = {b1,...,by} of R[x]/Z and let M}, denote the matrix
of the multiplication operator operator my, from (2.6) with respect to the
basis B. Namely, for j = 1,..., N, let resg(hb;) = sz\il a;i;b; denote the
residue of hb; modulo Z w.r.t. B, i.e.,

N
hbj — Z aijbi S (29)

=1

then the jth column of M}, is equal to the vector (a;;)Y.;. When h = x;, the
multiplication matrices My, (¢ = 1,...,n) are also known as the companion
matrices of the ideal Z. Theorem 2.9 below shows that the coordinates of
the points v € V' can be obtained from the eigenvalues of the companion
matrices. As a motivation we first treat the univariate case.

Motivation: The univariate case. Given a univariate polynomial
p=x'—pi1x¥T— .. —p
consider the ideal Z = (p) (obviously zero-dimensional). The set B =
{1,%,...,x971} is a basis of R[x]/(p). With respect to B, the multiplication
matrix My has the form
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0o ... 0 Po
p1
My = .
Pd—1
where I is the identity matrix of size (d —1) x (d — 1). One can verify that
det(My — tI) = (—=1)%p(t). Therefore, the eigenvalues of the companion
matrix My are precisely the roots of the polynomial p. We now see how
this fact extends to the multivariate case.
The multivariate case. The multiplication operators mx,,...,mx,

commute pairwise. Therefore the set {My | f € R[x]} is a commutative
algebra of N x N matrices. For a polynomial h € R[x], h = _ haXx*, note

My = h(M,, ..., My,) =Y ha(My,)* -+ (My, )" =: h(M),

Mp,=0<«< heT.

Based on this, one can easily find the minimal polynomial of My, (i.e. the
monic polynomial p € R[t] of smallest degree for which p(Mj) = 0). In-
deed, for p = S0 pit? € R[t], p(My,) = X2, pi(Mp)" = My = 0 if and
only if p(h) € Z. Thus one can find the minimal polynomial of M}, by com-
puting the smallest integer d for which the set {[1],[h], ..., [h9]} is linearly
dependent in R[x]/Z. In particular, the minimal polynomial of My, is the
monic generator of the elimination ideal Z N R[x;].

Let p, € R[x] be Lagrange interpolation polynomials at the points of
Ve(Z). As observed in Lemma 2.7, we may assume that p, € Spang(B)
for all v € Vg(Z). For a polynomial p € Spang(B), p = Zﬁl a;b; with
a; € R, let vecg(p) := (a;)I¥.; denote the vector of its coefficients in B. Set
(Bo = (bi(v))Y, € CV, the vector of evaluations at v of the polynomials
in the basis B. Observe that

{¢s.v | v € Ve(T)} is linearly independent in C* . (2.10)

Indeed assume Zvevc(z) Mo = 0, ie, Zvevc(z) Aybi(v) = 0 for ¢ =
1,...,N. As B is a basis of R[x]/Z, this implies that 3 .y, (7) Avf(v) =0
for any f € R[x]. Applying this to f := Re(p,),Im(p,) we find A, =0 Vo.

THEOREM 2.9. (Stickelberger eigenvalue theorem) Let h € R[x].
The set {h(v) | v € Ve ()} is the set of eigenvalues of My,. More precisely,

M ¢s,0 = h(v)¢s,0 Yo € Ve(T) (2.11)
and, if T is radical, then

Mpvecg(py) = h(v)vecs(py) Yv € V(7). (2.12)
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Proof. We first show (2.11). Indeed, (MI(g.); = vazl bj(v)a;; is
equal to h(v)b;(v) (using (2.9)). Thus h(v) is an eigenvalue of M with
eigenvector (g . Note that (g, # 0 by (2.10).

We now show (2.12) if 7 is radical. Say, p, = Zjvzl ¢;ibj, le.,
vecg(py) = (cj)j-vzl. The i-th component of ¢ := Mpvecg(p,) is ¢ =

Eévzl a;jc;. In order to show ¢; = h(v)e; for all 4, it suffices to show that

the polynomial f := sz\il (g: — h(v)c;)b; belongs to Z and, as 7 is radical,

this holds if we can show that f vanishes at V¢ (Z). Now,

N N N
(D asje; = h(w)ebi =Y e;(Y aihi) = h(v) Y eibi
j i=1

i=1 j=1 Jj=1 =1

T
] =

-
I

N
Cj (Z aijbi — hbj + hbj) — h(v)pv

1 =1

I
M=

<.
Il

cjhb; — h(v)py = (h — h(v))py, modZ

il
M=

1

<.
Il

(using (2.9)). Thus, f vanishes at V¢ (Z).

Remains to show that any eigenvalue A of M} belongs to the set
h(Ve(Z)) := {h(v) | v € Ve(Z)}. If T is radical, this is clear since we
have already found |V¢(Z)| = N linearly independent eigenvectors (g,
(v € Ve(2)) (by (2.10)). Otherwise, assume A & h(Ve(Z)). Then the
system hq(z) = 0,...,hmy(z) = 0,h(z) — A = 0 has no solution. By
Hilbert’s Nullstellensatz (Theorem 2.1), 1 € (hq, ..., hm,, h — A). That is,
1=320" fihj + f(h — X) for some polynomials f;, f. Hence,

mo
I=Mi=Mgmo ph 4 ihen) = > My, +Mp(My, — M) = M(My — \I)
j=1

since My;p; = 0 as fjh; € Z. Thus My — Al is nonsingular which means
that A is not an eigenvalue of Mj,. O

EXAMPLE 2.10. Consider the ideal Z = (hq, ha, h3) C R[x,y] where

hi =x2+2y? -2y
he = xy? — xy
hs=y3 —2y? +y.

Obviously, Ve (Z) = {(0,0), (0,1)}. One can show that, with respect to the
lexicographic order with x > y, the set {h1, ha, hs} is a Grobner basis of
Z. As the leading terms of hy, ko, hg are x2,xy2, y>, the corresponding set
of standard monomials is B = {1,y,y?,x,xy} and dimR[x,y]/Z = 5. As
x?y = —2y? + 2y mod Z, the multiplication matrices read:
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0 00 O 0 00 0 0O
0 0 0 2 2 1 0 -1 0 0
My=|(0 0 0 -2 2|, M,=]01 2 0 0
100 O 0 00 0 0O
0 1.1 0 0 00 0 11

and their characteristic polynomials are det(My —tI) = t5, det(My —tI) =
t2(t —1)3.

ExAMPLE 2.11. Consider now the ideal Z = (x2,y?) in R[x,y]. Ob-
viously, Ve (Z) = {(0,0)}, {x?,y?} is a Grébner basis w.r.t. any monomial
ordering, with corresponding set B = {1,x,y,xy} of standard monomials.
Thus dim R[x,y]/Z = 4,

0 0 0 O 0 0 0 O

1 0 0 0 0 0 0 O
My = 0 0 0O » My = 10 0 0f”

0 01O 01 0 0

both with characteristic polynomial ¢*.

By Theorem 2.9, the eigenvalues of the companion matrices My, are
the coordinates v; of the points v € Vi (Z). It is however not clear how to
put these coordinates together for recovering the full vectors v. For this it is
better to use the eigenvectors (3, of the transpose multiplication matrices.
Recall that a square matrix M is non-derogatory if all its eigenspaces have
dimension 1; that is, if dimKer(M — AI) = 1 for each eigenvalue A of M.
The next result follows directly from Theorem 2.9.

LEMMA 2.12. The following holds for a multiplication matriz Mp,.
(i) If ML is non-derogatory then h(v) (v € Ve(Z)) are pairwise distinct.
(ii) If Z is radical and h(v) (v € Vc(T)) are pairwise distinct, then ML is
non-derogatory.

Finding V¢(Z) via the eigenvectors of a non-derogatory multi-
plication matrix Mj,. Assume we can find h € R[x] for which the matrix
M is non-derogatory. We can assume without loss of generality that the
chosen basis B of R[x]/Z contains the constant polynomial by = 1. Let A
be an eigenvalue of M, g with eigenvector w. By Theorem 2.9, A = h(v) and
w is a scalar multiple of (s, for some v € V(Z); by rescaling (i.e. replace u
by u/u; where u; is the component of u indexed by b; = 1), we may assume
u = (.. Ifx1,...,%x, € B, one can read the coordinates of v directly from
the eigenvector u. Otherwise, express x; as a linear combination modulo Z
of the members of B, say, x; = Zjvzl ¢;b; mod Z. Then, v; = Zjvzl ¢;jbj(v)
can be computed from the coordinates of the eigenvector w.

One can show that if there exists some h € R[x] for which M is
non-derogatory, then there exists a linear such polynomial h = Y"1 | ¢;x;.
Following the strategy of Corless, Gianni and Trager [20], one can find
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such h by choosing the ¢;’s at random. Then, with high probability, h(v)
(v € V(7)) are pairwise distinct. If Z is radical then M is non-derogatory
(by Lemma 2.12). If we succeed to find a non-derogatory matrix after a few
trials, we can proceed to compute Vi (Z); otherwise we are either unlucky or
there exists no non-derogatory matrix. Then one possibility is to compute
the radical v/Z of Z using, for instance, the following characterization:

\/f = (hl, ceey hm, (pl)red, ceey (pn>red)

where p; is the monic generator of Z N R[x;] and (p;)req is its square-free
part. The polynomial p; can be found in the following way: Let k; be the
smallest integer for which the set {[1],[x,], ..., [x]} is linearly dependent
in R[x]/Z. Then the polynomial x* + Zf;ol ¢;x] lies in Z for some scalars
¢; and, by the minimality of k;, it generates 7 N R([x;].

EXAMPLE 2.10 (continued). None of MI MyT is non-derogatory. In-
deed, 0 is the only eigenvalue of M. whose corresponding eigenspace is

Ker M = {u € R® | ug = ug,us = us = 0} with dimension 2 and
spanned by (5 0,0y and (s (0,1)- The eigenspace of M; for eigenvalue 0
is Ker M = {u € R® | ug = ug = ug = 0} with dimension 2 and

spanned by (g, 0,0y and (0,0,0, 1,0)T. The eigenspace with eigenvalue 1
is Ker(MJ —I) = {u € R® | uy = ug = ug, us = us} also with dimension 2
and spanned by (3 (0,1) and (0,0,0,1, 1)T. Thus, for h =y, this gives an
example where h(v) (v € V(Z)) are pairwise distinct, yet the matrix M}
is not non-derogatory. On the other hand, for h = 2x + 3y,

00 0 0 0
30 -3 4 4
My, =2My+3My=|0 3 6 -4 —4
20 0 0 0
02 2 3 3

and M, is non-derogatory. Indeed, M, has two eigenvalues 0, 3. The
eigenspace for the eigenvalue 0 is spanned by (5, (0,0), permitting to extract
the root v = (0,0), and the eigenspace for the eigenvalue 3 is spanned by
(B,(0,1), permitting to extract the root v = (0,1). 0

EXAMPLE 2.11 (continued). In this example every matrix M} is
derogatory. Indeed, say h = a + bx + cy + dx? + exy +.... Then,

My, =

o O oL
oo a o
S OO0
Q S0 0

Thus a is the only eigenvalue of M with eigenvector space of dimension
at least 2. d



178 MONIQUE LAURENT

Part 1: Sums of Squares and Moments
3. Positive polynomials and sums of squares.

3.1. Some basic facts. A concept which will play a central role in
the paper is the following notion of sum of squares. A polynomial p is
said to be a sum of squares of polynomials, sometimes abbreviated as p
is SOS’, if p can be written as p = >, u? for some ui, ..., uy € R[x].
Given p € R[x] and S C R", the notation ‘p > 0 on S’ means ‘p(z) > 0 for
all x € S°, in which case we say that p is nonnegative on S; analogously,
p > 0 on S means that p is positive on S. We begin with some simple
properties of sums of squares.

LEMMA 3.1. Ifp € R[x] is a sum of squares then deg(p) is even
and any decomposition p = 377", ui where u; € R[x] satisfies deg(u;) <
deg(p)/2 for all j.

Proof. Assume p is SOS. Then p(z) > 0 for all x € R™ and thus
deg(p) must be even, say deg(p) = 2d. Write p = Z;nzl uf and let k :=
max; deg(u;). Assume k > d+1. Write each uj; = ) u; X" as uj = a; +
b;j, where b; :=>" ) oX* and a;j := u;—b;. Thenp—3" a5 —2a;b; =

2 2 . .
Zj bj. Here Zj b7 is a homogeneous polynomial of degree 2k > 2d + 2,

allal=k

while p — Ej a? — 2a,;b; is a polynomial of degree < 2k — 1, which yields a
contradiction. This shows deg(u;) < d for all j. a

LEMMA 3.2. Let p be a homogeneous polynomial of degree 2d. If p
is SOS, then p is a sum of squares of homogeneous polynomials (each of
degree d).

Proof. Assume p = 377", uf where u; € R[x]. Write u; = a; + b;
where a; is the sum of the terms of degree d of u; and thus deg(b;) < d—1.
Then, p — 327" a? = 37", b7 + 2a;b; is equal to 0, since otherwise the
right hand side has degree < 2d — 1 and the left hand side is homogeneous
of degree 2d. d

LEMMA 3.3. Consider a polynomial p € R[x] and its homogenization
p € R[x,X,11]. Then, p > 0 on R™ (resp., p SOS) <= p > 0 on R**!
(resp., p SOS).

Proof. The ‘if part’ follows from the fact that p(z) = p(z, 1) for all x €
R™. Conversely, if p > 0 on R™ then d := deg(p) is even and p(z, x,41) =
2 p(x/Tni1,1) = 22, p(z) > 0 whenever x,41 # 0. Thus § > 0 by
continuity. An analogous argument shows that, if p = > y u? with u; €
R[x], then p = Y, 47, where @; is the homogenization of u;. a

3.2. Sums of squares and positive polynomials: Hilbert’s re-
sult. Throughout the paper,

P, = {p € R[x] | p(z) > 0Vz € R"} (3.1)
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denotes the set of nonnegative polynomials on R™ (also called positive
semidefinite polynomials in the literature) and

Y, = {p € R[x] | p SOS} (3.2)

is the set of polynomials that are sums of squares; we sometimes omit the
index n and simply write P = P,, and ¥ = X,, when there is no danger of
confusion on the number of variables. We also set

Pn,d =P, N R[X]d, En,d =X, N R[X]d.
Obviously any polynomial which is SOS is nonnegative on R"; that is,
En g Pnu En,d g Pn,d' (33)

As is well known (cf. Lemma 3.5), equality holds in (3.3) for n = 1 (i.e.
for univariate polynomials), but the inclusion %,, C P, is strict for n > 2.
The following celebrated result of Hilbert [56] classifies the pairs (n, d) for
which equality ¥,, 4 = P4 holds.

THEOREM 3.4. X, 4 =Ppa <= n=1, ord=2, or (n,d) = (2,4).

We give below the arguments for the equality 3, 4 = Py q in the two
cases n = 1, or d = 2, which are simple and which were already well
known in the late 19th century. In his paper [56] David Hilbert proved
that Py 4 = X9 4; moreover he proved that any nonnegative polynomial
in n = 2 variables with degree 4 is a sum of three squares; equivalently,
any nonnegative ternary quartic form is a sum of three squares. Choi
and Lam [17] gave a relatively simple proof for the equality Pz 4 = 32 4,
based on geometric arguments about the cone X5 4; their proof shows a
decomposition into five squares. Powers et al. [110] found a new approach
to Hilbert’s theorem and gave a proof of the three squares result in the
nonsingular case.

LEMMA 3.5. Any nonnegative univariate polynomial is a sum of two
squares.

Proof. Assume p is a univariate polynomial and p > 0 on R. Then
the roots of p are either real with even multiplicity, or appear in complex
conjugate pairs. Thus p = ¢[];_, (x —a;)*" - [}, ((x — b;)* + ¢5)* for
some scalars a;, bj,cj,c € R, ¢ > 0, and r,5,7;,s; € N. This shows that
p is SOS. To see that p can be written as a sum of two squares, use the

identity (a? + b%)(c* + d?) = (ac + bd)* + (ad — be)? (for a,b,c,d € R). O

LEMMA 3.6. Any nonnegative quadratic polynomial is a sum of
squares.

Proof. Let p € R[x]s of the form p = xTQx + 2¢'x + b, where Q
is a symmetric n x n matrix, ¢ € R" and b € R. Its homogenization is
p=xTQx +2x, 1T x + bxiﬂ, thus of the form p = X7 Qx, after setting
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c b
thus the matrix Q is positive semidefinite. Therefore, Q = > w9 (u)T
for some u9) € R"*! which gives p = Zj(Z?jll uPx;)? is SOS and thus
p too is SOS (by Lemma 3.3 again). a

B T
X = (X,Xpy1) and Q := <Q ¢ ) . By Lemma 3.3, 5 > 0 on R"*! and

According to Hilbert’s result (Theorem 3.4), for any pair (n, d) # (2,4)
with n > 2, d > 4 even, there exists a polynomial in P, 4 \ ¥y 4. Some
well known such examples include the Motzkin and Robinson polynomials
described below.

EXAMPLE 3.7. The polynomial p := x3x3(x? + x3 — 3) + 1, known
as the Motzkin polynomial, belongs to P\ X26. Indeed, p(z1,22) >0
if 22 + 23 > 3. Otherwise, set 25 := 3 — 27 — 23. By the arithmetic
geometric mean inequality, we have ity tey > {/a3x3a?, giving again
p(x1,z2) > 0. One can verify directly that p cannot be written as a sum
of squares of polynomials. Indeed, assume p = Y, u?, where up = apx; +
beX3xs + cpX1X3 + dpXs + exX? + fpX1X2 + grXs + hiX1 + igXa + ji for
some scalars ay, . ..,jx € R. Looking at the coefficient of x¢ in p, we find
0 =Y, a}, giving ar, = 0 for all k; analogously dy = 0 for all k. Next,
looking at the coefficient of x{ and x3 yields ey = g = 0 for all k; then
looking at the coefficient of x2,x3 yields hy = i), = 0 for all k; finally the
coefficient of x?x3 in p is equal to —3 = >k f,f, yielding a contradiction.
Note that this argument shows in fact that p — p is not a sum of squares
for any scalar p € R.

Therefore the homogeneous Motzkin form M := x3x3(x? + x3 —
3x3) + x§ is nonnegative but not a sum of squares.

The polynomial p := X?+xg+x§—zlgi<jg3(xfx? (x7+x3))+3x7x5x3,
known as the Robinson form, is nonnegative but not a sum of squares.
See e.g. [120] for details.

We refer to Reznick [120] for a nice overview and historic discussion of
Hilbert’s results. More examples of positive polynomials that are not sums
of squares can be found e.g. in the recent papers [16], [121] and references
therein.

3.3. Recognizing sums of squares of polynomials. We now in-
dicate how to recognize whether a polynomial can be written as a sum
of squares via semidefinite programming. The next result was discovered
independently by several authors; cf. e.g. [18], [112].

LEMMA 3.8. Recognizing sums of squares.
Let p € R[x|, p = ZQGN% paX®, be a polynomial of degree < 2d. The
following assertions are equivalent.
(i) p is a sum of squares.
(ii) The following system in the matriz variable X = (Xa,)a,geny is
feasible:
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X >0

> Xsy=pa (la| <2d). (3.4)
B, YENG|B+y=c

Proof. Let zg4 := (x* | |a| < d) denote the vector containing all mono-
mials of degree at most d. Then for polynomials u; € R[x]4, we have
u; = vec(u;)Tzq and thus > ui = sz(Zj vec(uj)vec(u;)T)zq. There-
fore, p is a sum of squares of polynomials if and only if p = zl Xz, for
some positive semidefinite matrix X. Equating the coefficients of the two

polynomials p and z% Xz4, we find the system (3.4). a

Thus to decide whether the polynomial p can be written as a sum
of squares one has to verify existence of a positive semidefinite matrix X
satisfying the linear equations in (3.4) and any Gram decomposition of X
gives a sum of square decomposition for p. For this reason this method
is often called the Gram-matriz method in the literature (e.g. [18]). The
system (3.4) is a system in the matrix variable X, which is indexed by N’}
and thus has size (";d), and with (n-;;d) equations. Therefore, this system
has polynomial size if either n is fixed, or d is fixed. The system (3.4) is an
instance of semidefinite program. Thus finding a sum of square decompo-
sition of a polynomial can be done using semidefinite programming. Note
also that if p has a sum of squares decomposition then it has one involving
at most |N7| = (";d) squares.

We now illustrate the method on a small example.

EXAMPLE 3.9. Suppose we want to find a sum of squares decomposi-
tion for the polynomial p = x* + 2x3y + 3x2y? + 2xy? + 2y* € R[x,y]4.
As p is a form of degree 4, we want to find X > 0 indexed by x2,xy,y?
satisfying

a b c X
p=x*xyy)|b d e Xy
c e f y?
X
Equating coefficients:
xt =x2%.x? l=a
Xy =x% - xy 2=2b
2,2 _ g2 2 _
Xy =xy-xy=x"-y° 3=d+2c
xy? = xy - y? 2=2e
yt=y?y? 2=f
1 1 c
wefind X =1 3—2¢c 1|. Therefore X = 0<= —1<c¢<1. E.g. for
c 1 2

c= —1, ¢ =0, we find, respectively, the matrix
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Lo 1 1 -1 X 03 O1 : 13 O3
X=|(1 2 L y/2 \/; 0 /3 \/;
-1 1 02 1 3 1 1 1

0 vz =z \0 V2 2

giving, respectively, the decompositions p = (x% +xy —y?)? + (y? + 2xy)?
and p = (x* +xy)? + 3(xy +¥?)? + 3(xy — ).

3.4. SOS relaxations for polynomial optimization. Although we
will come back to it in detail in Section 6, we already introduce here the
SOS relaxations for the polynomial optimization problem (1.1) as this will
motivate our exposition later in this section of several representation results
for positive polynomials. Note first that problem (1.1) can obviously be
reformulated as

P =supp st. p—p>0on K = supp st. p—p>0on K. (3.5)
That is, computing p™™ amounts to finding the supremum of the scalars p
for which p—p is nonnegative (or positive) on the set K. To tackle this hard
problem it is a natural idea (going back to work of Shor [138-140], Nesterov
[95], Lasserre [65], Parrilo [103, 104]) to replace the nonnegativity condition
by some simpler condition, involving sums of squares, which can then be
tackled using semidefinite programming. For instance, in the unconstrained
case when K = R", consider the parameter

p*® :=supp s.t. p— pis SOS. (3.6)
As explained in the previous section, the parameter p*°® can be computed
via a semidefinite program involving a matrix of size [N7| if p has degree
2d. Obviously, p*** < p™i", but as follows from Hilbert’s result (Theorem
3.4), the inequality may be strict. For instance, when p is the Motzkin
polynomial considered in Example 3.7, then p*° = —oco < p™" = 0 as
p vanishes at (£1,%1). In the constrained case, one way to relax the
condition ‘p—p > 0 on K’ is by considering a sum of square decomposition
of the form p — p = so + Z;nzl sjg; where sg, s; are SOS. This yields the
parameter:

m
P’ :=supp s.t. p—p=s9+ Z sjg; with sg, s; SOS. (3.7)
j=1

Again p** < p™" and, under certain assumption on the polynomials g;
describing the set K (cf. Theorem 3.20 below), equality holds. The above
formulation does not lead yet to a semidefinite program, since it is not
obvious how to bound the degrees of the polynomials sg, s; as cancellation
of terms may occur in sop + > ;539 To get a semidefinite program one
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may consider for any integer ¢ with 2t > max(degp, deg(g1),-..,deg(gm))
the parameter

SOS

pi® :=supp st. p—p=s9+ Z;il s;9; with sg,s; € X,

deg(so), deg(s;g;) < 2t. (3.8)

Hence each pi°® can be computed via a semidefinite program involving

matrices of size [NP|, pfos < p;i%% < p*°s < p™®, and limy_ o pj* = p*°*.

3.5. Convex quadratic polynomial optimization. Here we con-
sider problem (1.1) in the convex quadratic case, i.e. when p, —g1,..., —gm
are convex quadratic polynomials. Say p = x7Qx + 2¢Ix + b, g; =
xTQix + QC;*»FX + b, where @), Q); are symmetric n X n matrices satisfy-
ing Q,—Q; = 0, c,c; € R", and b, b; € R. First observe that, in the convex
quadratic case (i.e. when —Q1,...,—Q. > 0), the semialgebraic set K
from (1.2) admits the following semidefinite representation:

1 2T

K ={zeR"| 3X € R™™™ such that =0,
z X

<(2 gji)(i §)>20 G=1,..,m)}, (3.9)

(direct verification). Therefore, when minimizing a linear polynomial p over
K, the infimum p™" is already given by its first order moment relaxation,
i.e. pmit = pimom (see Section 4.2 for the definition of pom).

We now observe that when p is a convex quadratic polynomial then,
under some technical condition, the infimum p™™ is given by the first order
sum of squares bound pi*®. Let J(z*) := {j € {1,...,m} | g;(z*) = 0} for
x* € K, and consider the following (MFCQ) constraint qualification:

Jw € R™  for which w? Vg;(z*) > 0Vj € J(z*); (3.10)

equivalently, 3= c ;) A;Vg;(z*) = 0 with A; > 0 Vj implies \; = 0 V.

LEMMA 3.10. [65] Consider problem (1.1) where p,—g1,...,—gm are
quadratic convex polynomials and assume that the set K from (1.2) is com-
pact. If there exists a local (thus global) minimizer x* satisfying (3.10), then
pios — pmln'

Proof. The bound p{°® is defined by

P =sup, s erp St P —p =2 Nigi €5, Ay A 20
™m
= Supp,)\jGRp s.t. p—p— Zj:l A]g_] S Pa Ala o '7)\m Z 07

where the last equality follows using Lemma 3.6, It suffices now to show
that p™i® is feasible for the program defining p5°. For this let * € K
be a local minimizer of p over the set K satisfying (3.10). Then there
exist scalars A1, ..., A, > 0 for which the first order Karush-Kuhn-Tucker
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conditions hold (cf. e.g. [101, §12.5]). That is, A;jg;j(z*) = 0 Vj and
Vp(z*) = >, A;Vg;(z*), implying

Qr*+c= Z/\J(QJI* —I—Cj). (3.11)

j=1

We claim that
PPt =D N = (k= a) (@ - P NQ)x—a) (312)
j=1 Jj=1

Indeed, p — p™in — Z;nzl \igj = p— p™in + > Ailgi(z*) — g;) is equal
to x"(Q — 22, \jQj)x + 2(c — 355 Njey)Tx — (2%)T(Q — X, \Qy)a" +
2032, Ajej — ¢)Tx* which, using (3.11), gives the desired identity (3.12).
As Q@ — >, AjQ; = 0, (3.12) implies that p — pmin _ ZTZl Ajg; is nonneg-
ative over R™, which concludes the proof. d

3.6. Some representation results for positive polynomials.

Certificates for positivity via the Positivstellensatz. A classical
result about polynomials is Hilbert’s Nullstellensatz which characterizes
when a system of polynomials in C[x] has a common root in C". The
next result is sometimes called the weak Nullstellensatz, while the result of
Theorem 2.1 (i) is Hilbert’s strong Nullstellensatz.

THEOREM 3.11. (c¢f. e.g. [21]) Hilbert’s (weak) Nullstellensatz.
Given polynomials hy, ..., hy, € C[x], the system h1(z) =0,..., hp(z) =0
does not have a common root in C™ if and only if 1 € (h1,...,hn), ie.
1=3""" ujh; for some polynomials u; € C[x].

As a trivial example, the system h; :=x+1=0, hy :=x?>+1 =0 has
no common root, which is certified by the identity 1 = (1 — x)/2hq + ha/2.
The above result works only in the case of an algebraically closed field
(like C). For instance, x? + 1 = 0 has no solution in R, but 1 does not
belong to the ideal generated by x2 + 1. A basic property of the real field
R is that Z?:laf =0=—=a; =...=a, =0, i.e. —1 is not a sum of
squares in R. These properties are formalized in the theory of formally real
fields (cf. [14, 114]) and one of the objectives of real algebraic geometry is
to understand when systems of real polynomial equations and inequalities
have solutions in R™. An answer is given in Theorem 3.12 below, known
as the Positivstellensatz, due to Stengle [142]. A detailed exposition can
be found e.g. in [87, 114]. We need some definitions. Given polynomials
J1s---,9m € R[], set gy := Hje] gj for J C{1,...,m}, go :=1. The set

T(g15--- 1 9m) = { > uggsluse E}a (3.13)

JCA{1,...,.m}
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is called the preordering on R[x] generated by g1,...,¢m. As in (1.2), let
K={zeR"|gi(x) >0...gm(x) > 0}.
THEOREM 3.12. Positivstellensatz. Given a polynomial p € R[x],
(i) p>0on K < pf=1+4g for some f,g € T(g1,--,9m)-
(ii) p > 0 on K <= pf = p** + g for some f,g € T(g1,...,9m) and
ke N.
(iii) p=0 on K <= —p?* € T(g1,...,gm) for some k € N.

COROLLARY 3.13. Real Nullstellensatz. Given p,hy,..., hy, €
R[x], p vanishes on {x € R™ | h;j(z) =0 (j = 1,...,m)} if and only if
P45 = Z;nzl ujhj for some u; € Rx], s€ X, ke N.

COROLLARY 3.14. Solution to Hilbert’s 17th problem. Given
2
p € R[], if p>0 on R™, then p = Zj (Z—]]) for some aj,b; € R[x].

Following Parrilo [103, 104], one may interpret the above results in
terms of certificates of infeasiblity of certain systems of polynomial systems
of equations and inequalities. First, observe that Hilbert’s Nullstellensatz
can be interpreted as follows: Either a system of polynomial equations is
feasible, which can be certified by giving a common solution z; or it is
infeasible, which can be certified by giving a Nullstellensatz certificate of
the form 1 = Z;nzl u;h;. Parrilo makes the analogy with Farkas’ lemma
for linear programming; indeed, given A € R™*" b € R™, Farkas’ lemma
asserts that, either the linear system Ax < b, > 0 has a solution, or it is
infeasible, which can be certified by giving a solution y to the alternative
system ATy >0,y >0, yTb < 0. (Cf. eg. [128, §7.3]). This paradigm
extends to the real solutions of systems of polynomial inequalities and
equations, as the following reformulation of the Positivstellensatz (cf e.g.
[14]) shows.

THEOREM 3.15. Let f, (r=1,...,8), ¢ (1 = 1,...,t), h; (j =
1,...,m) be polynomials in R[x]. Then one of the following holds.

