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Generalized Lagrangian Duals |

Our purpose 1

~ Polynomial Optimization Problem N

s.t. gj(z) >0 (j=1,...,m)

m
Lagrange Dual max min xr) — g (x
JER TERN f( ) J:Zl %gg( )

\_ J
> Size of SDP by Lasserre’s SDP relax is very large.

> Apply Lasserre’s SDP relaxation to Lagrangian Dual
= Size of SDP is smaller.

= Opt.Val.of Lagrangian Dual is obtained.




Our purpose 11

> But, in general,

Opt.Vval. of Lagrangian Dual < Opt.Vval. of given POP.

= Can not expect to get Opt.Val. of POP by this approach

> Improve Lagrangian func. in order to get better value.

=@Generalized Lagrangian function



~ Polynomial Optimization Problem

N

Generalized Lagrangian function L(x, )

L(CB, ¢) — f(iB) — Z gg(w)"wb](m)a

J=1
where

Ve € Ba:{mERn|iB?Sa (Vi) }

K
Vy; € SOS:={p € Poly. p= > (Poly.)’ (Sums Of Squares)
j=1

'Qb — (¢17"°9¢m)T



e L(x,) A

L(z,9) = f(x) — Y _gj(@)pj(x) (Vo € Bq,Vep; € SOS)
j=1

Property of L(x,)

» Extension of Lagrangian function since R, C SOS

» Opt.vVal. of POP > max minL(x,v): (Generalized Lagrangian
PYeSOS L

Dual)




Result

» Regard — 3 %", g;(z)y;(x) as Penalty func,...

max min L(x = (Opt.Val. of POP
e min L(z, %) = ( )

» Apply SDP relaxation for unconstrained POP,...

= same as the SDP relaxation for constrained POP

» Using the sparsity of poly., reduce the size of SDP.



~ P(x,v): Second term of L(x,)

N

L(z, )

P(x, )

= f(x) — ) gj(@)¢j(z) (Vx € Ba,Vyp; € SOS)

7=1

=1

— > _gj(@)p;(x) (Y& € Ba,Vih; € SOS)

Property of P(x,)

k k k)T m
> Ty :(«pl,...,wm) € SOS™ (k=1,2,...,)

= S.t. P(w,zpk) —> I(aj) — {

0 (x € Feasible region)
+oo (otherwise)

We can regard P(x,1) as Penalty func.

(k — o0)




k sufficient large...

_ - f(=z) (x € Feasible region)
> L(ma¢k) — f(m) + P(SE, lbk} ~ { large value (Otherwise)

. k Opt.Sol. z;, € Feasible Region
= mmm{f(w) + P,y )} has { Opt.val f(zy)

= lim min {f(w) - P(a:,¢’“)} = Opt.Val.

k—oo &

= ¢Erréa()§s mwin{f(a:) + P(x,v)} = (Opt.Val.)



1. fix ¢ € SOS.
2. Apply SDP relaxation for unconstrained POP.

min L(z,vy) _ max 7
s.t. x e R" s.t. L(z,¥)—nm>0 (Vx € By)

max 7
s.t. L(z,¥) —n €SOS+> 7" ,(a—x¥)SOS

3. Regard v as variable.

max 1)

s.t. f(x) — Y7L gj(®)(x) —n = o(x) + Xiq(a — x7)d;(;

Apply SDP relaxation ~

Yo, P; € SOS, ¢; € SOS.
J

“Penalty Function” 4+ “SDP relax for unconstrained POP”
= “SDP relax for constrained POP".

But, the size of SDP is much large...




Reduce the size of SDP

o Let
c; = {ie{1,...,n}|z; appears in g;}
12
SOS; = {peSOS|p=> qu(x,C;)?},
k=1

where qi(x,C;) is represented by the variable x; € C;.

e For example,

g2(x) = —2—zow3+ 23° = C; = {2,3}

L
= SOSy:={p € SOS|p(x) =Y gi(z2,x3)*
1=1




Reduce the size of SDP 11

i k
- some function ’c,bj

g;(x)

2k
¢f($) = <1 — ) = P(z,%*) — Indicator(z)

o {i|x; appears in y¥} = C;

14
= ¥ €508, =p€SOS|p= ) gz, C))? (Vk)
k=1

¢ max min L(x,vy) = Opt.Val.
¢JESOSJ TreR™

¢ g; has few variables = SOS; is much smaller set=-The size of SDP
by SOSj IS smaller.




