
Homework Set 9

(due May 7)

The first exercise is independent of the other two. The third one should be
made after the second one. Have fun!

Maximum Type Probability

In this exercise our objective is to prove that the type class of P is the most
probable according to P . Let X =

{
x1, . . . , x|X |

}
be a finite alphabet. Recall

that Pn is the set of all possible types on n outcomes (equivalently, the set of
all empirical distributions in n outcomes). Recall that for P ∈ Pn, its type class
T (P ) denotes the set of sequences xn ∈ X n such that their empirical distribution
is P . We want to prove that for any P,Q ∈ Pn the inequality

P (T (P )) ≥ P (T (Q))

holds. We will do it in steps:

1. Prove that if P ∈ Pn, then

|T (P )| =
(

n

nP (x1), . . . , nP (x|X |)

)
where this last expression is the multinomial coefficient.

2. Prove that one can write

P (T (P ))

P (T (Q))
=
∏
x∈X

(nQ(x))!

(nP (x))!
P (x)n(P (x)−Q(x))

3. Prove that for each n,m ∈ N it holds that m!/n! ≥ nm−n.

4. Use the previous two bullets to prove the desired inequality.
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Exponential Families

Let X be a finite alphabet. Let g : X → R be a function and let E be the set of
distributions given by E =

{
P :

∑
x∈X P (x)g(x) ≥ α

}
for some number α. Let

X1, . . . , Xn be an iid sample from the distribution Q on X .

1. Use Sanov’s theorem to give an asymptotic expression for Q(PXn ∈ E),
where PXn is the type (or empirical distribution) of Xn. (you are only
asked to state the theorem for now).

2. Let Pλ∗ be the distribution that achieves the minimum of D(P ||Q) over
P ∈ E. Prove that

Pλ∗(x) =
Q(x)e−λ

∗g(x)∑
x′∈X Q(x

′)e−λ∗g(x′)

where λ∗ is such that

EX∼Pλ∗ [g(X)] = − d

dλ

[
log
∑
x∈X

Q(x)e−λg(x)

]
λ=λ∗

≥ α.

In other words, you are asked to explicitly calculate argminP∈E D(P ||Q).
Hint: you can use (two) Lagrange multipliers. One of them will be hard to
compute; the last display is an implicit equation for it. The distributions
of the resulting form are called (one parameter) exponential families.

3. The function Z(λ) =
∑

x∈X Q(x)e
−λg(x) = EX∼Q[e

−λg(X)] is called the par-
tition function or moment generating function of g(X). What is the explicit
form of the exponent of Q(PXn ∈ E) given by Sanov’s theorem in terms of
Z(λ∗) and EX∼Pλ∗ [g(X)]?.

The Cramér-Chernoff Method

In this section we explore another method for obtaining large deviation bounds
called the Cramér-Chernoff method. Let X be a set, Q a distribution on it and
g : X → R a function. Let X1, . . . , Xn be an iid sample of random variables from
some distributionQ such that Z(λ) = EX1∼Q[e

−λg(X1)] <∞ for each λ in an open
interval that contains zero. From now on we refer exclusively to values of λ in
the domain of Z.

1. Use Markov’s inequality to prove that for any t > 0 it holds that

Q

(
1

n

n∑
i=1

g(Xi) ≥ α

)
≤ exp (−n(λα− logZ(λ)))
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2. Assume that λ 7→ Z(λ) is smooth (this can be proven to always be the
case). Prove that λ 7→ logZ(λ) is convex. Hint: prove that the second
derivative of the logarithmic moment generating function at λ is VarX∼Pλ(X)
(you already have its first derivative from 2. in the previous exercise).

3. Use Jensen’s inequality to prove that λEX∼Q[X] ≤ logZ(λ) and that con-
sequently the bound obtained in 1. is nontrivial only for α ≥ EX∼Q[X].

4. Use the last two bullets to conclude that

Q

(
1

n

n∑
i=1

Xi ≥ α

)
≤ exp

(
−n sup

λ>0
[λα− logZ(λ)]

)
and that the supremum is always well defined.

5. Differentiate to calculate supλ>0[λα − logZ(λ)]. Let λ∗ be the point where
the supremum is achieved. Write again the result in terms of Z(λ∗) and
EX∼Pλ∗ [g(X)]. How does it compare to the bound obtained in 3. from the
previous exercise?

6. Bonus: Hoeffding’s Inequality. Assume additionally that the function g
takes values in [0, 1]. What is the largest variance that a random variable
taking values on [0, 1] can have? Use the answer to this question and a
second order Taylor approximation of logZ(λ) around 0 to obtain Hoeffd-
ing’s inequality:

Q

(
1

n

n∑
i=1

g(Xi) ≥ EX∼Q[g(X)] + ε

)
≤ e−2nε

2

.
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