(i) Either the system fr(x) 20 (r=1,...,8), gi(x) >0 (1 = 1,...,t),
hj(x) =0 (j=1,...,m) has a solution in R™.

(i) Or oy f29 + 3 jcn .y 5790 + 2L, ujhy = 0 for some d,. € N,
sy €Y and uj € Rx].

Thus the Positivstellensatz can be seen as a generalization of Hilbert’s
Nullstellensatz and of Farkas’ lemma (for linear programming) and one can
search for bounded degree certificates that the system in Theorem 3.15 (i)
has no real solution, using semidefinite programming. See [103, 104] for
further discussion and references.

.

One may try to use the Positivstellensatz to approximate the optimiza-
tion problem (1.1). Namely, in view of Theorem 3.12 (i), one can replace
the condition ‘p—p > 0 on K’ in (3.5) by the condition ‘(p—p)f = 1+g¢ for
some f,g € T(g1,-..,gm) and this remains a formulation for p™". How-
ever, although membership in T'(g1, ..., gm) with bounded degrees can be
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formulated via a semidefinite program, this does not lead to a semidefinite
programming formulation for p™ because of the presence of the product
pf where both p and f are variables. In the case when the semialge-
braic set K is compact one may instead use the following refinement of
the Positivstellensatz of Schmiidgen. (See [127, 130] for a more elementary
exposition of Schmudgen’s result and [131] for degree bounds.)

THEOREM 3.16 (Schmiidgen’s Positivstellensatz [126]). Let K
be as in (1.2) and assume that the semialgebraic set K in (1.2) is compact.
Given p € Rx|, if p>0 on K, thenp € T(g1,. -, Gm)-

This now leads to a hierarchy of semidefinite relaxations for p™i", as
the programs

suppst. p—p= Z uygy with uy € ¥, deg(uygy) <t

are semidefinite programs whose optimum values converge to p™i" as t goes
to oo. However, a drawback is that Schmiidgen’s representation involves
2™ sums of squares, thus leading to possibly quite large semidefinite pro-
grams. As proposed by Lasserre [65], one may use the further refinement
of Schmiidgen’s Positivstellensatz proposed by Putinar [115], which holds

under some condition on the compact set K.

Putinar’s Positivstellensatz. Given polynomials g1, ..., gn € R[x],
the set
M(gl,...,gm) = {uo—i—Zujgj | U, U € E}, (314)
j=1

is called the quadratic module generated by g1, . . ., gm. (We use the boldface
letter M for a quadratic module M(gy, ..., gm) to avoid confusion with a
moment matrix M(y).) Consider the condition

If € M(g1,-..,9m) st. {x € R" | f(z) > 0} is a compact set.  (3.15)

Obviously, (3.15) implies that K is compact, since K C {z | f(z) > 0}
for any f € M(g1,...,9m). Note also that (3.15) is an assumption on the
description of K, rather than on the set K itself. Condition (3.15) holds,
e.g., if the set {x € R™ | g;(x) > 0} is compact for one of the constraints
defining K. It also holds when the description of K contains a set of
polynomial equations hy =0, ..., hm,, = 0 with a compact set of common
real roots. If an explicit ball of radius R is known containing K, then it
suffices to add the (redundant) constraint R? — Y | x? > 0 in order to
obtain a description of K satisfying (3.15). More detailed information can
be found in [57, 114]; e.g. it is shown there that condition (3.15) holds
when m < 2.
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As we now see the condition (3.15) admits several equivalent reformu-
lations. Consider the following conditions

IN €N for which N =Y "x? € M(g1,...,gm),  (3.16)
i=1
Vp € R[x] 3N € N for which N £p € M(g1,...,9m), (3.17)

E|p17 <y Ds € R[X] s.t. pr e M(917 s 7gm) VI c {15 s 75} (3 18)
and {r € R | p1(x) >0,...,ps(x) > 0} is compact. ’
Here we set p; := [[;c;pi for I € {1,...,s}. One can easily verify the
equivalence of (3.16) and (3.17), and the equivalence with (3.18) follows
directly using Schmiidgen’s theorem (Theorem 3.16) as we now observe.

LEMMA 3.17. The conditions (3.15), (3.16), (3.17), (3.18) are all
equivalent.

Proof. The implications (3.17) = (3.16) = (3.15) = (3.18) are
obvious. To derive the implication (3.18) = (3.17), apply Schmiidgen’s
theorem (Theorem 3.16) to the compact set Ky := {x € R™ | pi(z) >
0,...,ps(x) > 0}. Given p € R[x], there exists N > 0 for which N £p >0
on Ky. Now Theorem 3.16 implies that N £ p = Elg{l,...,s} sypr for
some sy € X. As each p; € M(g1,...,9m), this shows that N £ p €
M(gl,...,gm)- a

DEFINITION 3.18. Given ¢1,...,9m € R[x|, the quadratic module
M(g1,-.-,9m) is said to be Archimedean when the condition (3.17) holds.

EXAMPLE 3.19. For the polynomials g; :=x;,—1/2 (i=1,...,n) and
Gnt1 := 1 =[], xi, the module M(gu,...,gnt1) is not Archimedean [11/,
Ez. 6.3.1]. To see it, consider a lexicographic monomial ordering on R[X]
and define the set M of polynomials p € R[x] satisfying p = 0, or p # 0
whose leading term p,x* satisfies either po, > 0 and a # (1,...,1) mod 2,
or po < 0 and a = (1,...,1) mod 2. Then M is a quadratic module
(cf. Definition 3.27) and g1,...,gn+1 € M, implying M(g1,...,gnt1) C
M. For any N € R, the polynomial N — Y7 | x? does not lie in M,
which implies that it also does not lie in M(g1,...,gn+1). This shows that
M(g1,. .., gnt+1) is not Archimedean.

THEOREM 3.20. (Putinar [115]; see also Jacobi and Prestel [57]). Let
K be as in (1.2) and assume that the quadratic modume M(g1, ..., gm) is
Archimedean. For p € R[x], if p >0 on K then p € M(g1,...,9m)-

As noted by Lasserre [65], this implies directly the asymptotic conver-
gence to p™™ of the hierarchy of bounds from (3.8). We will come back
to this hierarchy in Section 6. We refer to Nie and Schweighofer [100] for
degree bounds in representations in M(g, ..., gm). We present a proof of
Theorem 3.20 in Section 3.7.
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Some other representation results. Several other representation
results for positive polynomials exist in the literature. Let us just briefly
mention a few.

THEOREM 3.21. (Pdlya [108]; see [109] for a proof). Let p € R[x] be a
homogeneous polynomial. If p > 0 on the simplex {x € R | Y." | x; =1},
then there exists r € N for which the polynomial (3_}_, x;)"p has all its
coefficients nonnegative.

THEOREM 3.22. (Reznick [119]) Let p € R[x] be a homogeneous poly-
nomial. If p > 0 on R™\ {0}, then there exists r € N for which the
polynomial (3, x3)"p is a sum of squares.

ExaMPLE 3.23. Consider the 5 x 5 symmetric matrix whose entries
are all equal to 1 except MLQ = Mg)g = M374 = M4)5 = M571 = —1 and
let pys = Zijzl Ml-_,jxfxf. Recall from Section 1.1 that M is copositive
precisely when pys is nonnegative. Parrilo [103] proved that, while pys is
not a SOS, (Z?:l x2)pum is a SOS, which shows that pys is nonnegative
and thus M is copositive.

As an illustration let us briefly sketch how Pélya’s theorem can be used
to derive a hierarchy of SOS approximations for the stable set problem. See
e.g. [31] for further applications, and [30] for a comparison of the hierarchies
based on Putinar’s and Pdlya’s theorems.

ExaMPLE 3.24. Consider the stable set problem introduced in Section
1.1 and the formulation (1.7) for a(G). For ¢ € N define the polynomial
PGt =D jev xix3(t(I + Ag) — J)i. For r € N, the parameters

inf ¢ s.t. (fo)rpat is SOS
eV

provide a hierarchy of upper bounds for a(G). Based on an analysis of
Pélya’s theorem, de Klerk and Pasechnik [32] proved the finite convergence
to a(G) and they conjecture that finite convergence takes place at r =
a(G) — 1. (See [46] for partial results, also for a comparison of the above
parameter with the approximation of «(G) derived via Putinar’s theorem,
mentioned in Example 8.16).

One can also search for a different type of certificate for positivity of a
polynomial p over K defined by polynomial inequalities g1 > 0, ..., gm > 0;
namely of the form

m
p= Z cs H gjj with finitely many nonzero cg € R... (3.19)
geNm  j=1

On the moment side this corresponds to Hausdorff-type moment conditions,
and this yields hierarchies of linear programming relaxations for polynomial
optimization. Sherali and Adams [137] use this type of representation for
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0/1 polynomial optimization problems. As an example let us mention Han-
delman’s characterization for positivity over a polytope.

THEOREM 3.25. (Handelman [49]) let p € R[x] and let K = {z € R™ |
g1(x) > 0,...,gm(x) > 0} be a polytope, i.e. the g;’s are linear polynomials
and K is bounded. If p > 0 on K then p has a decomposition (3.19).

The following result holds for a general compact semialgebraic set K,
leading to a hierarchy of LP relaxations for problem (1.1). We refer to
Lasserre [68, 70] for a detailed discussion and comparison with the SDP
based approach.

THEOREM 3.26. [35, 36] Assume K is compact and the polynomials
g1,---,9m satisfy 0 < g; < 1 on K Vj and, together with the constant
polynomial 1, they generate the algebra R[x], i.e. R[x] = R[1,91,.-.,9m]-
Then any p € R[x| positive on K has a representation of the form

m

p= > cas]lo [T —-91)”
j=1

a,BEN™ j=1
for finitely many nonnegative scalars cqg.

3.7. Proof of Putinar’s theorem. Schweighofer [132] gave a proof
for Theorem 3.20 which is more elementary than Putinar’s original proof
and uses only Pdlya’s theorem (Theorem 3.21). Later M. Schweighofer
communicated to us an even shorter and simpler proof which is just a com-
bination of classical ideas from real algebraic geometry with an ingeneous
argument of Marshall (in Claim 3.32).

DEFINITION 3.27. Call a set M C R[x] a quadratic module if it
contains 1 and is closed under addition and multiplication with squares,
e, 1l e M, M+ M C M and XM C M. Call a quadratic module M
proper if —1 ¢ M (i.e. M # R[x]).

Given g1,...,9m € R[x| the set M(gi,...,9m) introduced in (3.14)
is obviously a quadratic module. We begin with some preliminary results
about quadratic modules.

LEMMA 3.28. If M C R[x] is a quadratic module, then T := M N—M
s an ideal.

2 2
Proof. For f € R[x] and g € Z, fg:(f%) g—(f%) gel. a

LEMMA 3.29. Let M C R[x| be a maximal proper quadratic module.
Then M U —M = Rx].

Proof. Assume f € R[x] \ (M U —M). By maximality of M, the
quadratic modules M + f¥ and M — fX are not proper, i.e., we find
g1,92 € M and s1,82 € X such that —1 = g1 + s1f and —1 = g3 — sof.
Multiplying the first equation by ss and the second one by si, we get
S1 + S2 + s192 + s2g1 = 0. This implies s1,s9 € Z := M N —M. Since
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7 is an ideal, we get s1f € T C M and therefore —1 = g1 +s1f € M, a
contradiction. d

LEMMA 3.30. Let M C R[x| be a mazimal proper quadratic module
which is Archimedean, set T := M N —M and let f € R[x]. Then there is
exactly one a € R such that f —a € T.

Proof. Consider the sets
A={aeR|f—-aec M} and B:={beR|b—fe M}

As M is Archimedean, the sets A and B are not empty. We have to show
that ANB is a singleton. Since M is proper, it does not contain any negative
real number. Therefore a < b for all a € A, b € B. Set ap := sup 4 and
bo := inf B. Thus ag < by. Moreover, ag = bg. Indeed if ag < ¢ < by,
then f —c¢ ¢ M U—M, which contradicts the fact that R[x] = M U —-M
(by Lemma 3.29). It suffices now to show that ap € A and by € B, since
this will imply that AN B = {ag} and thus conclude the proof. We show
that ag = sup A € A. For this assume that ag ¢ A, i.e., f —ag ¢ M. Then
M’ := M+ (f — ap)X is a quadratic module that cannot be proper by the
maximality of M; that is, —1 = g+ (f — ao)s for some g € M and s € X.
As M is Archimedean we can choose N € N such that N —s € M and
€ € Rsuch that 0 < e < 4. Asag—e€ € A, we have f — (ap—€) € M. Then
we have —14+es=g+ (f —ap+€)s € M and eN — es € M. Adding these
two equations, we get eN — 1 € M which is impossible since eN —1 < 0
and M is proper. One can prove that by € B in the same way. d

We now prove Theorem 3.20. Assume p € R[x] is positive on K; we
show that p € M(g1,...,gm). We state two intermediary results.

CramM 3.31. There exists s € X such that sp € 1 +M(g1,...,gm)-

Proof. 'We have to prove that the quadratic module M, :=
M(g1,-..,9m) — pX is not proper. For this assume that My is proper;
we show the existence of ¢ € K for which p(a) < 0, thus contradicting
the assumption p > 0 on K. By Zorn’s lemma, we can extend My to a
maximal proper quadratic module M D My. As M 2 M(g1,...,9m), M
is Archimedean. Applying Lemma 3.30, there exists a € R™ such that
X, —a; €L :=MnN-M for all i € {1,...,n}. Since Z is an ideal (by
Lemma 3.28), f — f(a) € T for any f € R[x]. In particular, for f = g;, we
find that g;(a) = g; — (9; — gj(a)) € M since g; € M(g1,...,g9m) € M and
—(g; — g;(a)) € M, which implies g;(a) > 0. Therefore, a € K. Finally,
—p(a) = (p —pla)) —p € M since p—p(a) €Z C M and —p € My C M,
which implies —p(a) > 0. a

CramM 3.32. There exist g € M(g1,...,9m) and N € N such that
N—-geXandgpel+M(gr,...,9m)-

Proof. (Marshall [90, 5.4.4]). Choose s as in Claim 3.31, i.e. s € &
and sp —1 € M(gi,...,9m). Using (3.17), there exists k € N such that
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2k — s, 2k — s’p —1 € M(g1,...,9m)- Set g := s(2k —s) and N := k2.
Then g € M(g1,-..,9m), N —g = k? —2ks+s? = (k—s)? € X. Moreover,
gp—1=382k—s)p—1=2k(sp—1)+ 2k —s’p—1) € M(g1,--,9m),
since sp — 1,2k — s?p— 1 € M(g1,.- ., gm)- O

We can now conclude the proof. Choose g, N as in Claim 3.32 and
k € N such that k+p € M(g1, ..., 9m). We may assume N > 0. Note that

(k=5 )+ =5 (V= 000k )+ (09 = 1)+ ko) € Mg, 90)

Applying this iteratively we can make k = (kN )% smaller and smaller
until reaching 0 and thus obtain p € M(g1,...,gm). This concludes the
proof of Theorem 3.20.

3.8. The cone X, 4 of sums of squares is closed. As we saw
earlier, for d even, the inclusion ¥, 4 C P, 4 is strict except in the three
special cases (n,d) = (1,d), (n,2), (2,4). One may wonder how much
the two cones differ in the other cases. This question will be addressed in
Section 7.1, where we will mention a result of Blekherman (Theorem 7.1)
showing that, when the degree d is fixed and the number n of variables
grows, there are much more nonnegative polynomials than sums of squares.
On the other hand, one can show that any nonnegative polynomial is the
limit (coordinate-wise) of a sequence of SOS polynomials (cf. Theorem 7.3).
However, as the cone X, 4 is a closed set, the degrees of the polynomials
occurring in such sequence cannot be bounded. We now prove a more
general result which will imply that 3, 4 is closed. Given polynomials
g1,---,9m € R[x] and an integer ¢, set go := 1 and define the set

Mi(g1,---s9m) = {Zsjgj | s; € 3,deg(sjg;) <t (Ogjgm)}, (3.20)

Jj=0

which can be seen as the “truncation at degree t” of the quadratic module
M(g1,..-,9m)- Let K be as in (1.2). Its interior int(K) (for the Euclidean
topology) consists of the points € K for which there exists a (full dimen-
sional) ball centered at = and contained in K. Obviously

K :={zeR"|gj(x) >0Vj=1,...,m} Cint(K).

The inclusion may be strict (e.g. 0 € int(K)\K’ for K = {x € R | 22 > 0}).
However,

int(K) # 0 <= K' #0 (3.21)

assuming no g; is the zero polynomial. Indeed if K/ = () and B is a ball
contained in K, then the polynomial H;n:l g; vanishes on K and thus on B,
hence it must be the zero polynomial, a contradiction. The next result will
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also be used later in Section 6 to show the absence of duality gap between
the moment/SOS relaxations.

THEOREM 3.33. [111, 182] If K has a nonempty interior then
M, (g1,---,9m) is closed in R[x]; for any t € N.

Proof. Note that deg(s;g;) < t is equivalent to degs; < 2k;, setting
kj = [(t—deg(g;))/2]. Set A; := dimR[x]x, = [N} [. Then any polynomial

f € Mi(g1,...,9m) is of the form f = 377" s;g; with s; = 22]:1(“1(:))2

for some ugj), . ,uf\jj) € R[x]g,. In other words, M¢(gi,...,gm) is the
image of the following map

0: D= (Rx]g )" x ... x (R[x]g, )™ — R[x];

m m Aj j
u = ((“z((?))ﬁ)o:p Sy (U( ));\mmd) = o(u) = Zj:o lezl(“l(j))2gj'

Im

We may identify the domain D of ¢ with the space R (of suitable dimen-
sion A); choose a norm on this space and let S denote the unit sphere in D.
Then V := ¢(9) is a compact set in the space R[x]:, which is also equipped
with a norm. Note that any f € M(g1,...,gm) is of the form f = v for
some A € Ry and v € V. We claim that 0 ¢ V. Indeed, by assumption,
int(K') # 0 and thus, by (3.21), there exists a full dimensional ball B C K
such that each polynomial g; (j = 1,...,m) is positive on B. Hence, for
any u € S, if p(u) vanishes on B then each polynomial arising as compo-
nent of u vanishes on B, implying u = 0. This shows that ¢(u) # 0ifu € S,
ie. 0 ¢ V. We now show that My(g1,...,gm) is closed. For this consider
a sequence fr € My(g1,...,9m) (k > 0) converging to a polynomial f;
we show that f € My(g1,...,9m). Write fr = Agvg where vy, € V and
A € Ry. As V is compact there exists a subsequence of (vg)x>0, again de-
noted as (vg)k>o for simplicity, converging say tov € V. As0 ¢ V, v #0

and thus A\, = (i converges to il as k — oo. Therefore, fr = Apvk

lloxll lloll
— 11l

converges to Hv as k — oo, which implies f = =0 € M,(g1,---,9m). O

COROLLARY 3.34. The cone Xy, 4 is a closed cone.
Proof. Apply Theorem 3.33 to My(g1) = Xy,,4 for g1 := 1. a

When the set K has an empty interior one can prove an analogue of
Theorem 3.33 after factoring out through the vanishing ideal of K. More
precisely, with Z(K) = {f € R[x] | f(z) = 0 V& € K}, consider the
mapping p € R[x] — p’ = p+Z(K) € R[x]/Z(K) mapping any polynomial
to its coset in R[x|/Z(K). Define the image under this mapping of the
quadratic module My (g1, ..., gm)

M (g1, 9m) ={p" | p € Mi(g1, ..., 9m)} C Rx]/Z(K).  (3.22)

Marshall [88] proved the following extension of Theorem 3.33. Note in-
deed that if K has a nonempty interior, then Z(K) = {0} and thus

M;(g1;-- > 9m) = Mi(g1,- -, gm)-
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THEOREM 3.35. [88] The set M}(g1, ..., gm) is closed in Rx]:/Z(K).

Proof. The proof is along the same lines as that of Theorem 3.33,
except one must now factor out through the ideal Z(K). Set gy := 1,

J:={j€{0,1,....m} | g; € Z(K)} and Ann(g) := {p € R[x] | pg €
I(K)} for g € R[x]. For j =0,...,m, set k; := [(t — deg(g;))/2] (as in
the proof of Theorem 3.33), A; := R[x]x, N Ann(g;). Let B; C R[x]x, be
a set of monomials forming a basis of R[x]x,/A;; that is, any polynomial
J € R[x]x, can be written in a unique way as p = r+q¢ where r € Spang(B;)
and q € A;. Let Aj := |B;| = dimR[x]y, /A;. Consider the mapping

p: D= [[RX, /A)Y — Rix]/T(K)

JjeJ

u=((u’ InOdA)lv_l)Je‘]'—)gﬁ ZZ )2g; mod Z(K).

JjeJ lj=1

Note first that ¢ is well defined; indeed, u—v € A; implies (u—v)g; € Z(K)
and thus u?g; — v?g; = (u +v)(u — v)g; € Z(K). Next we claim that the
image of the domain D under ¢ is precisely the set M} (g1, ..., gm). That is,

VfEM(g,....gm), IUED st. f— ZZ D29 € T(K). (3.23)
JjeJ ;=1

For this write f = Z}io sjg; where s; € ¥ and deg(s;) <t —deg(g;). Say
sj = 2.p,(a @)2 Where aﬁlj) € R[x]y,. Write ag_) = T;li) + q}(i), where T;li) €
Spang (B;) and ¢ € A;. Then 8105 = Dies (X, (17))2)g; mod Z(K)
since q,(f)g € I(K) as q € A; C Ann(g;). Moreover, as each r()
lies in SpanR(Bj) with |B; | = Aj, by the Gram-matrix method (recall
Section 3.3), we deduce that Zhj( ,(IJJ)) can be written as another sum
of squares involving only A; squares, ie. 32, (r,(i_))2 = 22]:1(%(5))2 with

) e Spang (B;); this shows (3.23). We now show that ¢~*(0) = 0. For
thls assume that p(u) =0, i.e. f:= Zl —1(“1 ) g; € Z(K); we show that
ul(]]) € A; for all j,l;. Fix x € K. Then f(z) = 0 and, as g;(z) > 0 Vj,
(ul(j)(x))Qg]( ) =0, ie. ul(j)(x)g](:t) = 0 Vj,l;. This shows that each

polynomial ul(J)g] lies in Z(K), that is, ul(j) € A;. We can now proceed as

in the proof of Theorem 3.33 to conclude that M/(g1,...,gm) is a closed
set in R[x]¢/Z(K). o

4. Moment sequences and moment matrices.

4.1. Some basic facts. We introduce here some basic definitions and
facts about measures, moment sequences and moment matrices.
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Moment sequences. Throughout we consider nonnegative Borel
measures on R™; thus, when speaking of ‘a measure’, we implicitly as-
sume that it is nonnegative. A probability measure is a measure with total
mass p(R™) = 1.

Given a measure p on R™, its support supp(u) is the smallest closed
set S C R™ for which pu(R™\ S) = 0. We say that u is a measure on K or
a measure supported by K C R™ if supp(p) C K.

Given z € R", ¢, denotes the Dirac measure at x, with support {x}
and having mass 1 at x and mass 0 elsewhere.

When the support of a measure p is finite, say, supp(u) = {x1,..., 2},
then p is of the form pu = Zle Aibg, for some A, ..., A, > 0; the z; are
called the atoms of p and one also says that u is a r-atomic measure.

Given a measure p on R", the quantity y, := [ 2®u(dz) is called its
moment of order a. Then, the sequence (yq)aene is called the sequence
of moments of the measure p and, given ¢t € N, the (truncated) sequence
(Ya)aeny is called the sequence of moments of 1 up to order t. When y is
the sequence of moments of a measure we also say that p is a representing
measure for y. The sequence of moments of the Dirac measure d, is the
vector ¢y = (2%)qenn, called the Zeta vector of = (see the footnote on page
255 for a motivation). Given an integer t > 1, Gt 1= (2%)aene denotes
the truncated Zeta vector.

A basic problem in the theory of moments concerns the characteriza-
tion of (infinite or truncated) moment sequences, i.e., the characterization
of those sequences y = (ya)q that are the sequences of moments of some
measure. Given a subset K C R”, the K-moment problem asks for the
characterization of those sequences that are sequences of moments of some
measure supported by the set K. This problem has received considerable
attention in the literature, especially in the case when K = R™ (the basic
moment problem) or when K is a compact semialgebraic set, and it turns
out to be related to our polynomial optimization problem, as we see be-
low in this section. For more information on the moment problem see e.g.

[8, 9, 23-26, 39, 63, 64, 115, 126] and references therein.

Moment matrices. The following notions of moment matrix and
shift operator play a central role in the moment problem. Given a sequence
Y = (Ya)aenn € RV its moment matriz is the (infinite) matrix M (y)
indexed by N”, with (a, 8)th entry yo43, for o, 8 € N”. Similarly, given an
integer t > 1 and a (truncated) sequence y = (Ya)aeny, € RNz: | its moment
matriz of order t is the matrix M;(y) indexed by N}, with (o, 8)th entry
Yats, for a, f € NJ.

Given g € R[x] and y € RY"| define the new sequence

gy = M(y)g € R, (4.1)

called shifted vector, with ath entry (gy)q := Zﬁ 98Ya+p for @ € N”. The
notation gy will also be used for denoting the truncated vector ((9y)a)aenn
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of RNY for an integer ¢ > 1. The moment matrices of gy are also known as
the localizing matrices, since they can be used to “localize” the support of
a representing measure for y.

Moment matrices and bilinear forms on R[x]. Given y € RY",
define the linear form L, € (R[x])* by

Ly(f) =y vec(f) =Y yafa for f= fox € Rx]. (4.2)

We will often use the following simple ‘calculus’ involving moment matrices.

LEMMA 4.1. Lety € RN, L, € (R[x])* the associated linear form
from (4.2), and let f,g,h € R[X]

(i) Ly(fg) = vec(f ) M(y)vec(g); in particular, Ly(fz) =
veel )T M{yvec(f), Ly (f) = vee(1)T M (y)vec().
i) Ly(fgh) = vee()" Mly)veclgh) = vec(fg)" M(y)vec(h) =

vec(f)T M (hy)vec(g).

Proof. (i) Setting f = > fax*, g = Zﬁgﬁxﬁ, we have fg =
Zy(za,ma.kﬁ:yfagﬁ)xw- Then Ly,(fg) = Zyyv(za,ma-‘_g:vfagﬁ)a

while vec(f)T M (y)vec(g) =, 25 fagsya+p, thus equal to Ly(fg). The
last part of (i) follows directly.

(ii) By (i) vec(f)T M (y)vec(gh) = vec(fg)T M(y)vec(h) = Ly,(fgh), in
turn equal to >, 5 fagshyYatptsy. Finally, vec(f)T M (hy)vec(g) =
>s(hy)s(fg)s = 25(2 Py Yy +5) (X0 glatp=s fags) which, by exchanging
the summations, is equal to >, 5. fagslhyYarpiy = Ly(fgh). |

Given y € RY", we can also define the bilinear form on R[x]

(f.9) € RIx] x Rx] = Ly(fg) = vec(f)" M (y)vec(g),

whose associated quadratic form
feRE] = Ly(f?) = vec(f)" M(y)vec(f)

is positive semidefinite, i.e. L,(f?) > 0 for all f € R[x], precisely when the
moment matrix M (y) is positive semidefinite.

Necessary conditions for moment sequences. The next lemma
gives some easy well known necessary conditions for moment sequences.

LEMMA 4.2. Let g € R[x] and d, = [deg(g)/2].

(i) If y € RNzt s the sequence of moments (up to order 2t) of a measure
w, then Mi(y) »= 0 and rank M;(y) < |supp(p)|. Moreover, for p €
R[x]¢, Mi(y)p = 0 implies supp(p) € Ve(p) = {z € R" | p(z) = 0}.
Therefore, supp(u) C Vr(Ker My (y)).

(i) If y € RNt (t > d,) is the sequence of moments of a measure
supported by the set {x € R™ | g(x) > 0}, then M;_q,(gy) = 0.
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(iii) Ify € RY" is the sequence of moments of a measure i, then M(y) = 0.
Moreover, if supp(p) C {x € R™ | g(z) > 0}, then M(gy) = 0 and, if
w18 r-atomic, then rank M(y) = r.

Proof. (i) For p € R[x];, pT M;(y)p is equal to

Y PaPYars= Y Pabs / e p(dr) = / p(a)?u(da) > 0,

a,BeN} a,BEN}

which shows that M;(y) = 0. If My(y)p = 0, then 0 = p" My(y)p =
[ p(x)*u(dz). This implies that the support of p is contained in the set
V(p) of real zeros of p. [To see it, note that, as Vir(p) is a closed set,
supp(t) € Vr(p) holds if we can show that p(R™ \ Vg(p)) = 0. Indeed,
R™ \ Ve(p) = Ui>o Uk, setting Uy, := {z € R" | p(z)? > 1} for positive
k€N As 0= [pa)u(dr) = [y, P@)ulde) > [y, pa)’p(dr) >
+1(Uy), this implies p(Uy) = 0 for all k and thus p(R™ \ Ve(p)) = 0.] The
inequality rank My (y) < |supp(p)| is trivial if © has an infinite support. So
assume that p is r-atomic, say, p = Z:Zl Aibg, where Ag,..., A, > 0 and
z1,...,2, € R™. Then, My(y) = >i_; NiCt.z: (Ctw;)T, which shows that
rank M, (y) <r.

(ii) For p € R[x]i—a,, p" M;—a,(gy)p is equal to

Yo D Papsdrlatpiy = / g(x)p(x)*p(dx) >0,

a,BEN_, vEN" K

which shows that M;_g4, (gy) > 0.
(iii) The first two claims follow directly from (i), (ii). Assume now p =
>y Xiby, where \; > 0 and z4,...,z, are distinct points of R”. One

can easily verify that the vectors (,, (¢ = 1,...,r) are linearly independent
(using, e.g., the existence of interpolation polynomials at z1,...,z,; see
Lemma 2.3). Then, as M (y) = >°7_; Az, (2, rank M (y) = r. a

Note that the inclusion supp(p) C Va(Ker M;(y)) from Lemma 4.2
(i) may be strict in general; see Fialkow [38] for such an example. On
the other hand, we will show in Theorem 5.19 that when M;(y) > 0 with
rank M;(y) = rank M;_1(y), then equality supp(u) = Vk(Ker M;(y)) holds.
The next result follows directly from Lemma 4.2; dx was defined in (1.10).

