
S
e
m
id
e
fi
n
ite

O
p
tim

iz
a
tio

n
A
p
p
r
o
a
c
h
fo
r
th
e

S
in
g
le
-R
o
w
L
a
y
o
u
t
P
r
o
b
le
m

w
ith

U
n
e
q
u
a
l

D
im
e
n
sio

n
s

M
ig

u
e
l
F
.
A

n
jo

s

O
p
eration

al
R
esearch

G
rou

p

S
ch
o
ol

of
M
ath

em
atics

U
n
iversity

of
S
ou

th
am

p
ton

,
U
.K

.

(join
t
on

-goin
g
w
ork

w
ith

A
n
d
rew

K
en
n
in
gs

an
d
A
n
th
on

y
V
an

n
elli,

U
n
iversity

of
W
aterlo

o,
C
an

ad
a)

H
P
O
P
T
2
0
0
4
–
C
W
I
–
A
m
ste
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a
m

2
5
J
u
n
e
2
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T
h
e

S
in

g
le

-R
o
w

F
a
c
ility

L
a
y
o
u
t

P
ro

b
le

m

•
T
h
e
sin

gle-row
facility

layou
t
p
rob

lem
,
also

k
n
ow

n
as

th
e
1-D

sp
ace

allo
cation

p
rob

lem
,
con

sists
in

fi
n
d
in
g
an

op
tim

al
lin

ear

p
lacem

en
t
of

facilities
w
ith

vary
in
g
d
im

en
sion

s
on

a
straigh

t

lin
e.

•
N
ote

th
at

th
e
d
istan

ce
b
etw

een
tw

o
facilities

d
ep

en
d
s
on

th
e

facilities
p
laced

b
etw

een
th
em

.
C
on

sid
er

th
e
d
istan

ce
b
etw

een

1
an

d
2
in

th
is

ex
am

p
le:

2
4

3
1

1
3

2
4

2



T
h
e

S
in

g
le

-R
o
w

L
a
y
o
u
t

P
ro

b
le

m
(c

td
)

A
n
in
stan

ce
of

th
e
p
rob

lem
con

sists
of:

•
n
1-D

facilities
{
r
1 ,...,r

n
}

•
w
ith

p
ositive

len
gth

s
`
1 ,...,`

n

•
an

d
(u
su
ally

n
on

-n
egative)

p
airw

ise
con

n
ectiv

ities
c
ij .

W
e
seek

an
arran

gem
en
t
of

th
e
facilities

so
as

to
m
in
im

ize
th
e
total

w
eigh

ted
su
m

of
th
e
cen

ter-to-cen
ter

d
istan

ces
b
etw

een
all

p
airs

of

facilities.

W
e
are

th
u
s
op

tim
izin

g
over

all
p
erm

u
tation

s
of

th
e
facilities.

(If
all

`
i
are

eq
u
al,

th
is

is
an

in
stan

ce
of

th
e
Q
u
ad

ratic
A
ssign

m
en
t

P
rob

lem
.)

3



T
h
e

S
in

g
le

-R
o
w

L
a
y
o
u
t

P
ro

b
le

m
(c

td
)

S
om

e
ap

p
lication

s:

1.
A
ssign

in
g
fi
les

to
th
e
cy
lin

d
er

of
a
d
isk

(m
in
im

ize
average

access
tim

e)

2.
L
ayou

t
of

ro
om

s
alon

g
a
corrid

or

(m
in
im

ize
total

travelled
d
istan

ce)

3.
S
tan

d
ard

-cell
circu

it
d
esign

(m
in
im

ize
w
irelen

gth
)

4



E
a
rlie

r
W

o
rk

o
n

G
lo

b
a
lly

O
p
tim

a
l
A

lg
o
rith

m
s

•
S
im

m
on

s
(1969)

p
rop

osed
a
b
ran

ch
-an

d
-b
ou

n
d
algorith

m
;

•
P
icard

an
d
Q
u
ey
ran

n
e
(1981)

d
evelop

ed
a
D
P

algorith
m
,

ex
ten

d
in
g
an

algorith
m

of
K
arp

an
d
H
eld

(1967)
for

th
e
sp
ecial

case
w
ith

all
`
i
eq
u
al.

A
ll
th
ese

algorith
m
s
are

gu
aran

teed
to

fi
n
d
th
e
glob

al
op

tim
al

solu
tion

,
b
u
t
th
ey

h
ave

very
h
igh

com
p
u
tation

al
tim

es
an

d
m
em

ory

req
u
irem

en
ts,

an
d
are

u
n
likely

to
b
e
eff

ective
for

p
rob

lem
s
w
ith

20

or
m
ore

facilities.
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E
a
rlie

r
W

o
rk

o
n

L
o
c
a
lly

O
p
tim

a
l
A

lg
o
rith

m
s

•
H
eragu

an
d
K
u
siak

(1991)
u
se

n
on

-lin
ear

op
tim

ization

m
eth

o
d
s;

•
R
om

ero
an

d
S
án

ch
ez-F

lores
(1990)

an
d
H
eragu

an
d
A
lfa

(1992)

d
evelop

ed
sim

u
lated

an
n
ealin

g
algorith

m
s;

•
K
u
m
ar

et
al.