Reduce the size of SDP III

But, theoretically, convergence is not guaranteed...

lim (Opt.Val. of SDP) = (Opt.Val of POP)

k— oo

e Need to reduce the following set.

L(z,¢) —n = f(x) — > ¢j(x)gj(xz) —n € SOS.

j=1

e Given POP has specail structure = Can dgenerate much smaller
SDP (from this SOS).



Numerical experiments |

~ Example 1

y

n—1 ‘
min Z Z aijga:‘g a:f_H

1=1 j+£<4,5,62>0
T xT; . .
s.t. (a:i,a:i_|_1) Qij( t )Sl t=1,....n—1,5=1,...,n)

Li4+1 _
-\ (Q;; = O: constant matrix) /
K
k=1

Enviroment of Computer...

CPU is Pentium IV(Xeon) and memory 6GB. Solver is SDPA.




Result of Example 1

» Both relaxation attain Opt.Val. at kK = 2

» Our relaxation is much faster than Lasserre’s.

cpu time([sec]

n Lasserre Ours
10 18.44 9.50
11 45.59 14.88
12 112.48 32.86
13 895.87 | 166.07
14 | 1527.50 | 395.47




~ Example 2

(

n—1
min Z Z a,,,;jga:gl f—l—l

1=1 j+£<6,35,£>0

¢ wg —I—w% ) < 1,
; : i,
\ w? —|—a:?l < 1

P; € SOS;

K
p € SOS p(x) = Y _ qo(x1,Tit1)”
=1



Result of Example 2

» Both relaxation attain Opt.val. at £ =5

» small difference of cpu time between Lasserre’s and ours

cpu time[sec]
Lasserre Ours
3.12 2.83
61.91 39.12
1542.28 | 1468.68

C b WS




Why small Difference?

~ SDP relaxed problem

max 1)
s.t. f(z) —n=vo(z) + > ;1 9i(x)¢j(z)
Yo € SOS,¢; € SOS,;.

» The size of variable matrix induced from SOS is the largest.

= reduce the size by using the structure...



~ Example 2 ~

)
max 17

2/

n—1
s.t. f(z) — ) (w1, zj41)gj(z1,Tj41) — 1 =vo(z) (Vz €R™)
j=1
o € SOS, ;€ SOS;.

—1
> f(z) = Z?:l ajkﬁwllcwg—l—l

14

» Only a:’f:ch appears in the left-hand side of identity.

» By observation, 37 satisfying identity even if ¢y has only a:lf:n§+1

» Replacing g(z) by Z?;ll Yoj(z1,Tj41) Yo; € SOS;




Result of Lasserre, Ours and Heuristics

» Both relaxation attain Opt.Vval. at k=5

» Difference between Lasserre and heuristics 7, as n 7.

cpu time([sec]

n Lasserre Ours | Heuristics
3 3.12 2.83 0.15
4 61.91 390.12 0.46
5 1542.28 | 1468.68 1.46
5 — — 160.62




~ Example 3

2

n—1
. J_l
min ) > aijmiziig
1=1 j+4£<6,7,£>0

20 —|—CB2
\ 1 2

2
s.t. Ty T3

o

»

VAN VANVANFA
= e

6 2
\ wn—l —l_wn

At k = 5, all relaxations attain optimal value.

cpu time[sec] (optimal value)

optimal value) Lasserre Heuristics

n (
3 (-2.437) 0.49 (-2.825)

1.43 (-2.437)

4 (-3.711)
5 (-5.191) 82.29 (-5.578)

008.78 (-5.191)

OO H>

0.14
0.16 (

4.71 (-3.711) | 0.13 (-3.711)
0.34 (
0.44 (




Conclusion

“Penalty Function” 4+ “SDP relax for unconstrained POP”
= “SDP relax for constrained POP”.

» Using the structure of problem, Heuristics is very efficient

» Opt.Val may be abtained by Heuristics.