COROLLARY 4.3. Ify € RNt is the sequence of moments (up to order
2t) of a measure supported by the set K then, for any t > di,

M (y) = 0, Mtfdgj (gjy) =0(=1,...,m). (4.3)

We will discuss in Section 5 several results of Curto and Fialkow show-
ing that, under certain restrictions on the rank of the matrix M;(y), the
condition (4.3) is sufficient for ensuring that y is the sequence of moments
of a measure supported by K. Next we indicate how the above results lead
to the moment relaxations for the polynomial optimization problem.
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4.2. Moment relaxations for polynomial optimization.
Lasserre [65] proposed the following strategy to approximate the problem
(1.1). First observe that

p™ = inf p(z) = inf/ p(r)p(dx)
zeK moJ i

where the second infimum is taken over all probability measures p on R™
supported by the set K. Indeed, for any x¢ € K, p(xo) = [ p(z)p(dz) for
the Dirac measure y := &,,, showing p™* > inf,, [ p(x)pu(dz). Conversely,
as p(z) > p™» for all v € K, [, p(@)p(dz) > [ p™ p(dz) = p™=, since p
is a probability measure. Next note that [ p(z)u(dz) = pa [2*u(dz) =
pTy, where y = ( J x*p(dx))o denotes the sequence of moments of p. There-
fore, p™™ can be reformulated as

p™" =inf pTy s.t. yo =1, y has a representing measure on K. (4.4)

Following Lemma 4.2 one may instead require in (4.4) the weaker conditions
M(y) = 0 and M(g;y) = 0 Vj, which leads to the following lower bound
for pmin

prom = inf ply st.oyo=1,M(y) = 0,M(g;y) = 0 (1<j<m)
yer™ (4.5)

= inf L(p) st. L(1)=1,L(f) > 0Vf € M(g1,-..,9m)-
Le(R[x])”

The equivalence between the two formulations in (4.5) follows directly using
the correspondence (4.2) between RY" and linear functionals on R[x], and
Lemma 4.1 which implies

M(y) = 0,M(gjy) = 0Vj <m <= L,(f)>0VYfe€M(g1,...,9m)- (4.6)

It is not clear how to compute the bound p™°™ since the program (4.5)

involves infinite matrices. To obtain a semidefinite program we consider
instead truncated moment matrices in (4.5), which leads to the following
hierarchy of lower bounds for p™*

mom —

j2 = nf  L(p) s.t. L(1) =1,

i
Le(R[x]2¢)*

= inf pTy s.t. Yo =1, My(y) = 0,
yERNZ:

for t > max(dp,dr). The equivalence between the two formulations in
(4.7) follows from the truncated analogue of (4.6):

Mt(y) = Oth*dj(gjy) = 0 V.] <m <= Ly(f) > 0 vf S MQt(gla .- 7gm)
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Thus p*°™ can be computed via a semidefinite program involving matrices
of size [N}|. Obviously, pj*°™ < pof® < p™™ < p™™. Moreover,

indeed if p—p € My(g1, ..., gm) and L is feasible for (4.7) then L(p) —p =
L(p — p) = 0. Therefore, p> < p™o™.

LEMMA 4.4. If the set K has a nonempty interior, then the program
(4.7) is strictly feasible.

Proof. Let p be a measure with supp(u) = B where B is a ball
contained in K. (For instance, define p by u(A) := A(A N B) for any
Borel set A, where A(-) is the Lebesgue measure on R™.) Let y be the
sequence of moments of p. Then, M(g;y) > 0 for all j =0,...,m, setting
go = 1. Positive semidefiniteness is obvious. If p € Ker M(g,y) then
S p(@)?g;(x)p(dx) = 0, which implies B = supp(u) € Ve(g;p) and thus

=0 d

In the next section we discuss in more detail the duality relationship
between sums of squares of polynomials and moment sequences. We will
come back to both SOS/moment hierarchies and their application to the
optimization problem (1.1) in Section 6.

4.3. The moment problem. The moment problem asks for the
characterization of the sequences y € RY" having a representing measure;
the analogous problem can be posed for truncated sequences y € RN¢ (t>1
integer). This problem is intimately linked to the characterization of the
duals of the cone P of nonnegative polynomials (from (3.1)) and of the
cone ¥ of sums of squares (from (3.2)).

Duality between sums of squares and moment sequences. For
an R-vector space A, A* denotes its dual vector space consisting of all
linear maps L : A — R. Any a € A induces an element A, € (A*)* by
setting A, (L) := L(a) for L € A*; hence there is a natural homomorphism
from A to (A*)*, which is an isomorphism when A is finite dimensional.
Given a cone B C A, its dual cone is B* := {L € A* | L(b) > 0 Vb € B}.
There is again a natural homomorphism from B to (B*)*, which is an
isomorphism when A is finite dimensional and B is a closed convex cone.
Here we consider A = R[x] and the convex cones P, ¥ C R[x], with dual
cones P* = {L € (R[x])* | L(p) > 0 Vp € P}, ¥* = {L € (R[x])* |
L(p?) > 0 ¥p € R[x]}. As mentioned earlier, we may identify a polynomial
P =, Pax* with its sequence of coefficients vec(p) = (pa)a € R*, the set
of sequences in RN with finitely many nonzero components; analogously we
may identify a linear form L € (R[x])* with the sequence y := (L(x%)), €
RY", so that L = L, (recall (4.2)), i.e. L(p) = >, Pale = y vec(p). In
other words, we identify R[x] with R via p +— vec(p) and RY" with (R[x])*
via y — L,. We now describe the duals of the cones P, ¥ C R[x]. For this
consider the cones in RY"
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M :={y € RY" | y has a representing measure}, (4.9)
My = {y e RY" | M(y) = 0}. (4.10)

PROPOSITION 4.5. The cones M and P (resp., My and ¥) are dual
of each other. That is, P = M*, My =%* M =P* ¥ = (My)*.

Proof. The first two equalities are easy. Indeed, if p € P and
y € M has a representing measure p, then y’vec(p) = > pata =
Yo Pa [ 2%u(dr) = [ p(x)p(dr) > 0, which shows the inclusions P € M*
and M C P*. The inclusion M* C P follows from the fact that, if p € M*
then, for any z € R", p(x) = vec(p)T ¢, > 0 (since (, = (z*)o € M as it ad-
mits the Dirac measure ¢, as representing measure) and thus p € P. Given
y € RN M(y) = 0 if and only if vec(p)” M (y)vec(p) = yTvec(p?) > 0
for all p € R[x] (use Lemma 4.1), i.e. yTvec(f) > 0 for all f € X; this
shows My = ¥* and thus the inclusion ¥ C (M )*. The remaining two
inclusions P* C M and (Mx)* C ¥ are proved, respectively, by Haviland
[61] and by Berg, Christensen and Jensen [9]. |

Obviously, M C My (by Lemma 4.2) and ¥ C P. As we saw earlier,
the inclusion ¥ C P holds at equality when n = 1 and it is strict for n > 2.
Therefore, M = Myx when n = 1 (this is Hamburger’s theorem) and the
inclusion M C M is strict when n > 2. There are however some classes
of sequences y for which the reverse implication

yeMy. =yeM (4.11)

holds. Curto and Fialkow [23] show that this is the case when the matrix
M (y) has finite rank.

THEOREM 4.6. [23] If M(y) = 0 and M(y) has finite rank r, then y
has a (unique) r-atomic representing measure.

We will come back to this result in Theorem 5.1 below. This result
plays in fact a crucial role in the application to polynomial optimization,
since it permits to give an optimality certificate for the semidefinite hierar-
chy based on moment matrices; see Section 6 for details. We next discuss
another class of sequences for which the implication (4.11) holds.

Bounded moment sequences. Berg, Christensen, and Ressel [10]
show that the implication (4.11) holds when the sequence y is bounded,
i.e., when there is a constant C' > 0 for which |y,| < C for all o € N™.
More generally, Berg and Maserick [11] show that (4.11) holds when y is
exponentially bounded', i.e. when |y,| < CoCl®! for all € N™, for some

LOur definition is equivalent to that of Berg and Maserick [11] who say that y is
exponentially bounded when |yo| < Cho(a) Ve, for some Cy > 0 and some function,
called an absolute value, o : N* — Ry satisfying ¢(0) = 1 and o(a + 3) < o(a)o(B)
Va, 8 € N™. Indeed, setting C' := max;—1,....n 0(e;) we have o(a) < clel and, conversely,
the function a +— o(a) := C1?l is an absolute value.



200 MONIQUE LAURENT

constants Cp,C > 0. The next result shows that a sequence y € RY"
has a representing measure supported by a compact set if and only if it is
exponentially bounded with M (y) = 0.

THEOREM 4.7. [11] Lety € RY" and C > 0. Then y has a representing
measure supported by the set K := [—C,C]™ if and only if M(y) = 0 and
there is a constant Coy > 0 such that |y.| < CoCl! for all o € N™.

The proof uses the following intermediary results.

LEMMA 4.8. Assume M(y) = 0 and |ya| < CoCl®! for all a € N, for
some constants Co, C' > 0. Then |ys| < yoC!®! for all o € N™.

Proof. If yo = 0 then y = 0 since M(y) = 0 and the lemma holds.
Assume 79 > 0. Rescaling y we may assume yo = 1; we show |y,| < C1¢
for all .. As M(y) = 0, we have y2 < ys, for all a. Then, |ya| < (yora)/2"
for any integer k > 1 (easy induction) and thus |ya| < (CoC2 leh1/2" =
Cé/QkCM. Letting k go to oo, we find |y, | < Cl°l. a

LEMMA 4.9. Given C >0 and K = [-C,C|", the set
S:={yeRY |yo=1, M(y) =0, |ya| < C* Va e N}

is a conver set whose extreme points are the Zeta vectors (; = (x%)aenn
forx e K.

Proof. S is obviously convex. Let y be an extreme point of S. Fix
ap € N™. Our first goal is to show

Yat+ao = YaYay Vo € N"™. (412)

For this, define the sequence y(© € RN" by y((f) = Clooly, + €Yotay for

a € N for e € {£1}. Therefore, |ygf)| < Clool(1 4 e)Clel Ya. We now
show that M (y(9)) = 0. Fix p € R[x]; we have to show that

P My )p =" pypyyll, > 0. (4.13)

bt d

For this, define the new sequence z := M(y)vec(p?) € RY" with z, =
2y y PyPy Yoty for o€ N Then, [zo] < (32, [pypas |CIIHIT) Ol
Va. Moreover, M (z) = 0. Indeed, using the fact that z = M (y)vec(p?) =
gy for g := p? (recall (4.1)) combined with Lemma 4.1, we find that
q"M(2)q = q¢" M (gy)q = vec(pq)” M (y)vec(pq) > 0 for all ¢ € R[x]. Hence
Lemma 4.8 implies —zoC!? < z, < z0C1*! Va; applying this to a = ag, we
get immediately relation (4.13). Therefore, M(y(f)) > 0. Applying again
Lemma 4.8, we deduce that |y((f)| < y(gE)C"O‘| Yau.

If y((f) = 0 for some € € {£1}, then y(9 = 0, which implies directly
(4.12). Assume now y” > 0 for both € = 1, —1. Then each % belongs to

0
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(=1

(1) (1) (—1) X . . .
Yo ¥ %o__ Y~ is a convex combination of two points
Yo

2C1e0l M T 5CTe0l

S and y =

. . CONNWERS C o
of S. As y is an extreme point of S, y € {”(—i), ”(—,;}, which implies
Yo Yo

again (4.12).
As relation (4.12) holds for all ag € N”, setting x := (ye,; )", we find
that x € K and yo, = z® for all o, i.e. y = (5. O

Proof of Theorem 4.7. Assume that M(y) = 0 and |y,| < CoCl®! for
all a; we show that y has a representing measure supported by K. By
Lemma 4.8, |ya| < yoC!®!l Va. If yo = 0, y = 0 and we are done. Assume
yo = 1 (else rescale y). Then y belongs to the convex set S introduced
in Lemma 4.9. By the Krein-Milman theorem, y is a convex combina-
tion of extreme points of S. That is, y = ZT:l AjCz; where \; > 0 and
z; € K. In other words, u := Z;n:l Aj0z; is a representing measure for y
supported by K. Conversely, assume that y has a representing measure p
supported by K. Set C := max(|z;| | x € K,i = 1,...,n). Then |y,| <
S 12%|p(d) < max,ex [2*|p(K) < p(K)Clel which concludes the proof
of Theorem 4.7. d

4.4. The K-moment problem. We now consider the K-moment
problem where, as in (1.2), K = {z € R" | g1(z) > 0,...,gm(z) > 0} is a
semialgebraic set. Define the cones

Mg = {y € RV"| y has a representing measure supported by K} (4.14)
MM (g1, ogm) = {y e RV M(gsy) = 0VJ C {1,...,m}},  (4.15)
ME (g1, gm) == {y € RY'| M(y) =0, M(g;y)=0 (1<j<m)},(4.16)

setting gg == 1, gy := [[ ;¢ 95 for J C {1,...,m}. (The indices ‘sch’ and
‘put’ refer respectively to Schmiidgen and to Putinar; see Theorems 4.10
and 4.11 below.) Define also the cone

Pk :={p e R[x] | plx) >0 Ve € K}

and recall the definition of T'(¢1,...,gm) from (3.13) and M(g1,...,9m)
from (3.14). Obviously,

Mg C Mstdl(gla cee 7gm) c Mgm(glv s 7gm)7
M(glaagm) gT(gh?gm) gPK
One can verify that
Pr = (Mg)*, ME (g1, 9m) = (T(g1,- -, gm))",
ME (g1, gm) = (M(g1, .-, gm))"

(the details are analogous to those for Proposition 4.5, using Lemma 4.1).
Moreover, Mg = (Pk)* (Haviland [51]). The following results give the
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counterparts of Theorems 3.16 and 3.20, respectively, for the ‘moment side’.
See e.g. [114] for a detailed treatment and background.

THEOREM 4.10. (Schmiidgen [126]) If K is compact, then My =
M?h (91,---,9m). Moreover, every positive polynomial p on K (i.e. p >0
on K ) belongs to T(g1,- .-, gm)-

THEOREM 4.11. (Putinar [115]) Assume M(g1,...,g9m) is
Archimedean. Then Mg = J\/ll;m(gl, ..oy gm)- Moreover, every positive
polynomial on K belongs to M(g1, ..., Gm)-

Let us conclude this section with a few words about the proof technique
for Theorems 4.6, 4.10, 4.11. Assume y € RY" satisfies M(y) = 0 and let
L, be the corresponding linear map as in (4.2). The assumption M (y) > 0
means that L, is nonnegative on the cone X. The kernel of M(y) can
be identified with the set Z := {p € R[x] | M(y)p = 0} which is an
ideal in R[x] (see Lemma 5.2) and the quotient space A := R[x]/Z has
the structure of an algebra. One can define an inner product on A by
setting (p,q) := pT” M (y)q = Ly(pq). In this way, A is a Hilbert space. For
i =1,...,n, consider the multiplication operator my, : A — A defined
by mx, (p) = x;p mod Z. Obviously, the operators my,, . .., My, commute
pairwise. (See also Section 2.4.)

Under the assumption of Theorem 4.6, M (y) has a finite rank and
thus the Hilbert space A has a finite dimension. Curto and Fialkow [23]
use the spectral theorem and the Riesz representation theorem for proving
the existence of a representing measure for y. Consider now the case when
the assumptions of Schmiidgen’s theorem hold; that is, the operator L,
is nonnegative on the cone T'(g1,...,9m). As K is compact, there exists

p > 0 for which the polynomial p? — S x? is positive on K. Using

the Positivstellensatz, this implies that (p? — Y., x?)g = 1 + h for some
g,h € T(g1,---,9m). Then, the main step in Schmiidgen’s proof consist of
showing that the operators my, are bounded; namely, (x;p, x;p) < p*(p,p)
for all p € R[x]. Then the existence of a representing measure p for y follows
using the spectral theorem and Schmiidgen uses Weierstrass theorem for
proving that the support of i is contained in K. This proof uses in an essen-
tial way functional analytic methods. Schweighofer [130] gives an alterna-
tive more elementary proof for Schmiidgen’s theorem, which uses only the
Positivstellensatz and Pélya’s theorem (Theorem 3.21); moreover, starting
from a certificate: (p> —> i x7)g = 1+h with g,h € T(g1,...,gm) given
by the Positivstellensatz, he constructs explicitly a representation of a pos-
itive polynomial on K proving its membership in T(g1,...,gm). Recently
Schmiidgen [127] gives another proof for the ‘sum of squares’ part of his
theorem; after proving that the preordering T'(g1, ..., gm) is Archimedean
(using Stengle’s Positivstellensataz), his proof is short and quite elementary
(it uses the one-dimensional Hamburger moment problem and the approx-
imation of the square root function by polynomials). Schweighofer [132]
also gives an alternative elementary proof for Putinar’s theorem relying on
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Pélya’s theorem; we have presented a proof for the ‘sum of squares’ part of
Putinar’s theorem in Section 3.7. We will give in Section 5.1 an alternative
elementary proof for Theorem 4.6, based on the fact that Ker M(y) is a
real radical ideal and using the Real Nullstellensatz.

5. More about moment matrices. We group here several results
about moment matrices, mostly from Curto and Fialkow [23-25], which
will have important applications to the optimization problem (1.1).

5.1. Finite rank moment matrices. We have seen in Lemma 4.2
(iii) that, if a sequence y € RN" has a r-atomic representing measure, then
its moment matrix M (y) is positive semidefinite and its rank is equal to
r. Curto and Fialkow [23] show that the reverse implication holds. More
precisely, they show the following result, thus implying Theorem 4.6.

THEOREM 5.1. [23] Let y € RY".

(i) If M(y) = 0 and M(y) has finite rank r, then y has a unique
representing measure . Moreover, u is r-atomic and supp(u) =
Ve(Ker M(y) (C R").

(ii) If y has a r-atomic representing measure, then M(y) = 0 and M (y)
has rank r.

Assertion (ii) is just Lemma 4.2 (iii). We now give a simple proof for
Theorem 5.1 (i) (taken from [80]), which uses an algebraic tool (the Real
Nullstellensatz) in place of the tools from functional analysis (the spectral
theorem and the Riesz representation theorem) used in the original proof
of Curto and Fialkow [23].

Recall that one says that ‘a polynomial f lies in the kernel of M(y)’
when M (y)f := M(y)vec(f) = 0, which permits to identify the kernel of
M (y) with a subset of R[x]. Making this identification enables us to claim
that ‘the kernel of M(y) is an ideal in R[x]’ (as observed by Curto and
Fialkow [23]) or, when M(y) > 0, that ‘the kernel is a radical ideal’ (as
observed by Laurent [80]) or even ’a real radical ideal’ (as observed by
Moéller [91], or Scheiderer [124]). Moreover, linearly independent sets of
columns of M (y) correspond to linearly independent sets in the quotient
vector space R[x]/Ker M (y). These properties, which play a crucial role
in the proof, are reported in the next two lemmas.

LEMMA 5.2. The kernel T := {p € R[x] | M(y)p = 0} of a moment

matriz M (y) is an ideal in R[x]. Moreover, if M(y) = 0, then T is a real
radical ideal.

Proof. We apply Lemma 4.1. Assume f € 7 and let g € R[x]. For any
h € R[x], vec(h)T M (y)vec(fg) = vec(hg)T M (y)vec(f) = 0, implying that
fg € Z. Assume now M(y) = 0. We show that 7 is real radical. In view of
Lemma 2.2, it suffices to show that, for any g1, ..., gm € R[x],

m

Zg?eIﬁgl,...,ngZ.
j=1
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Indeed, if >, ¢7 € T then 0 = vec(1)"M(y)vec(3T2,97) =
> g M(y)g;. As g M(y)g; > 0 since M(y) = 0, this implies 0 =
ng(y)gj and thus g; € Z for all j. n|

LEMMA 5.3. For B C T, B indexes a mazimum linearly independent
set of columns of M(y) if and only if B is a basis of the quotient vector
space R[x]/ Ker M (y).

Proof. Immediate verification. d

Proof of Theorem 5.1(i). Assume M (y) > 0 and r := rank M (y) < oo.
By Lemmas 5.2 and 5.3, the set Z := Ker M(y) is a real radical zero-
dimensional ideal in R[x]. Hence, using (2.1) and Theorem 2.6, V¢(Z) C R™
and |Ve(Z)| = dimR[x]/Z = r. Let p, € R[x] (v € Vc(Z)) be interpolation
polynomials at the points of V(). Setting A, := pI' M (y)p,, we now claim
that the measure p = Y @) A0y is the unique representing measure
for y.

LeEMMA 5.4. M(y) = X evi(n) P

veVe

Proof. Set N := ZUGVC(I) AoCoCE. We first show that pl M (y)p, =
pL Np, for all u,v € V¢(Z). This identity is obvious if u = v. If u # v then
pINp, = 0; on the other hand, pX M (y)p, = vec(1)T M (y)vec(pup,) = 0
where we use Lemma 4.1 for the first equality and the fact that p,p, €
I(Ve(Z)) = T for the second equality. As the set {p, | v € Vc(Z)} is a
basis of R[x]/Z (by Lemma 2.5), we deduce that f7 M (y)g = fT Ng for all
fyg9 € R[x], implying M (y) = N. a

LEMMA 5.5. The measure yp = Y
the unique representing measure for y.

veVe(T) A0y 18 T-atomic and it is

Proof. p is a representing measure for y by Lemma 5.4 and p is r-
atomic since pL' M (y)p, > 0 as p, & T for v € V(Z). We now verify the
unicity of such measure. Say, p’ is another representing measure for y.
By Lemma 4.2, » = rank M (y) < 7/ := |supp(¢’)|; moreover, supp(p') C
Ve (Z), implying v < |Ve(Z)| = r. Thus, » = ¢/, supp(p’) = supp(u) =
Ve(Z) and p=p/'. a

This concludes the proof of Theorem 5.1. O

We now make an observation, which will be useful for the proof of
Theorem 5.23 below.

LEMMA 5.6. Assume M(y) = 0 and r := rank M(y) < oco. Set
T :=Ker M (y). If, for some integert > 1, rank M;(y) = r, then there exist
interpolation polynomials p, (v € Vi(Z)) having degree at most t.

Proof. As rank M;(y) = rank M/(y), one can choose a basis B of
R[x]/Z where B C T?. (Recall Lemma 5.3.) Let g, (v € V(7)) be in-
terpolation polynomials at the points of Vi (Z). Replacing each ¢, by its
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residue p, modulo Z w.r.t. the basis B, we obtain a new set of interpolation
polynomials p, (v € V(7)) with degp, < t. o

We saw in Lemma 5.2 that the kernel of an infinite moment matrix is
an ideal in R[x]. We now observe that, although the kernel of a truncated
moment matrix cannot be claimed to be an ideal, it yet enjoys some ‘trun-
cated ideal like’ properties. We use the notion of flat extension of a matrix,
introduced earlier in Definition 1.1, as well as Lemma 1.2.

LEMMA 5.7. Let f,g € R[x].
(i) If deg(fg) <t—1 and M(y) = 0, then

f € Ker My(y) = fg € Ker M, (y). (5.1)
(i) If deg(fg) <t and rank M;(y) = rank M;_1(y), then (5.1) holds.

Proof. Tt suffices to show the result for g = x; since the general result
follows from repeated applications of this special case. Then, h := fx; =
Yoo fax0T =37 0se; fa—e,x®. For a € Ni_, we have:

(Mt(y)h)a = Z h’YyOtJr'Y = Z .f'yfeiyaJr'y
v

Yv>e;

= Z Ty Yatryte; = (M(y) f)ate; = 0.
¥

In view of Lemma 1.2, this implies M¢(y)h = 0 in both cases (i), (ii). 0O

5.2. Finite atomic measures for truncated moment sequences.
Theorem 5.1 characterizes the infinite sequences having a finite atomic rep-
resenting measure. The next question is to characterize the truncated se-
quences y € RN2¢ having a finite atomic representing measure . It turns
out that, for a truncated sequence, the existence of a representing mea-
sure implies the existence of another one with a finite support (this is not
true for infinite sequences). This result, due to Bayer and Teichmann [7],
strengthens an earlier result of Putinar [116] which assumed the existence
of a measure with a compact support. We thank M. Schweighofer for sug-
gestions about Theorem 5.8 and its proof.

THEOREM 5.8. [7] If a truncated sequence y € RNt has a representing
measure , then it has another representing measure v which is finitely
atomic with at most ("jt) atoms. Moreover, if S CR™ is measurable with
p(R™\S) =0, then one can choose v such that supp(v) C S. In particular,

one can choose v with supp(v) C supp(p).

Proof. Let S C R™ be measurable with p(R" \ S) = 0. Let Z C
R[x] denote an ideal that is maximal with respect to the property that
p(R™\ (VR(Z)N'S)) = 0 (such an ideal exists by assumption since R[x] is
Noetherian). Set S’ := Vg(Z) N S; thus p(R™\ S’) = 0. We will in fact
construct v with supp(r) € S’. For this, let C € RN denote the convex
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cone generated by the vectors (;, = (2%)aenr for z € S”. Then its closure

C is a closed convex cone in RN and therefore it is equal to the intersection
of its supporting halfspaces. That is,

C={zeRY |F2>0Vce H}

for some H C RY?. Obviously, y € C since, for any ¢ € H,

cly = anya = /S/ (Z cax™)p(dx) >0

as y_, Cax® = cT'¢» >0 for all x € S”. Moreover,
y belongs to the relative interior of C. (5.2)

Indeed, consider a supporting hyperplane {z | ¢’z = 0} (¢ € H) that does
not contain C. We show that ¢’y > 0.

For this, assume ¢’y = 0 and set X := {x € S’ | ¢I'¢p > 0}, X :=
{z €8 |cT¢p > 1} for k> 1 integer. Then, X # 0 and X = ;> Xx.
We have

0=cTy= /X T anlde) = [

1
TG ap(de) > —p(Xg) >0,
Xk k

implying p(X%) = 0. This shows that u(X) = 0. Now consider the poly-
nomial f := )" c,x* € R[x]; and the ideal J := 7 + (f) € R[x]. Then,
V() =W@)NVR(f), Ve(T)NS =S"NVe(f), X =5\ Vk(f) and thus
R™\ (Ve(J)NS) = (R™\ S")UX has measure 0 since p(R™\S") = u(X) = 0.
This implies J = Z by our maximality assumption on Z, i.e., f € Z. Hence
f vanishes on Vg(Z) and thus on S’, contradicting the fact that X # (.
Therefore, (5.2) holds and thus y belongs to the cone C, since the
two cones C and its closure C have the same relative interior. Using
Carathéodory’s theorem, we deduce that y can be written as a conic com-
bination of at most [N?'| = (") vectors ¢, (z € S'); that is, y has an
";H) atoms. a

t
atomic representing measure on S’ C S with at most (

As an illustration, consider e.g. the case n = ¢t = 1 and the uniform
measure ;1 on [—1,1] with y = (2,0) € RN Theorem 5.8 tells us that there
is another representing measure v for y with at most two atoms. Indeed,
the Dirac measure at the origin represents y, but if we exclude the origin
then we need two atoms to represent y. Finding alternative measures with
a small number of atoms is also known as the problem of finding cubature
(or quadrature) rules for measures. The next result is a direct consequence
of Theorem 5.8.

COROLLARY 5.9. For K CR™ and y € RYY, the following assertions
(i)- (i) are equivalent: (i) y has a representing measure on K ; (i) y has an
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atomic representing measure on K; (iii) y = Zfil Aiby,; for some \; > 0,
r; € K.

We mentioned earlier in Section 4.3 the Riesz-Haviland theorem which
claims that an infinite sequence y € RN has a representing measure on
a closed subset K C R if and only if y"p > 0 for all polynomials p
nonnegative on K; that is, Mg = (Px)* in terms of conic duality. One
may naturally wonder whether there is an analogue of this result for the
truncated moment problem. For this, define

Pr.i:={p € R[x]; | p(x) > 0 Vz € K}.

Obviously, Mg+ C (Pxk,:)*; Tchakaloff [145] proved that equality holds
when K is compact.

Here is an example (taken from [26]) showing that the inclusion
Mg+ C (Pkt)* can be strict.

ExaMPLE 5.10. Consider the sequence y := (1,1,1,1,2) € RN (here
n = 1). Thus,

11 1
My(y)=11 1 1] =o0.
11 2

Hence y € (P4)* (since any univariate nonnegative polynomial is a sum
of squares). However y does not have a representing measure. Indeed,
if p is a representing measure for y, then its support is contained in
Ve (Ker Ma(y)) C {1} since the polynomial 1 — z lies in Ker M3(y). But
then p would be the Dirac measure §; which would imply y4 = 1, a con-
tradiction.

Curto and Fialkow [26] can however prove the following results. We
omit the proofs which use the Riesz representation theorem and a technical
result of [143] about limits of measures.

THEOREM 5.11. [26, Th. 2.4] Let y € RNzt and let K be a closed
subset of R". If y € (Pkat)", then the subsequence (ya)aeny, , has a
representing measure on K.

THEOREM 5.12. [26, Th. 2.2] Let y € RY2t and let K be a closed
subset of R™. Then y has a representing measure on K if and only if y
admits an extension § € RN2t+2 such that g € (Prat+2)*.

Note that Theorem 5.12 implies in fact the Riesz-Haviland theorem
Mg = (Pk)*; to see it, use the following result of Stochel, which shows
that the truncated moment problem is in fact more general than the (infi-
nite) moment problem.

THEOREM 5.13. [143, Th. 4] Let y € RY" and let K C R™ be a closed
set. Theny has a representing measure on K if and only if, for each integer
t > 1, the subsequence (Ya)acny has a representing measure on K.
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5.3. Flat extensions of moment matrices. The main result in
this section is Theorem 5.14 below, which provides a key result about flat
extensions of moment matrices. Indeed it permits to extend a truncated
sequence y € RNz satisfying some ‘flat extension’ assumption, to an in-
finite sequence § € RY" | satisfying rank M (¢) = rank M;(y). In this way
one can then apply the tools developed for infinite moment sequences (e.g.,
Theorem 5.1) to truncated sequences. Recall the notion of ‘flat extension’
from Definition 1.1.

THEOREM 5.14. (Flat extension theorem [23]) Let y € RY2:. [f
M;(y) is a flat extension of My_1(y), then one can extend y to a (unique)
vector § € RN2e+2 in such a way that My 1(3) is a flat extension of My(y).

The rest of the section is devoted to the proof of Theorem 5.14. We
give in fact two proofs. While the first one is completely elementary with
some more technical details, the second one is less technical but uses some
properties of Grobner bases.

