Machine Learning Theory 2024
Lecture 5

Tim van Erven

Focus on binary classification:
> Review

» Remaining proof:
growth function controls uniform convergence



Uniform Convergence Upper Bound with
VC-Dimension

Theorem

Consider binary classification. Suppose VCdim(H) < v < oo. Then there
exists an absolute constant C > 0 such that

sup [Lp(h) — Ls(h)| < e  with probability > 1 — 6,
heH

whenever

m> Y In(1/e) —|;2ln(1/5)+ 1'
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Proof Approach

= max |Hc|
|Cl=m

> Interpretation: How many truly different hypotheses are there when
we only observe m inputs C = {x1,...,Tn}7?

3/18



Proof Approach

= max |Hc|
|Cl=m

> Interpretation: How many truly different hypotheses are there when
we only observe m inputs C = {x1,...,Tn}7?

Part I: Growth function controls uniform convergence:

In(4/6
sup |Lp(h)—Ls(h)| < c\/ +c\/ n(4/0)  ith probability > 1—§
heH m m
Part Il: VC-dimension controls growth function (Sauer’s Lemma):

em
<vin (—) for m > v.
v

» Finish: combine Parts | and Il, and find lower bound on m s.t.
supey [Lp(h) — Ls(h)| < e
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Proof Part I:
Growth Function Controls Uniform
Convergence
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Part I: Proof Qutline

Lemma (Two-sided Bound)

Consider binary classification. Then there exists an absolute constant
¢ > 0 such that, for any § € (0,1],

51615|Lp(h)—L5(h)| SCHW—I—CH@ w.p. >1—0.
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Part I: Proof Qutline

Lemma (Two-sided Bound)

Consider binary classification. Then there exists an absolute constant
¢ > 0 such that, for any § € (0,1],

:lejz|LD(h)—L5(h)| SCHW—I—CH@ w.p. >1—0.

Note: could measure loss in binary classification differently.
Sufficient to show:

Lemma (One-sided Bound)
For any loss function {(h, X,Y) = {(h(X), Y) with range [0,1]:

:gz{LD(h)—Lg(h)} < cﬂ@—l—q/@ w.p. > 1—0.
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Approach for One-Sided Bound

Lemma (One-sided Bound)
For any loss function {(h, X, Y) = {(h(X), Y) with range [0,1]:

aup fLo(h) — /|nm /|n(2/5 s

» Book first derives suboptimal dependence on § in
Chapter 6

» | am taking a shortcut through Chapters 6, 26
and 28

Remark:
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Approach for One-Sided Bound
Lemma (One-sided Bound)
For any loss function {(h, X, Y) = {(h(X), Y) with range [0,1]:

sup {Lo(h) — Ls(h)} < ey AT 4 ) [ o

Proof consists of 3 steps:
1. Concentration: Abbreviate Z = supy,cy, {Lp(h) — Ls(h)}. Then,
for any loss function 4(h, X, Y') with range [0, 1],

Z<E[Z]+c In(2/0) w.p. >1-34.
S m
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Approach for One-Sided Bound
Lemma (One-sided Bound)
For any loss function {(h, X, Y) = {(h(X), Y) with range [0,1]:

sup {Lo(h) — Ls(h)} < ey AT 4 ) [ o

Proof consists of 3 steps:
1. Concentration: Abbreviate Z = supy,cy, {Lp(h) — Ls(h)}. Then,
for any loss function 4(h, X, Y') with range [0, 1],

In(2
Z<EZ]+e M) o s1os
S m
2. Symmetrization: For any loss function:

E[Z] < 2E[R(¢,H, S)].
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Approach for One-Sided Bound
Lemma (One-sided Bound)
For any loss function {(h, X, Y) = {(h(X), Y) with range [0,1]:

sup {Lo(h) — Ls(h)} < ey AT 4 ) [ o

Proof consists of 3 steps:
1. Abbreviate Z = sup,cy {Lp(h) — Ls(h)}. Then,
for any loss function 4(h, X, Y') with range [0, 1],

Z<E[Z]+c In(2/0) w.p. >1-34.
S m
2. For any loss function:
E[Z] < 2E[R(¢, H,S)].
3. For any loss £(h, X, Y) = {(h(X), Y) with range [0, 1]:

R(LH,S) < \/2'" [Hs] \/2'"7”(’") for all S.

m m
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Rademacher Complexity

How much can the losses of h€ H on S
?

Rademacher random variables: Let o = (01,...,0,) € {—1,+1}™ be
i.i.d. with Pr(o; = —1) = Pr(o; = +1) = 1/2.

Rademacher complexity:

1 m
R(¢,H,S) = ;IE ng{ E oil(h, X;,Y;)
i=1

> Interpret > 0;¢(h, X, Y;) as correlation of losses with random
errors
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Step 2: Symmetrization

Efsup {Lp(h) — Ls(h)}] < 2E[R((, %, 5)]
heH S
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Step 2: Symmetrization

R(&Hv 5) = # Eo [SupheH 27;1 U;ﬁ(h, Xia Yl)]

Efsup {Lp(h) — Ls(h)}] < 2E[R((, %, 5)]
heH S

Amazing because:
» sup,cy {Lp(h) — Ls(h)} may be large for very unlikely S
> But Rademacher complexity R(¢,H, S) is small for all S!

Consequence:
» Can measure complexity of H conditional on S

» So only restriction of H to inputs Xy,..., X, in S matters!
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Step 21 "Symwetrizabon”

To shew: 2((,H,S)> 7‘, E[::C( _?:5'; ((L,X;,S;)]
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Step 3: Bound the Rademacher Complexity

Lemma

For any loss function ¢(h, X, Y) = ¢(h(X), Y) with range [0,1] and any

sample S:
R(LH, S) < \/2|n’|n7-[s| < \/2'”7’7{(”’7).

- m
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To show: L(L“X.y]: Z(L,(,()/ ) ¢To, 1]
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Back to the Big Picture

Part I: Growth function controls uniform convergence:

In T, In(4/6
sup |Lp(h)—Ls(h)| < C\/ . ”(m)+C\/ N(4/9)  Lith probability > 1-5
heH m m
Part 1l: VC-dimension controls growth function (Sauer’s Lemma):

em
N7 (m) <vin (—) for m > v.
v
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Back to the Big Picture

Part I: Growth function controls uniform convergence:

InT In(4/6
sup |Lp(h)—Ls(h)| < C\/ . ”('77)+C\/ N(4/9)  Lith probability > 1-5
her m m
Part 1l: VC-dimension controls growth function (Sauer’s Lemma):

em
In7(m) <vln (—) for m > v.
v

For m > v:

[vin (S [In(4
sup [Lp(h)—Ls(h)| < c vin (% )—i—C n(4/9) with probability > 1-§
heH m m

» Remaining: find lower bound on m s.t. bound is at most e.
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