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3 Information-Theoretic Preliminaries

codelengths for our new definition of £x:
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is achieved for L = Ly. In fact, with our new definition of codelength func-
tions (3.10), it is immediate that Ly uniquely achieves (3.11): for every code
L # Ly, we have

L L =1 .
max () > max v(x) =log|A|

Refining Quasi-Uniform Description Methods to Encode Positive Integers
We may use the correspondence between probability distributions and codes
to refine our notion of a “quasi-uniform description method” as introduced
on page 88. Suppose we are interested in describing an arbitrarily large num-
bern € N. Weneed acode C : N — B*. Clearly, a uniform code does not exist
in this case. We can use the idea of the quasi-uniform description method to
devise a code such that L(n) only increases extremely slowly with n. Let us
first define My = {1,...,2V~1} and construct a quasi-uniform description
method for UysoMpy in the manner outlined on page 88. This gives us a
description method with lengths L(n) =~ logn + 2loglogn, which for each n
is within a logarithmic term of the worst-case optimal length log n which we
would have obtained if we had known in advance that n € My. Codes of
this type where first described by Levenstein (1968) and Elias (1975).

To achieve this length, we used a recursive procedure to encode n. Let
I(n) = [log n| be the number of bits needed to encode n based on the uniform
code for M;(,)41. We first encoded = = I(I(n) + 1) in some trivial manner,
namely by encoding I(I{(n) 4+ 1) 1s and then a single 0. We then encoded
I(n) + 1 using the uniform code for {1,...[l(n) + 1]}. We finally encoded
n using the uniform code for M,,. If [([i(n) + 1]) > 1 we may repeat the
recursion by starting with encoding /(I(!(n) +1) + 1) in a trivial manner, and
then encoding I(I(n) + 1) using the uniform code. In this case we would need

[logn] + [log[logn + 17] + 2[log[log[logn + 1] + 1]] + 1 bits.

Rissanen (1983) refined this idea by allowing noninteger codelengths and
repeating the recursion as often as possible. He showed that this leads to a
code for the positive integers with lengths®

Ly(n) = logn + loglogn + logloglogn + ... + log ¢y, (3.12)

3. In some other texts such as (Li and Vitdnyi 1997), the symbol [* rather than Ly is used for
this code.