First proof. We begin with a characterization of moment matrices,
which we will use in the proof.

LEMMA 5.15. Let M be a symmetric matriz indexed by N}'. Then, M
is a moment matriz, i.e., M = M,(y) for some sequence y € RN2t, if and
only if the following holds:

(i) Mo g = Ma—e; gte; for alla, 8 € NP, i€ {1,...,n} such that o; > 1,
I8l <t-—1.

(i) Mo = Ma—c;te;.prei—e; Jor all o, € NP, 4,5 € {1,...,n} such
that oy, B; > 1, |a| = 5] =t.

Proof. The ‘if part’ being obvious, we show the ‘only if’ part. That
is, we assume that (i), (ii) hold and we show that M(«,8) = M(c/, )
whenever a + 3 = o + 3. For this we use induction on the parameter
bapargr = min(a—all1, 16— F11). 1 dap.arz = 0, then (@, B) = (o, )
and there is nothing to prove. If dog,a37 = 1, then the result holds by
assumption (i). Assume now that dapg ap > 2.

Consider first the case when |o| + |8] < 2t — 1. As a # o' we may
assume without loss of generality that of > a; + 1 for some 4, implying
Bi < B;—1. Define (o, 8") := (a—e;, B+e;). Then, 64,0787 = dap,arp—1.
If |5/ < t—1, then M, 3 = My g by the induction assumption and
Man g = My g by (i), implying the desired result. Assume now that
|| =t and thus |o/| <t — 1. Then, |a| —|&/| =¢—|3] > 0 and thus a; >
af + 1 for some i, yielding 8, > §; + 1. Define (o, 8") := (¢/ +e;, 5 —¢€;).
Then 643,037 = dag,a’3” — 1. Therefore, My g = My g+ by the induction
assumption and My gr = My g by (i), implying the desired result.

We can now suppose that |a| = |5] = |&/| = || = t. Hence, o) >
a; + 1 for some 7 and 63» > B + 1 for some j; moreover ¢ # j. Define
(a”,ﬁ”) = (a’ —e; + ej,ﬁ' +e; — ej). Then, 5(15)0/1511 = (5(15)0/51 — 2.
Therefore, M, 3 = Mgy gr by the induction assumption and My gr =
My g by (ii), implying the desired result. a
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(A B
—\BT C
M; is a flat extension of A. Our objective is to construct a flat extension

N = (Mt D) of M;, which is a moment matrix. As M; is a flat ex-

Set M := My(y) >, where A := M;_1(y). By assumption,

DT E
tension of A, we can choose a subset B C N} ;| indexing a maximum set
of linearly independent columns of M;. Then any column of M; can be
expressed (in a unique way) as a linear combination of columns indexed
by B. In other words, for any polynomial p € R[x]:, there exists a unique
polynomial r € Spang (B) for which p — r € Ker M.

Lemma 5.7 (ii) plays a central role in the construction of the matrix
N, ie., of the matrices D and E. Take v € N, with |y| = ¢t + 1. Say,
~v; > 1 for some i =1,...,n and X7~ % —r € Ker My, where r € Spang(B).
Then it follows from Lemma 5.7 (ii) that x;(xY~% — r) belongs to the
kernel of N, the desired flat extension of M;. In other words, Nvec(x?) =
Nvec(x;r), which tells us how to define the yth column of N, namely, by
Dvec(x?) = Myvec(x;r) and Evec(x?) = DTvec(x;r). We now verify that
these definitions are good, i.e., that they do not depend on the choice of
the index ¢ for which ~; > 1.

LEMMA 5.16. Let v € N* with |y| = t+ 1, v,y > 1 and
let r,s € Spang(B) for which x7~% —r, x7"% — s € KerM;. Then
we have Mpvec(x;r — xj5) = 0 (implying that D is well defined) and
DTvec(x;r — x;5) = 0 (implying that E is well defined).

Proof. We first show that M;vec(x;7 —x;s) = 0. In view of Lemma 1.2
(i), it suffices to show that vec(x®)T Myvec(x;r —x;s) = 0 for all & € NP ;.
Fix o € N}'_;. Then,

vee(x®)T Myvec(x;r — x;5) = vec(x;x™)T Myr — vec(x;x*)" Mys
= vec(x;x™) ! Myvec(x77%) — vec(x;x*) T Myvec(x? %)

= yTvec(xixo‘x'Y*ei) — yTvec(xjxo‘x'V*BJ') =0,

where we have used the fact that r — x77¢ s — x77% € Ker M, for the
second equality, and Lemma 4.1 for the third equality. We now show that
DTvec(x;r —x;s8) = 0, i.e., vec(x;r — x;5)T Dvec(x®) = 0 for all |§| = ¢+ 1.
Fix § € NI |. Say, 6y > 1 and x°~% — u € Ker M;, where u € Spang(B).
Then, Dvec(x®) = M;vec(x,u) by construction. Using the above, this
implies vec(x;r — x;5)7 Dvec(x?) = vec(x;r — x;5)T Myvec(xu) = 0. a

We now verify that the matrix N is a moment matrix, i.e., that N
satisfies the conditions (i), (ii) from Lemma 5.15.

LEMMA 5.17.

(i) Ny5=Nyie;5-¢;, forv,0 €N with 0; > 1 and |y| < t.

(ii) Nys = Ny—c;veidte;—e; Jor v,0 € NPy with vy > 1, 6; > 1, |y| =
[6] =t +1.
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Proof. (i) Assume x°~¢ —r, x7 —s € Ker M, for some r, s € Spang (B);

then x® — x;r, X;X7 — x;5 € Ker N, by construction. We have

vee(x")T Nvec(x®) = vee(x?)T Nvec(x;r) = vee(x”)T Myvec(x;r)
= 5T Myvec(x;1) = vec(x;s) T Myr = vec(x;s)T Myvec(x9~¢)

= vec(x;5)T Nvee(x’ %) = vec(x;x”)T Nvec(x0~¢).

This shows Ny.s = Nyte; 6—c;-

(ii) Let 7,5 € Spang(B) for which x°~¢ — r,x7~% — s € Ker M;. Then,
X0 —x;7, X;x°7% —x;7, X' —%;8, X;Xx7"% —x;5 € Ker N by construction.
We have

vec(x7)T Nvec(x®) = vec(x;5)T Nvec(x;r) = vec(x;s)T Myvec(x;r)

= vec(x;s)” Myvec(x;r) = vec(x;s)” Nvec(x;r)

= vec(x? 4N T Nyee(x®~¢+¢ ),

which shows Ny s = Ny_c, e 64¢;—e;- a
This concludes the first proof of Theorem 5.14.

Second proof. The following proof of Theorem 5.14 is from
Schweighofer [134]; it is less technical than the proof just presented, but
uses some basic knowledge about Grobner bases. (Cf. e.g. [21] for the
undefined notions used in the proof below.)

LEMMA 5.18. Suppose y € N3, and M (y) is a flat extension of
M;_1(y). Then

U= {f €RxJot | y" (fg) =0 for all g € R[x] with fg € R[x]o;}
is a linear subspace of R[x]or with

U NR[x]; = Ker M;(y) and (5.3)
fgeU foral feU and g € R[x] with fg € R[x]2. (5.4)

For every fized total degree monomial ordering, there exists a Gréobner basis
G of the ideal T = (Ker My(y)) C R[x] such that G C Ker My(y). In
particular,

Ker Mi(y) =T NR[x]: CZNR[x]|2: CU. (5.5)

Proof. To prove (5.3), we fix f € R[x];. Suppose first that f € U. By
Lemma 4.1 and the definition of U, we have g7 M, (y)f = y*vec(fg) = 0 for
all g € R[x);. Hence f € Ker M;(y). Conversely, suppose now M;(y)f =0
and f # 0. For every @ € N™ with |a| + deg(f) < 2t, we can write x* =
xOx7 with x%,x7f € R[x];. By Lemma 5.7(ii), we get x7f € Ker M(y)
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and therefore yTvec(fx®) = vec(x?)T M;(y)vec(x” f) = 0 as desired. (5.4)
is clear from the definition of U.

Take a finite set F' of polynomials that generates Ker M;(y) as a vector
space and contains for each o € N} a polynomial of the form x“ — p with
p € R[x]t—1. Using the Buchberger algorithm, one can complete F to a
Grobner basis G of the ideal Z. We claim that all polynomials in G still lie
in Ker M,(y), provided one uses a total degree monomial ordering. Indeed,
every S-polynomial of two polynomials in Ker M;(y) lies in U by (5.3) and
(5.4). In the Buchberger algorithm, such an S-polynomial will be reduced
by F to a polynomial of degree at most ¢t. Since F' C U, this reduced
S-polynomial will again lie in U by (5.4). Hence all polynomials added to
F by the Buchberger algorithm lie in U NR[x]; = Ker M;(y) by (5.3). This
shows that we find G C Ker M,(y).

It remains only to show that Z N R[x]s; C U, since this will imply
I NR[x]: € Ker Mi(y) by (5.3). We use the Grobner basis G to show this.
Let f € ZNR[x]2t be given, f # 0. The division algorithm described on page
172 yields f = > ; ugg where uy € R[x| and deg(ugg) < deg(f) < 2t for
all g € G. By (5.4), we have ugg € U for all g € G. Hence f € U. a

Now we can conclude the second proof of Theorem 5.14. In fact, we
will extend the given vector y € Ni, all at once to an infinite vector § € N™
such that the infinite moment matrix M () is a flat extension of M;(y).
For o € N, we define §j, := 37 p(®), where p(®) € R[x]; is chosen such that
x® — p® € T = (Ker My(y)). This is well defined since such p(®) exists
and, for p, q € R[x]; with x* —p,x*—q € Z, we havep—q € TNR[x]|; C U,
giving yTp = yTq. Observe first that

Jo = Yo Va € NI, (5.6)

Indeed, for |a| < 2t, o — Yo = y vec(p(® — x®) = 0 since p(®) — x* €
I NR[x]et CU (by Lemma 5.18). Next observe that

7'q=0VqeT. (5.7)

For this, let ¢ = 3>, gax® € Z. Then, §7¢ = 2. dafia = Su day D@ =
y" (3, 4ap'). As the polynomial 3 ¢ap® =3 qa(p'® — x*) + ¢ lies
in R[x];NZ C U, we find §7q = 0, thus showing (5.7). From (5.7) we derive
that Z C Ker M (7). We now verify that M(y) is a flat extension of M;(y).
Indeed, for a € N™, we have M (§)vec(z®) = M (§)vec(z® — p(®) + p(®)) =
M (g)vec(p'®), since * — p(® € Z. This shows that all columns of M ()
are linear combinations of the columns indexed by N7, i.e. M(g) is a flat
extension of M; () and thus of M;(y) (by (5.6)). This concludes the second
proof of Theorem 5.14.

5.4. Flat extensions and representing measures. We group here
several results about the truncated moment problem. The first result from
Theorem 5.19 essentially follows from the flat extension theorem (Theorem
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5.14) combined with Theorem 5.1 about finite rank (infinite) moment ma-
trices. This result is in fact the main ingredient that will be used for the
extraction procedure of global minimizers in the polynomial optimization
problem (see Section 6.7).

THEOREM 5.19. Let y € RN2¢ for which My(y) = 0 and rank M;(y) =
rank M;_1(y). Then y can be extended to a (unique) vector § € RN sat-
isfying M(g) = 0, rank M (§) = rank M;(y), and Ker M (g) = (Ker M;(y)),
the ideal generated by Ker M;(y). Moreover, any set B C T} ; index-
ing a mazimum nonsingular principal submatriz of My_1(y) is a basis of
R[x]/(Ker M:(y)). Finally, §, and thus y, has a (unique) representing mea-
sure w, which is r-atomic with supp(p) = Ve (Ker My(y)).

Proof. Applying iteratively Theorem 5.14 we find an extension § € RY"
of y for which M () is a flat extension of M;(y); thus rank M(g) =
rank My(y) =: r and M(g) = 0. By Theorem 5.1, § has a (unique) repre-
senting measure u, which is r-atomic and satisfies supp(u) = Ve (Ker M (3)).
To conclude the proof, it suffices to verify that (Ker M(y)) = Ker M(g),
as this implies directly supp(p) = Ve(Ker M(g)) = Ve (Ker Mi(y)). Ob-
viously, Ker M;(y) C Ker M (g), implying (Ker M:(y)) C Ker M(g). We
now show the reverse inclusion. Let B C T} ; index a maximum nonsin-
gular principal submatrix of M;_1(y). Thus |B| = r and B also indexes
a maximum nonsingular principal submatrix of M(g). Hence, by Lemma
5.3, B is a basis of R[x]/ Ker M (7). We show that B is a generating set in
R[x]/(Ker M(y)); that is, for all § € N™,

x” € Spang (B) + (Ker M (y)). (5.8)

We prove (5.8) using induction on |G|. If |5] < ¢, (5.8) holds since B
indexes a basis of the column space of M;(y). Assume |5] > ¢ + 1.
Write x? = x;x7 where |y| = |3| — 1. By the induction assumption,
X7 = 3 aegraX® + ¢, where A\, € R and ¢ € (Ker M(y)). Then,
xP = x;x7 = Y xoeB AaXiX® + x;q. Obviously, x;q € (Ker M;(y)). For
x* € B, deg(x;x*) < t and, therefore, x;x* € Spang(B) + (Ker M:(y)).
From this follows that x° € Spang(B) + (Ker M;(y)). Thus (5.8) holds
for all € N". Take p € Ker M(y). In view of (5.8), we can write
p = po + q, where pg € Spang(B) and ¢ € (KerM;(y)). Hence,
p — q € Ker M(g) N Spang (B), which implies p — ¢ = 0, since B is a basis
of R[x]/ Ker M (). Therefore, p = q € (Ker M(y)), which concludes the
proof for equality Ker M () = (Ker M(y)). a

We now give several results characterizing existence of a finite atomic
measure for truncated sequences. By Lemma 4.2 (i), a necessary condition
for the existence of a finite atomic reprenting measure p for a sequence y €
RNz is that its moment matrix M;(y) has rank at most |supp(u)|. Theorem
5.20 below gives a characterization for the existence of a minimum atomic
measure, i.e., satisfying | supp(p)| = rank M;(y). Then Theorem 5.21 deals
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with the general case of existence of a finite atomic representing measure
and Theorems 5.23 and 5.24 give the analogous results for existence of a
measure supported by a prescribed semialgebraic set. In these results, the
notion of flat extension studied in the preceding section plays a central role.

THEOREM 5.20. [23] The following assertions are equivalent for y €
RNz,
(i) y has a (rank My (y))-atomic representing measure.
(ii) My(y) = 0 and one can extend y to a vector §j € RNz+2 in such a way
that My11(g) is a flat extension of My(y).

Proof. Directly from Theorems 5.1 and 5.14. O

THEOREM 5.21. [24, 38] Let y € RN, r := rank My(y) and

v = |Vr(Ker My(y))| < oo; thus r < v (by Lemma 4.2 (i)). Consider

the following assertions:

(i) y has a representing measure.

(i) y has a (";Lft) -atomic representing measure.

(iil) M¢(y) = 0 and there exists an integer k > 0 for which y can be
extended to a vector §j € RN2t+x+1) in such a way that My, (§) = 0
and Myti41(9) is a flat extension of My (7).

(iv) When v < oo, y can be extended to a vector j € RMZ+v—r+n)
in such a way that Myty_r+1(9) = 0 and rank Mypy_pr1(9) <
|VR(Keth+v—r+l(g))|'

Then, (i) < (ii) <= (iii) and, when v < o0, (i) <= (iv). Moreover one

can assume in (iii) that k < (";rft) — 7 and, when v < 0o, that k < v —r.

Proof. The equivalence of (i) and (ii) follows from Theorem 5.8 and the
implication (iii) = (i) follows from Theorem 5.19. Assume now that (ii)
holds; that is, y has a finite atomic representing measure p with | supp(p)| <
("‘{ft). Thus y can be extended to the sequence § € RY" consisting of
all the moments of the measure . By Theorem 5.1 (ii), M(g) = 0 and
rank M (y) = | supp(p)|. Moreover, for any integer k > 0, rank My (7) <
[supp()| < |Vr(Ker My4x(9))| (by Lemma 4.2 (i)). When v < oo, we
find (iv) by letting k := v —r + 1. Let k > 0 be the smallest integer for
which rank M;yp41(9) = rank My () (whose existence follows from the
fact that r < rank My, (§) < ("3%') for all k > 0). Then, Myy441(9) is a
flat extension of My (), which shows (iii). Moreover, rank My x11(g) >
rank M; (y)+k = r+k which, together with rank My, 11 (7) < ("37), gives
the claimed bound k < (";‘ft) —r. As Vr(Ker Myy,11(9)) C Ve(Ker M (y))
since Ker M;(y) C Ker Myir4+1(9), we find r + k < rank Myy,11(9) <
|V (Ker M1 r4+1(9))] < |[VrR(Ker Mi(y))| = v and thus & < v —r in the case
when v < oo.

Finally assume v < oo and (iv) holds. Using again the fact that
Vr(Ker Miyy—r41(9)) € Ve(Ker My(y)), we find rank Myyy—ri1(g) <
[Vr(Ker Miyyp—ri1(9))] < |Vr(Ker Mi(y))] = v. Therefore, there exists
k €{0,...,v—r} for which rank My 4+1(y) = rank M4 4(g) for, if not, we
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would have rank My, _,11(g) > rank My(y) + v — 7+ 1 = v + 1, contra-
dicting rank M4 y,—r11(9) < v. This shows that (iii) holds (and again that
we can choose k < v — 7 in (iii)). a

REMARK 5.22. Theorem 5.21 provides conditions characterizing the
existence of a representing measure for a truncated sequence. It is however
not clear how to check these conditions and the smallest integer k for which
(iii) holds as well as the gap v — r may be large. We refer to Fialkow [38]
for a detailed treatment of such issues.

Let us observe here that in some instances the bound v — r is bet-
ter than the bound (";2’5) — 7. For instance, as observed in [38], in
the 2-dimensional case (n = 2), v < t?> by Bezout theorem, implying
() —v > (*41?) — 2 = #2 + 3t + 1. Moreover, Fialkow [38] constructs
an instance with large gap v —r > (tgl). For this choose two polynomi-
als p,q € Rz, x2]; having t? common zeros in R?, ie., |[Vk(p,q)| = t2.
Let u be a measure on R? with support Vi (p, ¢) and let y be its sequence
of moments. Then, Vg(Ker M;(y)) = Vik(p,q) and thus v = t*. Indeed,
t2 = |supp(p)| < |Ve(Ker My(y))| and Vir(Ker M;(y)) € Vi(p,q) since
p.q € Ker M;(y). Moreover, r = rank M;(y) < [N?| — 2 = (*}?) — 2 which

implies v — r > 2 — ("1?) + 2 = (*}1).

The next two theorems (from Curto and Fialkow [25]) extend the re-
sults from Theorems 5.20 and 5.21 to truncated sequences having a finite
atomic representing measure whose support is contained in a prescribed
semialgebraic set K. As indicated in [80], they can be derived easily from
Theorems 5.20 and 5.21 using Lemma 5.6. In what follows K is as in (1.2)
and dx as in (1.10). One may assume w.l.o.g. that the polynomials g,
defining K are not constant; thus dgj > 1. For convenience we set dg =1
if m = 0, i.e., if there are no constraints defining the set K, in which case
K =R".

THEOREM 5.23. [25] Let K be the set from (1.2) and dx =
max;=1, . mdg;. The following assertions are equivalent for y € RNzt ,

(i) y has a (rank M(y))-atomic representing measure p whose support
is contained in K. .

(i) My(y) = 0 and y can be extended to a vector §j € R™2¢+ax) in such a
way that Miya, (§) is a flat extension of Mi(y) and M(g;§) = 0 for
j=1...,m.

Then, setting r; := rank M;(g;9), exactly r—r; of the atoms in the support
of 1 belong to the set of roots of the polynomial g;(x). Moreover u is a
representing measure for y.

Proof. The implication (i) = (ii) follows from Theorem 5.20 ((i) =
(ii)) together with Lemma 4.2 (ii). Conversely, assume that (ii) holds and
set r := rank M;(y). By Theorem 5.20 ((ii) = (i)), y has a r-atomic
representing measure ji; say, = »_, g A0y Where A, > 0, |S| = r. We
prove that S C K; that is, gj(v) > 0 for all v € S. By Lemma 5.6, there



SUMS OF SQUARES, MOMENTS AND POLYNOMIAL OPTIMIZATION 215

exist interpolation polynomials p, (v € S) having degree at most ¢. Then,
Py Mi(959)p0 = ey (Po(1))?g; ()i = g;(v)As > 0, since My(gzy) = 0.
This implies that g;(v) > 0forall j =1,...,mand v € §, and thus S C K.
That is, the measure p is supported by the set K.

We now verify that » —r; of the points of S are zeros of the polynomial
g;- Denote by § € RY" the (infinite) sequence of moments of the measure
w; then g;g is the (infinite) sequence of moments of the measure p; =
> ves Avgj(v)dy. Thus, § (resp., g;7) is an extension of y (resp., g;y).
Moreover, rank M(g;5) = [{v € S | gj(v) > 0}|]. We now verify that
M(g;9) is a flat extension of M;(g;g), which implies that r; = |[{v € S |
g;(v) > 0}, giving the desired result. For this we note that Ker M(y) C
Ker M (g;7). Indeed, if p € Ker M () then, using Lemma 4.1, p” M (g;5)p =
vec(pg;)T M (§)p = 0. Now, as M (§) is a flat extension of M,(y), it follows
that M(g;7) is a flat extension of M;(g;9) too. o

THEOREM 5.24. [25] Let K be the set from (1.2) and dx =
max;=1,..mdg, . The following assertions are equivalent for y € RNz,

(i) y has a (finite atomic) representing measure whose support is con-
tained in K.

(ii) M:(y) = 0 and there exists an integer k > 0 for which y can be
extended to a vector § € RYN2+5+410) i such a way that My kya, (§) =
0, Myskrag (9) is a flat extension of My, (§), and My+x(g;3) = 0 for
j=1...,m.

Proof. Analogously using Theorems 5.21 and 5.23. a
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Part 2: Application to Optimization
6. Back to the polynomial optimization problem.

6.1. Hierarchies of relaxations. We consider again the optimiza-
tion problem (1.1). Following Lasserre [65] and as explained earlier, hi-
erarchies of semidefinite programming relaxations can be constructed for
(1.1); namely, the SOS relaxations (3.8) (introduced in Section 3.4), that
are based on relaxing polynomial positivity by sums of squares representa-
tions, and the moment relaxations (4.7) (introduced in Section 4.2), that are
based on relaxing existence of a representing measure by positive semidef-
initeness of moment matrices. For convenience we repeat the formulation
of the bounds pj°® from (3.8) and p*°™ from (4.7). Recall

max(dg,,...,dg,
dy = [deg(p)/2], dy; = [deg(g;)/2], drx =3 . . ( " om) (6.1)
1ifm=20
Then for any integer ¢ > max(d,, dx ),
pi™ =supp st. p—p€ Mg, 9m)
_ _ m (6.2)
=suppst. p—p=so+D_;_, s;g; forsomesg,s; €L
with deg(so), deg(s;g;) < 2t.
mom  _ inf [(p) st. L(1) =1,
P} et (p) (1)
L(f) Z 0 Vf S M2t(glu s 79777,)
(6.3)
= inf ply sit. yo =1, Mi(y) = 0,
yeRNgt
Mt—dg]. (gjy) =0 (j=1,...,m).

We refer to program (6.2) as the SOS relazation of order t, and to program
(6.3) as the moment relazation of order t. The programs (6.2) and (6.3)
are semidefinite programs involving matrices of size (":‘t) = O(n') and
O(n?!) variables. Hence, for any fized t, p*°™ and p;° can be computed in
polynomial time (to any precision). In the remaining of Section 6 we study
in detail some properties of these bounds. In particular,

(i) Duality: pi°® < p*°™ and, under some condition on the set K, the

two bounds pi*°™ and pi°® coincide.
(ii) Conwvergence: Under certain conditions on the set K, there is

asymptotic (sometimes even finite) convergence of the bounds

pinorn and pios to pmin'
(iii) Optimality certificate: Under some conditions, the relaxations are
exact, i.e. pi° = p"™ = p™" (or at least p"o™ = p™").

(iv) Finding global minimizers: Under some conditions, one is able to
extract some global minimizers for the original problem (1.1) from an
optimum solution to the moment relaxation (6.3).
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6.2. Duality. One can verify that the two programs (6.3) and (6.2)
are dual semidefinite programs (cf. [65]), which implies pj°®® < pi*°™ by
weak duality; this inequality also follows directly as noted earlier in (4.8).
We now give a condition ensuring that strong duality holds, i.e. there is
no duality gap between (6.3) and (6.2).

THEOREM 6.1. [65, 132] If K has a nonempty interior (i.e. there
exists a full dimensional ball contained in K ), then pi*°™ = pi° for all
t > max(dy, di). Moreover, if (6.2) is feasible then it attains its supremum.

Proof. We give two arguments. The first argument comes from [132]
and relies on Theorem 3.33. Let p > pi®®, ie. p—p & Ma(g1,- .-, 9m). As
Mo (g1, .., 9m) is a closed convex cone (by Theorem 3.33), there exists a
hyperplane strictly separating p — p from Mayt(g1, ..., gm); that is, there

exists y € RN2¢ with
yTvec(p —p) <0 and y vec(f) > 0Vf € Mar(g1,-- -, Gm)- (6.4)

If yo > 0 then we may assume yg = 1 by rescaling. Then y is feasible
for (6.3), which implies p"°™ < yTvec(p) < p. As this is true for all
p > pi®®, we deduce that pi"°™ < pi°® and thus equality holds. Assume now
Yo = 0. Pick z € K and set z := y + €(at,» Where (o¢ o = (%)|a|<2¢- Then,
2Tvec(p — p) < 0 if we choose € > 0 small enough and 2%vec(f) > 0 for all

f € Mai(q1,--.,9m), that is, z satisfies (6.4). As zp = € > 0, the previous

argument (applied to z in place of y) yields again p"°™ = p{°®. Finally, if
(6.2) is feasible then it attains its supremum since Ma (g1, - . ., gm ) is closed

and one can bound the variable p.

The second argument, taken from [65], works under the assumption
that (6.2) is feasible and uses the strong duality theorem for semidefinite
programming. Indeed, by Lemma 4.4, the program (6.3) is strictly feasible
and thus, by Theorem 1.3, there is no duality gap and (6.2) attains its
supremum. O

PROPOSITION 6.2.

(i) If M(g1,...,9m) is Archimedean, then the SOS relazation (6.2) is
feasible for t large enough.

(ii) If the ball constraint R> =" | x2? > 0 is present in the description of

K, then the feasible region of the moment relazation (6.3) is bounded
and the infimum is attained in (6.3).

Proof. (i) Using (3.17), p+ N € M(g1, ..., 9m) for some N and thus
—N is feasible for (6.2) for ¢ large enough.
(ii) Let y be feasible for (6.3). With g := R* =", x2, (9y)25 = R*yop —
> Y23+2¢,- Thus the constraint M;_;1(gy) = 0 implies yogi2e, < R*ya2p
forall |8 <t—1andi=1,...,n. One can easily derive (using induction
on |B|) that yop < R?Pl for |3| < t. This in turn implies |y,| < RN for
|[v] < 2t. Indeed, write v = a + S with |al,|8] < t; then as M:(y) = 0,
yiH, < Yoayep < RARUPI giving |y,| < RPI. This shows that the
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feasible region to (6.3) is bounded and thus compact (as it is closed). Thus
(6.3) attains its infimum. a

The next example (taken from [132]) shows that the infimum may not
be attained in (6.3) even when K has a nonempty interior.

EXAMPLE 6.3. Consider the problem p™" := inf,cx 2%, where K C
R? is defined by the polynomial g; = x3x2 — 1 > 0. Then p™i® = pinom = ()
for any ¢ > 1, but these optimum values are not attained. Indeed, for small
€ > 0, the point  := (¢,1/¢) lies in K, which implies p™ < ¢2. As pnom >
0 (since y20 > 0 for any y feasible for (6.3)), this gives po™ = pmin = (.
On the other hand yo¢ > 0 for any feasible y for (6.3); indeed My(g1y) = 0
implies y11 > 1, and y20 = 0 would imply y11 = 0 since M;(y) = 0. Thus
the infimum is not attained in (6.3) in this example. Note that the above
still holds if we add the constraints —2 < x; < 2 and 2 < x9 < 2 to the

description of K to make it compact.

On the other hand, when K has an empty interior, the duality gap
may be infinite. We now give such an instance (taken from [132]) where
—00 = pios < p?wm — pmin'

EXAMPLE 6.4. Consider the problem p™® := min,c x122, where
K = {z € R? | gi(2),g2(x),g3(x) > 0} with g1 := —x3, g = 1 4 xy,
g3 := 1 —x;. Thus K = [-1,1] x {0}. Obviously, p™" = 0. We verify
that p"°™ = 0, pi®® = —oo. For this let y be feasible for the program

(6.3) for order ¢ = 1; we show that ye,+e, = 0. Indeed, (M1(y))es,e, =
Y2e, > 0 and (Mo(919))0,0 = —Y2¢, > 0 imply ya2e, = 0. Thus the exth
column of M; (y) is zero, which gives Ye,+e, = (M1(¥))e,.eo = 0. Assume
now that p is feasible for the program (6.2) at order ¢ = 1. That is,
x1X2 — p =y, (a; +bix1 +¢;x2)? —e1x3 + ea(1 +x1) + e3(1 — x1) for some
ai,bi,c; € R and ey, ez, e3 € Ry. Looking at the coefficient of x3 we find
0=> b? and thus b; = 0 for all i. Looking at the coefficient of x1x5 we
find 1 = 0, a contradiction. Therefore there is no feasible solution, i.e.,

p5°® = —o0. On the other hand, p5>® = 0 since, for all € > 0, p3°° > —¢ as

X1X2 + € = %(xl +1)+ %(—xl +1) — £x3.

