Machine Learning Theory. Lecture 11.
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OCO with exp-concavity:

Regression and Portfolio optimisation problem motivation.

Exp-concavity.
Online Newton Step algorithm.
Analysis




Exp-Concavity I

Three popular losses

Square loss for regression (y; € R)
w = ((w,2) —yr)°
Logistic loss for classification (y; € {+1})
u — In(1 + e velw@e)
Logarithmic loss for portfolio optimisation
u — —In{u,x;)

Convex but not strongly convex. Q: Doomed to /7 regret?




Exp-Concavity I

Normal convexity:
flw) = flu) < (w—u,Vf(w))
We say that a function f is a-exp-concave if e~ *f(*) is concave. So
e—af(w) _ p—af(w) < (u__tuf_&e—afhwxthu»

that 1s

Fw) — fu) < ~In(1+ afw —u, Vf(w)))

84




Quadratic upper bound I

Let’s make the upper bound more interpretable. Roughly,

In(1+z) ~x— 122

To make it an upper bound, we can use In(1 + z) < x — 22 /4 for |z| < 1.

Applying exp-concavity with 2v = min {a, 4(;%} (note: following the

book, here we use D for diameter, not radius), we find

fw) = f(u) < (w—u,VI(w) - 2{w-uViw)® O

\ 7 \ 7
~~ V.

tangent quadratic bonus

This will be the starting point of the algorithm design.




ONS algorithm I

The Online Newton Step algorithm starts from 1 = 0 € U/ and Ay = €l.
After receiving the gradient V; := V f;(x;), it updates as

At — At_l ‘|‘ Vtv;r

I _
Lt4+1 Hﬁt (.’.Ut — ;At 1Vt)

A, . . 2 .
where I1;,* is the projection in the norm ||-[|’y , i.e.

Hﬁt (u) =argmin_ o, (x —u)TAi(x — u).

Note the mixed timing: A; and @x;, are both based on ¢ rounds.




ONS result I

Lemma 1. For losses satisfying (1), ONS guarantees

d TG?
RT§16D2—|——1n<1—|— )
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< — (14147 .
RT_27(+H<+ d?

Tuning € = (which is optimal for T" — o0) gives




ONS result I

1

Theorem 2. For a-exp-concave losses, using v = 5 min {oz, 4(;% }, SO

= = max {=,4GD}, ONS guarantees
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ONS analysis I

We look at the distance of the iterates to optimality, in ||x Hilt = xTAx

2
|41 — 33*HAt

2
Pyth. Th

1
Ty — —A;lvt —x"
Y

Ay

z; — |5, —;m—m ,vt>+$ngt 'y,

¥ . 2 . 1 _
|z — ¥ |5, | + (@ — 2, Vi) — - (e — ™, Vi) + gv;!At Vi

where the last line uses A; = A; 1 + V,V/.




Reorganising gives an upper bound on the right-hand-side of (1)

(@ — 2", Vi) - 5 (2 — 2", V)’

fy * (12 * (12 ]- _
< g (e = s, — lwers —a7l3, ) + 5 VIAT 'V

As In det 1s concave and its derivative is the matrix inverse,

Tangent

VIA;7'V, = tr((Ar — A;-1)A;") < Indet A; —Indet A4

Combination with (1) and telescoping over rounds gives

T

Z fe(xy) x*)) < %HCI:*HZ —|—2—(1ndetAT—1ndetAo).
Y

t=1




Eliminating the log-determinant I

As tr (ViV7]) = |V||” < G2, we have tr (A7) < de + TG2. By
concavity of In det

T 2
Indet Ar < dln (e+ 5 )

and using ||z*||* < D2, we conclude

v oo d TG?
< ZeD*+ —1In|(1 :
Bz < 2° +2’ym< i ed
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