(1995)
p
rop

osed
a
greed

y
h
eu
ristic

algorith
m
.

T
h
e
last

tw
o
p
ap

ers
con

tain
th
e
b
est

resu
lts

in
th
e
literatu

re
so

far,

on
p
rob

lem
s
w
ith

u
p
to

30
facilities.
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O
u
r

C
o
n
trib

u
tio

n

W
e
con

stru
ct

a
sem

id
efi
n
ite

p
rogram

m
in
g
(S
D
P
)
relax

ation

p
rov

id
in
g
a
glob

al
low

er
b
ou

n
d
on

th
e
op

tim
al

valu
e
of

th
e
p
rob

lem
.

•
T
o
th
e
b
est

of
ou

r
k
n
ow

led
ge,

th
is

is
th
e
fi
rst

n
on

-triv
ial

glob
al

low
er

b
ou

n
d
in

th
e
p
u
b
lish

ed
literatu

re.

•
T
h
e
stru

ctu
re

of
th
e
relax

ation
su
ggests

a
sim

p
le

h
eu
ristic

p
ro
ced

u
re

w
h
ich

ex
tracts

a
facility

arran
gem

en
t
from

an

op
tim

al
m
atrix

solu
tion

to
th
e
S
D
P
.
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O
u
r

C
o
n
trib

u
tio

n
(c

td
)

T
h
erefore,

th
e
S
D
P
-b
ased

ap
p
roach

y
ield

s
b
oth

a
feasib

le
solu

tion

an
d
gu

aran
tee

of
h
ow

far
it
is

from
glob

al
op

tim
ality.

W
h
en

ap
p
lied

to
p
rob

lem
s
p
rev

iou
sly

con
sid

ered
in

th
e
literatu

re,

ou
r
low

er
b
ou

n
d
s
also

p
rov

id
e
a
m
easu

re
of

th
e
d
istan

ce
from

op
tim

ality
of

th
e
b
est

layou
ts

ob
tain

ed
u
sin

g
som

e
of

th
e

aforem
en
tion

ed
algorith

m
s.

W
e
su
ccessfu

lly
ap

p
lied

th
e
S
D
P

ap
p
roach

to
ran

d
om

ly
gen

erated

in
stan

ces
w
ith

u
p
to

80
facilities.
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M
o
d
e
llin

g
th

e
P

ro
b
le

m

L
et

π
=

(π
1 ,...,π

n
)
d
en
ote

a
p
erm

u
tation

of
th
e
in
d
ices

[n
]
:=
{1
,2
,...,n

}
of

th
e
facilities.

G
iven

a
p
erm

u
tation

π
an

d
tw

o

d
istin

ct
facilities

r
i
an

d
r
j ,

th
e
cen

ter-to-cen
ter

d
istan

ce
b
etw

een
r
i

an
d
r
j
w
ith

resp
ect

to
th
is

p
erm

u
tation

is

12
li
+
D
π
(i,j)

+
12
lj

w
h
ere

D
π
(i,j)

d
en
otes

th
e
su
m

of
th
e
len

gth
s
of

th
e
facilities

b
etw

een
r
i
an

d
r
j
in

th
e
lin

ear
arran

gem
en
t
d
efi
n
ed

b
y
π
.

T
h
e
p
rob

lem
is

th
en

m
in

π
∈
Π

∑i<
j

c
ij

[

12
li
+
D
π
(i,j)

+
12
lj

]

w
h
ere

Π
d
en
otes

th
e
set

of
all

p
erm

u
tation

s
π
of

[n
].
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M
o
d
e
llin

g
th

e
P

ro
b
le

m
(c

td
)

R
ew

ritin
g
th
e
ob

jective
fu
n
ction

as

m
in

π
∈
Π

∑i<
j

c
ij D

π
(i,j)

+
∑i<

j

12
c
ij (li

+
lj )

w
h
ere

th
e
secon

d
su
m
m
ation

is
a
con

stan
t
in
d
ep

en
d
en
t
of

π
,
w
e
see

th
at

th
e
p
rob

lem
is

really
to

m
in
im

ize
∑

i<
j

c
ij D

π
(i,j)

over
all

p
erm

u
tation

s
π
.

N
ote

also
th
at

w
e
can

ex
ch
an

ge
th
e
left

an
d
righ

t
en
d
s
of

th
e
layou

t

an
d
ob

tain
th
e
sam

e
ob

jective
valu

e.