What if K has an empty interior? When K has a nonempty inte-
rior the moment/SOS relaxations behave nicely; indeed there is no duality
gap (Theorem 6.1) and the optimum value is attained under some con-
ditions (cf. Proposition 6.2). Marshall [88] has studied in detail the case
when K has an empty interior. He proposes to exploit the presence of equa-
tions to sharpen the SOS/moment bounds, in such a way that there is no
duality gap between the sharpened bounds. Consider an ideal J C Z(K),
where Z(K) = {f € R[x] | f(x) = 0 Vo € K} is the vanishing ideal of
K; thus Z(K) = {0} if K has a nonempty interior. Marshall makes the
following assumption:

J CM(g1,...,9m)- (6.5)
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If this assumption does not hold and {h1, ..., A, } is a system of generators
of the ideal 7, it suffices to add the polynomials +h1,..., +hy,, in order
to obtain a representation of K that fulfills (6.5). Now one may work with
polynomials modulo the ideal J. Let

M5, (g1, -, 9m) = {p' | p € Ma(g1,- .., 9m)} C R[x]2t/T

be the image of Mo (g1, ..., gm) under the map p — p’ := p mod J from
R[x] to R[x]/J. (This set was introduced in (3.22) for the ideal J = Z(K).)
Consider the following refinement of the SOS relaxation (6.2)
pi™ =supp st (p—p) € My(g1,.- -, 9m) (6.6)
=supp st. p—p € Ma(g1,-..,9m) +T. '

For the analogue of (6.3), we now consider linear functionals on R[x]2:/7,
i.e. linear functionals on R[x]s; vanishing on J N R[x]2;, and define

mom.eq ,_ inf L
b veceb ) (6.7)
st. L(1)=1,L(f) > 0Vf € My (g1, -, 9m)-

Then, pi° < p;®®? < p*°%, where the last inequality follows using (6.5);
pi < poe, pirem < pifotet < p™i. Moreover, ppom = p o™,
pios = pi®®? if K has a nonempty interior since then J = Z(K) = {0}.
Marshall [88] shows the following extension of Theorem 6.1, which relies on
Theorem 3.35 showing that M5, (g1, . .., gm) is closed when J = Z(K). We
omit the details of the proof which are similar to those for Theorem 6.1.

THEOREM 6.5. [88] When J = Z(K) satisfies (6.5), p;°*>“? = p;"*"
for all t > max(dp, di ).

As a consequence,

supp ™t =p** it T =T(K)ZCM(g1,---,9m)-
¢

Indeed, prom < ppo™ 1 = pio>1 < pos | vielding p™°™ < p*°® and thus
equality holds.

If we know a basis {h1,...,hm,} of J then we can add the equations
h; =0 (j < myg), leading to an enriched representation for the set K of the
form (2.5). Assuming J = Z(K), the SOS/moment bounds with respect
to the description (2.5) of K are related to the bounds (6.6), (6.7) by

SOS

P S P < p o = pp (6:8)

LEMMA 6.6. Assume that J = Z(K), {h1,...,hme} s a Grobner
basis of J for a total degree ordering, and deg(h;) is even Vj < mg. Then
equality holds throughout in (6.8).
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Proof. Let p be feasible for (6.6); we show that p is feasible for (6.2),
implying p;°>®! = pf°s. We have p — p = E;nzo sjg; + q where s; € X,
deg(sjg;) < 2t and ¢ € J. Then ¢ = 37" ujh; with deg(ujh;) < 2t
(since the h;’s form a Grébner basis for a total degree ordering) and thus
deg(u;) < 2(t — dp,) (since deg(h;) = 2dp; is even), ie. p is feasible
for (6.2). 0

REMARK 6.7. As each equation h; = 0 is treated like two in-
equalities +£h; > 0, we have f € Mo (g1,...,9m, £h1,...,Lhnm,) if and
only if f = Y77 5595 + >0 (w) — uf)hy for some s, uf,uf € X with
deg(s;g;), deg(uh;), deg(uh;) < 2t. As deg(ujh;),deg(u’h;) < 2t is
equivalent to deg(uj),deg(u}) < 2(t — dy,;), one may equivalently write
Yoy — )by = 377 ujh; where u; € RX]2(t-d,,)- Note that
deg(u;) < 2(t — dy;) implies deg(ujh;) < 2t, but the reverse does not
hold, except if at least one of deg(u;), deg(h;) is even. This is why we
assume in Lemma 6.6 that deg(h;) is even. As an illustration, consider
again Example 6.4, where Z(K) = (x2). If we add the equation x3 = 0 to
the description of K, we still get p5°® = —oo (since the multiplier of x2 in
a decomposition of x1x2 — p € Ma(x1 4+ 1,1 — X1, +%2) should be a scalar),
while p]°¥“l = 0 (since x; is now allowed as multiplier of x3).

6.3. Asymptotic convergence. The asymptotic convergence of the
SOS/moment bounds to p™* follows directly from Putinar’s theorem (The-
orem 3.20); recall Definition 3.18 for an Archimedean quadratic module.

THEOREM 6.8. [65] If M(g1,...,9m) is Archimedean, then p*°° =

mom min s08 mom min

p =p , e limg oo Py = limg oo Db =P

Proof. Given € > 0, the polynomial p — p™ + ¢ is positive on K. By
Theorem 3.20, it belongs to M(gy, ..., gm) and thus the scalar p™i" — ¢ is
feasible for the program (6.2) for some ¢. Therefore, there exists ¢ for which
P > p™it — . Letting € go to 0, we find that p** = lim;_ ., p{ > p™in,
1mp1y1ng psos — pmom — pmin. 0

Note that if we would have a representation result valid for nonnegative
(instead of positive) polynomials, this would immediately imply the finite
convergence of the bounds p§°®, pi°™ to p™i. For instance, Theorem 2.4 in
Section 2.1 gives such a reprentation result in the case when the description
of K involves a set of polynomial equations generating a zero-dimensional

radical ideal. Thus we have the following result.

COROLLARY 6.9. Assume K is as in (2.5) and hi,..., hy, gener-
ate a zero-dimensional radical ideal. Then, p{° = p°™ = p™n for t

large enough.
Proof. Directly from Theorem 2.4, as in the proof of Theorem 6.8. 0O
In the non-compact case, convergence to p™™ may fail. For instance,
Marshall [88] shows that when K contains a full dimensional cone then, for



SUMS OF SQUARES, MOMENTS AND POLYNOMIAL OPTIMIZATION 221
all t > max(d,, dr), pi°® = pi°™, which can be strictly smaller than p™®.
This applies in particular to the case K = R™.

6.4. Approximating the unique global minimizer via the mo-
ment relaxations. Here we prove that when (1.1) has a unique global
minimizer, then this minimizer can be approximated from the optimum so-
lutions to the moment relaxations (6.3). We show in fact a stronger result
(Theorem 6.11); this result is taken from Schweighofer [132] (who however
formulates it in a slightly more general form in [132]). Recall the definition
of the quadratic module M(gy,...,gm) from (3.14) and of its truncation
M:(g1, .-, 9m) from (3.20). Define the set of global minimizers of (1.1)

Kg’in ={z e K |px)=p™n}. (6.9)

DEFINITION 6.10. Given y® € RNz, y®) is nearly optimal for (6.3)
if y®) is feasible for (6.3) and lim;_ .o pTy® = lim po™.

THEOREM 6.11.  [132] Assume M(gi,...,gm) is Archimedian,
Kg‘in £ 0, and let y® be nearly optimal solutions to (6.3). Then,
Ve >0 3ty > max(dy,drx) Vit >ty Iu probability measure on Kg‘i” such

.....

Proof. As M(g1,-..,gm) is Archimedian, we deduce from (3.17) that
VkeN N, €N VOZGNZ Nkﬂ:XQEMNk(gl,...,gm). (610)

Define the sets Z := [ enn[—Nja|, Ny}, Co == {2 € Z | 20 = 1}, Cy :=
{z€Z|2Tf>0}for f € M(g1,...,9m), Cs :=={z € Z | |[zTp—p™"| < 6}
for 6 > 0, and

Ci={2€Z| maxizi,_ |2 — [ip(dz)] > e
Vu probability measure on K"}

gm) CrN ﬂ5>0 Cs ﬂCoﬂC =0.
Proof. Assume 2 lies in the intersection. As z € CoN\yemyy,....00) Cr>

we deduce using (4.6) that z € MZ(gy,. .., gm) (recall (4.16)). Hence, by
Theorem 4.11, z € Mg, i.e. z has a representing measure p which is a
probability measure on the set K. As z € Ng~oCjs, we have p”'z = p™in, i.e.
[(p(z) — p™™)pu(dz) = 0, which implies that the support of y is contained

in the set K", thus contradicting the fact that 2 € C. O

.....

CLAIM 6.12. () ep(y,

As Z is a compact set (by Tychonoff’s theorem) and all the sets
C¢,Cs,Cp,C are closed subsets of Z, there exists a finite collection of
those sets having an empty intersection. That is, there exist fi,..., fs €
M(g1,...,gm), 0 > 0 such that

Cp,N...NCe,NCsNCoNC =0. (6.11)
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Choose an integer t; > max(d,,dx) such that fi,...,fs €
Mo, (g1,---,9m). Then choose an integer to such that to > t1, 2tg >
max(Ny, | k < 2t;) (recall (6.10)) and |pTy®) — p™in| < § for all t > to. We
now verify that this ¢y satisfies the conclusion of the theorem. For this fix
t > to. Consider the vector z € RV defined by z, := y((lt) if |a| < 2t1, and
Za = 0 otherwise.

CLAaM 6.13. z € Z.

Proof. Let o € N" with |o|] =@ k < 2t;. Then N, + x* €
My, (g1, 9m) € Moy, (g1, 9m) € Mar(gi,- ., gm). As y) is feasi-
ble for (6.3) we deduce that (y®)Tvec(Ny + x*) > 0, implying |y{”| <
Ni = Npa,. §

Obviously z € Cy. Next z € Cjs since |2Tp — p™| = |(y®)Tp —
p™in| < § as 2ty > deg(p). Finally, for any r = 1,...,s, 2 € C}, since
T = (yNTf > 0as fr € Mo, (g1, 9m) € May(gi,...,9m). As
the set in (6.11) is empty, we deduce that z ¢ C. Therefore, there ex-
ists a probability measure x on K™ for which max; |y£f) — [aip(dz)| =
max; |ze, — [ @ip(dz)| < e. This concludes the proof of Theorem 6.11. 0O

COROLLARY 6.14. Assume M(g1,...,gm) s Archimedian and prob-
lem (1.1) has a unique minimizer x*. Let y*) be nearly optimal solutions

to (6.8). Then lim;_, yg) =z} foreachi=1,...,n.

Proof. Directly from Theorem 6.11 since the Dirac measure 6.+ at z*
is the unique probability measure on K"". d

6.5. Finite convergence. Here we show finite convergence for the
moment/SOS relaxations, when the description of the semialgebraic set
K contains a set of polynomial equations h; = 0, ..., hy, = 0 gener-
ating a zero-dimensional ideal. (Recall Corollary 6.9 for the radical zero-
dimensional case.) Theorem 6.15 below extends a result of Laurent [81]
and uses ideas from Lasserre et al. [75].

THEOREM 6.15. Consider the problem (1.1) of minimizing p € R[x]
over the set K = {x € R" | hj(z) =0 (j = 1,...,mp), gj(z) >0 (j =
1,...,m)} (as in (2.5)). Set T := (h1,. .., hung)-

(i) If Ve (T)| < oo, then p™m = pom™ = p£os for t large enough.
(i) If [Ve(TJ)| < oo, then p™™ = pi"°™ for t large enough.

Proof. Fix € > 0. The polynomial p — p™ + ¢ is positive on K. For
the polynomial u := — 77" h%, the set {x € R" | u(x) > 0} = Va(J) is
compact (in fact, finite under (i) or (ii)) and u belongs to the quadratic
module generated by the polynomials +hq, ..., £h:,. Hence we can apply
Theorem 3.20 and, therefore, there is a decomposition

m
p—pmi“+e:so+25jgj+q, (6.12)
j=1
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where sg, s; are sums of squares and ¢ € J. To finish the proof we distin-
guish the two cases (i), (ii).

Consider first the case (i) when |Ve(J)| < oco. Let {f1,...,fr} be a
Grobner basis of J for a total degree monomial ordering, let B be a basis
of R[x]/J, and set dg := maxpep deg(b) (which is well defined as |B| < oo
since J is zero-dimensional). Consider the decomposition (6.12). Say,
55 = isij and write s; ; = r;; + ¢;,;, where r; ; is a linear combination
of members of B and ¢; ; € J; thus deg(r; ;) < dg. In this way we obtain
another decomposition:

m
p—pmi“—l—e:sg—l—Zs;—gj—l—q', (6.13)
j=1

where s(,, s are sums of squares, ¢' € J and deg(s), deg(s;) < 2dp. Set
Ty = max(2d,, 2dg, 2dg + 2d,, . .., 2dp + 2d,, ). (6.14)

Then, deg(sy), deg(s}g;), deg(p — p™in 4 €) < Ty and thus deg(q) < Tp.
Therefore, ¢’ has a decomposition ¢ = Zle wrfi with deg(uif;) <
deg(q") < Ty (because we use a total degree monomial ordering). We need

to find a decomposition of ¢’ with bounded degrees in the original basis
{h1,. .. hno} of J. For this, write fi = 377 a; jh; where a;; € R[x].

Then, ¢ = Y0y w0 aiihy) = Y00 (S anju)hy =: 20 bihy,
setting b; = S5 aiu.  As deg(u) < To, we have deg(bjh;) <
2dp, + Ty + maxi—, deg(a; ;). Thus, deg(bjh;) < T, after setting T, :=
To + maxy j(deg(ar,;) + 2dp,), which is a constant not depending on e.
Therefore we can conclude that p™* — ¢ is feasible for the program (6.2)
for all t > T4 := [T,/2]. This implies p{** > p™in — ¢ for all t > T). Letting
€ go to zero, we find pi° > p™* and thus pj° = p™® for ¢+ > T3, which
concludes the proof in case (i).

Consider now the case (ii) when |[Vg(J)| < oco. Let y be feasible
for the program (6.3); that is, y € RNz satisfies yo = 1, M(y) = 0,
M;—a,, (hjy) =0 (j =1,...,mq), My—q, (9;5) = 0 (j =1,....m). We
show pT'y > p™in for ¢ large enough. We need the following observations
about the kernel of M, (y). First, for j = 1,...,mq, h; € Ker M,;(y) for
t > 2dp, (directly, from the fact that M;_q, (hjy) = 0). Moreover, for
t large enough, Ker M;(y) contains any given finite set of polynomials of
Z(Ve(T))-

CLAM 6.16. Let fi1,...,fr € Z(V(J)). There exists t1 € N such
that fi1,..., fr € Ker My(y) for all t > t;.

Proof. Fixl=1,...,L. As fi € Z(Vg(J)), by the Real Nullstellensatz
(Theorem 2.1), f7™ + 3, p}; = > ity i jhy for some py i, ; € Rlx] and
my € N\{0}. Set t; := max(max;*% 2dp,, | + max;<r, j<m, deg(u jh;)) and
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let t > t;. Then, each w; ;jh; lies in Ker M;(y) by Lemma 5.7. Therefore,
M+, p7; € Ker My(y), which implies f;™,p;; € Ker My(y). An easy
induction permits to conclude that f; € Ker My(y). a

Let {f1,...,fr} be a Grobner basis of Z(Vr(J)) for a total de-
gree monomial ordering, let B be a basis of R[x|/Z(Vk(J)), and set
dp := maxpep deg(b) (which is well defined since |B| < oo as Z(Vr(J)) is
zero-dimensional). Given € > 0, consider the decomposition (6.12) where
S0, s; are sums of squares and ¢ € J. As in case (i), we can derive an-
other decomposition (6.13) where sp, s’ are s.0.s., ¢ € Z(Vr(J)), and
deg(sp), deg(s}) < 2dp. Then, deg(sy),deg(s’g;),degq” < To with Ty being
defined as in (6.14) and we can write ¢’ = Zle wy fy with deg(u; f;) < Tp.
Fix t > max(Tp+1,¢1). Then, u;f; € Ker M;(y) (by Lemma 5.7 and Claim
6.16) and thus ¢’ € Ker M;(y). Moreover, vec(1)” M,(y)vec(s;g;) > 0;

to see it, write s; = Y7, a?; and note that vec(1)” M;(y)vec(s;g;) =
> aZth,dgj (g;¥)a;; > 0 since Mt,dgj (g;y) = 0. Therefore, we de-

duce from (6.13) that vec(1)T M, (y)vec(p — p™® + €) > 0, which gives
pTy = 1T My (y)p > p™» — € and thus pi"°™ > p™in — ¢, Letting € go to 0,
we obtain pi°™ > pmin and thus pio™ = pin, d

QUESTION 6.17. Does there exist an example with |Ve(J)| = oo,
[Vk(T)| < oo and where p;°s < p™™ for all t ?

The finite convergence result from Theorem 6.15 applies, in particular,
to the case when K is contained in a discrete grid K1 x...x K, with K; CR
finite, considered by Lasserre [67], and by Lasserre [66] in the special case
K C {0,1}™. We will come back to the topic of exploiting equations in
Section 8.2.

6.6. Optimality certificate. We now formulate some stopping cri-
terion for the moment hierarchy (6.3), i.e. some condition permitting to
claim that the moment relaxation (6.3) is in fact exact, i.e. po™ = pmin,
and to extract some global minimizer for (1.1).

A first easy such condition is as follows. Let y be an optimum solution
to (6.3) and z* := (y10...0,---,%0..01) the point in R™ consisting of the

coordinates of y indexed by o € N™ with |a| = 1. Then

r* € K and pmom =p T*) = pmom = pmin and
t )= (6.15)

*

x* is a global minimizer of p over K.

Indeed p™® < p(z*) as # € K, which together with p(z*) = prom < pmin

implies equality pi"°™ = p™" and 2* is a minimizer of p over K. Note that
p°™ = p(z*) automatically holds if p is linear. According to Theorem

6.11 this condition has a good chance to be satisfied (approximatively)
when problem (1.1) has a unique minimizer. See Examples 6.24, 6.25 for
instances where the criterion (6.15) is satisfied.
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We now see another stopping criterion, which may work when problem
(1.1) has a finite number of global minimizers. This stopping criterion,
which has been formulated by Henrion and Lasserre [54], deals with the
rank of the moment matrix of an optimal solution to (6.3) and is based
on the result of Curto and Fialkow from Theorem 5.23. As in (6.9), K"
denotes the set of global minimizers of p over the set K. Thus Kgﬁn £ 0,
e.g., when K is compact. The next result is based on [54] combined with
ideas from [75].

THEOREM 6.18. Let t > max(dy,dx) and let y € RNt be an optimal

solution to the program (6.3). Assume that the following rank condition
holds:

ds s.t. max(dp,dx) < s <t and rank M,(y) = rank M,_q, (y). (6.16)

Then p*°™ = p™™ and V¢(Ker My(y)) C K.  Moreover, equality
Ve(Ker My(y)) = K™ holds if rank My(y) is mazimum among all opti-
mal solutions to (6.3).

Proof. By assumption, p°™ = pTy, M,(y) = 0, rank M,(y) =
rank Ms_q,(y) =@ r and M,_q,(g9;y) = 0 for j = 1,...,m, where
max(d,,dx) < s <t. As s > dg, we can apply Theorem 5.23 and con-
clude that the sequence (ya)aeny has a r-atomic representing measure
= >i_ Niby,, where v; € K, \; > 0 and > ._; \; = 1 (since yo = 1).
As s > dp, prom = ply = Z\a|§zspaya = > hip(v;) > p™in, since
p(v;) > p™» for all i. On the other hand, p™® > p°™  This implies
that p™it = po™m and that each v; is a minimizer of p over the set K, i.e.,
supp(p) = {v1,..., v} C K™ As supp(p) = Ve(Ker M(y)) by Theorem
5.19, we obtain Ve (Ker M (y)) C K.

Assume now that rank M;(y) is maximum among all optimal solu-
tions to (6.3). By Lemma 1.4, Ker M;(y) C Ker M;(y’) for any other
optimal solution y’ to (6.3). For any v € K;“i“, Yy = Caw is fea-
sible for (6.3) with objective value pTy’ = p(v) = p™; thus ¢’ is
an optimal solution and thus Ker M;(y) C Ker M;(C2t,). This implies
Ker M;(y) C Nye min Ker M;(Cat0) C I(Kzﬂni“). Therefore, Ker M (y) C
Ker M;(y) € Z(Kp™), which implies K" C Ve (Ker M(y)) and thus
equality Ve(Ker M(y)) = K™ holds. a

Hence, if at some order ¢ > max(d), dx) one can find a maximum rank
optimal solution to the moment relaxation (6.3) which satisfies the rank
condition (6.16), then one can find all the global minimizers of p over the
set K, by computing the common zeros to the polynomials in Ker Ms(y). In
view of Theorem 5.19 and Lemma 5.2, the ideal (Ker M,(y)) is (real) radical
and zero-dimensional. Hence its variety Ve (Ker M;(y)) is finite. Moreover
one can determine this variety with the eigenvalue method, described in
Section 2.4. This extraction procedure is presented in Henrion and Lasserre
[64] and is implemented in their optimization software GloptiPoly.
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The second part of Theorem 6.18, asserting that all global minimizers
are found when having a maximum rank solution, relies on ideas from [75].
When p is the constant polynomial 1 and K is defined by the equations
h1 =0,...,hp, = 0, then Kgli“ is the set of all common real roots of
the h;’s. The paper [75] explains in detail how the moment methodology
applies to finding real roots, and [76] extends this to complex roots.

As we just proved, if (6.16) holds for a maximum rank optimal solution
y to (6.3), then K" = Vi(Ker M(y)) is finite. Hence the conditions of
Theorem 6.18 can apply only when p has finitely many global minimizers
over the set K. We will give in Example 6.24 an instance with infinitely
many global minimizers and thus, as predicted, the rank condition (6.16)
is not satisfied. We now see an example where the set Kg’in of global

minimizers is finite but yet the conditions of Theorem 6.18 are never met.

EXAMPLE 6.19. We give here an example where |[K}"™| < oo and
piRom = psos < pmits hence condition (6.16) does not hold. Namely consider
the problem

n

min __ : - n — 2
P —;rélir%p(x) where K := {z € R" | g1() .—1—;,%1- > 0}.

Assume that p is a homogeneous polynomial which is positive (i.e., p(x) > 0
for all z € R™\ {0}), but not a sum of squares. Then, p™® = 0 and the
origin is the unique minimizer, i.e., Kgli“ = {0}. Consider the moment
relaxation (6.3) and the dual SOS relaxation (6.2) for ¢ > d,. As M(g1)
is Archimedean, the SOS relaxation (6.2) is feasible for ¢ large enough.
Moreover, as K has a nonempty interior, there is no duality gap, i.e.
pito™ = pfoS and the supremum is attained in (6.2) (apply Theorem 6.1).
We now verify that pi°® = prom < pmin = (. Indeed, if p{° = 0, then
p=so+si1(l—Y i, x?) where sg,s1 € R[x] are sums of squares. It is
not difficult to verify that this implies that p must be a sum of squares
(see [30, Prop. 4]), yielding a contradiction. Therefore, on this exam-
ple, ptom = pfos < pMin and thus the rank condition (6.16) cannot be
satisfied. This situation is illustrated in Example 6.25. There we choose
p =M + e(x§ +x§ +x§) where M is the Motzkin form (introduced in Ex-
ample 3.7). Thus p is a homogeneous positive polynomial and there exists
€ > 0 for which p. is not SOS (for if not M = lim,_,¢ p. would be SOS since

the cone X3¢ is closed).

On the other hand, we now show that the rank condition (6.16) in
Theorem 6.18 holds for ¢t large enough when the description of the set K
comprises a system of equations h; =0, ..., hy, = 0 having finitely many
real zeros. Note that the next result also provides an alternative proof for
Theorem 6.15 (ii), which does not use Putinar’s theorem but results about
moment matrices instead.

THEOREM 6.20. [75, Prop. 4.6] Let K be as in (2.5), let J be the ideal
generated by hy, ..., hpy, and assume that |Vr(J)| < co. Fort large enough,
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there exists an integer s, max(di,dp) < s < t, such that rank M,(y) =
rank M,_q, (y) for any feasible solution y to (6.3).

Proof. As in the proof of Theorem 6.15 (ii), let {f1,...,frL} be a
Grobner basis of Z(Vr (7)) for a total degree monomial ordering. By Claim
6.16, there exists t; € N such that fi,..., fr € Ker My(y) for all ¢ > t;. Let
B be a basis of R[x]|/Z(Vk(J)) and dp := maxpep deg(b). Write any mono-
mial as ¢ = r(®) + Zlepla)fl, where r(®) € Spang(B), pl(a) € R[x]. Set
to := max(t1,dp+dx, dp) and t3 := 1+ max(ts, deg(pl(a)fl) for I < L,|a| <
ta). Fix ¢t > t3 and let y be feasible for (6.3). We claim that rank M, (y) =
rank My, 4, (y). Indeed, consider o € N . As deg(pl(a)fl) <t—1and

f1 € Ker My (y), we deduce (using Lemma 5.7) that pla)fl € Ker M(y) and
thus x® — 7@ € Ker M(y). As deg(r(o‘)) < dg <ty — dk, this shows that
the ath column of M;(y) can be written as a linear combination of columns
of My,_q4(y); that is, rank My, (y) = rank M, _q, (v). a0

Let us conclude this section with a brief discussion about the assump-
tions made in Theorem 6.18. A first basic assumption we made there is
that the moment relaxation (6.3) attains its minimum. This is the case,
e.g., when the feasible region of (6.3) is bounded (which happens e.g. when
a ball constraint is present in the description of K, cf. Proposition 6.2),
or when program (6.2) is strictly feasible (recall Theorem 1.3). A second
basic question is to find conditions ensuring that there is no duality gap,
ie. po™ = pi°®, since this is needed if one wants to solve the semidefinite
programs using a primal-dual interior point algorithm. This is the case,
e.g. when K has a nonempty interior (by Theorem 6.1) or when any of the
programs (6.3) or (6.2) is strictly feasible (recall Theorem 1.3).

Another question raised in Theorem 6.18 is to find an optimum solu-
tion to a semidefinite program with maximum rank. It is in fact a property
of most interior-point algorithms that they return a maximum rank optimal
solution. This is indeed the case for the SDP solver SeDuMi used within
GloptiPoly. More precisely, when both primal and dual problems (6.3) and
(6.2) are strictly feasible, then the interior-point algorithm SeDuMi con-
structs a sequence of points on the so-called central path, which has the
property of converging to an optimal solution of maximum rank. SeDuMi
also finds a maximum rank optimal solution under the weaker assump-
tion that (6.3) is feasible and attains its minimum, (6.2) is feasible, and
pPe™ = pi®® < oo. Indeed SeDuMi applies the so-called extended self-dual
embedding technique, which consists of embedding the given program into
a new program satisfying the required strict feasibility property; a maxi-
mum rank optimal solution for the original problem can then be derived
from a maximum rank optimal solution to the embedded problem. See [28,
Ch. 4], [156, Ch. 5] for details. (This issue is also discussed in [75] in the

context of solving systems of polynomial equations.)
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There are many further numerical issues arising for the practical imple-
mentation of the SOS/moment method. Just to name a few, the numerical
instability of linear algebra dealing with matrices with a Hankel type struc-
ture, or the numerically sensitive issue of computing ranks, etc. To address
the first issue, Lofberg and Parrilo [84] suggest to use sampling to represent
polynomials and other non-monomial bases of the polynomial ring R[x]; see
also [29] where promising numerical results are reported for the univariate
case, and [122].

6.7. Extracting global minimizers. We explain here how to ex-
tract global minimizers to the problem (1.1) assuming we are in the sit-
uation of Theorem 6.18. That is, y € RN2¢ is an optimal solution to the
program (6.3) satisfying the rank condition (6.16). Then, as claimed in
Theorem 6.18 (and its proof), p*°™ = p™i" 4 has a r-atomic representing
measure = > .. ; N\idy,, where \; > 0, >\, = 1, r = rank M(y),
and Ve(Ker My(y)) = {v1,...,v.} C© K", the set of optimal solutions
to (1.1). The question we now address is how to find the v;’s from the
moment matrix M(y). We present the method proposed by Henrion and
Lasserre [54], although our description differs in some steps and follows the
implementation proposed by Jibetean and Laurent [60] and presented in
detail in Lasserre et al. [75].

Denote by ¢ the (infinite) sequence of moments of the measure pu.
Then, M (g) is a flat extension of M;(y). Hence, by Theorem 5.19, 7 :=
Ker M(y) = (Ker Ms(y)) and any set B C T? ; indexing a maximum
nonsingular principal submatrix of M;_1(y) is a basis of R[x]/Z. One
can now determine Vg (Ker Ms(y)) = Ve (Z) with the eigenvalue method
presented in Section 2.4.

In a first step we determine a subset B C T _ dx indexing a maximum
nonsingular principal submatrix of M,(y). We can find such set B in a
‘egreedy manner’, by computing the successive ranks of the north-east corner
principal submatrices of M;_4, (y). Starting from the constant monomial
1, we insert in B as many low degree monomials as possible.

In a second step, for each i« = 1,...,n, we construct the multiplica-
tion matrix My, of the ‘multiplication by x;’ operator mx, (recall (2.6))
with respect to the basis B of R[x]/Z. By definition, for x” € B, the
xPth column of My, contains the residue of the monomial x,;%x°% modulo 7

w.r.t. the basis B. That is, setting M, = (agi)ﬁ)xoc_’xﬁeg, the polynomial
D ) D afj)ﬁxo‘ belongs to Z and thus to Ker M,(y). From this we

immediately derive the following explicit characterization for My, from the
moment matrix M(y).

LEMMA 6.21. Let My denote the principal submatriz of Ms(y) indexed
by B and let U; denote the submatriz of Ms(y) whose rows are indexed by B
and whose columns are indexed by the set x;B := {x;x* | x* € B}. Then,
My, = M 'U;.
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Given a polynomial h € R[x|, the multiplication matrix of the 'mul-
tiplication by h’ operator w.r.t. the basis B is then given by M; =
h(Mx,, ..., Mx,). In view of Theorem 2.9, the eigenvectors of M/l are the
vectors (g, = (V*)xaep With respective eigenvalues h(v) for v € Vg(Z). A
nice feature of the ideal Z = Ker M(§) = (Ker M,(y)) is that it is (real)
radical. Hence, if the values h(v) for v € V¢ (Z) are all distinct, then the
matrix M is non-derogatory, i.e., its eigenspaces are 1-dimensional and
spanned by the vectors (g, (for v € Vi (Z)) (recall Lemma 2.12). In that
case, one can recover the vectors (g, directly from the right eigenvectors
of My. Then it is easy - in fact, immediate if B contains the monomials
X1, ..., Xy - to recover the components of v from the vector (z,. According
to [20], if we choose h as a random linear combination of the monomials
X1, ..., X, then, with high probability, the values h(v) at the distinct points
of Ve (Z) are all distinct.

6.8. Software and examples. Several software packages have been
developed for computing sums of squares of polynomials and optimizing
polynomials over semialgebraic sets.

e GloptiPoly, developed by Henrion and Lasserre [53], implements
the moment/SOS hierarchies (6.3), (6.2), and the techniques described
in this section for testing optimality and extracting global optimiz-
ers. See http://www.laas.fr/~henrion/software/gloptipoly/ The
software has been recently updated to treat more general moment prob-
lems; cf. [55].

e SOSTOOLS, developed by Prajna, Papachristodoulou, Seiler and Par-
rilo [113], is dedicated to formulate and compute sums of squares optimiza-
tion programs. See http://www.mit.edu/ parrilo/sostools/

e SparsePOP, developed by Waki, Kim, Kojima and Muramatsu [153],
implements sparse moment/SOS relaxations for polynomial optimiza-
tion problems having some sparsity pattern (see Section 8.1). See
http://www.is.titech.ac.jp/ kojima/SparsePOP/

e Yalmip, developed by Loéfberg, is a MATLAB toolbox for rapid
prototyping of optimization problems, which implements in par-
ticular the sum-of-squares and moment based approaches. See
http://control.ee.ethz.ch/~joloef/yalmip.php

We conclude with some small examples. See e.g. [65, 54] for more
examples.

ExaMPLE 6.22. Consider the problem:

min  p(z) = =25(z1 — 2)* = (22 — 2)* — (23 — 1)°
—(24 = 4)? = (25 — 1)* = (26 — 4)?
st. (w3—3)2+x4>4, (z5-3)%+m36>4
1 — 312 <2, —x1+x2 <2, 21+ 72 <6,
T1+x2 22, 1<23<5, 0< 124 <6,
1§.§C5§5,0§.§C6§10, Il,ZCQZO.
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As shown in Table 1, GloptiPoly finds the optimum value —310 and a
global minimizer (5,1,5,0,5,10) at the relaxation of order ¢ = 2. This
involves then the computation of a SDP with 209 variables, one semidefi-
nite constraint involving a matrix of size 28 (namley, M2(y) = 0) and 16
semidefinite constraints involving matrices size 7 (namely, M;(g;jy) = 0,
corresponding to the 16 constraints g; > 0 of degree 1 or 2).

TABLE 1
Moment relazations for Example 6.22.

order ¢ | rank sequence | bound pj*°™ | solution extracted
1 (1,7 unbounded none
2 (1,1, 21) -310 (5,1,5,0,5,10)

EXAMPLE 6.23. Consider the problem
min  p(z) = —x1 —
st. @9 < 2xf — 8z + 823 +2
T < 41:‘1l — 321::1” + 88$% — 9621 + 36
0§£L‘1§3, 0§.’L‘2§4

As shown in Table 2, GloptiPoly solves the problem at optimality at the
relaxation of order ¢t = 4.

TABLE 2
Moment relazations for Example 6.23.

order ¢ | rank sequence | bound pj*°™ | solution extracted
2 (1,1,4) -7 none
3 (1,2,2,4) -6.6667 none
4 (1,1,1,1,6) -5.5080 (2.3295,3.1785)

ExaMPLE 6.24. Consider the problem:

min  p(z) = 2323(23 + 23 — 32%) + 2§

st af+ad+ad <1,

of minimizing the Motzkin form over the unit ball. As we see in Table 3,
the moment bounds pi°™ converge to p™® = 0, but optimality cannot be
detected via the rank condition (6.16) since it is never satisfied. This is
to be expected since p has infinitely many global minimizers over the unit
ball. However the criterion (6.15) applies here; indeed GloptiPoly returns
that the relaxed vector x* := (ye,)3_, (where y is the optimum solution to
the moment relaxation) is feasible (i.e. lies in the unit ball) and reaches
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TABLE 3
Moment relaxations for Example 6.24.

order rank sequence bound py*°™ | value reached

t by moment
vector

3 (1, 4,9, 13) —0.0045964 710-26

4 (1, 4, 10, 20, 29) —0.00020329 310730

5 (1, 4, 10, 20, 34, 44) —2.8976 10~° 310736

6 (1, 4, 10, 20, 34, 56, 84) —6.8376 10~° 6 10~42

7 (1, 4, 10, 20, 35, 56, 84, 120) | —2.1569 10~° 410743

the objective value which is mentioned in the last column of Table 3; here
x* ~ 0.

ExaMPLE 6.25. Consider the problem

min  p(z) = 2323(2? + 23 — 323) + 25 + €(2% + 2§ + 25)

s.t. x% + x% + x§ <1,

of minimizing the perturbed Motzkin form over the unit ball. For any ¢ > 0,
p™» = 0 and p is positive, i.e. the origin is the unique global minimizer.
Moreover, p is SOS if and only if € > €¢* ~ 0.01006 [152]. Hence, as
explained in Example 6.19, it is to be expected that for € < €*, the rank
condition (6.16) does not hold. This is confirmed in Table 4 which gives
results for € = 0.01. Again the criterion (6.15) applies, i.e. the moment
vector y yields the global minimizer x* = (y.,)3_;, #* ~ 0, and the last
column gives the value of p. evaluated at z*.

TABLE 4
Moment relzations for Example 6.25.

rank sequence bound pj*°™ | value reached
t by moment
vector
3 (1,4,9,13) —2.11107° 1.67 10—+
4 (1, 4, 10, 20, 35) -1.92 107° 4.47 10760
5 (1, 4, 10, 20, 35, 56) 2.94 10712 1.26 10~44
6 (1, 4, 10, 20, 35, 56, 84) 3.54 10712 1.5 1074
7 (1, 4, 10, 20, 35, 56, 84, 120) 4.09 10~12 2.83 10743
8 | (1, 4, 10, 20, 35, 56, 84, 120, 165) | 4.75 10~ '2 5.24 104
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7. Application to optimization - Some further selected topics.

7.1. Approximating positive polynomials by sums of squares.
We now come back to the comparison between nonnegative polynomials
and sums of squares of polynomials. As we saw earlier, the parameters
(n,d) for which every nonnegative polynomial of degree d in n variables
is a sum of squares have been characterized by D. Hilbert; namely, they
are (n = 1,d even), (n > 1,d = 2), and (n = 2,d = 4). Thus for any
other pair (n,d) (d even) there exist nonnegative polynomials that cannot
be written as a sum of squares. A natural question is whether there are
many or few such polynomials. Several answers may be given depending
whether the degree and the number of variables are fixed or not. First,
on the negative side, Blekherman [13] has shown that when the degree d is
fixed but the number n of variables grows, then there are significantly more
positive polynomials than sums of squares. More precisely, for d € N even,
consider the cone Hy (resp., X;) of homogeneous polynomials p € R[x] of
degree d that are nonnegative on R™ (resp., a sum of squares). In order to
compare the two cones, Blekherman considers their sections ﬁd =Hy;NnH
and 3y := Xg N H by the hyperplane H := {p | [4._, p(z)u(dx) = 1},
where p is the rotation invariant probability measure on the unit sphere
Sn—t,

THEOREM 7.1. [13] There exist constants Cy,Ca > 0 depending on d
only such that for any n large enough,

~ \ 1/D
Cyntaz-n/z < (Pl Ha) o a2
T\l Xy o

where D := ("+g_1) —1.

However, on the positive side, Berg [8] has shown that, when the num-
ber of variables is fixed but the degree is variable, then the cone of sums of
squares is dense in the cone of polynomials nonnegative on [—1,1]". While
Berg’s result is existential, Lasserre and Netzer [77] have provided an ex-
plicit and very simple sum of squares approximation, which we present in
Theorem 7.2 below. Previously, Lasserre [71] had given an analogous result
for polynomials nonnegative on the whole space R", presented in Theorem
7.3 below. To state the results we need the following polynomials for any
teN

t n n
0 ::Zz’ff, 0, ::1+Z;x§t, (7.1)

k=0 i=1

THEOREM 7.2. [77] Let f € R[x] be a polynomial nonnegative on
[—1,1]" and let © be as in (7.1). For any € > 0, there exists tg € N such
that the polynomial f + €Oy is a sum of squares for all t > ty.
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THEOREM 7.3. [71] Let f € R[x] be a polynomial nonnegative on R™
and let §; be as in (7.1). For any e > 0, there exists to € N such that f+€b;
is a sum of squares for all t > tg.

In both cases the proof relies on a result about existence of a repre-
senting measure, combined with some elementary bounds on the entries
of positive semidefinite moment matrices. For Theorem 7.2 we need only
the (quite elementary) result from Theorem 4.7 about existence of a repre-
senting measure for bounded sequences. On the other hand, for Theorem
7.3, we need the following (non-elementary) result of Carleman (for the
case n = 1) and Nussbaum (for n > 1). Recall that eq,...,e, denote the
standard unit vectors in R”. Thus, for y € RN, 4o, is its entry indexed
by 2ke;, i.e. Yake; = Y(0,...,0,2k,0,...,0) Where 2k is at the 7th position.

THEOREM 7.4. [102] Given y € RN", if M(y) = 0 and

~1/2k .
y%e/i =00 (i=1,...,n) (7.2)

k=0

then y has a (unique) representing measure.

In what follows we first give the proof of Theorem 7.2, which is simpler,
and then we prove Theorem 7.3. We begin with some elementary bounds
from [71, 77] on the entries of M;(y). As we now see, when M;(y) = 0,

all entries y, can be bounded in terms of yo and y(2¢,0,....0)5 - - - Y(0....,0,20)
the entries indexed by the constant monomial 1 and the highest order
monomials x3¢, ..., x2. For 0 < k < t, set

T := Max(Y(2k,0,...0) -+ Y(0,...0,2k)) = WAX Yoe,;

thus 79 = yo. We will use the inequality yi_w < yaay2p (for a, f € N,
which follows from the fact that the submatrix of M;(y) indexed by {a, 5}
is positive semidefinite.

LEMMA 7.5. Assume Mi(y) = 0 and n = 1. Then yor, < max(79,7¢)
for0 <k <t.

Proof. The proof is by induction on ¢t > 0. If t = 0,1, the result is
obvious. Assume ¢ > 1 and the result holds for t — 1, i.e. yg,...,¥2t—2 <
max (Yo, y2t—2); we show that yo,...,y2: < max(yo,y2:). This is obvious if
Yo > yar—2. Assume now yo < yar—2. AS y3,_5 < Ya—aY2e < Yor—2yot, We
deduce yz;—2 < yor and thus yo, ..., y2 < y2r = max(yo, yor). a

LEMMA 7.6. Assume M¢(y) = 0. Then yao < 71 for all |a] = k < t.

Proof. The case n = 1 being obvious, we first consider the case n = 2.
Say s := max|q|—f Y20 15 attained at yoq-. As 2af > k <= 2035 < K,
we may assume w.l.o.g. 2af > k. Write 2a* = (k,0) + (2o — k,2a3) =

(kv 0) + (k - 20[37 20[3) Then y%a* < Y(2k,0)Y(2k—4a3,403) - Now y%a* = 525
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Y(2k—4a3 403) < S, Y(2k,0) < Tk, which implies s < 7. This shows the result
in the case n = 2.

Assume now n > 3 and the result holds for n — 1. Thus y2, < 7%
if |a] = k and a; = 0 for some 4. Assume now 1 < a3 < ... < ap.
Consider the sequences v := (2a1,0, a3 + as — a1, 0y, ...,ay) and 4 :=
(0,2c0, 03 + 01 — @2, Q4 ..., ). Thus |y = || = |a| =k, v+ = 2a.
As v5 = 7] = 0, we have ya,, Y2, < 7. Hence y3, = yiw < Yoyl2y < TR
implying y2o < 7. a

COROLLARY 7.7. Assume M(y) = 0. Then |yo| < maxo<p<t T =
max(7o, 7).

Proof. Using Lemma 7.5, we see that yax,0,....0) < max(yo, Y2,0,...,0))
max(7o,7¢), implying 7, < max(70,7¢) and thus maxo<k<t Tk
max (79, 7¢) =: 7. By Lemma 7.6 we deduce ya2, < 7 for |a| < ¢. Consider
now |y| < 2t. Write v = a + 8 with |«|, |8| < t. Then y?y < Yaal2p < T2,
giving |y,| < 7. a

I IA

We mention for completeness another result for bounding entries of a
positive semidefinite moment matrix. This result is used in [73] for giv-
ing an explicit set of conditions ensuring that a polynomial p is a sum of
squares, the conditions depending only on the coefficients of p.

LEMMA 7.8. [73] If My(y) = 0 and yo = 1, then |y,|*/1°l < Ttl/zt for
all |af < 2t.

Proof. Use induction on ¢t > 1. The result holds obviously for ¢ = 1.
Assume the result holds for ¢ > 1 and let Miy1(y) = 0, yo = 1. By

the induction assumption, |y.|/®l < Tt1/2t for |a| < 2t. By Lemma 7.6,

|Yo| < 141 for |of = 2t + 2. We first show Ttl/t < Ttl_{gtﬂ). For this, say

2t—2) /2t .
Tt = Y2ue,s then 77 = y3 < Yot1)e, Ya(t—1)er < Tt-‘rth( 12t which

gives Ttl/t < Ttl_{gtﬂ). Remains only to show that |y, |'/* < Ttl_iiﬂ for
|a| = 2t 4+ 1 (as the case |a| < 2t follows using the induction assumption,

and |a| = 2t + 2 has been settled above). Say, |o| =2t + 1 and o = 5+

with |3] = t, || = t + 1. Then y3 < Y2pY2y < TeTe41 < Tfi(:[t+l)7-t+1 =
Tt(f_tlﬂ)/ (t+1), giving the desired result. O

The following result is crucial for the proof of Theorem 7.2.

PROPOSITION 7.9. Given a polynomial f € R[x] consider the program
e =inf fTy s.t. My(y) >0, y70; <1 (7.3)

for any integer t > dy = [deg(f)/2]. Recall the polynomial ©, from (7.1).
Then,
(i) —o0 < €f <0 and the infimum is attained in (7.3).
(ii) For € > 0, the polynomial f + €O, is a sum of squares if and only if
€ > —e€f. In particular, f is a sum of squares if and only if e = 0.



SUMS OF SQUARES, MOMENTS AND POLYNOMIAL OPTIMIZATION 235

(i) If the polynomial f € R[x] is nonnegative on [—1,1]", then
lim 00 € = 0.

Proof. Let y be feasible for the program (7.3). Then 0 <
Y0, Y(2t,0,...,0)s - - » Y(0,..,0,2t) < 1 (from the linear constraint y'e, < 1)
which, using Corollary 7.7, implies |y,| < 1 for all . Hence the feasible
region of (7.3) is bounded and nonempty (as y = 0 is feasible). Therefore
the infimum is attained in program (7.3) and —oco < €f < 0, showing (i).
One can verify that the dual semidefinite program of (7.3) reads

di :==sup—X\ s.t. f+ A0, is a sum of squares.
A>0

As the program (7.3) is strictly feasible (choose for y the sequence of mo-
ments of a measure with positive density on R™, with finite moments up to
order 2t, rescaled so as to satisfy y7©; < 1), its dual semidefinite program
attains it supremum and there is no duality gap, i.e. € = d;. Thus f+€O;
is a sum of squares if and only if —e < dj = ¢}, i.e. € > —¢}, showing (ii).
We now show (iii). Say e = fTy"), where y® is an optimum solu-
tion to (7.3) with, as we saw above, y® € [~1,1]"2:. Complete y*) to a
sequence § = (y®,0,...,0) € [-1,1]N". As [-1,1]N" is compact, there
exists a converging subsequence (y(“));>q, converging to y* € [~1,1]N"
in the product topology. In particular, there is coordinate-wise conver-
gence, i.e. (y((ll))lzo converges to y’, for all a. Therefore M (y*) = 0.
As y* € [-1, 1] , we deduce using Theorem 4.7 that y* has a repre-
senting measure u on [-1,1]". In particular, €}, = fTy®) converges to
= f . 1]71 u(dz). By assumption, f > 0 on [—1,1]" and thus

ny* > 0. On the other hand, fTy* < 0 since ¢ < 0 for all . Thus
fTy* = 0. This shows that the only accumulation point of the sequence €;
is 0 and thus €; converges to 0. O

We can now conclude the proof of Theorem 7.2. Let ¢ > 0. By
Proposition 7.9 (iii), lims— €f = 0. Hence there exists ¢y € N such that
e; > —eforallt > ty. Applying Proposition 7.9 (ii), we deduce that f+€©,
is a sum of squares.

As an example, consider the univariate polynomial f = 1 — x2, obvi-
ously nonnegative on [—1,1]. Then, for € > (¢t — 1)*~!/t!, the polynomial
f+ex? is nonnegative on R and thus a sum of squares (see [77] for details).

We now turn to the proof of Theorem 7.3, whose details are a bit more
technical. Given an integer M > 0, consider the program

s 1nf /f p(dx) s.t. /Ze%udw ) < neM”, (7.4)

where the infimum is taken over all probability measures p on R™.
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LEMMA 7.10. Let f € R[x] and assume f™" := inf,egrn f(x) > —o00.
Then phy | f™™ as M — oo.

Proof. Obviously, the sequence (1},) s is monotonically non-increasing
and p%, > f™in. Next observe that uj, < inf) ;)< f(x) since the Dirac
measure (1 = 0, at any point x with ||zl < M is feasible for (7.4) with
objective value f(z). Now infy, < f(z) converges to fmin as M — oo,
which implies that u3, | f™" as M — oo. d

The idea is now to approach the optimum value of (7.4) via a sequence

of moment relaxations. Namely, for any integer t > dy = [deg(f)/2],
consider the semidefinite program

€y -= inf Ty st. My(y) =0, yo =1, y16; < neM’ (7.5)
whose dual reads

di pp i=sup vy — AneM” st X >0, v+ A0, is a sum of squares. (7.6)
VA

The next result is crucial for the proof of Theorem 7.3.

PROPOSITION 7.11. Fiz M > 0, t > dy, and assume f™" > —oo.
The following holds for the programs (7.5) and (7.6).
(i) The optimum is attained in both programs (7.5) and (7.6) and there
is no duality gap, i.e. € yp = df y.
(i) € pr T uyp ast — oo.

Proof. (i) As (7.5) is strictly feasible, its dual (7.6) attains its optimum
and there is no duality gap. The infimum is attained in program (7.5) since
the feasible region is bounded (directly using the constraint y70; < neM ’
together with Corollary 7.7) and nonempty (as y = (1,0,...,0) is feasible

for (7.5)).
(ii) We begin with observing that (e; /)¢ is monotonically non-
decreasing; hence lim; .o €} 5, = sup;€; ;. Let p be feasible for (7.4)

and let y be its sequence of moments. Then, for any integer ¢ > dy,

[ f@)u(dz) = fTy, My(y) = 0, yo = 1 and, as > pox2F/k! = %, the
constraint [ >0, % pu(dz) < ne™’ implies y70, < neM’. That is, y is
feasible for (7.5) and thus p}, > €; ar- This shows ph, > limyoc €

We now show the reverse inequality. For this we first note that if
y is feasible for (7.5), then max;<n k<i Yoke; < tneM® = o: and thus
max|q| <2t [Ya| < 0¢ (by Corollary 7.7). Moreover, for any s < t, |ya| < o
for |a| < 2s (since the restriction of y to RN2s is feasible for the program
(7.5) with s in place of t).

Say €y = fTy® . where y® is an optimum solution to (7.5) (which
is attained by (i)). Define §® = (y®,0...0) € RY" and §® € RY" by
yﬂ(xt) = gS)/as if 2s — 1 < |a| < 25, s > 0. Thus each §* lies in the
compact set [—1,1]¥". Hence there is a converging subsequence (§));>,
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converging say to § € [—1,1]N". In particular, lim;_,. gﬁfl) = for all
a. Define y* € RN by yr = 040 for 2s — 1 < |a| < 2s, s > 0. Then
lim; 00 gﬁf” = y* for all a and lim;_, y(tl) = y* for all |a| < 2t;. From

this follows that M (y*) = 0, y5 = 1, and (y*)76, < neM” for any r > 0. In

particular, 77 S~ y%,ﬁl < neM* | which implies? > re o (Yoke,) V2R =
oo for all 4. That is, condition (7.2) holds and thus, by Theorem 7.4,
y* has a representing measure p. As p is feasible for (7. 4) this implies

why < ff p(dr) = ffy* = limy_oo fTy®) = limy_.o €, n- Hence we
find p3, < hmlﬁOo et M < lim; oo etM < py, and thus equahty holds
throughout, which shows (ii). a

We can now conclude the proof of Theorem 7.3. We begin with two
easy observations. First it suffices to show the existence of tg € N for which
f + €by, is a sum of squares (since this obviously implies that f + €6, is a
sum of squares for all ¢ > ty). Second we note that it suffices to show the
result for the case f™* > 0. Indeed, if f™" = 0, consider the polynomial
g := f + ne/2 with g™ = ne/2 > 0. Hence, for some to € N, g+ (¢/2)0s,
is a sum of squares. As (¢/2)(6y, — n) is a sum of squares, we find that
f+eb, =g+ (6/2)0s, + (¢/2)(0y, — n) is a sum of squares.

So assume f™i" > 0 and f™* > 1/M, where M is a positive integer.
By Proposition 7.11 (i), €, », > pj, — 1/M > f™* —1/M > 0 for some
integer ty. By Proposition 7.11 (i), we have €, = v — AnrneM”,
where Ay > 0 and f — var + Amb:,, =: ¢ is a sum of squares. Hence
f+Am0:,, = g+ is a sum of squares, since vy = n)\MeM2 +er,m = 0.
Moreover, evaluating at the point 0, we find f(0) —yar + Ayn = ¢(0) > 0,
Le. f(O)— fming foim—er o — ApneM” 4 Ay > 0. As fmin — Gy <

1/M, this implies Ay < WM Therefore, limp; oo Ay = 0. We

Z\/I2_1)
can now conclude the proof: Given € > 0, choose M in such a way that
fmin > 1/M and Ay < e. Then f + €y, is a sum of squares.

We refer to [69], [77] for further approximation results by sums of
squares for polynomials nonnegative on a basic closed semialgebraic set.

7.2. Unconstrained polynomial optimization. In this section we
come back to the unconstrained minimization problem (1.3) which, given
a polynomial p € R[x], asks for its infimum p™" = inf,cgn p(z). There
is quite a large literature on this problem; we sketch here only some of
the methods that are most relevant to the topic of this survey. We first
make some general easy observations. To begin with, we may assume that
deg(p) =: 2d is even, since otherwise p™" = —oco. Probably the most
natural idea is to search for global minimizers of p within the critical points
of p. One should be careful however. Indeed p may have infinitely many

2Indeed if a;, > 0, C > 1 satisfy a;, < Ck! for all k > 1, then a;, < CkF, implying
alzl/% >C~ 1/2]‘/\/E and thus Zk>1 71/2]‘ = 00
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global minimizers, or p may have none! The latter happens, for instance,
for the polynomial p = x? + (x1x2 — 1)?; then for € > 0, p(e,1/€) = €2
converges to 0 as € — 0, showing p™™ = 0 but the infimum is not attained.
Next, how can one recognize whether p has a global minimizer? As observed
by Marshall [88], the highest degree homogeneous component of p plays an
important role.

LEMMA 7.12. [88] For a polynomial p € R[x], let p be its highest
degree component, consisting of the sum of the terms of p with mazimum
degree, and let ﬁgli“ denote the minimum of p over the unit sphere.

(i) If p2in < 0 then p™" = —o0.
(ii) If p2™ > 0 then p has a global minimizer. Moreover any global min-

imizer ¢ satisfies ||x|| < max (1, ﬁg% 21<al<deg(p) |pa|).

Proof. (i) is obvious. (ii) Set deg(p) =: d, p = p + g, where all
terms of g have degree < d — 1. If p™" = p(0), 0 is a global mini-
mizer and we are done. Otherwise let z € R™ with p(z) < p(0). Then,
plx) < glz) — p(0) < Zlg|a\gd_1 [pal[z|.  Combined with p(z) =
pla/lliDllzl® = pg™ )¢, and |z < fafl!if 2] > 1, this gives

1
ol < max (st oy caes IPals1)- 0
No conclusion can be drawn when ﬁgli“ = 0; indeed p may have a

minimum (e.g. for p = x3x3), or a finite infimum (e.g. for p = x? +
(x1x2 — 1)?), or an infinite infimum (e.g. for p = x3 + x2).

We now see how we can apply the general relaxation scheme from
Section 6 to the problem (1.3). As there are no constraints, we find just
one lower bound for p™in:

SOS mom SOS

PO = pio™ = pis = po™ < p™ for all t > d,

with equality pi>*® = p™0 if and only if p — p™" is a sum of squares.
Indeed, p;*® = pi° since the degree of a sum of squares decomposition of
p—p (p € R) is bounded by 2d. Moreover, as (6.3) is strictly feasible, the
supremum is attained in (6.2), there is no duality gap, i.e. pj®® = pi°o™,
and pi® = p™n if and only if p — p™ is a sum of squares. Therefore, if
p — p™ is a sum of squares, the infimum p™™ of p can be found via the
semidefinite program (6.3) at order ¢ = d. Otherwise, we just find one lower
bound for p™™. One may wonder when is this lower bound nontrivial, i.e.,
when is p§?® # —oo, or in other words when does there exist a scalar p
for which p — p is a sum of squares. Marshall [89] gives an answer which

involves again the highest degree component of p.

PROPOSITION 7.13. [89] Let p € R[x|24, D its highest degree compo-
nent, and X, o4 the cone of homogeneous polynomials of degree 2d that are
sums of squares.
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(1) If p5°® # —oo then p is a sum of squares, i.e. p € Xy, 24.
(i) If p is an interior point of 3y, 24 then p3*® # —oo.

For instance, Y7, x24, (3%, x2)? are interior points of 2, 24. See
[89] for details.

EXAMPLE 7.14. Here are some examples taken from [89]. For the
Motzkin polynomial p = pyr := x*y? + x%y* —3x%y? +1, p™" =0, p =
xty? + x%y?* is a sum of squares, and p5®> = —oo. Thus the necessary
condition from Proposition 7.13 is not sufficient.

For p=(x—y)?, p™" = p3° =0, and p = p lies on the boundary of
Xo.2. Thus the sufficient condition of Proposition 7.13 is not necessary.

For p = py +e(x8 +y%), where pyy is the Motzkin polynomial, p™" =
e/(1+e), pe = xy? + x2y* + (x® + yO) is an interior point of 3. Thus
P # —oo. Yetlimeopi% = —oo for otherwise pyr + p would be a sum

of squares for some p (which is not possible, as observed in Example 3.7).

Thus arises naturally the question of designing alternative relaxation
schemes to get better approximations for p™*. A natural idea is to try
to transform the unconstrained problem (1.3) into a constrained problem.
We now start with the most favourable situation when p has a minimum
and moreover some information is known about the position of a global
minimizer.

Assume p attains its minimum and one can locate a global
minimizer. If p attains its minimum and if some bound R is known on
the Euclidian norm of a global minimizer, then (1.3) can be reformulated
as the constrained minimization problem over the ball

p™in = pPall.— min p(x) s.t. fo < R (7.7)
i=1

We can now apply the relaxation scheme from Section 6 to the semial-
gebraic set K = {z | >°I" 22 < R?} which obviously satisfies Putinar’s
ball min

assumption (3.15); thus the moment/SOS bounds converge to p**' = p
This approach seems to work well if the radius R is not too large.

What if no information is known about the norm of a global
minimizer? Nie, Demmel and Sturmfels [99] propose an alternative way of
transforming (1.3) into a constrained problem when p attains its infimum.
Define the gradient ideal of p

dp
8171'

ad ._ -
TEred = ( (i = 1,...,n)), (7.8)
as the ideal generated by the partial derivatives of p. Since all global
minimizers of p are critical points, i.e. they lie in VR(Igrad), the (real)
gradient variety of p, the unconstrained minimization problem (1.3) can be
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reformulated as the constrained minimization problem over the gradient
variety

min __

grad = min p(:E) (7.9)

p ad
z€VR(Z5™)

p

Note that the equality p™™ = p&2d may not hold if p has no minimum.
E.g. for p = x3 + (1 —x1x2)?, p™™ = 0 while p&d = 1 as V¢ (Z8"*¢) = {0}.

We can compute the moments/SOS bounds obtained by applying the
relaxation scheme from Section 6 to the semialgebraic set Vi (Z84). How-
ever in general this set may not satisfy the assumption (3.15), hence we
cannot apply Theorem 6.8 (which relies on Theorem 3.20) to show the
asymptotic convergence of the moment/SOS bounds to p&d. Yet asymp-
totic convergence does hold and sometimes even finite convergence. Nie et
al. [99] show the representation results from Theorems 7.15-7.16 below,
for positive (nonnegative) polynomials on their gradient variety as sums of
squares modulo their gradient ideal. As an immediate application, there
is asymptotic convergence (moreover, finite convergence when I;‘;’rad is rad-
ical) of the moment/SOS bounds from the programs (6.3), (6.2) (applied
to the polynomial constraints dp/dx; =0 (i =1,...,n)) to the parameter
p&2d (hence to p™i" when p is assumed to attain its minimum).

THEOREM 7.15. [99] If p(x) > 0 for all x € VR(ZE*Y), then p is a sum
of squares modulo its gradient ideal Igrad, Qe p= S0+ >y 8i0p/0x;,
where s; € R[x] and s is a sum of squares.

THEOREM 7.16. [99] Assume I8 is a radical ideal and p(z) > 0
forallz e VR(Igrad). Then p is a sum of squares modulo its gradient ideal
I%rad, e, p= S0+ >, 80p/0x;, where s; € Rx| and so is a sum of
squares.

We postpone the proofs of these two results, which need some algebraic
tools, till Section 7.3. The following example of C. Scheiderer shows that
the assumption that I;‘;’wd is radical cannot be removed in Theorem 7.16.

EXAMPLE 7.17. Consider the polynomial p = x® +y8 +28 + M, where
M = x*y? + x?y* + 2% — 3x%y?z? is the Motzkin form. As observed earlier,
M is nonnegative on R? but not a sum of squares. The polynomial p is
nonnegative over R?, thus over VR(IZ%’”d), but it is not a sum of squares
modulo Igrad. Indeed one can verify that p — M/4 € Igrad and that M is
not a sum of squares modulo Z84 (see [99] for details); thus Z& is not
radical.