M
ost

algorith
m
s
ap

p
ly

ex
p
licit

sy
m
m
etry

-b
reak

in
g
strategies

to

red
u
ce

th
e
com

p
u
tation

al
cost.

T
h
e
S
D
P

ap
p
roach

im
p
licitly

con
sid

ers
th
ese

sy
m
m
etries.

1
0



C
o
n
stru

c
tio

n
o
f
th

e
S
D

P
R

e
la

x
a
tio

n

F
or

each
p
air

i,j
of

facilities,
d
efi
n
e
th
e
±
1
variab

le

R
ij
:=



1
,

if
facility

i
is

to
th
e
righ

t
of

facility
j

−
1
,

if
facility

i
is

to
th
e
left

of
facility

j

T
h
e
ord

er
of

th
e
su
b
scrip

ts
m
atters:

R
ij
=
−
R
j
i .

T
o
accu

rately
form

u
late

th
e
p
rob

lem
,
w
e
m
u
st

en
su
re

th
at

th
e

variab
les

rep
resen

t
a
valid

p
erm

u
tation

.
In

p
articu

lar,
w
e
req

u
ire

th
at

if
i
is

righ
t
of

j
an

d
j
is

righ
t
of

k
,
th
en

i
is

righ
t
of

k
.

W
e
can

form
u
late

th
is

con
d
ition

as

if
R
ij
=

R
j
k
,
th
en

R
ik

=
R
ij ,

or
eq
u
ivalen

tly

(R
ij
+
R
j
k )(R

ik
−
R
ij )

=
0
.

1
1



C
o
n
stru

c
tio

n
o
f
th

e
S
D

P
R

e
la

x
a
tio

n
(c

td
)

E
x
p
an

d
in
g

(R
ij
+
R
j
k )(R

ik
−
R
ij )

=
0
,

w
e
ob

tain
th
e
q
u
ad

ratic
con

strain
t

R
k
i R

ij
−
R
ij R

k
j
−
R
k
i R

k
j
=
−
1
.

In
p
rin

cip
le,

w
e
h
ave

th
ree

su
ch

con
strain

ts
for

each
trip

le
(i,j,k

),

b
u
t
it
is

easy
to

ch
eck

th
at

th
ey

are
all

eq
u
ivalen

t
to

th
is

sin
gle

q
u
ad

ratic
eq
u
ation

w
ith

i
<

j
<

k
.

T
h
ese

(

n3

)

con
strain

ts
on

th
e
R
ij

variab
les

su
ffi
ce

to
ob

tain

p
recisely

all
p
ossib

le
p
erm

u
tation

s
of

th
e
n
facilities.

1
2



C
o
n
stru

c
tio

n
o
f
th

e
S
D

P
R

e
la

x
a
tio

n
(c

td
)

L
et

R
:=
{

ρ
∈
{±

1}
(

n2 )
:
R
k
i R

ij
−
R
ij R

k
j
−
R
k
i R

k
j
=
−
1
∀
i
<

j
<

k
}

an
d
given

ρ
∈
R
,
con

sid
er

P
k
=
∑j
6=
k

R
k
j
=
∑j
<
k

−
R
j
k
+
∑j
>
k

R
k
j

for
k
=

1
,2
,...,n

.
(1)

C
learly

all
th
e
P
k
valu

es
are

in
teger

an
d
b
elon

g
to

th
e
set

P
:=
{−

(n
−
1),−

(n
−
3),...,n

−
3
,n
−
1}

w
h
ich

h
as

ex
actly

n
elem

en
ts.

A
straigh

tforw
ard

m
ap

p
in
g
of

th
e

elem
en
ts

of
P

on
to

[n
]
is

given
b
y

p
k
=

P
k
+
n
+
1

2

1
3



C
o
n
stru

c
tio

n
o
f
th

e
S
D

P
R

e
la

x
a
tio

n
(c

td
)

T
h
e
o
re

m
1
If

ρ
∈
R

th
en

th
e
va
lu
es

P
k
d
efi
n
ed

in
(1
)
a
re

a
ll

d
istin

ct.

T
h
is

im
p
lies

th
at

every
elem

en
t
of
P

is
rep

resen
ted

b
y
ex
actly

on
e

P
k ,

an
d
h
en
ce

th
at

(p
1 ,p

2 ,...,p
n
)
is

a
p
erm

u
tation

of
[n
]

rep
resen

tin
g
ρ
.