Let us mention (without proof) a related result of Marshall [89] which
shows a representation result related to that of Theorem 7.16 but under a
different assumption.

THEOREM 7.18. [89] Assume p attains its minimum and the matriz

n
(8163)% (x))l i is positive definite at every global minimizer x of p. Then
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p —p™" is a sum of squares modulo I%rad.

Summarizing, the above results of Nie et al. [99] show that the pa-
rameter p& can be approximated via converging moment/SOS bounds;
when p has a minimum, then p™* = p&'ad and thus p™™ too can be ap-
proximated.

How to deal with polynomials that do not have a minimum?
A first strategy is to perturb the polynomial in such a way that the per-
turbed polynomial has a minimum. For instance, Hanzon and Jibetean
[50], Jibetean [59] propose the following perturbation

n
Pe=p+ e(zxfd”)

i=1

if p has degree 2d, where € > 0. Then the perturbed polynomial p. has a
minimum (e.g. because the minimum of 3, x7%*2 over the unit sphere is
equal to 1/n¢ > 0; recall Lemma 7.12) and lim,_,q p™® = p™in,

For fixed € > 0, p™® = p&'ad can be obtained by minimizing p. over
its gradient variety and the asymptotic convergence of the moment/SOS
bounds to pg™d follows from the above results of Nie et al. [99]. Alter-
natively we may observe that the gradient variety of p. is finite. Indeed,
Ope/dx; = (2d + 2)x241 + 9p/dz;, where deg(dp/dx;) < 2d. Hence,
[Ve(Z84)| < dim R[x]/Z8™4 < (2d + 1)". By Theorem 6.15, we can con-
clude to the finite convergence of the moment/SOS bounds to pgrad = pmin,
Jibetean and Laurent [60] have investigated this approach and present nu-
merical results. Moreover they propose to exploit the equations defining
the gradient variety to reduce the number of variables in the moment re-
laxations.

Hanzon and Jibetean [50] and Jibetean [59] propose in fact an ex-
act algorithm for computing p™". Roughly speaking they exploit the fact
(recall Theorem 2.9) that the points of the gradient variety of p. can be
obtained as eigenvalues of the multiplication matrices in the quotient space
Rx] /ngad and they study the behaviour of the limits as ¢ — 0. In partic-
ular they show that when p has a minimum, the limit set as ¢ — 0 of the
set of global minimizers of p. is contained in the set of global minimizers
of p, and each connected component of the set of global minimizers of p
contains a point which is the limit of a branch of minimizers of p.. Their
method however has a high computational cost and is thus not practical.

Schweighofer [133] proposes a different strategy for dealing with the
case when p has no minimum. Namely he proposes to minimize p over the

following semialgebraic set
n ap 2 n )
c )1 <1
(2 (@) ) () =1}

K2

Kvp = {,T e R"”
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which contains the gradient variety. Schweighofer [133] shows that, if
p™in > —o0, then p™in = inf ek, p(x). Moreover, he shows the following
representation theorem, thus leading to a hierarchy of SOS/moment ap-
proximations for p™, also in the case when the infimum is not attained;
the result holds under some technical condition, whose precise definition

can be found in [133].

THEOREM 7.19. [133] Assume p™™ > —oo. Furthermore assume that,
either p has only isolated singularities at infinity (which is always true if
n=2), or Ky, is compact. Then the following assertions are equivalent.

(i) p >0 on R™;

(i) p >0 on Kyp;
(i11) Ye > 0 dsg,s1 €X p+e=s0+ 81 (1 — (X, (0p/0z:)) (>, xf))

7.3. Sums of squares over the gradient ideal. We give here the
proofs for Theorems 7.15 and 7.16 about sums of squares representations
modulo the gradient ideal, following Nie et al. [99] (although our proof
slightly differs at some places). We begin with the following lemma which
can be seen as an extension of Lemma 2.3 about existence of interpolation
polynomials. Recall that a set V' C C"™ is a variety if V = Ve ({p1,...,ps})
for some polynomials p; € C[x]. When all p;’s are real polynomials, i.e.
pi €ER[x],then V=V :={0|veV}ie veVavecV.

LEMMA 7.20. Let Vi,...,V, be pairwise disjoint varieties in C™ such
that V; =V :={v |v € V;} for all i. There exist polynomials py,...,p, €
R[x] such that p;(V;) = 8;; fori,5 = 1,...r; that is, p;(v) =1 ifv €V
and pi(v) =0 if v €V (j £1).

Proof. The ideal Z; := Z(V;) C C[x] is radical with V¢(Z;) = V;. We
have Ve (Zi + ;.4 Z;5) = Ve (i) N Ve L) = Ve(Zi) N (U2 Ve(Z5)) =
Vi (U, V) = 0. Hence, by Hilbert’s Nullstellensatz (Theorem 2.1 (i)),
1 € Zi + ;4 Zj; say 1 = ¢; + pi, where ¢; € Z; and p; € (), Z;. Hence
pi(Vj) = 0i; (since g; vanishes on V; and p; vanishes on Vj for j # 4). As
V; =V, for all i, we can replace p; by its real part to obtain polynomials
satisfying the properties of the lemma. d

A variety V' C C" is irreducible if any decomposition V' = V; U V5,
where Vi, V5 are varieties, satisfies Vi1 = V or V5, = V. It is a known
fact that any variety can be written (in a unique way) as a finite union
of irreducible varieties (known as its irreducible components) (see e.g. [21,
Chap. 4]). Let Ve (Z8™4) = Ulel V; be the decomposition of the gradient
variety into irreducible varieties. The following fact is crucial for the proof.

LEMMA 7.21. The polynomial p is constant on each irreducible com-
ponent of its gradient variety Vo (Zgrad).
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Proof. Fix an irreducible component V;. We use the fact® that V;
is connected by fintely many differentiable paths. Given z,y € V;, as-
sume that there exists a continuous differentiable function ¢ : [0,1] — V;
with ¢(0) = x and (1) = y; we show that p(x) = p(y), which will im-
ply that p is constant on V;. Applying the mean value theorem to the
function ¢ — g¢(t) := p(p(t)), we find that g(1) — g(0) = ¢'(t*) for some

€ (0,1). Now g(t) = 3, pa(t)*, ¢'(t) = 3, pa(Xi; cigh (1) £5) =
Sy S (1)) (), which implies ¢'(t*) = 0 as @(t*) € Vi C Ve (Tg™?).
Therefore, 0 = g(1) — g(0) = p(y) — p(x). O

We now group the irreducible components of V¢ (I%rad) in the follow-
ing way:

Ve(ZE*) = Wo UWL U...UW,,

where Wo = U1 ecr Vi (thus Wo N R™ = 0), p takes a constant
value a; on each W; (i = 1,...,7), and ay,...,a, are all distinct. Then,
Wo, Wh,..., W, are pairwise disjoint, ai,...,a, € R, and W; = W; for
0 < i < r. Hence we can apply Lemma 7.20 and deduce the existence of
polynomials pg, p1, ..., pr € R[x] satisfying p;(W;) = 6; ; for i,5 =0,...,7.
LEMMA 7.22. p = 59 modulo Z(Wy), where sq is a sum of squares.

Proof. We apply the Real Nullstellensatz (Theorem 2.1 (ii)) to the
ideal 7 := Z(Wp) C R[x]. As Vg(Z) = Wy NR™ = ), we have VZ =
Z(Ve(Z)) = R[x]. Hence, —1 € V/Z; that is, —1 = s + ¢, where s is a sum
of squares and ¢ € Z. Writing p = p1 — p2 with p1, ps sums of squares,

we find p = p1 + sp2 + p2g, where sg := p; + sp2 is a sum of squares and
p2q € T =T (Wy). a

We can now conclude the proof of Theorem 7.16. By assumption,
p is nonnegative on VR(Zgrad). Hence, the values aq,...,a, taken by p
on Wiy,...,W, are nonnegative numbers. Consider the polynomial g :=
sop3 + 2:21 a;p?, where po,pi,...,p, are derived from Lemma 7.20 as
indicated above and sg is as in Lemma 7.22. By construction, ¢ is a sum of
squares. Moreover, p — q vanishes on V¢ (I;‘;’rad) =WouWiU...UW,, since
q(z) = so(x) = p(z) for x € Wy (by Lemma 7.22) and ¢(z) = a; = p(x)
forx e W; (i = 1,...,r). As Zgrad is radical, we deduce that p — q €
Z(Ve(Zgad)) = 784, which shows that p is a sum of squares modulo Z§"
and thus concludes the proof of Theorem 7.16.

We now turn to the proof of Theorem 7.15. Our assumption now
is that p is positive on VR(Igrad); that is, a1,...,a, > 0. Consider a

3This is a nontrivial result of algebraic geometry; we thank M. Schweighofer for
communicating us the following sketch of proof. Let V' be an irreducible variety in C™.
Then V is connected with respect to the usual norm topology of C™ (see e.g. [136]).
Viewing V as a connected semialgebraic set in R2", it follows that V is connected by a
semialgebraic continuous path (see e.g. [14]). Finally, use the fact that a semialgebraic
continuous path is piecewise differentiable (see [151, Chap. 7, 2, Prop. 2.5.]).
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primary decomposition of the ideal Z8™4 (see [21, Chap. 4]) as Z8™d =

ﬂ:zlfh. Then each variety Vi(Zp) is irreducible and thus contained in
W; for some ¢ = 0,...,r. For i = 0,...,r, set J; := mh\vc(zh)gwi Iy.
Then, Igrad =JoNTAN...NT, with Vo(J;) = W, for 0 < i <r. As
Ve(Ti + J5) = Ve(T) NVe(T;) = W n W, = 0, we have J; + J; = R[x]
for ¢ # j. The next result follows from the Chinese reminder theorem, but
we give the proof for completeness.

LEMMA 7.23. Given sq, ..., s, € R[], there exists s € R[x] satisfying
s—8 €T (i=0,...,1). Moreover, if each s; is a sum of squares then s
too can be chosen to be a sum of squares.

Proof. The proof is by induction on r > 1. Assume first » = 1. As
Jo+Jh = R[x], 1 = up+u; for some ug € Jo, u1 € J1. Set s := udsy +u?so;
thus s is a sum of squares if sg, s are sums of squares. Moreover, s — sg =
usy + so(ud — 1) = us1 — ug(ur + 1)so € Jo. Analogously, s — s1 € J1.

Let s be the polynomial just constructed, satisfying s — s¢o € Jy and
s —s1 € J1. Consider now the ideals Jo N J1, Jo, ..., Jr. As (JoNJ1) +
J: = R[x] (i > 2), we can apply the induction assumption and deduce the
existence of t € R[x] for which t—s € JoNJ1, t—s; € J; (¢ > 2). Moreover,
t is a sum of squares if s, s2,...,s, are sums of squares, which concludes
the proof. d

The above lemma shows that the mapping

R[x]/Zg*d =R[x]/ N_g Ji — [Ti—o R/ 7
s mod Z§d — (s; mod J|li=0,...,7)
is a bijection. Moreover if, for all ¢ = 0,...,7, p — s; € J; with s; sum

of squares, then there exists a sum of squares s for which p — s € Igrad.
Therefore, to conclude the proof of Theorem 7.15, it suffices to show that
p is a sum of squares modulo each ideal J;. For i =0, as Vg(Jp) = 0, this
follows from the Real Nullstellensatz (same argument as for Lemma 7.22).
The next lemma settles the case i > 1 and thus the proof of Theorem 7.15.

LEMMA 7.24. p is a sum of squares modulo J;, fori=1,...,r.

Proof. By assumption, p(z) = a; > 0 for all z € V¢(J;) = W;. Hence
the polynomial u := p/a; — 1 vanishes on V¢ (J;) and thus u € Z(Ve (7)) =
V/J;; that is, using Hilbert’s Nullstellensatz (Theorem 2.1 (i)), u™ € J;
for some integer m > 1. The identity

m—1 2
1+u= (Z (1£2> uk> + qu™ (7.10)
k=0

(where ¢ € Spang(u’ | i > 0)) gives directly that p/a; = 1+ u is a

2
sum of squares modulo ;. To show (7.10), write ( i (122)1;’“) =
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2520—2 cjul, where ¢; == Y, (/%) (ﬂi) with the summation over k sat-
isfying max(0,57 — m + 1) < k < min(j,m — 1). We now verify that
cj = 1for j = 0,1 and ¢;j = 0 for j = 2,...,m — 1, which implies
(7.10). For this fix 0 < j < m — 1 and consider the univariate polyno-
mial g; == 37 _, (}) (jjh) - (2;‘) € R[t]; as g; vanishes at all t € N, g; is
identically zero and thus g;(1/2) = 0, which gives ¢; = (;) for j <m —1,
ie.co=ci=1landc;=0for2<j<m-—1. O

8. Exploiting algebraic structure to reduce the problem size.
In the previous sections we have seen how to construct moment/SOS ap-
proximations for the infimum of a polynomial over a semialgebraic set.
The simplest instance is the unconstrained minimization problem (1.3) of
computing p™" (= inf,egn p(x)) where p is a polynomial of degree 2d,

mom

its moment relaxation p°™ (= infpTy s.t. Ma(y) = 0, yo = 1), and its
SOS relaxation p5*® (= supp s.t. p — p is a sum of squares). Recall that
pg™ = p¥*. To compute pij'°™ = p°’ one needs to solve a semidefinite
program involving a matrix indexed by N}, thus of size (";d). This size
becomes prohibitively large as soon as n or d is too large. It is thus of
crucial importance to have methods permitting to reduce the size of this
semidefinite program. For this one can exploit the specific structure of the
problem at hand. For instance, the problem may have some symmetry,
or may have some sparsity pattern, or may contain equations, all features
which can be used to reduce the number of variables and sometimes the
size of the matrices involved. See e.g. Parrilo [106] for an overview about
exploiting algebraic structure in SOS programs. Much research has been
done in the recent years about such issues, which we cannot cover in detail

in this survey. We will only treat certain chosen topics.

8.1. Exploiting sparsity.

Using the Newton polynomial. Probably one of the first results
about exploiting sparsity is a result of Reznick [118] about Newton poly-

topes of polynomials. For a polynomial p = Z‘a|<dpaxo‘, its Newton
polytope is defined as -

N(p) := conv(a € Nj; | po # 0).

Reznick [118] shows the following properties for Newton polytopes.
THEOREM 8.1. [118] Given p,q, f1,..., fm € R[x].
(i) N(pq) = N(p)+ N(q) and, if p,q are nonnegative on R™ then N(p) C
Np+a).
(i) Ifp=>25_, fj2, then N(f;) € AN (p) for all j.
(iii) N(p) C conv(2a | p2o > 0).
We illustrate the result on the following example taken from [106].
EXAMPLE 8.2. Consider the polynomial p = (x} + 1)(x3 + 1)(x3 +
1)(x3 + 1) + 2x3 + 3x2 + 4x3 + 5x4 of degree 2d = 16 in n = 4 variables.
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Suppose we wish to find a sum of squares decomposition p = > j ff A
priori, each f; has degree at most 8 and thus may involve the 495 = (418)
monomials x® with |a| € N3. The polynomial p is however very sparse; it
has only 20 terms, thus much less than the total number 4845 = (4‘{616) of
possible terms. As a matter of fact, using the above result of Reznick, one
can restrict the support of f; to the 81 monomials x* with a € {0, 1, 214,
Indeed the Newton polytope of p is the cube [0,4]*, thus N (p) = [0,2]*

and N* N $N(p) = {0,1,2}*.

Kojima, Kim and Waki [61] further investigate effective methods for
reducing the support of polynomials entering the sum of square decompo-
sition of a sparse polynomial, which are based on Theorem 8.1 and further
refinements.

Structured sparsity on the constraint and objective poly-
nomials. We now consider the polynomial optimization problem (1.1)
where some sparsity structure is assumed on the polynomials p, g1, ..., gm.
Roughly speaking we assume that each g; uses only a small set of variables
and that p can be separated into polynomials using only these small speci-
fied sets of variables. Then under some assumption on these specified sets,
when searching for a decomposition p = sg + Z;nzl s;9; with all s; sums
of squares, we may restrict our search to polynomials s; using again the
specified sets of variables. We now give the precise definitions.

For aset I C {1,...,n}, let x; denote the set of variables {x; | i € I}
and R[x;] the polynomial ring in those variables. Assume {1,...,n} =
I, U...U I where the I}’s satisfy the property

Vhe{l,...,k—1} Ire{l,....h} IhyNn(LU...Ul) CI,. (81)

Note that (8.1) holds automatically for k& < 2. We make the following
assumptions on the polynomials p, g1,..., gm:

k
p= th where pp, € Rixy,] (8.2)
h=1
{1,...om}=J1U...UJ; and g; € R[xp, | forj € Jy, 1<h<k. (83)

REMARK 8.3. If I, ..., Ix are the maximal cliques of a chordal graph,
then k < n and (8.1) is satisfied (after possibly reordering the I’s) and is
known as the running intersection property. Cf. e.g. [12] for details about
chordal graphs. The following strategy is proposed in [153] for identifying
a sparsity structure like (8.2)-(8.3). Define the (correlative sparsity) graph
G = (V,E) where V := {1,...,n} and there is an edge ij € E if some term
of p uses both variables x;,x;, or if both variables x;,x; are used by some
g1 (I =1,...,m). Then find a chordal extension G’ of G and choose the
maximal cliques of G’ as I,..., Ii.
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EXAMPLE 8.4. For instance, the polynomials p = x2xox3 + X3%3 +
X3X5 + X6, g1 = X1Xz — 1, g2 = X§ +XoX3 — 1, g3 = X2 + X3X4, g4 =
X3 + X5, g5 = X3Xg6, g6 = XaX3 satisfy conditions (8.2), (8.3) after setting
L ={1,2,3}, I, ={2,3,4}, Is = {3,5}, I, = {3,6}.

ExXAMPLE 8.5. The so-called chained singular function: p =
Z? 13 (XZ + 10X1+1) + 5(Xi+2 — Xi+3)2 + (Xi+1 - 2X1‘+2)4 + 1O(Xz — 1OXZ+3)
satisfies (8.2) with I, = {h,h+1,h+2,h+3} (h=1,...,n—3). Cf. [153]
for computational results.

Let us now formulate the sparse moment and SOS relaxations for
problem (1.1) for any order ¢ > max(dp,dg,,...,dy,. ). For a € N, set
supp(a) ={i € {1,...,n} | a; > 1}. For t € N and a subset I C {1,...,n}
set A := {a € N7 | supp(a) C I}. Finally set A; := UF_ A{". The sparse
moment relaxation of order ¢ involves a variable y € R*2¢, thus having en-
tries yo only for a € N3, with supp(«) contained in some Ij; moreover, it
involves the matrices M;(y, Iy,), where M (y, I1,) is the submatrix of M;(y)
indexed by AtI ". The sparse moment relaxation of order ¢ reads as follows

pro =inf pTyst.  yo=1, My(y,Ip) =0 (h=1,....k) (8.4)
Mi—q, (9;9,1n) = 0 (j € Jp,h =1,....k) -
where the variable y lies in R22¢. The corresponding sparse SOS relaxation
of order ¢ reads

SOS

k
:=suppst. p—p= Zth (Uh + ZJ—GJ}T Ujhgj)

b
up, ujp, (j € Jp) sums of squares in R[xzp] (8.5)
deg(up), deg(ujng;) <2t (h=1,...,k).
Obviously,

ptOb < pmom < pmln pt om < pIIlOIIl7 ptoza < p

The sparse relaxation is in general weaker than the dense relaxation. How-
ever when all polynomials py, g; are quadratic then the sparse and dense
relaxations are equivalent (cf. [153, §4.5], also [98, Th. 3.6]). We sketch
the details below.

LEMMA 8.6. Assume p = ZZ:M% where py, € R[xy, | and the sets Iy,
satisfy (8.1). If deg(pn) < 2 for all h and p is a sum of squares, then p has
a sparse sum of squares decomposition, i.e. of the form

[
B

sy where sp, € R[xy, ] and sp, is SOS. (8.6)
h=1

Proof. Consider the dense/sparse SOS/moment relaxations of order 1

of the problem mingeg» p(z), with optimum values p5°s, pom™, piosv pinom
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The strict feas1b1hty of the moment relaxations implies that pi® = p™

pﬁos = pﬁnom the optimum is attained in the dense/sparse SOS relaxatlons
p S SOS <= pi®® > 0, and p has a sparse SOS decompos1t10n (8.6) —

plob > 0. Thus it suffices to show that pyro™ < pmom. For this let y be
feasible for the program defining pmom, ie. yo =1, Mi(y,I) = 0 for all
h =1,...,k. Using a result of Grone et al. [44] (which claims that any
partial positive semidefinite matrix whose specified entries form a chordal
graph can be completed to a fully specified positive semidefinite matrix),
we can complete y to a vector § € RN satisfying M;(j) > 0. Thus 7 is
feasible for the program defining pi"°™, which shows p*°™ < ]{nﬁl d

COROLLARY 8.7. Consider the problem (1.1) and assume that (8.1),
(8 2), (8.3) hold. If all py,g; are quadratic, then pJ"°™ = W’L and p3°® =

SOS

P

Proof. Assume y is feasible for the program defining Wn; that is,
Yo =1, Mi(y,In) = 0 (h =1,...,k) and (gjy)O(: Za(gj)aya) >0 (.7 =
1,...,m). Using the same argument as in the proof of Lemma 8.6 we can
complete y to § € RN such that M () = 0 and thus § is feasible for the
program defining p"°™, which shows pj*o™ < ]{nﬁl Assume now p € R
is feasible for the program defining pi°®; that is, p — p = so + E;n:l 5i0;
where s is a sum of squares in R[x] and s; € R;. Now the polynomial
p—p—zgnzl s;jg; is separable (i.e. can be written as a sum of polynomials in
R[xy,]); hence, by Lemma 8.6, it has a sparse sum of squares decomposition,
of the form Zh 1 Sp with 1 sh € R[xy,] SOS. This shows that p is feasible
for the program defining pSOS, giving the desired inequality pi® < pSOS a

EXAMPLE 8.8. We give an example (mentioned in [98, Ex. 3.5])
showing that the result of Lemma 8.6 does not hold for polynomials of
degree more than 2. Consider the polynomial p = p; + p2, where p; =
x] + (xle - 1)2 and ps = x3x3 + (x3 — 1)2. Waki [152] verified that
0= SOS < pioS = pmin ~ 0.84986.

Wak1 et al. [153] have implemented the above sparse SDP relax-
ations. Their numerical results show that they can be solved much
faster than the dense relaxations and yet they give very good approxi-
mations of pmi“ Lasserre [72, 74] proved the theoretical convergence, i.e.
lim; oo pbos = lim; o pj-‘?“ = p™in under the assumption that K has a
nonempty interior and that a ball constraint Rh Y i 7, Xi = 0 is present
in the description of K for each h = 1,...,k. Kojima and Muramatsu [62]
proved the result for compact K with possibly empty interior. Grimm,
Netzer and Schweighofer [43] give a simpler proof, which does not need the
presence of ball constraints in the description of K but instead assumes that
each set of polynomials g; (j € Jj,) generates an Archimedean module.

THEOREM 8.9. [43] Assume that, for each h =1,... k, the quadratic
module My, := M(g; | j € Jn) generated by g; (j € Jn) is Archimedean.
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Assume that (8.1) holds and that p,g1,...,g9m satisfy (8.2), (8.3). If p
is positive on the set K = {z € R™ | g;(z) > 0 (j = 1,...,m)}, then
peM;+...+My; that is, p = 2221 (uh + Zje]h Ujhgj), where up, ujp,
are sums of squares in R[xy, ].

Before proving the theorem we state the application to asymptotic
convergence.

COROLLARY 8.10. Under the assumptions of Theorem 8.9, we have

lim; oo thf?g = limy o Wn = pmin.

Proof. Fix € > 0. As p — p™" + ¢ is positive on K and satisfies (8.2),
we deduce from Theorem 8.9 that p — p™* + ¢ € 2221 M;,. Thus p™i* — ¢
is feasible for (8.5) for some ¢t. Hence, for every € > 0, there exists t € N
with p™in — ¢ < pfoS < p™in. This shows that lim;_, o, pj° = pmom. O

Proof of Theorem 8.9. We give the proof of [43] which is elementary
except it uses the following special case of Schmiidgen’s theorem (Theorem
3.16): For p € R[x],

p>0on {z] RQ—Z 27 >0}=3s0,5, €Y p= so+sl(R2—Z x?). (8.7)
i=1 =1
We start with some preliminary results.

LEMMA 8.11. Let C' C R be compact. Assume p =py+ ...+ pr where
pn € R[xp,] (h=1,...,k) andp >0 on C™. Then p= f1+...+ fr where
frn €R[xy,] and fr, >0 on CTv (h=1,...,k).

Proof. We use induction on k£ > 2. Assume first k = 2. Let ¢ > 0 such
that p = p; + p2 > € on C". Define the function F on R11"/2 by

F(y):= min pi(z,y) — € for y € RNz,
xeCTi\I2 2

The function F is continuous on C11™'2. Indeed for y,y’ € C1*™2 and
x,x’ € C'\2 minimizing respectively p;(x,y) and p;i(2’,y'), we have

|F(y) — F(y')| < max(|p1(z,y) — p1(z,y")], [p1(a’, y) — pr(a’,9")]),

implying the uniform continuity of F' on C'*"2 since p; is uniform contin-
uous on C1. Next we claim that

p1(z,y)—F(y) > =, pa(y, 2)+F(y) > %Vw € RNV y e RhN2 5 ¢ RV

N

The first follows from the definition of F'. For the second note that pa(y, z)+
F(y) = pa(y,2) + pi(z,y) — § (for some z € C1\2), which in turn is
equal to p(x,y,2) — § > € — 5 = §. By the Stone-Weierstrass theorem, F
can be uniformly approximated by a polynomial f € R[xy,~y,] satisfying



250 MONIQUE LAURENT

|F(y) — f(y)| < £ forall y € 1™z Set f1 :=p1 — f and fo := p2 + f.
Thus p = f1 + fo; f1 > 0 on C since fi(z,y) = pi(x,y) — f(y) =
pr(@, ) — F(y) + P(y) — f(5) = § — 5 = % fo> 0 on C* since faly, 2) =
pa(y,2) + f(y) = p2(y,2) + Fy) + f(y) — F(y) > § — ¢ = §. Thus the
lemma holds in the case k = 2.

Assume now k > 3. Write [ := Uﬁ;}]h, pi=p1+...+pr—1 € Rxj],
so that p = p + fx. By the above proof, there exists f € R[xzq;, | such
that 5 — f > 0 on Cf and p, + f > 0 on CT+. Using (8.1), it follows that
InI, C Iy, for some hg < k— 1. Hence f € R[x;ho] NR[xs, ] and p — f
is a sum of polynomials in R[xy,] (h =1,...,k —1). Using the induction
assumption for the case k — 1, we deduce that p — f = f1 + ... + fr—1
where f, € R[xz,] and f, > 0 on C!* for each h < k — 1. This gives
p=p+pxr=p—f+f+pr=fi+...+ fe—1 + f + pr which is the desired
conclusion since f + pr € R[xs, ] and f + pr > 0 on CF*. a

LEMMA 8.12. Assumep = p1 + ...+ pr where pp, € Rixy,] andp >0
on the set K. Let B be a bounded set in R™. There exist t € N, A € R with
0 < A <1, and polynomials f, € R[xy,] such that fr, >0 on B and

p:Z(l—/\gj)2tgj+f1—l—...+fk. (88)

Jj=1

Proof. Choose a compact set C C R such that B C C™ and choose
A€ Rsuchthat 0 < A <1and Ag;(z) <lforallzeC"andj=1,...,m.
For t € N set

(1= Agj)*g;.
1

Ft =p—

m
Jj=

Obviously Fy < Fiyq on C™. First we claim
Vo e C" 3t € N* Fi(z) > 0. (8.9)

We use the fact that (1—\g;(z))* g;(x) goes to 0 as t goes to oo if g;(z) > 0,
and to oo otherwise. If z € K then lim;_,o Fi(x) = p(z) and thus Fy(z) > 0
for ¢ large enough. If z € C™ \ K then lim;_. Fi(z) = oo and thus
F,(z) > 0 again for ¢ large enough. This shows (8.9). Next we claim

JteNVzeC" F(z) > 0. (8.10)

By (8.9), for each € C™ there exists an open ball B, containing z and
t, € N such that F;, > 0 on B,. Thus C" C UzecnB,. As C" is compact,
we must have C" C B, U...U B, for finitely many x;. As F; > 0 on
B, for all t > t,,, we deduce that F; > 0 on C" for all t > max;—1,.. N tg,,
which shows (8.10). Hence we have found the decomposition p = 7" | (1~
Agj)*g; + F; where Fy > 0 on C™. As F, is a sum of polynomials in
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R[xy,] and F; > 0 on C™, we can apply Lemma 8.11 and deduce that
F, = fi+ ...+ fr where f, € Rjx,] and f, > 0 on C» and thus on B.
Thus (8.8) holds. a

We can now conclude the proof of Theorem 8.9. As each module M},
is Archimedean, we can find R > 0 for which R* =, I x2 € My, for each
h=1,...,k. By assumption, p > 0 on K. We apply Lemma 8.12 to the
closed ball B in R™ of radius R. Thus we find a decomposition as in (8.8).
As fj, > 0 on B we deduce that f, € My, using (8.7). Finally observe that
S (1= Agj)*g; = Soh_y un where up = Y, (1= Ag;)*g; € My,
This concludes the proof of Theorem 8.9.

Extracting global minimizers. In some cases one is also able to
extract global minimizers for the original problem (1.1) from the sparse
SDP relaxation (8.4). Namely assume y is an optimum solution to the
sparse moment ralaxation (8.4) and that the following rank conditions hold:

rank M (y, In) = rank Ms_,, (v, In) Vh=1,...,k, (8.11)
rank My (y, I N Ip) =1Vh# KW =1,....k with I, NI, #0, (8.12)

setting ap, := max;e s, dg;. Then we can apply the results from Sections 5.2,
6.6 to extract solutions. Namely for each h < k, by (8.11), the restriction

of y to RAQJ has a unique representing measure with support A" C R’».
Moreover, by (8.12), if Iy, N I, # (), then the restriction of y to RA T
has a unique representing measure which is a Dirac measure at a point
z(hh') ¢ RInOInr Therefore, any (") € AP, ™) € A" coincide on Ij, NIy,
Eh) = a:z(-h/) = :rz(-hh/) for ¢ € I N Ij,. Therefore any point z* € R”
obtained by setting z} := :rz(-h) (i € I,) for some z") € A" is an optimum
solution to the original problem (1.1). The rank conditions (8.11)-(8.12)
are however quite restrictive.

Here is another situation when one can extract a global minimizer;
namely when (1.1) has a unique global minimizer. Assume that for all ¢
large enough we have a near optimal solution y® to the sparse moment
relaxation of order ¢; that is, y® is feasible for (8.4) and pTy(®) < pmom, 4

1/t. Lasserre [72] shows that, if problem (1.1) has a unique global minimizer

x*, then the vectors (yg))?:l converge to the global minimizer x* as t goes

to oo.

ie. x

SparsePOP software. Waki, Kim, Kojima, Muramatsu, and Sug-
imoto have developed the software SparsePOP, which implements the
sparse moment and SOS relaxations (8.4)-(8.5) proposed in [153] for
the problem (1.1). The software can be downloaded from the website
http://www.is.titech.ac.jp/ kojima/SparsePOP/.

We also refer to [153] where another technique is proposed, based on
perturbing the objective function in (1.1) which, under some conditions,
permits the extraction of an approximate global minimizer.
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For a detailed presentation of several examples together with compu-
tational numerical results, see in particular [153]; see also [98], and [97] for
instances arising from sensor network localization (which is an instance of
the distance realization problem described in Section 1).

8.2. Exploiting equations. Here we come back to the case when the
semialgebraic set K is as in (2.5), i.e. there are explicit polynomial equa-
tions h; =0, ..., Ay, = 0 present in its decription. Let J := (h1, ..., hm,)
be the ideal generated by these polynomials. As noted in Section 6.2
one can formulate SOS/moment bounds by working in the quotient ring
R([x]/J, which leads to a saving in the number of variables and thus in the
complexity of the SDP’s to be solved. Indeed suppose we know a (linear)
basis B of R[x]/J, so that R[x] = Spang(B) & J. Then, for p € R[x],

p SOS mod J <= p=>,uf +q with u; € Spang(B),q € J. (8.13)

(This is obvious: If p =", f2 + ¢ with f, € R[x], g € J, write fi = u; + v
with u; € Spang(B) and v; € J, so that p = >, u? + ¢ after setting
q =g+ >,v} +2uuv € J.) Hence to check the existence of a SOS
decomposition modulo J, we can apply the Gram-matrix method from
Section 3.3 working with matrices indexed by B (or a subset of it) instead
of the full set of monomials. Moreover, when formulating the moment
relaxations, one can use the equations h; = 0 to eliminate some variables
within ¥y = (Ya)a- Let us illustrate this on an example (taken from [106]).

ExaMPLE 8.13. Suppose we want to minimize the polynomial p =
10 — x? — x5 over {(z,y) € R? | g1 := 2? + 23 — 1 = 0} (the unit circle). To
get a lower bound on p™i", one can compute the largest p for which p — p
is SOS modulo the ideal J = (x7 +x3 — 1). As B := {x},xox} | i > 0}
is a basis of R[x|/J (it is the set of standard monomials w.r.t. a graded
lex monomial ordering), one can first try to find a decomposition as in
(8.13) using only monomials in the subset {1,x;,x2} C B. Namely, find
the largest scalar p for which

T

1 a b ¢ 1
10-x2—x—p=[x1 b d e X1 mod J
Xo c e f Xo
X0

=a+ f+(d— f)x? +2bx; + 2cx2 + 2ex1x2  mod J

giving 10— p—x3 —Xg = a+ f + (d— f)x3 +2bx; +2cx2 + 2ex1x2. Equating
coefficients in both sides, we find

10—f—p 0 —1/2
X = 0 f—1 0
~1/2 0 f
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One can easily verify that the largest p for which X = 0is p = 35/4,
obtained for f = 1, in which case X = LTL with L = (—1/2 0 1),
giving p—35/4 = (x2 —1/2)?> mod J. This shows p™" > 35/4. Equality
holds since p(x1,x2) = 35/4 for (x1,22) = (£V7/2,—1/2).

On the moment side, the following program

1 w0 Yo1
inf 10 — yo0 — o1 S.t- | ¥10 Y20 w1t =0
Yor Y11 1 —y20

gives a lower bound for p™i". Here we have used the condition 0 = (g19)o0 =
Y20 + Yo2 — Yoo stemming from the equation x? + x3 — 1 = 0, which thus
permits to eliminate the variable yg2. One can easily check that the opti-
mum of this program is again 35/4, obtained for y190 = y11 = 0, yo1 = 1/2,
Y20 = 3/4.

The zero-dimensional case. When J is zero-dimensional, B is a
finite set; say B = {b1,...,bn} where N := dimR[x]/J > |Vc(J)|. For
convenience assume 3 contains the constant monomial 1, say by = 1. By
Theorem 6.15, there is finite convergence of the SOS/moment hierarchies
and thus problem (1.1) can be reformulated as the semidefinite program
(6.2) or (6.3) for t large enough. Moreover the SOS bound

SOS

=supps.t. p—p € M(g1,. .-, Gm, Thi, ..o, Ehing)
=suppst. p—p= Z;n:() sjg; mod J for some s; € ¥

p

can be computed via a semidefinite program involving N x N matrices in
view of (the argument for) (8.13), and p*°® = p™i" by Theorem 6.8, since
the quadratic module M(g1, ..., gm,Th1, ..., £hy,) is Archimedean as J
is zero-dimensional. Therefore, p*°® = pmom = pmin,

We now give a direct argument for equality p™°™ = p™™", relying
on Theorem 5.1 (about finite rank moment matrices, instead of Putinar’s
theorem) and giving an explicit moment SDP formulation for (1.1) using
N x N matrices; see (8.15). Following [81], we use a so-called combina-
torial moment matrix which is simply a moment matrix in which some
variables are eliminated using the equations h; = 0. For f € R[x], resg(f)
denotes the unique polynomial in Spang(B) such that f — resp(f) € J.
Given y € RY| define the linear operator L, on Spang(B) (~ R[x]/J) by
Ly(zzf\]:1 Aibi) == Ef;l Aiyi (A € RY) and extend L, to a linear operator
on R[x] by setting L, (f) := Ly(resg(f)) (f € R[x]). Then define the N x N
matrix Mp(y) (the combinatorial moment matriz of y) whose (7, j)th entry
is Ly (b;b;). Consider first for simplicity the problem of minimizing p € R[x]
over Vg(J), obviously equivalent to minimizing resg(p) over Vg(J). With
resg(p) := Zi\;l cib; where ¢ € RY | we have p(v) = [resp(p)](v) = (5.
Vv € Vi(J), after setting (5, := (b;(v))Y;. Hence

min

p™" = min p(z) =minc’y s.t. y € conv(Cr, | v € VR(T)). (8.14)
z€VR(JT)
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The next result implies a semidefinite programming formulation for (8.14)
and its proof implies p™o™ = pmin,

PROPOSITION 8.14. [81, Th. 14] A vector y € RY lies in the polytope
conv(Cp | v € VR(T)) if and only if Mg(y) = 0 and y1 = 1.

Proof. Let U denote the N x |N"| matrix whose ath column is
the vector containing the coordinates of resg(z®) in the basis B. De-
fine § := UTy € RY" with g, = L,(x*) Va € N". One can verify
that M(g) = UTMg(y)U, J C Ker M(3), and §'vec(p) = yTc with
resg(p) = Zf\il ¢;b;. Consider the following assertions (i)-(iv):

(i) y € Re(CBo | v € VR(J)); (i) Mp(y) = 0; (iii) M(§) = 0; and
(iv) g € Rp(G | v € VR(T)). Then, (i) = (ii) [since Mp(¢g,y) =
(B.wGh,y = O (i) = (iii) [since M(g) = U Mp(y)U; (iii) = (iv) [by
Theorem 5.1, since rank M (g) < oo as J € Ker M (g)]; and (iv) = (i),
because § = EUeVR(J) a,Cy =y = EUEVR(J) av(B,v [since Y aybi(v) =
>, apvec(b)T ¢, = vee(b)Tg = >, (bi)aLy(x*) = Ly(b;) = y;]. Finally,
as by = 1, yy = 1 means ) a, = 1, corresponding to having a convex
combination when a, > 0. a

Inequalities g; > O are treated in the usual way; simply add the con-
ditions Mg(gjy) = 0 to the system Mp(y) = 0, y1 = 1, after setting
g;y = Mp(y)c9) where resg(g;) = Zfil cz(-J)bi, ) = (67(2]))1']\;1' Summa-
rizing we have shown

p™ =min ly sty = 1, Mg(y) = 0, Mp(g;y) = 0 (Vj <m). (8.15)

This idea of using equations to reduce the number of variables has been
applied e.g. by Jibetean and Laurent [60] in relation with unconstrained
minimization. Recall (from Section 7.2, page 241) that for p € R[x]aq,
p™" = inf,cgn p(x) can be approximated by computing the minimum of p
over the variety Vi (J) with 7 := ((2d+2)z2 " +0p/0x; (i = 1,...,n)) for
small € > 0. Then J is zero-dimensional, B = {x® | 0 < o; < 2d Vi < n}
is a basis of R[x]/J, and the equations in J give a direct algorithm for
computing residues modulo J and thus the combinatorial moment matrix
Mp(y). Such computation can however be demanding for large n,d. We

now consider the 0/1 case where the residue computation is trivial.

The 0/1 case. A special case, which is particularly relevant to ap-
plications in combinatorial optimization, concerns the minimization of a
polynomial p over the 0/1 points in a semialgebraic set K. In other words,
the equations x? —x; = 0 (i = 1,...,n) are present in the description of
K; thus J = (x} — x1,...,%X2 — X,,) with Ve(J) = {0,1}". Using the
equations x? = x;, we can reformulate all variables y, (o € N) in terms
of the 2™ variables yz (8 € {0,1}") via yo = yg with 3; := min(«a;, 1) Vi.

With P(V') denoting the collection of all subsets of V' := {1,...,n}, the

set B:= {x; :=[[;c;%i | I € P(V)}is abasis of R[x]/J and dim R[x]/J =
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|P(V)| = 2™. Tt is convenient to index a combinatorial moment matrix
Mp(y) and its argument y by the set P(V). The matrix Mg(y) has a
particularly simple form, since its (I, J)th entry is yrus VI, J € P(V). Set

Ay = conv((s | v € {0,1}") C RPV), (8.16)

We now give a different, elementary, proof* for Proposition 8.14.
LEMMA 8.15. Ay = {y € RPY) | yy =1, Mp(y) = 0} = {y € RP(V) |
Yo = 172JQV|IQJ(_1)‘J\I‘yJ >0VICV}.

Proof. Let Zg be the 2" x 2™ matrix® with columns the vectors (5, =
(ILicrvi)iepvy (v € {0,1}™). Given y € RP(V) let D denote the diagonal
matrix whose diagonal entries are the coordinates of the vector Zz Ly, As
Mgp(y) = ZgDZE (direct verification, using the fact that J is radical),
Mp(y) = 0 <= D = 0 <= Zg'y > 0 <= y = Zp(Zz'y) is a conic
combination of the vectors (s, (v € {0,1}"). Finally use the form of Zz"
mentioned in the footnote. o

EXAMPLE 8.16. Counsider the stable set problem. Using the formula-
tion (1.5) for (@), we derive using Lemma 8.15 that «(G) is given by the
program

max Yy stoyp=1, Mp(y) =0, yp;y =0 (ij € E).  (8.17)
eV

yeRP(V)

Thus «(G) can be computed via a semidefinite program with a matrix of
size 2™, or via an LP with 2™ linear inequalities and variables. As this is
too large for practical purpose, one can instead consider truncated combi-
natorial moment matrices Mg, (y), indexed by B, := {x; | I € P(V),|I| <
t} C B, leading to the following upper bound on «(G)

max Y ygy st yo =1, Mp,(y) = 0, yg sy =0 (ij € B). (8.18)
i€V

For ¢ = 1 this upper bound is the well known theta number ¥J(G) introduced
by Lovész [85]. See [78, 83] and references therein for more details.

ExAMPLE 8.17. Consider the maz-cut problem, introduced in (1.8).
We are now dealing with the ideal J = (x? —1,...,x2 — 1) with V¢(J) =
{£1}". The above treatment for the 0/1 case extends in the obvious way

4This proof applies more general to any zero-dimensional radical ideal 7 (cf. [81]).

5This matrix is also known as the Zeta matriz of the lattice P(V) of subsets of
V ={1,...,n} and its inverse Zgl as the Mobius matrix; cf. [86]. This fact motivates
the name Zeta vector chosen in [81] for the vectors (5, and by extension for the vectors
Cv. We may identify each v € {0,1}" with its support J := {i € {1,...,n} | v; = 1}; the
(I, J)th entry of Zp (resp., of Zgl) is 1 (resp., is (=1)I/\1) if I C J and 0 otherwise.
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to the £1 case after defining M5(y) := (yra7)r,5ep(vy (IAJ denotes the
symmetric difference of I, J). For any integer ¢,

max Z (wij /2)(1 = ygigy) st yo =1, Mp,(y) = (yras) ), s<t = 0
ijeE

gives an upper bound for mc(G,w), equal to it when ¢ = n; moreover,
mc(G, w) can reformulated® as

max Y (wi;/2)(1—ypgy) stoyp=1, Y (-D)'"ly, >0vicw.
ijEE JCvV

For ¢t = 1, the above moment relaxation is the celebrated SDP relaxation
for max-cut used by Goemans and Williamson [42] for deriving the first
nontrivial approximation algorithm for max-cut (still with the best perfor-
mance guarantee as of today). Cf. e.g. [78, 79, 83] and references therein
for more details.

Several other combinatorial methods have been proposed in the litera-
ture for constructing hierarchies of (LP or SDP) bounds for p™ in the 0/1
case; in particular, by Sherali and Adams [137] and by Lovész and Schri-
jver [86]. It turns out that the hierarchy of SOS/moment bounds described
here refines these other hierarchies; see [78, 83] for a detailed comparison.

Exploiting sparsity in the 0/1 case. Here we revisit exploiting
sparsity in the 0/1 case. Namely, consider problem (1.1) where the equa-
tions x? = x; (i < n) are present in the description of K and there is a
sparsity structure, i.e. (8.1), (8.2), (8.3) hold. By Corollary 8.10 there is
asymptotic convergence to p™" of the sparse SOS/moment bounds. We
now give an elementary argument showing finite convergence, as well as
a sparse semidefinite programming (and linear programming) formulation
for (1.1).

Given v € {0, 1}"™ with support J = {i € V | v; = 1}, it is convenient
to rename (g, as Y € {0,1}7(V) (thus with Ith entry 1 if I C J and
0 otherwise, for I € P(V)). Extend the notation (8.16) to any U C V,
setting Ay := conv(¢Y | J C U) € RPW). The next lemma’ shows that
two vectors in Ay, and in Ay, can be merged to a new vector in Ay, ur,
when certain obvious compatibility conditions hold.

LEMMA 8.18. Assume V = I; U...U I where the I},’s satisfy (8.1)
and, for 1 < h < k, let y") € Aj, satisfying ygh) = yghl) for all T C
Ip NIy, 1 < hyh' < k. Then there exists y € Ay which is a common
extension of the y™)’s, i.e. yr = ygh) forall1 C I, 1<h<k.

6Use here the analogue of Lemma 8.15 for the +1 case which claims Mp(y) =
(Wran)rcv =0 <= 3 jepy (=DM ly; >0 for all I € P(V) (ct. [79)).

TLasserre [72] uses the analogue of this result for non-atomic measures, which is a
nontrivial result, while the proof in the 0/1 case is elementary.
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Proof. Consider first the case k = 2. Set Iy := ;NI and, for h = 1,2,
. In Iy,
write y™) = 3¢ 1, MG = e, Dicrinn—n M for some A} >0

with Zlgh, )\}} = 1. Taking the projection on RP(0) we obtain

S wa=2( ¥ s

HCIy NICIL|INIy= HCIy “JCI2|JNIp=

which implies 3 ;7 77 —m A= > ICh|INTo=H N2 =: Ay VH C Iy, since
the vectors d{“ (H C Iy) are linearly independent. One can verify that

1

._ 1y2 11Ul P (I, UI

Y= § — § A2l ¢ RPUIVE)
HCIo|Au>0 H ICL,JCIz|INnIy=JNIo=H

lies in Ay, ur, and that y extends each y(h)7 h=1,2.

In the general case k > 2 we show, using induction on j, 1 < j < k, that
there exists z() e Apu..ur; which is a common extension of yD oy,
Assuming z) has been found, we derive from the above case k = 2 applied
to zU) and U+ the existence of z(+1), 0

COROLLARY 8.19. Assume V. = I; U...U I where (8.1) holds, let
Po = Ur_,P(I) and y € RP with yy = 1. Then, y has an extension
§ € Ay <= Mp(y,In) = (yrus)r,sep,) =0 for all h=1,... k.

Proof. Directly from Lemma 8.18 combined with Lemma 8.15. O

As an application one can derive an explicit sparse LP formulation
for several graph optimization problems for partial x-trees; we illustrate
this on the stable set and max-cut problems. Let G = (V, E) be a graph
satisfying

V=LU...UI and (8.1) holds, (8.19)
Vije E3he{l,... .k} st. i,5 € In. (8.20)

First consider the formulation (1.5) for the stability number a(G); as
(8.20) holds, this formulation satisfies the sparsity assumptions (8.2) and
(8.3). Hence, using Lemma 8.15 combined with Corollary 8.19, we deduce
that «(G) can be obtained by maximizing the linear objective function
> icv Ypiy over the set of y € R” satisfying yp = 1, Ygijy = 0 for iy € E,
and any one of the following equivalent conditions (8.21) or (8.22)

Mg(y,I) = 0 forall 1 <h <k, (8.21)

S (=1)Mly; >0 forall T € P(In),1<h <k (8.22)
JeP(In)|ICJT

More generally, given weights ¢; (i € V') attached to the nodes of G, one can

find (G, c), the maximum weight ) . ¢ ¢; of a stable set S, by maximizing
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the linear objective function ),y ciy(;; over the above LP. Analogously,
the objective function in the formulation (1.8) of the max-cut problem
satisfies (8.2) and thus the max-cut value mc(G,w) can be obtained by
maximizing the linear objective function 3. p(wi;/2)(1 — y(i j3) over the
set of y € R™° satisfying yy = 1 and

S (=n)!"™ly; >0 forall T € P(1y), 1<h <k (8.23)
JeP(Iy)

With maxf_, |I;| < k, we find for both the stable set and max-cut problems
an LP formulation involving O(k2%) linear inequalities and variables. This
applies in particular when G is a partial k-tree (i.e. G is a subgraph of a
chordal graph with maximum clique size ). Indeed, then (8.19)-(8.20) hold
with maxy, [I] < k and k < n, and thus a(G, ¢), mc(G, w) can be computed
via an LP with O(n2") inequalities and variables. As an application, for
fixed , a(G, ¢) and mc(G, w) can be computed in polynomial time® for the
class of partial k-trees. This is a well known result; cf. eg. [15, 146, 155].

8.3. Exploiting symmetry. Another useful property that can be
exploited to reduce the size of the SOS/moment relaxations is to use the
presence of structural symmetries in the polynomials p, g1,...,gm. This
relies on combining ideas from group representation and invariance the-
ory, as explained in particular in the work of Gaterman and Parrilo [41]
(see also Vallentin [149]). We will only sketch some ideas illlustrated on
some examples as a detailed treatment of this topic is out of the scope of
this paper.

Group action. Let G be a finite group acting on RV (N > 1) via
an action pp : G — GL(RY). This induces an action p : G — Aut(Symy)
on Symy, the space of N x N symmetric matrices, defined by p(g)(X) :=
00(9)T X po(g) for g € G, X € Symy. This also induces an action on PSDy,
the set of NV x N positive semidefinite matrices. We assume here that each
po(g) is an orthogonal matrix. Then, a matrix X € R¥*¥ is invariant
under action of G, i.e. p(g)(X) = X Vg € G, if and only if X belongs to
the commutant algebra

A% = {X e RMN | po(9)X = Xpo(g) Vg € G}. (8:24)

Note that the commutant algebra also depends on the specific action pg.
Invariant semidefinite program. Consider a semidefinite program
max (C, X) s.t. (4., X)=0b, (r=1,...,m),X € PSDy, (8.25)

in the variable X € Symy, where C, A, € Symy, and b, € R. Assume
that this semidefinite program is invariant under action of G; that is, C is

8in fact, in strongly polynomial time, since all coefficients in (8.22), (8.23) are 0, +1;
see [128, §15.2].
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invariant, i.e. C € A%, and the feasible region is globally invariant, i.e. X
feasible for (8.25) = p(g)(X) feasible for (8.25) Vg € G. Let X be feasible
for (8.25). An important consequence of the convexity of the feasible region
is that the new matrix Xy := ﬁ > gec P(9)(X) is again feasible; moreover
X is invariant under action of G and it has the same objective value as
X. Therefore, we can w.l.o.g. require that X is invariant in (8.25), i.e. we
can add the constraint X € A% (which is linear in X) to (8.25) and get an
equivalent program.

Action induced by permutations. An important special type of
action is when G is a subgroup of Sy, the group of permutations on
{1,...,N}. Then each g € Sy acts naturally on RY by po(g)(z) :=
(o)) for = (z)X, € RY, and on R¥*N by p(g)(X) =
(Xg(i))g(j))ﬁ’j:l for X = (Xl-ﬁj)f\szl; that is, p(g)(X) = MyXM] after
defining M, as the N x N matrix with (My);; = 1 if j = g(i) and 0
otherwise.

For (i,5) € {l,...,N}? its orbit under action of G is the set
{(9(i),9(j)) | g € G}. Let w denote the number of orbits of {1,..., N}?
and, for [ = 1,...,w, define the N x N matrix D; by (f)l)m- := 1 if the
pair (i,7) belongs to the lth orbit, and 0 otherwise. Following de Klerk,
Pasechnik and Schrijver [33], define D; := —2L_— for [ = 1,...,w, the

vV (Di,Di)

multiplication parameters %47 ; by
w
DiDj=> ~L;Dy fori,j=1,...,w,
1=1

and the w x w matrices L1,..., L, by (L), := 'yli)j fori,j,k=1,...,w.
Then the commutant algebra from (8.24) is

AG = {ZI[D[ | X € R}
=1

and thus dim A% = w.

THEOREM 8.20. [33] The mapping D; — L; is a x-isomorphism,

known as the regular x-representation of AS. In particular, given
Tl ER,
w w
> mDi= 0= ml = 0. (8.26)
=1 =1

An important application of this theorem is that it provides an ezplicit
equivalent formulation for an invariant SDP, using only w variables and a
matrix of order w. Indeed, assume (8.25) is invariant under action of G.
Set ¢ := ((C,Dy))¢, so that C = Y, ¢ Dy, and a, := ((A,, Di))y ;. As
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observed above the matrix variable X can be assumed to lie in A% and
thus to be of the form X = Ele x;D; for some scalars x; € R. Therefore,
using (8.26), (8.25) can be equivalently reformulated as

maXchxl s.t. LL;:FJ: =b. (r=1,...,m), Z:z:lLl = 0. (8.27)
1=1 =1

The new program (8.27) involves a w x w matrix and w variables and can
thus be much more compact than (8.25). Theorem 8.20 is used in [33]
to compute the best known bounds for the crossing number of complete
bipartite graphs. It is also applied in [82] to the stable set problem for the
class of Hamming graphs as sketched below.

ExaMPLE 8.21. Given D C {1,...,n}, let G(n,D) be the graph
with node set P(V) (the collection of all subsets of V' = {1,...,n}) and
with an edge (I, J) when |IAJ| € D. (Computing the stability number of
G(n, D) is related to finding large error correcting codes in coding theory;
cf. e.g. [82,129]). Consider the moment relaxation of order ¢ for a(G(n, D))
as defined in (8.18); note that it involves a matrix of size O((‘P(tv)l)) =
O((2™)"), which is exponentially large in n. However, as shown in [82],
this semidefinite program is invariant under action of the symmetric group
S,, and there are O(n22t71_1) orbits. Hence, by Theorem 8.20, there is
an equivalent SDP whose size is O(n22t71_1), thus polynomial in n for any
fixed ¢, which implies that the moment upper bound on «(G(n, D)) can be
computed in polynomial time for any fixed ¢.

Block-diagonalization. Theorem 8.20 gives a first, explicit, symme-
try reduction for matrices in A®. Further reduction is possible. Indeed,
using Schur’s lemma from representation theory (cf. e.g. Serre [135]), it
can be shown that all matrices in A% can be put in block-diagonal form
by a linear change of coordinates. Namely, there exists a unitary complex
matrix T and positive integers h, ni,...,n, M1,...,my such that the set
T*AST := {T*XT | X € A%} coincides with the set of the block-diagonal
matrices

¢ 0 ... 0
0 Cy ... 0
0 0 ... Cp
where each C; (i = 1,...,h) is a block-diagonal matrix with m; identical

blocks on its diagonal, all equal to some B; € R™*" . The above pa-

rameters have the following interpretation: N = E?:l min;, dim A% =

h . . . .
et n?, there are h nonequivalent irreducible representations 61,...,60,

for the group G, with respective representation dimensions ni,...,np, so
that p = m1601 ® ... ® mypb}, where mq, ..., my are the multiplicities. We
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refer to Gaterman and Parrilo [41], Vallentin [149] for details and further
references therein. To be able to apply this for practical computation one
needs to know the explicit block-diagonalization. Several examples are
treated in detail in [41]. Here is a small (trivial) example as illustration.

ExXAMPLE 8.22. Consider the semidefinite program

a b c
min d+fst. X:=[b d e] >0, d+f+2e—-b—c=0 (8.28)
c e f

It is invariant under action of the group {1,0} ~ Ss, where o per-
mutes simultaneously the last two rows and columns of X. Thus we
may assume in (8.28) that X is invariant under this action, i.e. d = f
and b = c¢. This reduces the number of variables from 6 to 4. Next
we give the explicit block-diagonalization. Namely, consider the orthog-
1 0 0
onal matrix T := [0 v wu where u = 1/ \/5, and observe that
0 u —u
a V2b 0
T*XT=|V2b d+e 0
0 0 d—e

We now mention the following example due to Schrijver [129], dealing
with the block-diagonalization of the Terwilliger algebra.

EXAMPLE 8.23. Consider the permutation group S,, acting on V =
{1,...,n}. Then each g € S,, acts in the obvious way on P(V) (by g(I) :=
{g(¢) | i € I} for I C V) and thus on matrices indexed by P(V'). The orbit
of (I,J) € P(V)x P(V) depends on the triple (|I|,|J]|,]I NJ|). Therefore,
the commutant algebra, consisting of the matrices X € RP(V)*P(V) that
are invariant under action of S, is

{3 M N eR},

i,j,teN

known as the Terwilliger algebra. Here Mf ; denotes the matrix indexed
by P(V) with (I, J)th entry 1if |I| =4, |J| = j and [INJ| = ¢, and 0
otherwise. Schrijver [129] has computed the explicit block-diagonalization
for the Terwilliger algebra and used it for computing sharp SDP bounds
for the stability number a(G(n, D)), also considered in Example 8.21. As
explained in [81] this new bound lies between the moment bound of order 1
and the moment bound of order 2. See also [149] for an exposition of
symmetry reduction with application to the Terwilliger algebra.

Symmetry in polynomial optimization. When the polynomial op-
timization problem (1.1) is invariant under action of some finite group g,
it is natural to search for relaxation schemes that inherit the symmetry
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pattern of the polynomials p, g1, ..., gm. For instance, if p is a symmetric
polynomial which is a SOS, one may wonder about the existence of a sum of
symmetric squares. One has to be careful however. For instance, as noted
n [41], the univariate polynomial p = x? + (x — x?)? = x0 — 2x* + 2x?
is invariant under the action x — —z, but there is no sum of square de-
composition p = u? where each u; is invariant under this action as
well (for otherwise, u; should be a polynomial of degree 3 in x2, an obvious
contradiction). Yet symmetry of p does imply some special symmetry struc-
ture for the squares; we refer to Gaterman and Parrilo [41] for a detailed
account.

Jansson et al. [58] study how symmetry carries over to the moment
relaxations of problem (1.1). Say, the polynomials p, g1, ..., g, are invari-
ant under action of a group G C S,; i.e. p(z) = p(po(g)(x)) Vg € G,
where po(g)(z) = (24¢;))j=,, and analogously for the g;’s. For instance the
following problem, studied in [58],

min fo s.t. Z$g=bj (j=1,...,m) (8.29)
i=1 i=1

with ¢ € N, b; € R, falls in this setting with G = S,,. Then some symmetry
carries over to the moment relaxations (6.3). Indeed, if = is a global mini-
mizer of p over K, then each po(g)(x) (for g € G) too is a global minimizer.
Thus the sequence y of moments of the measure p := \gl qug p0(9)(x)

mm

is feasible for any moment relaxation, with optimum value p In other

words, we can add the invariance condition

Yo = Ypo(g)(@)s 1€ Y(ar,an) = Y(agymogm) V9 € G

on the entries of variable y to the formulation of the moment relaxation
(6.3) of any order ¢t. For instance, when G = §,,, one can require that
Y, = = Y, , l.e. all y, take a common value for any |a| = 1, that all
Ya take a common value for any |a| = 2, etc. Thus the moment matrix of
order 1 is of the form

a b b b
b ¢ d d d
b d ¢ d d
ME=1. . . . .
b d ... d ¢ d
b d ... d d c

It is explained in [58] how to find the explicit block-diagonalization for
such symmetric M;(y) (¢ = 1,2, etc). This is not difficult in the case
t = 1; using a Schur complement with respect to the upper left corner, one
deduces easily that M;(y) = 0 <= c+ (n—1)d—nb*/a >0 and c—d > 0.
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The details for ¢ = 2 are already more complicated and need information
about the irreducible representations of the symmetric group S,.

In conclusion, exploiting symmetry within polynomial optimization
and, more generally, semidefinite programming, has spurred recently lots
of interesting research activity, with many exciting new developments in
various areas. Let us just mention pointers to a few papers dealing with
symmetry reduction in various contexts; the list is not exclusive. In par-
ticular, Bachoc and Vallentin [2-4] study the currently best known bounds
for spherical codes and the kissing number; Bai et al. [5] deal with truss
topology optimization; de Klerk and Sotirov [34] study lower bounds for
quadratic assignment; Gvozdenovié and Laurent [47, 48] compute approx-
imations for the chromatic number of graphs; Vallentin [148] considers the
minimum distortion of embeddings of highly regular graphs in the Eu-
clidean space.
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