T
o
ex
p
ress

th
e
ob

jective
fu
n
ction

of
th
e
p
rob

lem
in

term
s
of

th
e

variab
les

R
ij ,

ob
serve

th
at

th
e
su
m

of
th
e
len

gth
s
of

th
e
facilities

b
etw

een
i
an

d
j
can

b
e
ex
p
ressed

as

∑

k
6=
i,j

`
k

(

1
−
R
k
i R

k
j

2

)

1
4



S
D

P
R

e
la

x
a
tio

n

D
efi
n
in
g
a
ran

k
-on

e
m
atrix

variab
le

X
w
ith
(

n2

)

row
s
an

d
colu

m
n
s

su
ch

th
at

X
ij
,k
l
=

R
ij R

k
l
for

all
p
airs

of
facilities,

w
e
can

form
u
late

th
e
p
rob

lem
as:

m
in

K
−
∑

i<
j

c
i
j

2

[

∑

k
<
i `
k
X
k
i,k

j
−

∑

i<
k
<
j

`
k
X
ik
,k
j
+
∑

k
>
j

`
k
X
ik
,j
k

]

s.t.
X
k
i,ij
−
X
ij
,k
j
−
X
k
i,k

j
=
−
1
for

all
trip

les
i
<

j
<

k

d
iag

(X
)
=

e

ran
k
(X

)
=

1

X
º

0

w
h
ere

K
=

(

∑

i<
j

c
i
j

2

)

(

n∑

k
=
1

`
k

)

.

O
m
ittin

g
th
e
ran

k
con

strain
t
y
ield

s
th
e
S
D
P

relax
ation

.

1
5



S
D

P
-b

a
se

d
H

e
u
ristic

L
et

X
∗
b
e
th
e
op

tim
al

solu
tion

to
th
e
S
D
P

relax
ation

.
If
w
e
set

R
1
2
=

+
1,

th
en

w
e
can

scan
th
e
fi
rst

row
of

X
∗
an

d
assign

th
e

valu
e
X
1
2
,ij

to
th
e
variab

le
R
ij ,

for
every

p
air

(i,j)
6=

(1
,2).

U
sin

g
th
ese

valu
es,

w
e
th
en

gen
erate

th
e
P
k
valu

es
u
sin

g
eq
u
ation

(1).
F
rom

th
ese

w
e
get

th
e
corresp

on
d
in
g
p
k
va
lu
es,

an
d
sortin

g

th
ese

w
e
ob

tain
a
p
erm

u
tation

of
th
e
facilities.

N
ote

th
at

if
every

R
ij

variab
le

is
rep

laced
b
y
its

n
egative,

th
en

th
ere

is
n
o
ch
an

ge
to

th
e
S
D
P

relax
ation

.

T
h
e
ch
oice

of
R
1
2
=

+
1
is

arb
itrary,

an
d
sim

p
ly

b
reak

s
th
is

sy
m
m
etry.

1
6



C
o
m

p
u
ta

tio
n
a
l
R

e
su

lts

T
h
e
fi
rst

set
of

resu
lts

w
as

ob
tain

ed
b
y
ap

p
ly
in
g
th
e
S
D
P

ap
p
roach

to
a
set

of
six

test
p
rob

lem
s
from

th
e
literatu

re,
ran

gin
g
in

d
im

en
sion

from
8
to

30
facilities.

F
or

th
ese

p
rob

lem
s,

w
e
can

solve
th
e
S
D
P

relax
ation

s
to

op
tim

ality

u
sin

g
S
D
P
T
3
(version

3.2).

In
sta

n
ce

N
u
m
b
er

o
f

S
D
P

C
P
U
tim

e

fa
cilities

B
o
u
n
d

(seco
n
d
s)

L
it-1

8
2
3
2
4
.5

0
.5

L
it-2

1
0

2
7
7
3
.9

0
.9

L
it-3

1
1

6
8
4
6
.6

1
.0

L
it-4

1
1

6
8
4
7
.6

1
.0

L
it-5

2
0

1
5
2
8
5
.9

2
4
.3

L
it-6

3
0

4
3
9
6
3
.7

4
9
9
.0

(C
o
m
p
u
ta
tio

n
s
p
erfo

rm
ed

o
n
a
2
.4
G
H
z
P
en
tiu

m
IV

w
ith

1
.5
G
b
o
f
R
A
M
)

1
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In
sta
n
c
e

S
D
P

B
e
st
la
y
o
u
t

B
e
st
la
y
o
u
t

B
e
st
la
y
o
u
t

L
a
y
o
u
t
b
y

b
o
u
n
d

fro
m

fro
m

fro
m

S
D
P
-b
a
se
d

H
A
(1
9
9
2
)

K
H
L
(1
9
9
5
)

K
H
L
(1
9
9
5
)

h
e
u
ristic

1
p
a
ss

≥
1
p
a
sse
s

L
it-1

2
3
2
4
.5

2
3
2
4
.5

2
3
2
4
.5

2
3
2
4
.5

2
3
2
4
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